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Abstract: In this work, we consider a Cauchy problem for the generalized Schrodinger equation which
has important applications in quantum kinetic theory, water wave problems and ferromagnetism. Due
to its multidimensionality, it is important from the point of view of modern physics theories such as
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1. Introduction

The generalized Schrodinger equation appears in many physical models in quantum Kkinetic
theory [1], in the study of water wave problems and in ferromagnetism. Some of these models are
Davey-Stewartson [2], Zakharov-Schulman [3] and Ishimori systems [4]. In these integrable systems,
we frequently encounter the nonlinear Schrodinger equation and its generalized form, which provide
a description of nonlinear waves such as propagation of a laser beam in a medium whose index of
refraction is sensitive to the wave amplitude, water waves at the free surface of an ideal fluid and
plasma waves, [5]. A detailed analysis of these types of equations was presented in [5]. Moreover, we
refer to [6-10] for the new results related to the existence, uniqueness and asymptotic properties of
solutions including radial cases for the nonlinear Schrodinger equation. We also refer to [11-14],
where some new integrable systems were introduced based on the non-semisimple Lie algebra.
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In this article, we deal with the generalized Schrodinger equation

iou(t, x) + Z agj(x)0,0 u(t, x) — Z aj(x)0,0,u(t, x)
s,j=1 s,j=n+1
+ Z bj(t, x)0u(t, x) + bo(t, x)u(t, x) = f(t,x) (L.1)
=1

in the domain Q = {(z, x) : t € R, x € D" c R™"}, where the bounded domain D" is defined as
D™ = {x=(x;,%) ER™ : x; >0, X = (X2, .., Xpum) € R}

and supported by x; = 0. Throughout the paper we use the following notations:
=2, = T4 Q=24 0,0u = zH- (1<s, j<n+m)andi= V-1.
1 g
In (1.1), the coeflicients a,; (1 < s, j < n + m) are real-valued, and there exist constants M, M,

such that ||aY ]” < M and || fe"“ PR S M,, where k > 0 is a constant. The coefficients b; €

Ly Q) (=01,.,n+ m) are complex-valued, and there exists a constant M, such that |(9B b ‘ < M,,

where 0 < g, < 2, BBO = atﬁo
We consider the following problem:
Problem 1. Find the function u(t, x) in Q which satisfies equation (1.1) and the following conditions

C3 (Dn+m) —

u(t,0,x) =0, 0,u(t,0,x) = 0. (1.2)

We set
{u(t x): ueCQ), ‘6‘30 > 2u

< C, exp(kat )} (1.3)

where 5, =0,1,2,3;6,,6,=0,1,2;5, j=0,1,2,...,n+m; and C,, «, > 0 are constants depending on
u(t, x).

In [15,16], the local well-posedness of some initial value problems for the generalized Schrodinger
equation was considered in appropriate Sobolev spaces. In [17], a non-standard Cauchy problem for
the classical Schrodinger equation was studied, and solvability of the related inverse problem was
investigated. A conditional stability estimate for the ultrahyperbolic Schrodinger equation was
obtained in [18], where the ultrahyperbolic part of the equation consists of the term Ayu — A,u.
In [19], a Holder stability estimate was established for the inverse problem. Problem 1 is a Cauchy
problem for the generalized Schrodinger equation because the data are given on the x; = 0. We
investigate the uniqueness of the solution of the problem, and the main tool is a pointwise Carleman
estimate. To the authors’ best knowledge, this is the first result devoted to the solvability of
Problem 1.

The main result of this paper is given below:

Theorem 1. Assume that there exist two positive constants a, @, such that

n+m

D oag@i gz allf, = Y diay o, 2 adlil? (1.4)

5,j=2 s,j=n+1

for any £ = ({5,....,¢,) € R = Mups oo Mye) € R™, x € D™, Then, there exists at most one
solution u € U satisfying (1.1) and (1.2).
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Theorem 1 is proved in Section 3 by using a Carleman type inequality which we call
“Proposition 1”. The proof of Proposition 1 will be given in Section 2.

Here, we suppose that the metric g is given in semigeodesic coordinates, that is, it has the property
gn=1g,;=0,j=2,3,..,n+m;so (1.1) takes the form

n n+m
Pu = idu+ afu + Z as(x)0,0 ju — Z asi(x)0,0 u
5,j=2 s, j=n+1
n+m
+ > byt X)9,u(t, x) + bo(t, u = f(t,%). (1.5)
=1

Since we shall prove the uniqueness, we consider the homogeneous version of Problem 1. Now, we
. 2 .
define a new function z = ue ™", so we can write

Pz +2iktz = F(t,x), (1.6)
z(1,0,%) 012(1,0,%) = 0, (1.7)

where F(t,x) = f(t, x)e™".
If we apply the Fourier transform to (1.6) and conditions (1.7) with respect to z, we get

n n+m n+m

~E+ 0T+ ) a0 07— Y ayddT+ Y b+ bz - K0T = F +iFy, (1.8)
s, j=2 s, j=n+1 j=1

2(¢,0,%) = 012(4,0,%) = 0, (1.9)

where 7, F. , l@ l;;z are the Fourier transforms with respect to ¢ of the functions z, F, b;0;z, byz

(j=0,1,...,n+ m), respectively. Here, ¢ is the parameter of the Fourier transforms and d;z = g—g.

We write 7 = wy (&, X) + iw(&, x), b0,z = by, + iby; and bz = byg + iby in (1.8), and so we obtain
the following system of equations:

n n+m
260e(wi) = Fwi) = > ayddiwe) + > ayd;(wi) +Ew = Iy, (1.10)
s,j=2 s, j=n+1
where k = 1,2;
n+m n+m
i=Fi=) by bh=F, - b; (1.11)
=0 Jj=0
By (1.9), we have
wi(£,0,%) = 0, 91(w1)(£,0,%) =0, wa(£,0,x) = 0, 91(w2)(£,0,%) =0. (1.12)

Thus, we shall show that this homogeneous problem has only zero solution.
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2. Pointwise Carleman estimate

T. Carleman [20] established the first Carleman estimate in 1939 for proving the unique continuation
for a two-dimensional elliptic equation. A Carleman estimate is an L*>-weighted estimate with large
parameters for a solution to a partial differential equation. These parameters play an essential role and
are important how to choose a weight function in order to adjust given geometric configurations, [21].
This estimate is used as a powerful tool to establish the uniqueness and stability results for ill-posed
Cauchy problems, [22]. In 1954, C. Miiller extended Carleman’s result to R”, [23]. After that, A. P.
Calder6n [24] and L. Hormander [25] improved these results based on the concept of pseudo-convexity.
In [26-28], uniqueness and stability of various problems for the classical Schrodinger equation were
studied using Carleman estimates.

The Carleman estimate used in this paper asserts a pointwise inequality, while the conventional
Carleman estimates are proved in terms of weighted L-integrals of solutions and boundary data. This
type of pointwise Carleman estimate also was used in [22, 29, 30] for various equations including
hyperbolic, parabolic and ultrahyperbolic equations.

We first reduce (1.10) to a form which is more suitable for a Carleman estimate. For this aim, we
define a new variable X; = V2x; — g, i, > 0, and then we define

1 _ o
wi (&, x) = wi (€, E(xl + 110), X) = Wi(&, %1, X).

Replacing the notations wy, d;;, 71,5,, fwith Wr, dsj, X1, by, f for the sake of simplicity, we have
Powy =1},
where [l = (x; + po)lk, k = 1,2, and
Powe = (x1+ o) ' 030m) + (o1 + o) ag0.0;0wp)

5,j=2

n+m

= > ayd.9;0w) - 2KDe(wi) — Ewy). @.1)

5, j=n+1
Next, we define a subdomain of D™
Dy ={x:xeR™, x>0, ap <y(x) <y+ap <1},
where 0 <y < 1, 2u, < min{ay, v}, and a Carleman weight function
p=e"",
where a > 0, the parameters 9, A, v are positive numbers, and

n+m

1
Y(x) =ox; + 3 ]Z:;(xj - x?)2 + ay. 2.2)
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Proposition 1. There exist 0., v. = v.(d) and A, = A.(v) such that the inequality

WG (Pow)? + 2Av(x; + Ho)S ©*w(Pow)
n+m 4

> APV 4 20 @ w) + Av(xi + ot Y @)+ > d; (2.3)
=2 j=1

holds forallé > 6., v>v.,,A> A, andw € CZ(D$+m). Here, the constant ¢, depends on ay, as, M, ¥, y,
and

n n+m
S= D On@nd) = ). Onland).
I,m=2 I,m=n+1

Lemma 1. Assume that the conditions of Proposition 1 are satisfied. Then, there exist positive
constants 8y, vo = vy(d) and Ay = Ap(v) such that

wv+1 (P()W)Z(,Dz > 2/11/)’_36((9114/')2(,02 + /13V464',0_2V_3W2§02

n n+m
FAV(x1 + p)d(ar D @) +ar Y (@)
j=2 Jj=n+1
n n+m 3
F2WE + V() 0j(agd ) = D dfagdw’e’ + > d; (2.4
$,j=2 s, j=n+1 j=1

forall 8 > 6g, v > vy, A > Adgand w € C2(D$+’”). Here, the constant 6y depends on ay, @y, M, ¥, y, and
dj, 1 < j <3, represent some divergence terms which will be given explicitly in the proof below.

Proof. If we define a new function 9 = pw, then we write

Y Powyet = @t (e ) e (O + 2avy 0101
HEVY O = (v + DY @Ow)’ + v 0w d)

+x1+ o) e (0,0, + 24y D0 + (VY2000

s,j=2
s o n+m .
—Av(v + Y20 + D09 — > aye (9,079
s, j=n+1

+2n A0 9 + (VI T2 3 — Av(v + W PO W0
+A 00 D) — 26099 — E991))?
= YOT+ 2+ ya +y5)7 + Y5+ 2012 + 201y

+2y1(ya +ys5) + 2y2y3 + 2y3(y4 + ¥5)), (2.5)
where
vio = 2k(x1 + py)0g0,
n ntm
v = =0+ pg) R+ O+ ) ) @008 = Y aydd)),
5.=2 s, j=n+1
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n n+m
3= =247 O + o) 'O + (v + o) a0t = > aydwd,0)),
S$,j=2 s, j=n+1

ya = —Kb, ys = &0+ po)d,
and
K = (xn+pp) (B 7201 - (v + Dy 2(019)°)
+(x1 + 1) Z ag (PVY OO — Av(v + DY~ 2000 3 + vy~ 6,)

s,j=2

n+m

—(x1+ ) Y a0 - Av(y + DY RO + v 6,)).

s, j=n+1

Next, we calculate the terms in (2.5). Here, we note that 0, = 9, 6%90 =0, 0,0y = 6, where
O5i = los=j 2<s, j<n+m
S0, sEj T J= )

First, we can write

2 vy = A+ DY 00000 + Ak + 1)(x1 + o)’ Y dpa, 0e00,0

$,j=2
n n+m
FAKGx) + W " 0i(a)0eD0,9 — k(v + Dy + W’ Y O jihag 0008
5,j=2 s, j=n+1
n+m
—4k(xs + )Y 0,(ay)090.0 + di(B)
s,j=n+1
= 20" y1ye + di(9),
where
n n+m
Yo = v+ DY (e + o) ' 016019 + (x) +,Uo)(z asj0.p0;9 — Z a,;0,0;19))
5,j=2 s,j=n+1
n n+m
Hx + ) ) @it — > 9i(as)db),
$,j=2 s, j=n+1

dy = di(9) = —4kd,(Y" 0:96,9) + 260 (" 619)

=2k(x1 + o) () 20,y 0,909 — 0 ayj0,09,)

s,j=2
n+m
= > QW ay0,00:8) — Oy ayy0,99;9))).
s, j=n+1
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On the other hand, by the inequality 2pq > —p* — ¢*, we estimate the first, third, fourth and fifth terms
in (2.5), so we have

YT+ Y5+ 29105 + 2y100) > W (=2y3y6 — vE) + di(D).

Then, we can write

W OT + 33+ 29103 + 291y2)
WA+ DYy = (v + DY =2t T+ (v + D)

\%

n+m

X(01 + o) OO + (1 + ) ) 000 — > aydd9))y

5,j=2 s, j=n+1
1 n n+m
QU = 0 DD+ () 0Bt = ) 0(a)0s9)’
s,j=2 s, j=n+1
—(x1 + 1) () 9(aDdI— D 3(a)d0)) + di (D)
s,j=2 s,j=n+1
=21 + (Y 0@ )0 = " 0(asds? + di(D). 2.6)

$,j=2 s, j=n+1

\%

In (2.6), we used the inequality 2pg > —1op?® — z—z, for to = (v + 1)y~! > 0. Next, we continue to
estimate the other terms in (2.5):

2914 + YT = 2(2k(x + Ho)Oe (=KD + EF(x; + ,llo))l//V+]
De(=2k(xy + W™ K9) + O(2k(xy + o) &)™ 10°)
—2K(X1 + ﬂO)ZwVHﬁZ' (27)

Since 97y = 0, we have

2ysysgtt = 200, (E01Y0°) — 2av(x; + )’ Z 0 (as 00
5,j=2
n n+m
R20001 + V0% Y Oilagd) + 20000 + o > ,(a0E0%)
$,j=2 s, j=n+1
n+m
“200(xs + )€ D" 0,y 0.), 2.8)
s, j=n+1
and
2y,y39”"!

= 200100, ((x1 + 1) 2(019)) + 401 (x1 + ) (019)

+2/1V811ﬁ Z(2Bj(asjasﬂalﬁ) — Hl(asjasﬂajv) - 28s(asj)8j298119 + al(asj)asﬂﬁjﬂ)

5,J=2
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n+m
—2/1V811ﬂ Z (2(91'(61”65198119) — Ol(asjasﬁ(?jﬂ) - 2(95(asj)0j198119 + 81(6151-)8519(9/19)

s, j=n+1

n

+2v Z (201 (a5;0099,9) = 201(as ) 90,9 — 8 (as;0(019)*) + 8 (as O (319)°)

$,j=2
=21y )" (201(a,0.40,00,8) — 201(a,)d 809 - ,(a 001 9)) + 0,(as)I(d9))

s, j=n+1
F20(00 + 1) () (20,(a,audidd 90u) — di(asjand99,90)

5, jik,1=2
~20,(a,jaud)00,0 + Oiasaudu)dP058)) — 4av(x + (Y D (20,(asjaudiddIou)
$,j=2 s,j=n+1

—0/(ayjan0 90,90,y) — 20 j(asjandi)0190,0 + 0i(ayjandp)0 90,19)). (2.9)

The last term has the following form:

vy = 200190, ((x1 + po) T KI) = 200100, (x1 + pte)~ K)

R20(x1 + ) Y (0D KD?) - 3 (a, KD

$,j=2
- Z (01(ay 0y K9*) = 0,(a, 04 K)9%). (2.10)
s, j=n+1
Then, from (2.6)—(2.10), we can write
W PWPE = =20 + gl ( ) 9@t = > 9i(a)dd) + 2v(@19) ) as,
5, j=2 s, j=n+1 s=2
R0 + 1) EP() | 0j(ag0 ) = > 9i(aydw) = 2009 ) ass
$,j=2 s,j=n+1 s=n+1

+AVO (X1 + 1) (019) = 2k(xy + po) W9 — mv(z (20,40, (as,)d 90,9

5, j=2

—0300(a;)(019) + 201¢d,(as,)d 19019 — 8101 (as;)d 90,9)
- Z (20,081 (a,))8 90,9 — O30 (a, )01 D) + 201yd(as,)0 90,9

s, j=n+1

—01101(a;,)0 190,9)) + 2v(x; + 11y)*( Z (=20 (a,jandy)090,9

s, jkl=2
n n+m
+01(aaud)d00.0) =2 3" > (=20)(a,audh)ddd, b
$,j=2 s,j=n+1
n+m
+01(a;jaudp)0 90,9) + Z (=20 j(a;jaudp)0/90 /9 + 01(a, jandnp)0 90,13))
s, j=n+1

AIMS Mathematics Volume 8, Issue 3, 5703-5724.



5711

2@ (51 + 1) K) + (1 + 1) D (D@0 K) = D 9i(asd )
+d () + dr (), v o (2.11)
where
dy = dr(¥) = —02k(x1 + pI" " KO?) + 0p(26(xy + o) E"9%)
—2v0,(£0149%) — 24v(x; + uo)z(zn: 0(as;0pE9%) — i‘: 0 (as;0.pE9%))
5,J=2 s,j=n+1
2001401 (X1 + o) (01)) + D1 ((x1 + )™ KH?))
+220( Z (201 (as;0,4090,9) — 0(as;04(819)%)
+20 ,.((;lj l;a j0190,9) — 01(01ya,;0,09,9))
- iﬂ (201(a,;0,00;90,9) — 8,(a;0,4(0:9)%)
+§3j2§1 Yay;0,90,9) — 0,(019a,;0,99,0)))
F2(x1 + o) () (20,(ayjaudi90,9) - 9)(asjaudpd;99,9))
no n+m R
2> ) (20)(ayaud00,8) - d)(ayaudyd H0,9)
5,j=2 k,l=n+1
+2v(x; + yo)(zn: 9(a, 0.0 K9?) — i‘: 0(a, ;00 K9*)).
5,j=2 s, j=n+1

Here, we note that [|a,;l|.,
n+m 1 — —_
D™, Since —2pq >

o < M, and 0,y = (x; — x?), 00 = |x; — x?l < V2y,2<j<n+m)in
L 1?2 — &o(x1 + pp)q?, for all &5 > 0 and p, g, we see that

go(x1+u9)
n+m n+m M2
4Av$ 85(as)0190;9 > =2AvS((xy + py)me 0,9 + m* —————(6:9)%), (2.12)
n+m n+m M2 2
4y > Oi(agdpondd;g = =2v(x + o) N2ym " (@90 = 24vm? ‘/_7(8119)2, (2.13)
s,j=n+1 Jj=n+1 (X1 +IJO)
n+m
=2y Y 9ad @)} = —2vM \Zym* (0,9)?, (2.14)
s, j=n+1
n n+m
~(). 9@pad— ). ,(a)ds0)
s5,j=2 s,j=n+1
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n+m

> =MXn—1)((n—D?+m) Y @) - MPm((n— 1) +m?) > (@9, (2.15)
=2 j=n+1
n+m
209061+ ) (Oilasjad)d 9058 — 20,(ajaudh)dd,0)
5, k=2
n+m
> —W(x) + 1) 6M>*(2 2y + D)(n +m — 1)° Z(a 9, (2.16)
=2
n n+m
20v(x1 + 1) ) > (0U(asjaudi)d;00,8 — 20,(a,audu)didd,9)
5,j=2 k,J=n+1
n n+m
> =+ g OMA 22y + D((n = 1) Y @9 +m Y (0,0)). (2.17)
j=2 Jj=n+1

The other terms can be estimated similarly. Hence, we can rewrite (2.11) in the following form:

n n+m
W P 2 E\(0) + Ey Y (0,00 + Es ) (90) + Eq +dy + d, (2.18)

j=2 Jj=n+1
where

M*(n-1)" . M2(n—1)* 2y
go(x1 + 1) (X1 + o)

—2v2y(n - 1)?

E, = 4vd(x +uo)_3 —2Av0

M?m? M?m? )2
—2/1v6—m - Z/lv—y - 2AvM 2)/m2 —2AvM(n—1) = 2AvMm,
go(x1 + Ho) (x1 + )

Ey = 2v(x; + o)y — beo(n — 1) — 2y(n = 1) = 3MP(x; + 11y)(2 /2y + 1)(n — 1)°
=3MP(x1 + p)2 N2y + D(n = 1) + M*(x; + pp)(n = D(m + (n = 1)),

Es = 2av(x; + o)y — Seom — 2ym — 3M*(x; + p1o)(2 2y + D
“3MP(x; + )2 N2y + Dm + M (x; + po)m(m® + (n — 1)),

Ex = =2(6((x1 + o) KDy + (51 + pty) ) (O(aydK) = ) {a0,0K)))
s,j=2 s,j=n+1
=203 + o) ey = WECY Dasd) — Y dilayda)).
s, j=2 s,j=n+1

First, we shall estimate the coefficient E; :

E| = 2v(x; + 1y) (6 + Ey| — E1p),

AIMS Mathematics Volume 8, Issue 3, 5703-5724.
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where
M? 2 2
Ej =060 - (x +'u0)2$_((n - 1) +m")),
0

Ein = (x1 + o)l V2yM*(n = 1)* + m®) + (x1 + 11)> V2yM((n = 1> + m?) + (x; + g M(n + m — 1).

If we take yas 0 < y < m\;%’ then 1 — ((n — 1)* + mz)I‘:—;(f—ly)2 > 1, and so we obtain

1
En >6(1=((n-1) +m) ( 7))> 9

in D™, Setting
Ep, = \2yM((n— 1 + m)HM + 1) + M(n +m — 1)

for 6 > 6, = 2E,, and then 16 — E|, > 0, which implies that

1 ’
Ey > 2v(x; + 1y) (6 + 30— Ep) > 2Avy~36. (2.19)
As for the coeflicient E,, if we take g, such that 0 < gy < —1), then we have
3
6(&1 - 80(” - 1)) > Zéal. (220)

Here, we note that
4
6 = —(V2(n = 1)+ 3M2Q2 V2 + D(n = 1> + 6M*Q2 V2 + D(n = 1) + M*(n — 1)(m + (n — 1)%)).
ay
Then, for 6§ > ¢§,, from (2.20) it follows that

E, = 2v(x; + o)) — Seo(n — 1) — 2y(n — 1) = 3MP(x; + 11y)(2 42y + 1)(n — 1)
—3MP(xy + o) (2 2y + D(n = 1) = M2(x; + p)(n — D)(m + (n — 1)?))
> Avoa(x) + Wy). 2.21)

Next, we estimate the coeflicient E5. We choose gj such that 0 < gy < f—;,
3
6((12 - 801’]1) > 1502. (222)
Since p, < %y, 60 >4and 0 <ox; <yin D}, we get (x1 + ) < %y. Here, we set
4
83 = —(V2m + 3M>Q2 V2 + Dm® = 3M>2 V2 + Dm + M*m(m?® + (n — 1))).
0%
Then, if we take 6 > 93, from (2.22) it follows that
3 1
E; > 2v(x +;10)(Z(5a2 - Zéag) > Av(x) + py)oa,. (2.23)

AIMS Mathematics Volume 8, Issue 3, 5703-5724.
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Now, let us estimate the coefficient E4. By the definition of the function K, we can write E, in the
following form

n+m

Ey = Eq + Egp + 2(x; +,U0)2/1Vf(z 3j(asj(9sl//) - Z aj(asjas'vl’))’ (2.24)

s,j=2 s,j=n+1

where

By = =28V60)((x1 + po) 297> = 2876 ) dh(ay > )dpd,u
s,j=2
n+m n
= > 0iay WO - 280,07 ) agdw)
s, j=n+1 s, j=2
n+m n n+m
—W Y a0 + AV + ) Yo D di(asiaud ™ oo
s, j=n+1 $,j=2 k,l=n+1
n+m
28V + el Y 9@ jand ooy ),

5,k 1=2

n+m

Eiy = 22v2(80) ((x1 +110)™ Eon) + (x1 +11)( ) 9j(ayidEon) = Y 9j(aydrEon)) = 2x(x +po) "™,

s5,j=2 s,j=n+1

By = (n+pg) 0+ DY 728 + (0 + o) ) an(v+ Dy 20000 —y™7'6,)

s,j=2
= > a(+ DY owd -y 6y).
s, j=n+1

We now estimate each of terms in Ey;, respectively:

“28V6 0 (1 + pg) Py
= APV + D)+ p) Y A8V S () + o) Py, (2.25)

2336 Z 01 (as > ")oWo W

$,j=2
= A + Dy 23 Z as, 0By — 283 5y ? Z 01(as))0 o b, (2.26)
s,j=2 s, j=2
n+m
2V ay0)
s, j=n+1
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n+m n+m
= ARV Y Y a b+ 280V Y (9)(ag)dy + agdy),
s, j=n+1 s, j=n+1

=23V (x; + ,)? Z O (ayjaud Yooy ™"2)
S, ik 1=2
= AV ) 0+ DU aaud oo
5. JdI=2
223 (x, +y0)2w_2y_2 Z 0j(asjandYopon),

s, jok, =2

n n+m
AV + el DD Dj(asjand ™ oo
5.7=2 k,l=n+1
n n+m
= 81 (x; +p0)2(v + 1)1&‘2"_3 Z Z a a0 o ooy
5.7=2 kJ=n+1

n n+m

(2.27)

(2.28)

FAXV 0+ T @iagaudy + a0 (an)dy + aaud, ). (2.29)

5,j=2 k,l=n+1

Then, from these relations we can write

n n+m
En = 48V + Dy 2230 0 +pg) 2 +26° Y agdd =28 > ag04du
s5,j=2 s,j=n+1
n+m n n+m

1+ ) Y asaud YOO =201 + )’ D D agaudyd ydpon)

S, ik 1=2 $,j=2 k,l=n+1
5 n 5 n+m
HLVYP S 00+ 1) = 5 D 0ias)0dpy+ 5 ) Bilas)ddd
$5,j=2 s,j=n+1
52 n 2 n+m
Y Z(aj(asj)asw + agids;) + 5 Z (0jasj0 + a,jos;)
s,j=2 s, j=n+1
(.X1 + /10)2 n+m 5 n n+m
5 ) Oj(agaud i) + (v + ) D D Oiasaydy
5.jdd=2 5.j=2 kl=n+1

+ay;0 (a)OW + agjads)0popy).

Remembering that (x; + ) < %7 in Dg*’", we have 6*(x; + ,uo)‘2 > 6*. We set

Sy = %((4\/§+ DM (n+m—172+Q2V2+3)Mun+m— 1)+ 4M*((n - 1)* + m?)),

then, we see that

n n+m
Ey > 28764 (v + Y27 + 20vE(x, + 10’ ) 0agd) — Y 9j(ay )
$,j=2 s, j=n+1
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for 6 > 04 and A > Ay, which yields

W (Pow) e > 24v8y(0,9) + Av(x; + pg)day Z(a‘/ﬁ)z
=2
n+m
+Av(X1 + py)oar Z (ajﬂ)z + 2/13v454¢_2V—302
Jj=n+1
n n+m
+2/1V§(X1 +/-10)2(Z aj(asjaxlﬂ) - Z aj(asjasw»ﬁz + dl(ﬁ) n dz(ﬂ)(z?)())

s,j=2 s,j=n+1

Finally, if we write ¢ = ¢w in (2.30), then we obtain

n+m

278y (O 8) + AvSan (1 + pg) ) (D) + WvSan(n +pg) Y (@9) + 2006y

j=2 j=n+1
n n+m
= 2Avy 80w + Av(x) + uy)da ¢ Z(@ jw)2 + W(x) + fy)darg’ Z 0 jw)2
Jj=2 Jj=n+1

2946 Wt — 2202y 7360, (0T W) — A2VA(xy + py)day Z 0 j(t//_v_lﬁ j;l/wztpz)
=2

n+m
—/IZVZ(Xl + Mo)é’az Z 6j(¢/—v—laliwwz"02) _ 2/13V37_353¢_2V_2W2(p2

j=n+1

—BV 01+ oSy 2wl ) (0w’
j=2

n+m

—BV 0+ oSy P S (@w) = B2y 8+ Dy

Jj=n+1
n n+m
o1+ pg)dan(v+ DY D @) + (x1 + pg)das(v+ DY Y @0w)°
J=2 j=n+1
—(x1 + oSy (n = 1) = (x1 + pp)dany™ " m)wre?. (2.31)
Choosing v > v = 2y 367" + 39?6 (a1 + @) + 1, we have
n n+m
w2902¢_2V_2(/13v464¢_1g02 - 2/131/3)/_363 - /l3v3(x1 + 1y)o(ay Z(a,-w)z + an Z (8jw)2))
Jj=2 Jj=n+1
3
> VWt (v =2y 36! - §y25-3(a1 + @)
> BVetwioiy 2 (2.32)

On the other hand, if 1 > 2 = 2y(v + 1) + 3¥*(v + 1)(@ + @), then we get
/l3v364¢—2v—2W2‘p2 _ 2/121/2)/_3(53(1/ + 1)¢_V_2W2()02
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n+m

V001 + po)d(an + )+ Dy W ) 0w
j=2

3
> Vet wier A -2y (v + 1) - Eyz(v + D(a; +ay)) > 0. (2.33)

Therefore, for 6 > 6y, v > vp and A > Ay, from (2.30)-(2.33) we have

n n+m
2avy76(319)° + v(x1 + pp)da 2(5 ,‘19)2 + Av(x) + pg)oas Z (ajf})z + 2346 32

Jj=2 j=n+1

n+m

> 2Avy 380w et + v(xy + py)da ¢’ Z(@ jw)2 + W(x) + py)darp’ Z 0 jw)2

j=2 j=n+1

+ 345w + ds(w), (2.34)

where 69 = max{4, 61, 02, 03, 04}, and

ds = dy(w) = 22V%y 760,y owre?) — VA + po)den Y 0,077 0 ume?)
Jj=2

n+m
— (0 + oS Y T A ).
Jj=n+1

From relations (2.30) and (2.34), the proof of Lemma 1 is completed. O

Lemma 2. If A exceeds some constant, then for all w € CZ(DT”’), we have

2v(x; + y)@*S w(Pow)

> 4SOy 2(6% + 2yM(n - 1) + m*)we?
n n+m
—28 X (@1w)? + (1 + ) M((n = 1) D @) +m > (0,w))
j=2 j=n+1
—CAVY T 82w = 2AvS E(xy + 1) oW + dy(w), (2.35)

where C > 0 is a constant depending on a,; and dimension n + m,
dy = dy(w) = 0(=22vkS ©*(x1 + 11y)*) + W, (2g*S wd 1w — 81 (S )w?)

—Av(x1 + ) Y (0,0 S ay)wh) = 20,(¢*S a,wd w))

s, j=2
n+m
FWx1+ e Y 00, Sag)w?) = 20,7 S awdw)),

s, j=n+1

n+m

S = iﬁm(azmazlﬂ)— Z On(amonp),

I,m=2 I,m=n+1

SO = (n—DM((n—1)2y +2) + mM(m 2y +2).
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Proof. By using the equality

2v(x; + 80)@* S w(Pow)

= 21vp’S wc’)fw +2v(x; + 60)* S W(Zn: as;0,0;w — % as;0,0;w)
5,j=2 s.j=n+1
—4v(x; + 60)* S WKOW — 2Av(X; +J(50)2¢,02S wé J
and taking into account d,pd;q = 0;((0,p)q) — 0;(0,p)q, we have
2v(x1 + f1o)g*S w(Pow)
= —2/lvg02S (OwW)* + (x; + yo)z(zn: agi0,wow — % a;i0,wo;w))
5,j=2 5, j=n+1
+S w? = 2v(x; + ,uo)chszwzj-i- ds(w), J (2.36)
where . .
S1= WEES) + (x1 + 1) 00/’ D a,) = ,0,¢*S D a)).
8,j=2 s, j=n+1

Remembering that |S| < S° and IIaS.,-||C1(D$+m) <M (2 <s,j<n+m),we see that the first term in (2.36)
can be written as

n n+m
2 S (O w)* + (x1 + ,LLO)Z(Z asi0swojw — Z asj0swojw))
5,j=2 s,j=n+1
n n+m
> =208 @A (@w) + (x1 + g M((n = 1) D @) =m > (@w))). (2.37)
j=2 j=n+l

Next, as for the coeflicient in the second term, we write
S1 = WOHPHS +201(¢H)\S + p*01S

+0x1 + po)*( Z (S8,(9,(¢P)ay)) + 0,(¢")(20,;S ay; + S 3 (ay)))

s,j=2

+9%(0,0;S as; + 20,8 d(as)) + S 3,0,(ay;)))

n+m

- Z (S8,(9,(¢P)a)) + 0(¢*)(20,S ay; + S D (ay)))

s, j=n+1

+<,02(8S6jS agj +20;S04(a,;) + S9,0,(ay))))). (2.38)
Since

R = 2RI Y+ (v+ DS,
0i(as;05(¢%) = 2vp*(a ;> 2od + (v + Dy o0
—'0,0,0) — Os(as " O ), (2.39)
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11 <89, 10,1 < §°10,0,S| < (n — DM((n — 1) /2y +3) + mM(m 2y + 3), (2.40)

we see that
n+m 4
IS11 < 4V + (xg + 50)2(2 as; 040 + vy S v + Dy + p
$,j=2
(x + 6 ) n+m
! = () 20+ DPagu o] + 240,01
s,j=2
+ 20,(a,)0 4| + [40.pay;| + [20,40(as))|))
n+m n+m
+ g () [204(a,)| SO + DS+ [+ G + 6% ) fas]0:9;S ).
s,j=2 5,j=2
If we choose that
n+m n+m
Az 4= (204(a,)| + DS+ (38 [+ (x1 + 602 ) lay][0:9;S]),
$,j=2 s, j=2
and v > 1, then we have
n+m
11 < 42Vu 280G + (x1 +60°( ) Jasdud ) + CXVy™ '8,
s, j=2
where
0 _] (xl + 50) -
C = s°Qu+ 1y SO (20 + Dagy ™ dwo ]
5 6 s,j=2
l//v+1
+[2a,,0,0,0| + [20,(a;)du| + |40 way;| + [20,48,(as ) + -
Here, we note that |a,;| < M and |8j:,0| = \/2_, (2 <5, j <n+m). We see that
S1 > —4XV ey PS8 + 2yM(n — 1)? + 2yMm?) — CA2V 6%y 2. (2.41)

Then, by relations (2.36) and (2.41), we write

2v(x) + wp)@*Sw(Pow) > —4S'2V PR + 2yM(n — 1)* + mP)we? — 2avS @ ((01w)?

n+m

+(x1 + ) M((n — 1) Z(a wl+m Y (@w)h)

Jj=2 Jj=n+1

—CAVY T 820w = 2AvS E(xy + ) oW + da(w).
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Proof of Proposition 1.
We sum inequalities (2.4) and (2.35) and then we obtain

W QP (Pow)? + 2Av(x; + p1o)@*S w(Pow)

n

4
D d;+ 247wy = 8 + (x + ) = 28" M(n = 1)1 + ) D (0w)

>
j=1 5,j=2
n+m 1
+Av(x; + pp)(0ar — 28 "Mm(x, + ,uo))goz Z 0 jw)2 + 423 v3¢_2V_3w2<p2(Zv64
s, j=n+1
C62wv+2

—S°%6% + 2yM((n — 1)* + m?)) —

Av )

By choosing 6, = max{dy, s}, s = max{(1 + Sy, (1 + 2S%yM(n - 1))/ay, (1 + 2S°yMm)/as},
A, = max{do, 41, C}, v.. 2 max{vg, (1 +yS%S> + 2My((n — 1)* + m*) + 6°)}, we have (2.3) for § > 6.,
v > v,, 4 > A,.. This completes the proof.

3. Proof of Theorem 1

In order to prove Theorem 1, by (1.11) and the equality [; = (x; + py)lk, we write

n+m
() + () < ACFT + F)(x + o) +4n+ m+ 1) Y (b3, + B3)). 3.1)
=0

Using (3.1), we have

2
Z(WV+I(P0W1()2SD2 +24v(x1 + o)S wi(Powi @)
k=1

S‘iWMWWﬁ¢+@Wy¢+ﬁ#W+Mfy%¢)
k;l
= Z:((L//”+1 + D)(Pow)*@? + A2V (x) + 1y)*S*wig?)
= (k;V“ + D) + () + AV (x) + 1y)> S (Wi + w3)p?
< W+ DO+ pg)@FE+ FH +4n+m+ 1) in(b% D)
j=0
+AV (X1 + pp)* S 2w + wy)e”. j (3.2)

Next, we apply the Carleman estimate in (3.2):

2
Z(lﬁwl(Powk)z(Pz +2v(x1 + p1g)S wi(Powi))g”
k=1

2 2 n+m
> 20vg? ) (@1w) + x + pg)e® YD (0w
k=1 k=1 j=2
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2

2
+4/13V3¢—2v—3"02 Z(Wk)z " Z

k=1 k=1 j

dj(wp). (3.3)

4
=1

By (3.2) and (3.3), we write

n+m

2 2 4
D Q@1 + Ax +pg)e” D (D(w)) + ALV IE ) + Y > diw)
k=1 j=2 i

n+m

< W+ D+ pg)@FT+ F) +4(n+m+ 1) Z(bf IRz
Jj=0

FAV(x; + o) S 2 (wh + wig?. (3.4)

If we multiply (3.4) by (1 + £%)? and integrate with respect to & over the interval (—co, c0), we have

2 n+m
D QA WOY + Alx1 + ) D (@, wi))? + 41V P (1 + £2)2dE
k=1 j=2
2 4 ) :
e[ it + e
k=1 j=1 Y~
2 n+m 00
<@ D@+ ) AMy + 8 m e+ DM Y Y f @;we)(1 + &) de)g’
k=1 j=0 ¥~
2 00
+ 220 () + u0)2522 f wide. (3.5)
k=1 ¥~

In (3.5), we used the following relation by the Plancherel’s theorem:

n+m

Z f (1+ & |po7 de < 22 f Z 107 (b,0,2)dt
j=0 Y~ J=0 ¥~

0 0<B,<2

n+m 00
2M; Y f (1 +&)10 2l d¢
j=0 VT

IA

2 n+m

2, Y " 1+ E R m e

k=1 j=0 ¥~

where M3 is a constant depending on M,. Then, the inequality (3.5) takes the form

2 00 2 nt+m 00
By [ @i+ E7cde v Y)Y [ @0m7 Ergde
k=1 7% k=1 j=2 ¥~
2 00 2 4 J 00
+Er ) f (W)’ (1 +&)¢dé < - f djwe(1 + E)°d, (3.6)
k=1 ¥~ k=1 j=1 ¥~
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where

Es = 2Wv=8m+m+ D" + 1)(x; + po)*Ms,
Es = v(x;+uy) —8(m+m+ D@ + 1) (x; + wy)*Ms,
E; = 4PV —(AWS? =8+ m+ D@ + DM; + 40" + DM (xy + ).

We estimate the coefficients E5, Eg, E7 :
ForO <y <np<1,and 4 > 1, we have

Es =21y —16(n+m+ 1)M; > A (3.7)
forv>v, = % + 8(n + m + 1)M3, and
Eg = (x1 + 11p)*(Av = 16(n + m + 1)M3 > (x| + 1y)*A (3.8)

forv>v,=1+16(n+m+ 1)M;5 + C.
If A > max {As, A3}, 1, = (S92, A3 = 16(n + m + 1)M; + 8M,, and then we have

E; > 4233723 — 222802 = 16(n + m + D)M5 — 8M, > 2233273, (3.9)

Hence, for 4 > 1 and v > max {v, v,}, (3.6)—(3.9) yield

n+m

2 00
> f (AG WY + A0 + 1 D (@ w))? + 28y (w1 + £ pd
k=1 ¥~ j=2

2 4 0o
< -3 f d(w)(1 + E)2dé. (3.10)

k=1 j=1 Y=

Since 2(1 + &) > 1 and ¢* > 1 on D™, we write

2 o0 1 2
(W) dé < ———
; Im /131/3 ;

Integrating inequality (3.11) over the domain D™ and passing to the limit as 4 — oo, we get wy =
wy = 0,, that is, 7 = 0 which implies w(x) = 0 in Dg*m. Thus, Theorem 1 is proved.

4 00
f diw)(1 + E)2dE. (3.11)
=1 YV~

J

4. Conclusions

In this study, we consider a Cauchy problem for the generalized Schrodinger equation. We prove
the uniqueness of the solution of the problem by using the Carleman estimate. By similar arguments, a
stability estimate can be obtained. Due to its multidimensional structure, the equation has an important
place in some modern physics theories such as M-theory and twistor theory. In the future, we are
planning to investigate the existence of the solution of the problem.
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