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List of Abbreviations

The following abbreviations are used in this manuscript:

H-H Hermite-Hadamard
H-H-M Hermite-Hadamard-Mercer
H-H-F  Hermite-Hadamard-Fejér

1. Introduction and preliminaries

In science, convex functions have a long and distinguished history, and they have been the focus
of study for almost a century. The rapid growth of convexity theory and applications of fractional
calculus has kept the interest of a number of researchers on integral inequalities. Inequalities such
as the H-H type, the Ostrowski-type, the H-H-M type, the Opial type, and other types, by using
convex functions have been the focus of research for many years. The H-H inequality given in [1]
has piqued the curiosity of most academics among all of these integral inequalities. Dragomir et
al. [2] and Kirmaci et al. [3] presented some trapezoidal type inequalities and also some applications
to special means. Following these articles, several mathematicians proposed new refinements of the
Hermite-Hadamard inequality for various classes of convex functions and mappings such as quasi
convex function [4], convex functions [5], m-convex functions [6], s-type convex functions of Raina
type [7], o-s-convex function [8] and harmonically convex functions [9]. Recently, this inequality was
also investigated via different fractional integral operators, like Riemann-Liouville [10], ¥-Riemann-
Liouville [11], Proportional fractional [12, 13], k-Riemann-Liouville [14], Caputo-Fabrizio [15, 16],
generalized Atangana-Baleanu operator [17] to name a few.

It is important to emphasise that Leibniz and L'Hospital are credited with developing the idea
of fractional calculus (1695). Other mathematicians, such as Riemann, Liouville, Letnikov, Erdéli,
Griinwald, and Kober, have made significant inputs to the field of fractional calculus and its numerous
applications. Many physical and engineering experts are interested in fractional calculus because of
its behaviour and capacity to address a wide range of practical issues. Fractional calculus is currently
concerned with the study of so-called fractional order integral and derivative functions over real and
complex domains, as well as its applications. In many cases, fractional analysis requires the use of
arithmetic from classical analysis to produce more accurate conclusions. Numerous mathematical
models can be handled by differential equations of fractional order. Fractional mathematical models
have more conclusive and precise results than classical mathematical models because they are
particular examples of fractional order mathematical models. In classical analysis, integer orders do
not serve as an adequate representation of nature. By using mathematical modelling, it is possible
to identify the endemics’ unique transmission dynamics and get insight into how infection impacts
a new population. To enhance the actual phenomena to a higher degree of precision and accuracy,
non-integer order fractional differential equations (FDEs) are applied. Additionally, [18-22] use and
reference their utilization of fractional calculus. Other interesting results for fractional calclus can be
found in [23-25]. However, fractional computation enables us to consider any number of orders and
formulate far more measurable objectives. In recent years, mathematicians have become more and
more interested in presenting well-known inequalities using a variety of novel theories of fractional
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integral operators. There are several different integral inequality results for fractional integrals. For
generalizing significant and well-known integral inequalities, these operators are helpful. The Hermite-
Hadamard integral inequality is a particular type of integral inequality. It is frequently used in the
literature and outlines the necessary and sufficient conditions for a function to be convex. The Hermite-
Hadamard inequalities were generalized by Sarikaya et al. [10] using Riemann-Liouville fractional
integrals. Iscan [26] expanded Sarikaya et al. [10] ’s findings to include Hermite-Hadamard-Fejer-
type inequalities. By utilizing the product of two convex functions, Chen [27] produced fractional
Hermite-Hadamard-type integral inequalities. Ogiilmiis et al. [28] incorporated the Hermite-Hadamard
and Jensen-Mercer inequalities to present Hermite-Hadamard-Mercer type inequalities for Riemann-
Liouville fractional integrals. Motivated by the above articles, Butt et al. (see [29]), presented new
versions of Jensen and Jensen-Mercer type inequalities in the fractal sense. New fractional versions of
Hermite-Hadamard-Mercer and Pachpatte-Mercer type inclusions are established for convex [30] and
harmonically convex functions [31] respectively. Latif et al. [32] established Hermite-Hadamard-Fejér
type inequalities for convex harmonic and a positive symmetric increasing function. New refinements
of Hermite-Mercer type inequalities are presented in [33], Mercer-Ostrowski type inequalities are
presented in [34]. Further, the Hermite-Hadamard inequality is also generalized for convexity and quasi
convexity [35] and differentiable convex functions [36]. For further information on other fractional-
order integral inequalities, see the papers [37—41].

Definition 1.1. (see [42]) Let 4 : X — R be a function and X be a convex subset of a real vector space
R. Then we say that the function ¢ is convex if and only if the following condition:

G(@r+ (1 - D)s) < DY (1) + (1 - D) Y (s),

holds true for all r,s € X and ® € [0, 1].

For further discussion, we first present the classical Hermite-Hadmard (H-H) inequality, which
states that (see [1]):
If the function 9 : X C R — Ris convex in X forr,s € X and v < s, then

r+s 1 ® G()+9(s)
g(T)S ; j; 4 (x)dx < # (1.1)

Definition 1.2. (see [43]) Let there be a function ¢ : [r,s] — [0, o) and it is symmetric with respect
to &=, if
2 9

G (x+s—x)=9®Xx).

In 1906, Fejér [44] preposed the following weighted variant of Hermite-Hadamard inequality
famously known as Hermite-Hadamard-Fejér inequality, given as

Theorem 1.1. Let there be a convex function 4 : [r,s] € R\ {0} - Rwitht <s. If D : [r,s] C

R\ {0} — R be a convex symmetric and integrable function with respect to *5*. Then

%(E) f " Pdx < —— f ") Pdx < TDHEE) f " 9, (12)
2 /), s—1 J, 2 ¢

holds true.
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Definition 1.3. (see [9]) Let ¢ : X — R be a function and X be a subset of a real vector space R. Then
we say that the function ¢ is harmonically convex if and only if the following condition

s
g(m) < (Dg(ﬁ) + (1 - (D)g(l’),
holds true for all r,s € X and ®@ € [0, 1].

For further discussion, we first present the classical Hermite-Hadmard (H-H) inequality, which
states that (see [9]):
If the function 4 : X C R — R is harmonically convex in X fort,s € X and r < s, then

{4( 2rs )< s f%(x) < %(r)+%(5).

1.3
r1+s/) s—1 x2 - 2 (1.3

Definition 1.4. (see [45]) Let there be a function ¢ : [r,s] — [0, c0) and it is harmonically symmetric

with respect to =2 2”5 , 1f
1
Y= (ﬁ) -

s O]
In the year 2014, Chen and Wu [46] proposed the following weighted variant of Hermite-Hadamard
inequality for harmonically convex function, given as

Theorem 1.2. Let there be a convex function 4 : [r,s] C R\ {0} —» R with v<s If9 :[v,s] C

R\ {0} = R be a convex symmetric and integrable function with respect to ==. Then,
2rs f Q(x) s f %(x).@(x)dx < G(r) +94(s) f Q(x)dx’ (1.4)
r +s s—1 J, x? 2 2

holds true.

Definition 1.5. (see, for details, [10,47]; see also [48]) Let 4 € L[x, s]. Then, the Riemann-Liouville
fractional integrals of the order @ > 0, are defined as follows:

199 (x) = — f(x m)* g (mydm (x> 1),

[(a)

and

179 (x) = % fg (m—x)*' Y (m)dm (x < 9),

respectively, where I' (@) = fom ®*1e~®d® is the Euler gamma function.

Definition 1.6. (see, [49] for details) Let 4 € L [r, s]. Then, the new left and right fractional integrals
I and IZ of order @ > 0 are defined as

1 M i
INY (x) = — f e~ E o o (m)dm O0<r<x<y9),
a T

and

1 ([ 1.
119 (x) = —~ f TV G (mdm (0T <x<s),
a X

respectively.
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It should be noted that

lirrll ILY (x) = f ¢ (m)dm and lin} I79 (x) = f ¢ (m)dm.

Sarikaya et al. [37], in their article proved some interesting mid-point type Hermite-Hadamard
inequalities. Here, we present one of his main results as follows:

Theorem 1.3. (see [37]) Let ¢ : [r,s] — R be a convex function with 0 < r < 5. If 4 € L], 5], then
the following inequality for Riemann-Liouville fractional integral operator holds true:

r+s) 29710 + 1) G(x) +9(s)
2 ) (5 — 1) 2 '

The major goal of this paper is to establish Fejér type fractional inequalities using differintegrals
of the (“75) type for both convex and harmonically convex functions via a novel fractional integral
operator. In order to derive those inequalities, first we prove two new lemmas i.e., Lemmas 2.1 and 3.1
for convex and harmonic convex functions respectively.

In this study, we used a new fractional integral operator to achieve more generalized results. This is
caused by the exponential function that makes up the kernel of this fractional operator. Our results
differ from prior generalizations in that they do not lead to the aforementioned fractional integral
inequalities. Numerous experts have suggested utilizing different fractional integral operators to
extend the Hermite-Hadamard and Fejér type inequalities, however, none of their findings exhibit an
exponential property. This study generated interest in using an exponential function as the kernel
to create more generalized fractional inequalities. Furthermore, the application of symmetric and
harmonically symmetric functions to the main results gives the study of inequalities a new path. For
other generalization regarding exponential kernel interested reader can see e.g., on distributed-order
fractional derivative in [50]. There are many research gaps to be filled for integral inequalities involving
fractional calculus for different types of convex functions, despite the fact that there exist many different
forms of research on the growth of fractional integral inequalities. As a result, the main purpose of this
research is to find new Hermite-Hadamard and Fejér type inequalities for positive symmetric functions
using fractional integral operators.

Our present investigation is structured as follows. In Sections 2 and 3, we discuss two additional
characteristics of the relevant fractional operator before proving some enhanced versions (mid-point
types) of the Fejér and Hermite-Hadamard type inequalities for convex and harmonically convex
functions respectively. Some applications are also taken into consideration in Section 4 to determine
whether the predetermined results are appropriate. Section 5 explores a brief conclusion and possible
areas for additional research that is related to the findings in this paper are discussed in Section 6.

q I 9(8) + T 900 <

)

2. Improved Fejér type results for convex functions

In this section for simplicity, we denote p. = 1‘T"(s —-1). Ifa — 1, then p. = 1‘7“(9; -1)—> 0.

Lemma 2.1. Let 7 : [r,5] € R\ {0} — R be a symmetric convex function with respect to =*. Then for
a > 0, the following equality holds true:

1
IHTer@(S) = IHTs_@(r) =5 [I%_Q(r) + IHTS+@(S)] .
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Proof. Since Z : [r,s] € R\ {0} — R is integrable and symmetric to ”TS we have Z(r + s — X) = Z(X).
Also, Setting ® = r + s — x and d® = —dx, we have

1 8 1-a
Tus, D(s) = — f e o TVPDYID
a +s

l-a
e @ TG (e 45— x)dx

S

.

7

1
a

T

L (7 ey

= — e @ D(r + s — X)dx
a T
L —La(x)

= — e @ P(x)dx
a T

= Iﬁ%_@(t).

1
= I 9(9) = 15 90) = 5 [T 2() + 11, 9(5)].
This led us to the desired equality. O

First, we prove both the first and second kind Fejér type inequalities in a different approach. Then,
we also prove the Hermite-Hadamard inequality using symmetric convex functions.

Theorem 2.1. Let there be a convex function 4 : [r,s] C R\ {0} - Rwithr < s If D : [r,5] C
R\ {0} = R be a convex symmetric and integrable function with respect to 2. Then for a > 0, the
following inequality holds true:

9 ()1t 20+ 18,90)| < |18 @0 + 18, @ 26|,
Proof. Using the convexity of ¢ on [r, 5], we have
2%(”75) <G (@t + (1 - D)) +F (D5 + (1 - DYY). @.1)

Upon multiplication of both sides of the inequality (2.1) by e~ & ¢9?% (ds + (1 — ®)r) and then

integrating the resultant over [O, %], we obtain

2%(%5”.2 G (Bs + (1 — D)r) dD
0

< fz ¢ TG (Pr + (1 — D)s) P (Ds + (1 — D)) dD
0

1

+ f T e G (g 4 (1 — D)) D (s + (1 — D)) dD. (2.2)
0

+5

Since & is symmetric with respect to =7, we have Z(x) = Z(r + s — X).
Moreover, setting x = ®s + (1 — ®)r and dx = (s — 1)d® in (2.2), we have

2 (15) L f L g0y =29 (53) |1 90

2 Js—1 2 /s
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1 - 1-a 1 T 1-a
< — ’ e @ VY + 5 — X)D(X)dX + p— f ’ e VG (x) P(x)dx
1 ) -y 1 K —La(x-r)
= — e o Gx)D(x + s —X)dx + — e @ 9 (xX)Z(x)dx
5—1 Jus 5‘— rJ;
a 1 ® _ 1= 0(5 X) 1 15 _ 1= H(X ‘f)
=—|- G(x)P(x)dx - Y (x)D(x)dx|.

It follows from the above developments and Lemma 2.1 that,

g ()1t 20 + 1%, 26| < |18 @90 + 1%, @96

5—1
This concludes the proof of the required result. O

Example 2.1. Let 4 (m) = ™, m € [1,9] and Z (m) = (5 - m)?, is non-negative symmetric about
m=2>5. Let0 < a < 1, then

%(rzs)[m D) + 1% @(s)]

|12 201) + 12 9(9)]
1 S I-a 1 9 l-a
= [—f e D (5 —m)’dm + —f e O (5 —m)’dm]|.
1 @ Js

a
and

IL. (D)W + 1L (F D))
=I5 .(92)) + IS (D)9

1 (® 1 (P
:—f e T D g (5 )2 g+ — fe_ O=m o™ (5 — m)? dm.
1 5

a

The graphical representation of Theorem 2.1 is shown in the graph below (see Figure 1) for 0 <
a<1:

120000 — Leftterm |

[ Right term |
100000 - ]
80000 [

60000 |-

Values

40000 [

20000 -

of

L I L L L I L L L I L L L I L L L H
0.2 04 0.6 0.8 1.0
a

Figure 1. The graphical representation of Theorem 2.1 for 0 < a < 1.
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Theorem 2.2. Let there be a convex function 4 : [r,s] € R\ {0} - Rwithr < s. If D : [r,5] C
R\ {0} = R be a convex symmetric and integrable function with respect to 2. Then for a > 0, the
following inequality holds true:

I‘%_(%@)(r) + I‘%Jr(%.@)(s) < w I‘%_(.@)(r) + I‘,%Jr(.@)(s) .
Proof. Since ¢ is convex function, we have
G(Dr+ (1 -D)s)+Z (Ds+ (1 — D)) <Y(v) +4(s). (2.3)

_l-a

Multiplying both side of the above inequality (2.3) by e™ = ©™9®Z (®s + (1 — ®)r) and upon integration
of the obtained result over [0, %], one has

f e (@ 4 (1 - 9)9) 9 (05 + (1 — DY) d
0

1

+ fz ¢ TG (D5 + (1 — D)) D (Ds + (1 — D)r) dD
0

<[9 () +9(s)] f ’ e T EI G (@5 + (1 — D)) dD.
0

It follows
%m+%m[
S—1

| O CRENCERCI R It ()],

Furthermore, using the Lemma 2.1, we obtain

IO IO 2 1e (g0 + 18,200
2 -l o

|t @ a0+ 18, @90 <
s—rl =

2
This concludes the proof of the desired result. O

Example 2.2. Let 4 (m) = ™, m € [1,9] and Y (m) = (5 - m)?, is non-negative symmetric about
m=2>5. LetO<a <1, then

e+eée

|t @) + 12,906

2

e+é

= [12.201) + 1%, 2(9)|

2
1 > e y_y) 2 1 ’ L2 ©9-m) 2
R S-myidm+— | e = (S —m)y dm|.
a Jq @ Js

And
I‘%_(%@)(r) + Ii%Jr(g@)(s)
=I5.(9 D)) + IS (9 2)9)

1 5 1-a 1 9 1-a
- f e o M D e (5 _m)? dm + — f e @ O o™ (5 —m)? dm.
1 5

a a
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The graphical representation of Theorem 2.2 is shown in the graph below (see Figure 2) for 0 < a < 1:

—=="Left term

160000 - Right term -

140000 -

Values

120000 -

100000 -

80000 -

0.2 04 0.6 0.8 1.0
a

Figure 2. The graphical representation of Theorem 2.2 for 0 < a < 1.

Theorem 2.3. Let there be a convex function 9 : [x,s] C R\ {0} = Rwithy < s. Then for a > 0, the
Jfollowing fractional integral inequality holds true:

%(HS)< -a [Iiﬂs G0 + 1, %(s)] PRALAEIO) (2.4)

2 2(1—e™7) 2

Proof. By the hypothesis of convexity, we have
g(r+s):g(®r+(l —(I))s+(Ds+(1—CD)r)

2 2
<g((Dr+(1—(D)s)+%((D5+(1—(I))r)
< > .

(2.5)

Lo no

Upon multiplication of both sides of the inequality (2.5) by 2¢™ = and then integrating the obtained

result over [O, 2] we have
1
zg(r+5)f %(s—r)d)dq)
2 /o
5 5
< f ¢ TG (D 4 (1 — D)s) dD + f e TG (Ds 4+ (1 — D)) dOD. (2.6)
0 0

Furthermore, let m = ®s+ (1 - O)r = dd = g. Then inequality (2.6) gives

2(1—e 2) (r+s)

1+5 ’f+5

SL rf e l)m]£¢(r+s—m)a’m+—‘f e r)mr%(m)chn]

- [— f “HEG (m) dm + — f N ~E I (m) dml
S—Tr|a HTS

[m Y1) + 1% %(s)]. 2.7)

S_

AIMS Mathematics Volume 8, Issue 3, 5616-5638.
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This concludes the proof of the first part of the inequality (2.4). To prve the next part of inequality,
under the given hypothesis, we have

G(@r+(1-D)s)+9 (Ds+ (1 —D)r) <Y(x) +9(s). (2.8)

Upon multiplication of both sides of the inequality (2.8) by ¢~ 'a =%

have

and integrating over [0, %], we

1

2 o 2 —a
f e T E0G (O + (1 — D)s) dD + f e G (Ds + (1 — D)r) dD
0 0

<[9@)+9(s)] f T B0,
0

Consequently, we obtain

21— e
[Iﬁ; Y1) + % %(s)] PEAVRRACE il (2.9)
s — 2 Pe
Consequently, it follows from the above developments (2.7) and (2.9) that
1-
g(r + S) < a’pc [I({M G (x) + :[r+q g(s)] < M
2 2(1 —e?) 2
This concludes the proof of the required result. O

Remark 2.1. If one chooses @ — 1 i.e., ’i — 0, then
1 -« B 1

lim =
a=1 (] —e™%)  s—t

and hence Theorem 2.3 retrieves the classical Hermite-Hadamard inequality (1.1).
Example 2.3. Let 9 (m) =™, m € [1,9]and 0 < a < 1, then
G)+9(s) e+e

2 2
r+s 5
g( 2 )_e
and
1 -«
— = |1 9@ +1,+5545]
T (%)

-«

2(1 —e 4(1011)) [
5 9

= - CZ('—(I/) [lf e_l‘;’n(m_l) e"dm + lf e_ll;ra(g_m) emdm] .
2(1—e‘ a)“ ! @ Js

The graphical representation of Theorem 2.3 is shown in the graph below (see Figure 3) for 0 < a < 1:

I (4)(1) + I5,(4)(9))

AIMS Mathematics Volume 8, Issue 3, 5616-5638.
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4000 - — Leftterm
L Right term |
3000 L Middle term
172
8 [
2 2000
K [
1000 -
ol
L L Il L L L Il L n n L L L L L L L L u]
0.2 04 0.6 0.8 1.0

a

Figure 3. The graphical representation of Theorem 2.3 for 0 < o < 1.

3. Improved inclusions via harmonically convex functions

The family of Lebesgue measurable functions is represented here by L [r,s]. In this section, for

brevity we use, p, = =25 wherever needed. If @ — 1, then p, = =2 — 0.
a s (% s

Lemma 3.1. Let 7 : [r,s] € R\ {0} — R be a harmonically symmetric and integrable function with
respect to 12%; Then for a > 0, the following equality holds true:

1 1y 1
Iar+s+@OK(—) = I?—#s_@OK(—) = — |:I(rl+s @OK(E) + I?ﬁ?_@ OK(l):|9
e t e s 2 w7 r 2rs S

where K(X) = %, X € [l l].

s’ v

2rs

Proof. Let 2 be a harmonically symmetric function with respect to ==. Then using the harmonically

symmetric property of &, given as & (é) =9 (;) for a > 0.

11
;@

a N _ 1 (7 a1
I%+@0K(;) QLG ‘ @(a)dq)

I

[
%

|

©

o

~
—_
s |
~————

Consequently, it follows from the above developments that

1 1 1 1 1
I‘L+@0K(—) = I(L_QOK(—) == [I‘fﬂ QOK(—) + I‘L_QOK(—)],
2rs 1 2rs S 2 25 T 1 2rs S

AIMS Mathematics Volume 8, Issue 3, 5616-5638.
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where K(x) = i, X € [l, l]. O

ST

Now, we use the above result to produce new Hadamard-Fejér type inequalities of both first and

second kind for harmonically convex functions.
Let us begin with the Hadamard-Fejér type inequality of the first kind.

Theorem 3.1. Let there be a harmonically convex function 4 : [t,s] C R\ {0} » Rwitht < s. If
D : [x,5] € R\ {0} = R be a harmonically symmetric and integrable function with respect to 12%2 Then
for a > 0, the following inequality holds true:

%( 2rs )[1“ @oK(1)+m+@oK(l)]
r+s 2vs S 2rs T

<[ %QOK(1)+I€§S+%@OK(%)].

2rs

Proof. Since ¢ is harmonically convex function on [, s], we have

g( 2rs ) < g(m) + g(qm(l cD)r)
T+s 2

Multiplying both side by 2e~ Eeg (m) and then integrating over [0, %], we find

2rs P e rs
2 aak L7/ S — P
g(r+s)j; ¢ '@((D5+(1—d>)r)

2 _leasrg, rs rs
< a 1S q)
‘fo ¢ @(d)s+(1—@)r)g(®r+(l—®)s)d

2 Lwsrg s rs
+f0 ¢ @((I)s+(l—(D)r)g(d)s+(1—d))r)dq)‘

Since, Z is harmonically symmetric with respect to ﬁ ie

1 1
) olrr=)
X ?+;—X
Also, setting x = w = d® = =dx the above developments proceed as follows:
o2 g( 2rs )l f e—l:;'(x-;)@(l)dx
$—1 r+s L X
Saf_f"lf“e—nf(x—i)g _ L (L dHlf” =D (1) o (1) ok
s—tla J1 1yl_x X @ X X
1 b 1 1 1 (% . 1\ (1
BN f e—w—x)g(_)@(f)dﬂ_ f e—w—i)g(_)@(_)dx]
S—YLa Jus X +—5—X 04 é X X

1

1 1 (% . 1 1
_)dx+_ ! e—z<x—z>g(_)@(_)dx
X (07 % X X

1
rs [ 1 B l —a (1 1
L L T R
S—TLa Jus X
AIMS Mathematics Volume 8, Issue 3, 5616-5638.
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=01 %@oK(1)+I@+g@oK(%)].

S—1 2rs

From the above developments and Lemma 3.1, we have

2 1 1
a—g( ”)[m_@oK( )+Iﬁ’+s @oK( )]
s—1r \r+s/l 2= T T

< a—[m G99 OK(1)+ I%..,99 o K(%) )

S—7T 2v 2ts
This concludes the proof of the required result. O

Example 3.1. Let & (m) = m?, m € [1,4], 2 () = (258)" and 0 < @ < 1, then
2 1 1
(el rex(3) e x|
r+s s 2rs 1

5 2 1 2
64 |1 8 _1;&( _1) 5—-8m 1f ey 5-8m
= |- a(m Z % dm+ = Eal SN g
5% [a/j; e a ( g ) e+ — %e 3 m

and

2r 2rs

5ok 105 ox()

=12 9P o K(%) +15,99 oK(1)

5 1 2 2
_ lf 1= a(m 1) ( ) (5 Sm) dnm + lf e_l—Ta(l_m) (l) (5 - Sm) dn.
a Ji m 8 a Js m 8

8

The graphical representation of Theorem 3.1 is shown in the graph below (see Figure 4) for 0 < a < 1:

—— Left term
1.0 Right term
0.8
172
8 [
2 o6l
K [
04l
0.2
L | L L L | L L L | L L L | L L L Iu}
0.2 0.4 0.6 0.8 1.0

a

Figure 4. The graphical representation of Theorem 3.1 for 0 < a < 1.

Now, we will establish the Fejér type inequality of the second kind.
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cr,s] CR\{O} » Rwithy < s If
[r,s] € R\ {0} = R be a harmonically symmetric and integrable function with respect to 22. Then
for a > 0, the following inequality holds true:

iYoo)

IOION ., K(l)”moK(;)].

Theorem 3.2. Let there be a harmonically convex function 9

2

Proof. Since ¢ is harmonically convex function

s s

Multiplying both side by eFEg (m) and then integrating the resultant over [O %], we find

2 st s rs 4o
fo ¢ (<Dr+(1—<1>)5 7

Qs+ (1 — D)
2 _Lasg s s
+fo ¢ g(d)s+(1—d))r)@(d>5+(l—(l))r)dq)
1 T s
<[¥9(x) + 9 (s)] fo 9 (—(Ds T CD)r) dd. (3.1
Setting x = %fm and @( ) 9 (ﬁ) in (3.1), we have
R = R AR O
s—rlJi +1-x X I X X
—oe ) f (s X)g( ) (1)dx+ lf g (L @(l)dx]
S—TLa YZ+T: X a % X X
:ai[ Ttz g@OK(1)+I%+g@0K(1)]. (3.2)
S—17 2rs S 2rs T
Also,
[9(0) + 9 (5)] f S LL/] R R—
Os + (1 — D)
Z[9() + D(s)]— f e-‘a“(x-i)@(l)dx
-1 a é X
s 1
= a;[%(r) + %(s)][l‘gﬁ_@ oK (;) ] (3.3)

From the above developments (3.2), (3.3) and Lemma 3.1, we have
1 1
ai[l‘fﬂ_g@ o K( ) +I1%.,99 OK( )]
6 —1l 2rs s T
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o g(r”g(s)[m_@ﬂ(é)”?ﬂ @oK(l)]'

S—1 2 w7 Y
This concludes the proof of the required result. O
Example 3.2. Let & (m) = m?, m € [1,4], 7 () = (258)" and 0 < @ < 1, then

5 [Icﬂs_@ o K(—) +1% Do K(—)]
2 2rs S 2\'5+ r

S 2 1 2
= 1_7 l fg e—%(m‘%) 5 _ 8m) dm + l f 6_1:70(1_]11) —5 _ Sm) dm
2 | 1 8 a Js 8

and

Iﬁg_g.@ o K(%) + Iig%%_@ o K(%)
=1 Y9 o K(%) + Ig+g‘@ oK(1)

5 4 1 4
_1 f Loty (228m) L L f oo (22 8my
@ Ji 8 aJs 8

The graphical representation of Theorem 3.2 is shown in the graph below (see Figure 5) for0 < a < 1:

1.6 - T T T T m
r — Leftterm -
14r Right term

12

04f

0.2}
[ | L L L | L L L | L L L | L L L |

0.2 0.4 0.6 0.8 1.0
a

Figure 5. The graphical representation of Theorem 3.2 for 0 < a < 1.

Theorem 3.3. Let there be a harmonically convex function 4 : [r,s] € R\ {0} —» Rwithr < s. Then
for a >0,

g( 2r5)S 2(1—0))[I%+go%(%)+1‘§?_go%(l)] < M, (3.4)

r+s (1 —e\L = 5 2
holds true.
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Proof. Since ¢ is harmonically convex function on [z, 5], we have

@ (ﬁ) _g [(2 ((Dr+(r1§—<l))5) (q>s+(r15—<1>)r) ] < K4 (m) +9 (m)

: (3.5)
v (Dr+(lb—(1>)5) + ((Ds+(1—(l>)r) 2
Multiplying both side of the inequality (3.5) by 2e~ %P and integrating over [0, ], we obtain
21‘5 1/2 l-a s—x 1/2 1-a s—t rs
29 e W %D < e w0 ——— |dd
(r+s)f0 fo ¢ (d)r+(l —d))s)
2 rs
_lasrg
+ &G —————— | dD.
fo ¢ (d)s T (- (D)r)
Let m = 2O then dm = =Ldd
2(1 - 2
(1-e2 )g( 3 )
Ph r+s
12-:5 _l-as—r 15 _1 s 1 ?T: _l-as—r 15 _1 rs 1
< e a sr(nI )( )g dm+ e a s s—r(m s (_)g JE— dm
B i 5—1 % + é -m L S—1 m
o Y ! 1 b I 1
:i[f (m )g(l - ]dm+f 2t (m—3 )%( )dm]
s—rhJy FTe—m ! m
s % 1-a(1 m) % _ﬂ(m_l) 1
= —[ e @\ 54 dm + e« "G — dm]
s—1l Jus 1 m
TS 1 1
= af—[I‘fﬁ Go X |—|+1% Gox |- ] (3.6)
S—1 2ts T 2rs S

This gives us the first part of the inequality (3.4). Now, for the next part, we use the hypotheses of
harmonically convex function i.e.

s 15

l(y.a\

Multiplying both side of the above inequality (3.7) by e =
[0, 1], we obtain

1 1
2 ]nsrcD rs 2 —]_JECD s
ey o+ L0 L P}
fe br+ (1= 0)s foe Ds+ (1 — D)
0

_loa

<[9() +9(s)] f a % 24D

_2(1-e )G () + Y (s)
Lh 2 '
Consequently from the first inequality (3.6), we have

® and then integrating the resultant over

1 1
2 _lasrg s 2 _lastg s
2Ry o+ o) " R— DT
fo ¢ ((Dr+(1—(D)5) fo ¢ ((D5+(1—CD)r)
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1 N1 20 -9 +9
P sz(—) FT Go %(—)] (A -NI+IE) (3.8)
S—1 2rs T 2rs S ph 2
From the above developments (3.6) and (3.8), it follows
r+s 2(1_67’) 2t T T 2ts ) 2
This concludes the proof of the required result. O
Remark 3.1. If one chooses @ — 1 i.e., %’“ — 0, then
) l-a s
lim =

a1 2(1_6—’%) 5—1

and hence Theorem 2.3 retrieves the classical Hermite-Hadamard inequality (1.3) for harmonically
convex function.

Example 3.3. Let 9 (m) = m?, me [1,4], K(m) = L and 0 < a < 1, then

m

2rs 64
Lalp)/ [I‘rﬂwg o %/(1) —+ I‘;_g o %/(l)]
2(1 — eTI) 2vs 1 2rs I3

- (I;Of)) [16;;4 ° %(1) +1% G o %(1)]
2(1 _eT) 8 r 8 )

5 2 1 2
= —(1 _ ?(ll),n) l fS e_le“(‘"_%) (l) dm + lf e_l_TH(l_m) (l) dm
2 (1 —_ e; 8 ) a % m a % m

GO)+9(s) 17
2 27
The graphical representation of Theorem 3.3 is shown in the graph below (see Figure 6) for 0 < a < 1:

and

—— Leftterm
Right term E
Middle term |

0.2 0.4 0.6 0.8 1.0

Figure 6. The graphical representation of Theorem 3.3 for 0 < a < 1.
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4. Applications

Example 4.1. Let C" be the set of n X n complex matrices, M,, denote the algebra of n X n complex
matrices, and M denote the strictly positive matrices in M,,. That is, for any nonzero u € C", A € M}
if (Au,u) > 0.

Sababheh [51], proved that 4 (k) =|| A“XB'™* + AI™*XB* ||, A,B € M}, X € M, is convex for all
k€ [0,1].

Then, by using Theorem 2.3, we have

I AFXB!(F) + AF(F)XBS ||
1 _ o
< O I I AKBI - KBS |+ T | AXB + AXE |
2(l—e2)L =
_ILATXB! ™ + AIXB || + || AXB! ™ + AI“XB" |
< ' |

Example 4.2. The g-digamma(psi) function ¢4 given as (see [52]):

ch+{

Vo) = —1n(1—c1>)+1nc1>Z1 e

DK

=—In(1-®)+ 1nc1>Z1 o

For ® > 1 and ¢ > 0, ®-digamma function /¢ can be given as:

1 & o *0
Vo) = —In(@ - 1)+ lnCD[§— 3 —Zm]
k=0

3 iien)

If we set 4({) = ¥ () in Theorem 2.3, then we have the following inequality.

=—In(@®-1)+ In®

+s

L (T+s l-a e T lamery Yo (1) + g ()
" ( )s _ U ey, (m)dm+f om0y, (m)dm]g—.
V2T g1 — e ¥y [ S ? . ? 2

Modified Bessel functions
Example 4.3. Let the function ¢, : R — [1, ) be defined [52] as

F,(m) =2°T(p + Hm*L,(m), m € R.

Here, we consider the modified Bessel function of first kind given in

o (m )p+2n
2

/p(m):;n!r(pmﬂ)'
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The first and second order derivative are given as

jp( ) jp+l( )

1 2
4p+1)[(o+ 1)/"+2(m)+2/p+1(m)]

If we use, 9(m) = ¢ ,(m) and the above functions in Theorem 2.3, we have

r+s r+95
/p+1
1-a

1 - ® —a 2
(04 _ lf 1 2 (5— m)m/ " (m)dm +f ——(m I)m/ " (m) dml

= 2(1 —e™7)
- t o (V) +5_Zp1 (5)
< 5 .

/(m) =

5. Concluding remarks

The use of fractional calculus for finding various integral inequalities via convex functions has
skyrocketed in recent years. This paper addresses a novel sort of Fejér type integral inequalities. In
order to generalize some H-H-F (Hermite-Hadamard-Fejér) type inequalities, a new fractional integral
operator with exponential kernel is employed. New midpoint type inequalities for both convex and
harmonically convex functions are studied. Applications related to matrices, q-digamma and modifed
Bessel functions are presented as well.

6. Future scopes

We will use our theories and methods to create new inequalities for future research by combining
these new weighted generalized fractional integral operators with Chebyshev, Simpson, Jensen-Mercer
Markov, Bullen, Newton, and Minkowski type inequalities. Quantum calculus, fuzzy interval-valued
analysis, and interval-valued analysis can all be used to establish these kinds of inequalities. The idea
of Digamma functions and other special functions will be integrated with this kind of inequality as
the major focus. We also aim to find other novel inequalities using finite products of functions. In
future, we will employ the concept of cr-order defined by Bhunia and Samanta [53] to present different
inequalities for cr-convexity and cr-harmonically convexity [54].
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