
AIMS Mathematics, 8(3): 5588–5615. 

DOI: 10.3934/math.2023282 

Received: 23 October 2022 

Revised: 20 November 2022 

Accepted: 20 November 2022 

Published: 20 December 2022 

http://www.aimspress.com/journal/Math 

 

Research article 

Multi-fractional-differential operators for a thermo-elastic magnetic 

response in an unbounded solid with a spherical hole via the DPL model 

Osama Moaaz1,* and Ahmed E. Abouelregal2,3,* 

1 Department of Mathematics, College of Science, Qassim University, P.O. Box 6644, Buraydah 

51452, Saudi Arabia 
2 Department of Mathematics, College of Science and Arts, Jouf University, Al-Qurayyat 77455, 

Saudi Arabia 
3 Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt 

* Correspondence: Email: o.refaei@qu.edu.sa; ahabogal@ju.edu.sa. 

Abstract: The current research aims to investigate thermodynamic responses to thermal media based 

on a modified mathematical model in the field of thermoelasticity. In this context, it was considered 

to present a new model with a fractional time derivative that includes Caputo-Fabrizio and Atangana-

Baleanu fractional differential operators within the framework of the two-phase delay model. The 

proposed mathematical model is employed to examine the problem of an unbounded material with a 

spherical hole experiencing a reduced moving heat flow on its inner surface. The problem is solved 

analytically within the modified space utilizing the Laplace transform as the solution mechanism. An 

arithmetic inversion of the Laplace transform was performed and presented visually and tabularly for 

the studied distributions. In the tables, specific comparisons are introduced to evaluate the influences 

of different fractional operators and thermal properties on the response of all the fields examined. 
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1. Introduction 

One of the most significant challenges in materials and hard sciences is finding an adequate 

theoretical formulation that effectively describes the behavioral responses of the materials in 
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question. The characteristics of these materials from a purely physical standpoint are of special 

interest to investigators. The mathematical modeling leads to conclusions completely in line with the 

experiment results. Several decades ago, fractional calculus, previously thought of as a branch of 

pure mathematics, was discovered to be of great value and has many applications in various fields of 

investigation and analysis. It is used to represent a variety of natural and physical processes. Among 

those applications are those used in models of neural networks, electrodes, bioengineering, and 

mathematical biology and their implications. This important area of mathematics is also used in 

economics and business, electrical and mechanical technology, computational fluid dynamics, 

software applications, and animal and plant genetics [1,2]. 

The ability of this intriguing area to describe dynamical systems with historical effects (memory) 

and strange interactions, which are frequent in the majority of natural and physical structures, is one 

of the major factors for the quick emergence and popularity of this fascinating topic. The traditional 

method of computing integer orders does not provide such possibilities since the integer-order 

parameter has only a limited number of degrees of freedom. The Riemann-Liouville fractional 

integral [3], which is a straightforward and fruitful application of the Cauchy model of repeated 

integrals in classical calculus, is the most frequently used in constructing a fractional-order integral. 

Various fractional-order integrals and derivatives techniques were made available in the latter half of 

this decade. It is believed that the non-singularity that occurred at one end of the Riemann–Liouville 

integration period served as a driving force behind the development of these technological 

developments. Singularities can be avoided by applying the unique ways offered [4]. 

Fractional calculus has emerged as a prominent area of research interest in recent years due to 

the challenges posed by the locally single kernel and the predicament posed by the non-singular 

kernel when combined with non-locality. In this regard, Caputo and Fabrizio (CF) [5] made the first 

effort to create the definition of fractional calculus by providing a non-singular integral (kernel) that 

is constructed on a decreasing smooth exponential function. They did not verify that the fractional 

derivative operator had a singular kernel based on the data obtained; rather, they asserted that the 

fractional derivative factor is suitable for a range of physical concerns. Atanagana-Baleanu (AB) 

proposed a strategy in [6,7] that would improve this method by replacing a smooth exponential 

function with an enhanced Mittag-Leffler function utilizing a single parameter. This was done to 

make the process more efficient. They asserted that their fractional derivative had a fractional 

integral since it was the anti-derivative of their operators. The Tangana–Baleanu fractional-order 

derivative kernel is not local nor singular. Atangana and Koca [8] demonstrate the uniqueness and 

existence of the fractional-order system solution by applying the concept of the AB fractional 

derivative to a straightforward nonlinear system. This allows them to show that the solution is one of 

a kind. Algahtani [9] presented the Allen-Cahn fractional theory, which included both CF and AB 

fractional derivatives, intending to analyze the variances in real-world problems. Studies focusing 

on fractional AB and CF derivatives and their science and engineering applications can be 

addressed in [10–17]. 

The propagation of mechanical vibrations and increased temperatures through solid and flexible 

things has been described using various mathematical models that scientists and engineers have 

developed. However, only some of these ideas can be considered valid because one of the criteria for 

a proper framework is the inclusion of the speed of advancement of thermal and mechanical waves at 

finite values as empirical data. The mathematical frameworks of mechanical heat conduction through 

elastic materials take up much space and cannot be presented on a single paper. On the other hand, 
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new models need to be made to find results that are very similar to in vitro experiments and are 

usually in line with how deformable materials work. 

One of the fundamental system equations for conventional thermoelasticity, which illustrates the 

thermal field, is the traditional Fourier law of heat transfer rate. It might become 

hyperbolic-parabolic when controlled by the equations describing the displacement temperature 

distribution. Because of this, it follows that the response of a normal thermally elastic body to 

mechanical convection diffuses at an unlimited pace, which directly opposes the way physical 

phenomena work [18]. Since 1967, numerous models have been created, and the term "generalized 

thermoelastic ideas" has been given to refer to these models collectively. Compared to the field 

equations found in the traditional thermoelastic concept, the standard Fourier law of heat transport is 

substituted in Lord and Shulman's theory (LS) [19] by the Maxwell-Cattaneo equation to incorporate 

one relaxation time. In contrast to the conventional heat and mass transfer equations system, Green 

and Lindsay's framework (GL) [20] expands the dissipation inequalities and the constitutive 

equations, incorporating two relaxation phases. This expansion occurs in the constitutive relations. 

Differential equations in which the derivative of a function is a fraction have many alternative 

solutions. Certain suggested analytical approaches have been made for fractional differential 

equations. Due to the intractable nature of most fractional problems, a growing body of research is 

devoted to finding numerical solutions to these difficulties. Numerous numerical solutions have been 

developed for fractional equations [21], including the finite difference method (FDM) [21]. Even for 

researchers with no background in mathematics, FDM is straightforward to master. That's why we're 

giving you a rundown on fractional dynamic programming (FDM) for fractional equations. 

Additionally, numerical solutions can be achieved by techniques such as the random walk [22], the 

matrix approach [23], the Adomian decomposition technique and the variational iteration 

methodology [24], the homotopy approximation method (HAM) [25], the homotopy perturbation 

strategy (HPM) [26], and so on.  Several methods for approximating solutions of classical differential 

equations have recently been extended to solve fractional-order differential equations [27–30]. 

In the thermomechanical model without energy dissipation provided by Green and Naghdi [31,32], 

also known as the second type of GN theory, the standard Fourier law has been replaced by the 

thermal gradient junction of the rate of heat transfer. Temperature rate is not included in the heat 

transport equation, allowing undisturbed thermoelastic waves in thermoplastic material. Likewise, 

heat transmission is governed by the classical law and the gradient between constitutive quantities in 

Green and Naghdi's fourth extension to the thermoelasticity model [33]. An energy dissipation model 

known as the GN-III model is commonly used to describe this heat wave type. The thermoelasticity 

concept has been further developed using Tzou's [34–36] dual phase-lag model. According to 

traditional thermoelastic theory, an approximation turns the Fourier law into a Fourier law with two 

alternate time translations of heat fluxes and temperature gradients. Roychoudhuri [37] established 

an extended heat-elastic mathematical model of the standard thermoelastic theory with three-phase 

delays in the heat flow vector and temperature gradient. In this context, Abouelregal [38–42] used 

Green and Naghdi thermoelastic models to present generalized formulas for thermoelasticity with 

high-order time derivatives. 

Both thermoelasticity and viscous thermoelasticity benefited from the application of fractional 

calculus theory, which prompted Povstenko [43] to propose a non-comparative quasi-static concept 

of thermoelasticity based on the fractional equation of thermal conductivity. The diffusion-wave 

equation with time-fractional derivatives was the subject of the first publication on fractional 



5591 
 

AIMS Mathematics  Volume 8, Issue 3, 5588–5615. 

thermoelasticity [43], which appeared in 2005. To examine the thermal stresses in an infinite elastic 

medium with a circular cylindrical aperture, Povstenko [44–46] used a model of thermal stresses 

based on the thermal conductivity equation with the time fractionional derivative of Caputo. In 

addition, Povstenko et al. [47] determined the solution to the time-fractional heat conduction 

equation for an unbounded solid with an axisymmetric heat transfer rate working in a circular 

domain and a circular external crack of interior radius. The time-fractional heat transfer equation 

with the Caputo fractional derivative is obtained by expressing the heat flux vector in terms of the 

Riemann-Liouville fractional integrals and derivatives of temperature gradient. Qiao et al. [48] took 

into account the dual-phase-lag (DPL) model's approximation of the heat transfer rate and the 

temperature gradient using fractional Taylor's series expansions of varying orders. They came up 

with the time-fractional DPL heat transfer model to help heat ultrathin gold films with femtosecond 

laser pulses. 

Yu and Zhao [49] developed fractional thermoelastic models based on generalized 

Lord-Shulman and Green-Naghdi theories as well as traditional thermoelastic model. In order to 

investigate the transitory responses brought on by a relocating source of heat, Yu and Deng [50] 

constructed a unified fractional thermoelastic framework. Caputo-Fabrizio, Atangana-Baleanu, and 

Tempered-Caputo-type fractional derivatives are introduced to theorize fresh perspectives on 

fractional thermoelasticity. Under the influence of thermal shock, Xue et al. [51] utilized the unified 

fractional heat transfer model to examine the transient thermoelastic reactions surrounding a Griffith 

fracture in a half-space or strip. Assuming complete insulation along the fracture's faces, the crack 

runs parallel to the boundary of the half-space or strip. For microscale metals, Yu and Deng [52] 

theoretically derived gradient-type thermoelasticity via an electron-lattice coupling mechanism using 

extended thermodynamics and the heat-conducting electron-lattice framework. They in [53] 

developed an integrated fractional thermoelastic framework for piezoelectric devices, illuminating 

the impact of various formulations on transient behaviors. Theoretically, on the basis of the 

Cattaneo-type formula, a unified form of the fractional heat transfer law is put forth by utilizing the 

fractional derivatives of Caputo-Fabrizio, Atangana-Baleanu, and Tempered-Caputo. 

Using fractional calculus, the effect of the fractional integral operators of Riemann-Liouville, 

Caputo-Fabrizio, and Atangana-Baleanu was studied in the framework of thermoelasticity of 

different types of heat and mass transfer models. So, the current study proposes to develop an 

entirely new thermoelasticity concept that incorporates fractional differentiation by employing a 

wide range of distinct fractional derivative operators. This fractional model (fractional DPL model) 

was developed based on thermoelasticity with two-phase delays. There are many thermoelastic 

difficulties that it is believed that this proposed fractal model can help to solve. 

A thermoelasticity model was built to study the thermomagnetic behavior of solid material with 

a spherical cavity regularly subjected to thermal shock and immersed in a continuous axial magnetic 

field inside the hole. A solution has been found in the suggested Laplace transform and inversion 

algorithm to approximate inverse Laplace calculus. The calculated values of the temperature, tension, 

displacement, magnetic, and induced electric fields were depicted in a graphical view. Without the 

fractional derivative, several fields' response was measured and analyzed. 

Using the fractional derivation of the elastic heat transfer model, three types of fractional 

integrals will be considered and presented in Section 2. The unique cases of the model will be 

discussed in the third section and its subsections. Section 4 shows how thermoplastics respond to 

thermal shock applied to the surface of a material containing an infinite spherical hole as an 
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application of the model derived in this work. In the fifth and sixth sections, the Laplace transform 

method and the numerical Laplace inverse are introduced to solve the ruling system of linear 

equations. The data was presented and analyzed in the seven sections and subsections, highlighting 

the most important findings. In Section VIII's last part of the study, the observations and conclusions 

are discussed. 

2. The fractional thermoelastic model with phase lags 

The governing system equations for a homogeneous material will be presented in this section. 

The following system of equations governs the generalized thermoelastic theory: 

𝑆𝑖𝑗 = 2𝜇𝑒𝑖𝑗 + [𝜆𝑒𝑘𝑘 − 𝛾𝜃]𝛿𝑖𝑗 ,        (1) 

2𝑒𝑖𝑗 = 𝑈𝑖,𝑗 + 𝑈𝑗,𝑖 ,         (2) 

𝑆𝑖𝑗,𝑗 + 𝑅𝑖 = 𝜌
𝜕2𝑈𝑖

𝜕𝑡2
,         (3) 

𝜌𝐶𝑠
𝜕𝜃

𝜕𝑡
+ 𝑇0𝛾

𝜕𝑒𝑘𝑘

𝜕𝑡
= −∇ ∙ �⃗� + 𝑄,       (4) 

where 𝑆𝑖𝑗  denotes the stress tensor, 𝑒𝑖𝑗  represents the strain tensor, 𝛾 = (3𝜆 + 2𝜇)𝛼𝑡 

characterizes the coupling factor, 𝛼𝑡 symbolizes the thermal expansion, 𝜆, 𝜇 signifies the Lamé's 

constants, 𝛿𝑖𝑗  indicates Kronecker's delta, 𝑒𝑘𝑘  is the cubical dilatation, 𝜃 = 𝑇 − 𝑇0  is the 

temperature change, T denotes the absolute temperature, 𝑇0 means the environmental temperature, 

𝑈𝑖 are the components of the displacement vector, 𝑅𝑖 are the body force components, 𝜌 is the 

density of the material, 𝐶𝑠 signifies the specific heat, 𝑄 indicates the heat supply, �⃗� denotes the 

vector of the heat flux. 

If Eqs (1) and (3) are combined, we get the following: 

(𝜆 + 𝜇)𝑈𝑗,𝑖𝑗 + 𝜇𝑈𝑖,𝑗𝑗 − 𝛾𝜃,𝑖 + 𝑅𝑖 = 𝜌
𝜕2𝑈𝑖

𝜕𝑡2
.      (5) 

Tzou [34–36] suggested an improved version of Fourier's law that includes a phase delay. This 

model, now known as the DPL model, can be summarized as follows: 

�⃗� + 𝜏𝑞  
𝜕�⃗⃗�

𝜕𝑡
= −𝐾 (1 + 𝜏𝜃

𝜕

𝜕𝑡
)∇𝜃,       (6) 

where K symbolizes thermal conductivity, 𝜏𝑞 and 𝜏𝜃 are the phase-lags. 

This main part of the article will describe a new mathematical model of partial thermoelasticity. 

This model will include not one, not two, but three distinct types of known fractional integrals. 

Riemann-Liouville (RL), Caputo-Fabrizio (CF), and Atangana-Baleanu (AB) are the three different 

fractional operators that will be considered in this study. In previous studies and literature, fractional 

calculus has been used to solve various physical problems. Examples of such applications include: 

Many different systems can exhibit memory, date, or nonlocal effects, depending on the initial 

justifications given for using fractional derivative models. These models are usually difficult to 

explain when integer-order derivatives are used. For several decades, many scholars have developed 

a variety of definitions of the integral or derivative incorrect order, each using its own distinct sets of 
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formulas and methods. Much of the older research uses either the fractional-order 

Riemann–Liouville derivative or the fractional Caputo derivative. 

The the Riemann-Liouville (RL) fractional derivative of order 𝛼 ∈ ℝ+ can be determined as 

follows when applied to any real local integral function ℏ(𝑡), by [54]: 

𝐷𝑡
(𝛼)ℏ(𝑡) =

1

Γ(1−𝛼)

𝑑

𝑑𝑡
∫

ℏ(𝑡)

(𝑡−𝜉)𝛼

𝑡

0
𝑑𝜉.        (7) 

For any arbitrary numbers 𝛼1, 𝛼2 > 0, this implies that 𝐷𝑡
(𝛼1)ℏ(𝑡) ∙ 𝐷𝑡

(𝛼2)ℏ(𝑡) = 𝐷𝑡
(𝛼1+𝛼2)ℏ(𝑡). 

For incorrect ordering operations, the Laplace transform of 𝐷𝑡
(𝛼)ℏ(𝑡) is given by 

ℒ[𝐷𝑡
(𝛼)ℏ(𝑡)] = 𝑠𝛼ℒ[ℏ(𝑡)] − ∑ 𝑠𝛼−𝑘−1𝛼−1

𝑘=0 ℏ(𝑘)(0).      (8) 

It was highlighted not so long ago that the definitions of these derivatives contain part of their 

kernel. This singularity occurs at the end of a predetermined period. As a direct outcome, different 

definitions related to completely new fractional derivatives have been presented to meet this 

challenge. The main differences between the different definitions of fractional derivatives lie in the 

cores that can be applied to meet the requirements of various applications. Some investigators have 

proposed modifications of the RL and Caputo derivatives. These modifications center on replacing 

the weak singular kernels of the RL and Caputo derivatives with some continuous non-singular 

functions during the interval [0, 𝜉 ] where 𝜉 > 0. These modifications aim to avoid difficulties 

caused by singularities. 

The derivative of fractional order 𝛼 ∈ (0,1) in the context of Caputo can be represented as [54]: 

𝐶𝐷𝑡
(𝛼)ℏ(𝑡) = ∫

1

Γ(1−𝛼)(𝑡−𝜉)𝛼
ℏ̇(𝜏)

𝑡

0
𝑑𝜉,       (9) 

where Γ(1 − 𝛼) symbolizes the Gamma function. 

The last work of Caputo and Fabrizio (CF) [5] defines the fractional derivative with fractional 

order 𝛼 ∈ (0,1) and an exponential kernel for the smooth function ℏ(𝑡) is as follows: 

𝐶𝐹𝐷𝑡
(𝛼)ℏ(𝑡) =

1

1−𝛼
∫ ℏ̇(𝜉)𝑒

(−
𝛼

(1−𝛼)
(𝑡−𝜉))𝑡

0
𝑑𝜉.     (10) 

The fractional Caputo and Fabrizio (CF) derivative given by the Laplace transform takes the 

following form: 

ℒ[𝐶𝐹𝐷𝑡
(𝛼)ℏ(𝑡)] =

1

s+𝛼(1−𝑠)
[𝑠ℒ[ℏ(𝑡)] − ℏ(0)].     (11) 

The previous studies experimentally found that the fractional derivative operator of CF cannot 

represent the non-singular kernel correctly. Several researchers have shown that this fractional 

CF-derived agent may solve various physical challenges [55]. Despite this, the CF fractional derivative 

presented significant challenges because the kernels in its integral were non-singular but still nonlocal. 

Furthermore, according to certain studies, the bound integral in the CF derivative is not a fractional 

operator. In this regard, Atangana and Baleanu [6,7] created fractional derivatives depending on 

Caputo and Riemann-Liouville notions and the enhanced Mittag-Leffler function to solve the problem 

of non-singularity as well as the problem of kernel non-localization. Changes in the fractional 
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operators and fractional differentiation orders greatly affect all the physical areas that have been 

looked into. 

The formula that can be used to define the Atanagana-Baleanu fractional integral of order 𝛼 ∈

(0,1) for ℏ(𝑡) ∈ 𝐻1(0, 𝑏) with 𝑏 > 0 is as follows: [6,7] 

𝐴𝐵𝐷𝑡
(𝛼)ℏ(𝑡) =

1

1−𝛼
∫ ℏ̇(𝜉)𝐸𝛼 (−

𝛼

(1−𝛼)
(𝑡 − 𝜉)𝛼)

𝑡

0
𝑑𝜉.    (12) 

The function 𝐸𝛼  is the Mittag-Leffler function. For 0 < 𝛼 ≤ 1, by applying the Laplace 

transform procedure to Eq (12), we have 

ℒ[𝐴𝐵𝐷𝑡
(𝛼)𝑓(𝑡)] =

1

1−𝛼

𝑠𝛼ℒ[𝑓(𝑡)]−𝑠𝛼−1𝑓(0)

𝑠𝛼+
𝛼

1−𝛼

,   𝑠 > 0.    (13) 

This new fractional formula, very similar to the common use of the Caputo derivative, makes it 

quite straightforward. Note that if the function ℏ(𝑡) is constant, then 𝐷𝑡
(𝛼)ℏ(𝑡) = 0 is zero. Unlike 

the previous definition of the fractional derivative, the present kernel does not contain a singularity 

when 𝑡 = 𝜉, which is the basic distinction between the current and previous definitions. It is 

possible to check that the scalar derivative of the first degree is reached when it is equal to 𝛼 = 1. 

This value is 

lim
𝛼→1

[𝐷𝑡
(𝛼)ℏ(𝑡)] = ℏ̇(𝑡).        (14) 

To develop an advanced fractional model of generalized thermal elasticity, we will first perform 

the following substitution in modified Fourier's law (6): We will replace the partial derivatives 
𝜕

𝜕𝑡
 

with respect to the instant time 𝑡 with a fractional operator 𝐷𝑡
(𝛼)

 which will result [56]: 

�⃗� + 𝜏𝑞 𝐷𝑡
(𝛼)�⃗� = −𝐾(∇⃗⃗⃗𝜃 + 𝜏𝜃 𝐷𝑡

(𝛼)∇𝜃).      (15) 

One of the three fractional operators (RL, CF, and AB) is denoted by the symbol 𝐷𝑡
(𝛼)

. The 

linear version of the generalized heat transfer model with a fractional operator is constructed by 

combining the energy equations (4) and modifying Fourie's law (15), and it can be written as: 

(1 + 𝜏𝑞 𝐷𝑡
(𝛼)) [𝜌𝐶𝐸

𝜕𝜃

𝜕𝑡
+ 𝑇0𝛾

𝜕𝑒𝑘𝑘

𝜕𝑡
− 𝑄] = (1 + 𝜏𝜃 𝐷𝑡

(𝛼))(∇ ∙ (𝐾 ∇𝜃)).   (16) 

Classical electromagnetism, usual optics, and electrodynamics rely heavily on Lorentz's force law 

and Maxwell's equations as the basic theoretical frameworks in the field. Equations are used as 

mathematical concepts to describe electromagnetic, optical, and radio systems such as power 

generation, electric motors, transmission systems, eyeglasses, sensors, etc. These equations describe 

how the formation of electric and magnetic fields occurs within media due to differences in the fields 

and the charges and the flow of current that flows through them. By applying these mathematical 

formulas, Maxwell put forward the hypothesis that light is a clear example of the phenomenon of 

electromagnetism. A difficult set of four equations called Maxwell's equations is introduced to 

explain the electromagnetic universe. James Clerk Maxwell developed these equations. These 

equations explain the motion and behavior of magnetic and electric fields and how objects affect 

fields, and how they are affected by fields. The equations developed by Maxwell to describe the 
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electromagnetic control system can be written as [57–59]: 

∇ × ℎ⃗⃗ = 𝐽 ,    − 𝜇0
𝜕

𝜕𝑡
(ℎ⃗⃗) = ∇ × �⃗⃗�,    �⃗⃗� = −𝜇0 (

𝜕�⃗⃗⃗�

𝜕𝑡
× �⃗⃗�) ,

ℎ⃗⃗ = ∇ × (�⃗⃗⃗� × �⃗⃗�), ∇ ∙ ℎ⃗⃗ = 0,
     (17) 

where ℎ⃗⃗ is the induced magnetic field,  �⃗⃗� is the electric field, 𝐽 is the current density, �⃗⃗� is the 

magnetic field, 𝜇0 denotes the magnetic permeability.  

Maxwell stress, denoted by 𝑀𝑖𝑗 as a complement to the equations given earlier can also be 

calculated using the following relationship: [57,58] 

𝑀𝑖𝑗 = 𝜇0[𝐵𝑖ℎ𝑗 + 𝐵𝑗ℎ𝑖 − 𝐵𝑘ℎ𝑘𝛿𝑖𝑗].        (18) 

The Lorentz force, denoted by �⃗⃗�, can also be determined by 

�⃗⃗� = 𝜇0(𝐽 × �⃗⃗�).         (19) 

3. Special cases 

In this section, a set of different distinct theories of thermal elasticity will be presented that can 

be derived as specific cases of the heat transfer rate equation with different fractal derivative 

operators: 

3.1. Thermoelastic models 

Many of the types of thermoelastic models mentioned above can be produced by ignoring the 

fractional differentiation (𝛼 = 1) in the fundamental equations and based on the parameters 𝜏𝜃 and 𝜏𝑞. 

• Coupled thermoelastic model, abbreviated as CTE, can be attained if 𝜏𝜃 = 𝜏𝑞 = 0. 

• A model of thermoelasticity with one a single-phase lag (LS) can be obtained if 𝜏𝜃 = 0, 

𝜏𝑞 > 0. 

• The dual-phase-lag (DPL) thermoelasticity model can be attained if 𝜏𝑞, 𝜏𝜃 > 0. 

3.2. Fractional models of thermoelasticity 

Using the fractional differential operators 𝐷𝑡
(𝛼), 0 < 𝛼 ≤ 1, one can derive the two fractional 

thermoelasticity models listed below: 

• Model of fractional thermoelasticity with single-phase lag (FLS): 𝜏𝜃 = 0, 𝜏𝑞 > 0. 

• The dual-phase-lag fractional thermoelasticity model (FDPL): 𝜏𝑞, 𝜏𝜃 > 0. 

4. Applicable problem formulation 

At 𝑇0, an infinitely homogeneous, isotropic, conductive thermoelastic material occupying the 

region 𝑎 ≤ 𝑟 ≤ ∞ and containing a spherical cavity of radius 𝑎 was considered. This problem is 
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graphically described in Figure 1. In the absence of an external electric field, a homogeneous axial 

magnetic field �⃗⃗� = (0,0, 𝐻0) was assumed, which would have a constant value. The medium is 

assumed to be initially inert, while the cavity surface 𝑟 = 𝑎 will be bound and subject to several 

different heat fluxes. Due to the nature of the proposed problem, consideration will be given to the 

spherical polar coordinate system (𝑟, Θ, 𝜙) with the origin of the coordinates determined at the center 

of the bore. It will be assumed that thermoelastic responses are the same around the axes. Because of 

this symmetry, the in-center state functions will depend only on the distance 𝑟 and instant time 𝑡. 

Also, for condition regularity, it must be considered that all the studied field variables are restricted 

when 𝑟 → ∞. 

 

Figure 1. The configurations of a thermoelastic medium having a spherical hole. 

As a result, the governing equations for the one-dimensional problem of thermoelasticity can be 

expressed as: 

𝑈𝑟 = 𝑈(𝑟, 𝑡), 𝑈𝜉(𝑟, 𝑡) = 𝑈𝑧(𝑟, 𝑡) = 0,      (20) 

𝑒𝑟𝑟 =
𝜕𝑈

𝜕𝑟
, 𝑒ΘΘ = 𝑒𝜙𝜙 =

𝑈

𝑟
,       (21) 

𝑒 = ∇ ∙ 𝑈 =
𝜕𝑈

𝜕𝑟
+
2𝑈

𝑟
=

1

𝑟2

𝜕(𝑟2𝑈)

𝜕𝑟
,       (22) 

𝑆𝑟𝑟 = 2𝜇
𝜕𝑈

𝜕𝑟
+ 𝜆𝑒 − 𝛾𝜃,        (23) 

𝑆ΘΘ = 2𝜇
𝑈

𝑟
+ 𝜆𝑒 − 𝛾𝜃,        (24) 

𝜕𝑆𝑟𝑟

𝜕𝑟
+
2

𝑟
(𝑆𝑟𝑟 − 𝑆ΘΘ) + 𝐿𝑟 = 𝜌

𝜕2𝑈

𝜕𝑡2
.       (25) 

Application of a fixed magnetic field vector �⃗⃗� = (0,0, 𝐻0) generates an induced magnetic field 

ℎ⃗⃗ in the 𝜙-axis direction, as well as an induced electric field �⃗⃗� and an electric current density 𝐽 in 

the 𝜉-axis direction. 
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ℎ⃗⃗ = −𝐻0 (0,0,
1

𝑟2

𝜕(𝑟2𝑈)

𝜕𝑟
) , 𝐽 = −𝐻0 (0,

𝜕𝑒

𝜕𝑟
, 0),     �⃗⃗� = 𝜇0𝐻0

2 (0,
𝜕𝑈

𝜕𝑡
, 0).   (26) 

When replacing Eq (26) with Eq (19), the radial Lorentz force 𝐿𝑟 and the Maxwell stress 

components 𝑀𝑟𝑟 will be represented by the formulas 

𝐿𝑟 = 𝜇0(𝐽 × �⃗⃗�)𝑟 = 𝜇0𝐻0
2 𝜕𝑒

𝜕𝑟
,     𝑀𝑟𝑟 = 𝜇0𝐻0

2𝑒.      (27) 

When dealing with thermoelastic materials, the improved steady-state heat equation can be found as: 

∇2𝜃 + 𝜏𝜃𝐷𝑡
(𝛼)(∇2𝜃) =

1

𝑘
(1 + 𝜏𝑞𝐷𝑡

(𝛼))
𝜕𝜃

𝜕𝑡
+
𝛾𝑇0

𝐾
(1 + 𝜏𝑞𝐷𝑡

(𝛼))
𝜕𝑒

𝜕𝑡
,    (28) 

where 
𝐾

𝜌𝐶𝑒
= 𝑘. 

After utilizing Eqs (23) and (24), the motion Eq (25) can be expressed as 

(
𝜆+2𝜇

𝜌
+
𝜇0𝐻0

2

𝜌
)
𝜕𝑒

𝜕𝑟
=

𝛾

𝜌

𝜕𝜃

𝜕𝑟
+
𝜕2𝑈

𝜕𝑡2
.       (29) 

When one applies the differential operator 
𝜕

𝜕𝑟
+
2

𝑟
 to both sides of the Eq (29), one arrives at the 

following result: 

𝜌(𝑐0
2 + 𝑎0

2)∇2𝑒 = 𝛾∇2𝜃 + 𝜌
𝜕2𝑒

𝜕𝑡2
.       (30) 

where ∇2=
1

𝑟2
𝜕

𝜕𝑟
(𝑟2

𝜕

𝜕𝑟
), 𝑐0

2 =
𝜆+2𝜇

𝜌
 and 𝑎0

2 =
𝜇0𝐻0

2

𝜌
. 

To facilitate the governing equations into non-dimensional forms, we will now use the field 

quantities as follows: 

{𝑟′, 𝑈′} =
𝑐0

𝑘
{𝑟, 𝑈},   {𝑡′, 𝜏𝜃

′ , 𝜏𝑞
′ } =

𝑐0
2

𝑘
{𝑡, 𝜏𝜃, 𝜏𝑞},   𝜃′ =

𝛾

𝜌𝑐0
2 𝜃,

{𝑆𝑖𝑗
′ , 𝑀𝑖𝑗

′ } =
1

𝜌𝑐0
2 {𝑆𝑖𝑗,𝑀𝑟𝑟}.

    (31) 

When the primes are omitted from the basic equations, the non-dimensional equations have the 

following formulas: 

(1 + 𝜏1𝐷𝑡
(𝛼))∇2𝜃 = (1 + 𝜏2𝐷𝑡

(𝛼)) (
𝜕𝜃

𝜕𝑡
+ 휀

𝜕𝑒

𝜕𝑡
),      (32) 

∇2𝑒 = 𝑎1∇
2𝜃 + 𝑎2

𝜕2𝑒

𝜕𝑡2
.        (33) 

𝑆𝑟𝑟 = 4𝛽
2 𝑈

𝑟
+ 𝑒 − 𝜃,         (34) 

𝑆ΘΘ = −2𝛽
2 𝑈

𝑟
+ (1 − 2𝛽2)𝑒 − 𝜃,       (35) 

where 
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𝛽2 =
𝜇

𝜆+2𝜇
, 휀 =

𝑇0𝛾
2

𝜌2𝑐0
2𝐶𝑒
, 𝑎1 =

𝑔

𝑐0
2+𝑎0

2 , 𝑎2 =
𝜌𝑐0

2

𝑐0
2+𝑎0

2 ,

𝑔 =
𝛾𝑇0

𝜌
, 𝜏1 = 𝜏𝜃  (

𝑘

𝑐0
2)
𝛼−1

, 𝜏1 = 𝜏𝑞 (
𝑘

𝑐0
2)
𝛼−1

.
     (36) 

When time 𝑡 equals zero, the following are the initial conditions for the problem: 

𝑈(𝑟, 0) = 0 =
𝜕𝑈(𝑟,0)

𝜕𝑟
, 𝜃(𝑟, 0) = 0 =

𝜕𝜃(𝑟,0)

𝜕𝑟
.     (37) 

In this scenario, we will suppose that the surrounding plane of the cavity, denoted by the symbol 𝑟 =

𝑎, is subject to a moving heat flux 𝑞. The following will be a consideration of the modified Fourier 

law (15) with fractional order: 

𝐾(1 + 𝜏𝜃𝐷𝑡
(𝛼))

𝜕𝜃

𝜕𝑟
= −(1 + 𝜏𝑞𝐷𝑡

(𝛼))𝑞     at     𝑟 = 𝑎, 𝑡 > 0.    (38) 

It will be taken into account that the heat flow 𝑞 moves in the direction of the cavity axis at a 

constant velocity 𝜗 and decreases exponentially with the instant time 𝑡 as shown in the following 

relationship [60]: 

𝑞 = 𝑄0  𝑒
−𝜔𝑡 𝛿(𝑟 − 𝜐𝑡),          𝜔, 𝜐 > 0.       (39) 

Here, we will suppose that 𝜔 and 𝑄0 are constants, and that 𝛿(. ) represents the Dirac delta. If we 

take the dimensionless quantities (31) and substitute them into Eq (38), then we obtain 

(1 + 𝜏1𝐷𝑡
(𝛼))

𝜕𝜃(r,𝑡)

𝜕𝑟
= −𝑞1 (1 + 𝜏2𝐷𝑡

(𝛼)) 𝑒−𝜔𝑡 𝛿(𝑟 − 𝜗𝑡), 𝑞1 =
𝑞0𝜌𝑘𝑐0

𝛾
.   (40) 

It will be taken into account that mechanical constraints ensure that surface displacement is 

restricted. This assumption can be quantified using the following equation: 

𝑈(𝑟, 𝑡) = 0   at  𝑟 = 𝑎.        (41) 

5. Solution of the problem 

The formula for calculating the Laplace transform of any function 𝑔(𝑟, 𝑡) is as follows: 

�̅�(𝑟, 𝑠) = ∫ 𝑔(𝑟, 𝑡)𝑒−𝑠𝑡𝑑𝑡,
∞

0
    𝑠 > 0.       (42) 

To transform the basic equations under initial conditions (37), Laplace will be applied to the 

equations to get: 

∇2�̅� = 𝛼1�̅� + 𝛼2∇
2�̅�,         (43) 

∇2�̅� = 𝑎2𝑠
2�̅� + 𝑎1�̅�,         (44) 

𝑆�̅�𝑟 = 4𝛽
2 �̅�

𝑟
+ �̅� − �̅�,         (45) 

𝑆Θ̅Θ = −2𝛽
2 �̅�

𝑟
+ (1 − 2𝛽2)�̅� − �̅�,       (46) 
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where 

𝛼0 =

{
  
 

  
 
𝑠(1+s𝛼𝜏2)

(1+s𝛼𝜏1)
           for RL operator,

𝑠(1+
s𝜏2

s+𝛼(1−𝑠)
)

(1+
s𝜏1

s+𝛼(1−𝑠)
)
   for CF operator,

𝑠(1+
𝑠𝛼𝜏2

𝑠𝛼(1−𝛼)+𝛼
)

(
𝑠𝛼𝜏1

𝑠𝛼(1−𝛼)+𝛼
)
    for AB operator,

      (47) 

with 𝛼1 =
𝛼0

1+𝛼0𝑏
 and 𝛼2 =

𝛼0

1+𝛼0𝑏
. 

By decoupling Eqs (43) and (44), we can get 

∇4�̅� − 𝛿1 ∇
2�̅� + 𝛿2�̅� = 0,

∇4�̅� − 𝛿1 ∇
2�̅� + 𝛿2�̅� = 0,

        (48) 

where 

𝛿1 = 𝛼1 + 𝑠
2𝑎2 + 𝛼2𝑎1,     𝛿2 = 𝛼1𝑠

2𝑎2.      (49) 

By entering the parameters 𝜇𝑖, 𝑖 = 1,2 in Eq (48), and therefore the following equation can be 

deduced: 

(∇2 − 𝜇1
2)(∇2 − 𝜇2

2)�̅� = 0,

(∇2 − 𝜇1
2)(∇2 − 𝜇2

2)�̅� = 0.
       (50) 

Where 𝜇1
2 and 𝜇2

2 are the root of the following equation 

𝜇4 − 𝛿1𝜇
2 + 𝛿2 = 0.         (51) 

By solving Eq (51), it is possible to deduce the roots of 𝜇i
2 as 

𝜇1
2 =

𝛿1+√𝛿1
2−4𝛿2

2
, 𝜇2

2 =
𝛿1−√𝛿1

2−4𝛿2

2
.      (52) 

Equation (50) will have a general solution, taking into account the regularity condition, as 

follows: 

�̅� =
𝛼2

√𝑟
[𝐴1𝜇1

2𝐾1/2(𝜇1𝑟) + 𝐴2𝜇2
2𝐾1/2(𝜇2𝑟)],      (53) 

�̅� =
1

√𝑟
[(𝜇1

2 − 𝛼1)𝐴1𝐾1/2(𝜇1𝑟) + (𝜇2
2 − 𝛼1)𝐴2𝐾1/2(𝜇2𝑟)].    (54) 

where the parameters denote the integrative coefficients 𝐴𝑖, where 𝑖 = 1,2,3 and 𝐾1/2 represents 

the second class of modified Bessel functions of the order of 1/2. 

By drawing from the relationship between �̅� and �̅� One can arrive at solving a dimensionless 

function of displacement provided that �̅� is assumed to disappear when one reaches infinity. This 

solution can be written as: 
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�̅� = −
𝛼2

√𝑟
[𝐴1𝜇1𝐾3/2(𝜇1𝑟) + 𝐴2𝜇2𝐾3/2(𝜇2𝑟)].      (55) 

The following formulas can be used to calculate stresses and solutions for the displacement �̅�: 

𝑥𝐾′n(𝑥) = −𝑥𝐾n+1(𝑥)+𝑛𝐾n(𝑥),

𝑥𝐾′n(𝑥) = −𝑥𝐾n−1(𝑥)−𝑛𝐾n(𝑥).
       (56) 

The thermal stresses can be determined with the help of the previous formula as follows: 

𝑆�̅�𝑟 =
1

√𝑟
[(𝛼2𝜇1

2 − 𝜇1
2 + 𝛼1)𝐾1/2(𝜇1𝑟) −

4𝛽2𝜇1𝛼2

𝑟
𝐾3/2(𝜇1𝑟)] 𝐴1 +

1

√𝑟
[(𝛼2𝜇2

2 − 𝜇2
2 + 𝛼1)𝐾1/2(𝜇2𝑟) −

4𝛽2𝜇2𝛼2

𝑟
𝐾3/2(𝜇2𝑟)] 𝐴2,

  (57) 

𝑆Θ̅Θ = [(𝛼2𝜇1
2(1 − 2𝛽2) − 𝜇1

2 + 𝛼1)𝐾1/2(𝜇1𝑟) +
2𝛽2𝜇1𝛼2

𝑟
𝐾3/2(𝜇1𝑟)] 𝐴1

+[(𝛼2𝜇2
2(1 − 2𝛽2) − 𝜇2

2 + 𝛼1)𝐾1/2(𝜇2𝑟) +
2𝛽2𝜇2𝛼2

𝑟
𝐾3/2(𝜇2𝑟)] 𝐴2.

  (58) 

Maxwell's stress �̅�𝑟𝑟 in the field of the Laplace transform has the following solution: 

�̅�𝑟𝑟 =
𝑎0
2𝛼2

𝑐0
2√𝑟

[𝐴1𝜇1
2𝐾1/2(𝜇1𝑟) + 𝐴2𝜇2

2𝐾1/2(𝜇2𝑟)].     (59) 

In the transformed domain, conditions (40) and (41) can be expressed as: 

𝜕�̅�(r,𝑠)

𝜕𝑟
= −

𝛼0𝑄0

𝜐
𝑒−Ω𝑟 ,     Ω =

𝜔+𝑠

𝜐
, 𝑟 = 𝑎,      (60) 

�̅�(r, 𝑠) = 0,                               𝑟 = 𝑎.       (61) 

To obtain the parameters 𝐴𝑖, (𝑖 = 1,2), it is necessary to solve Eqs (60) and (61). 

6. Laplace inversions 

The previous section utilized the Laplace transform technique to derive the solutions of different 

physical fields. Then, the Laplace transforms of these field variables must be reversed so that the 

solutions can be transformed to the (𝑟, 𝑡) time domain. In the present work, a well-established, 

practical, and accurate numerical approach will be utilized to get an inversion of the Laplace 

inversion for the different domains. This distinct method is based on an approach involving 

numerical inversion and is based on the Fourier series extension [61]. The numerical method 

described below can be utilized to transform any field �̅�(𝑟, 𝑠) in the Laplace space field into the 

space-time field [61]: 

𝐻(𝑟, 𝑡) =
𝑒𝜉𝑡

𝜏1
(
�̅�(𝜉)

2
+ 𝑅𝑒∑ 𝑒𝑖𝑘𝜋𝑡/𝜏1�̅�(𝜉 + 𝑖𝑘𝜋/𝜏1)

𝑁0

𝑘=1
) ,    0 ≤ 𝑡 ≤ 2𝜏1,   (62) 

The shortened limitless Fourier series has 𝑁0 terms. The parameter 𝑁0 is the number of 

statements that must be chosen in order to satisfy the previous formula: 
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𝑒𝜉𝑡𝑅𝑒(𝑒𝑖𝑁0𝜋𝑡/𝜏1�̅�(𝜉 + 𝑖𝑁0𝜋/𝜏1)) ≤ 𝜖,       (63) 

where 𝜖 is the desired precision level for a small perturbed positive integer. The free positive 

components must be equal to or greater than the real parts of any �̅�(𝑟, 𝑠) singularities. The 

parameter was set according to the specification [61,36]. The Mathematica programming language 

was used to build numerical code. 

7. Verification 

This section will validate and test the proposed method by identifying the known implications of 

which test transformation functions worked best. Our numerical reflection method will be compared 

with valid estimates to demonstrate the level of accuracy achieved. 

As an illustration of the usefulness of the proposed numerical inversion method, we shall test it 

on two examples. The functions �̅�(𝑠) =
1

1+𝑠+𝑠2
 and �̅�(𝑠) =

1

𝑠3/2
𝑒(−1/𝑠)  are translated into 

𝑀(𝑡) =
2

√3
𝑒(−𝑡/2) sin(√3𝑡/2) and 𝐺(𝑡) =

1

√𝜋
sin(2√𝑡). The parameters of 𝜉 = 0.421, 𝑁 = 19 

and 𝑡1 = 7.5 were used to invert the transform �̅�(𝑠) according to [62,63]. As shown in Table 1, 

the four methods exhibit varying degrees of deviation from the true value of 𝑀(𝑡) for times ranging 

from 0.0 to 10.0. When compared to the precise inverse Laplace transform, this approximation holds 

up rather well. 

Table 1. Contrasting the accurate inverse Laplace transform with the numerical inversion. 

𝑡 
𝑀(𝑡) 𝐺(𝑡) 

Exact values Computed values Exact values Computed values 

1 0.5335070 0.5335090 0.513016 0.513018 

2 0.4192800 0.41928100 0.173811 0.173811 

3 0.1332430 0.13324300 -0.178818 -0.178819 

4 -0.0495299 -0.04953000 -0.426980 -0.426981 

5 -0.0879424 -0.08794260 -0.547985 -0.547986 

6 -0.0508923 -0.05089240 -0.554397 -0.554398 

7 -0.00764371 -0.00764373 -0.472197 -0.472199 

8 0.01271510 0.01271510 -0.330715 -0.330715 

9 0.01280470 0.01280470 -0.157643 -0.157644 

10 0.00538548 0.00538549 0.0233339 0.0233339 

With the improved method, high precision may be attained rapidly without excessive 

computation. Moreover, the programming effort for the method is low compared to other algorithms 

with similarly high accuracy [62,63]. Even more importantly, our inversion method may achieve 

significant gains in accuracy by increasing processing effort in a linear fashion. It is believed that our 

method is useful for a wider range of applications. 

8. Numerical Results and discussions 

This section will perform the numerical analysis using a new theoretical thermoelasticity model. 
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This model includes many fractional operators of fractional order. We will study what happens to an 

infinitely flexible thermoplastic solid with a spherical cavity when placed in a magnetic field of 

constant intensity. In addition to providing and calculating the numerical results, we will also 

consider the mechanical properties of the Cu material. Listed below are some of the physical 

properties of the proposed material [64]: 

𝜌 = 8954 kg/m3 , {𝜆, 𝜇} = {7.76, 3.86} × 1010kg/ms2 , 𝐻0 = 10
7Am−1

𝐾 = 386 W/mK, 𝐶𝐸 = 383.1 J kg/K ,    𝛼𝑡 = 5 × 10
−7 1/K,

𝑡 = 0.12s, 𝜇0 = 12.6 × 10
−7Hm−1, 𝑇0 = 298 K.

 

Numerical values of various physical domain variables will be approximated using the physical 

data provided earlier in this discussion. A series of numerical computations will be done as the 

distance 𝑟 changes. Also, the values 𝑄0 = 1 and 𝜔 = 1 are selected during these calculations. 

The optimization algorithms indicated in Eq (62) were applied. The differences in Maxwell's stress 

𝑀𝑟𝑟 , radial and loop stresses 𝑆𝑟𝑟  and 𝑆ΘΘ, radial deformation 𝑈, and dynamic temperature 𝜃 

under the influence of several vital parameters have been studied.  

8.1. Comparison of fractional derivative operators 

The developed physical-mathematical model of the interaction between deformable and 

heat-exchange procedures allows us to determine the viscoelastic behavior of composite materials in 

the procedure during heat treatment, considering memory effects. This section includes comparisons 

of improved fractional operators (Caputo-Fabrizio (CF) and Atangana-Baleanu (AB)) that have been 

introduced in recent years with classical fractional operators (Riemann-Liouville (RL)) and usual 

derivatives (𝛼=1). After analyzing the numerical data, we can conclude that elastic materials with a 

high degree of refraction heat up faster in heat treatment processes, which results in larger absolute 

values of stresses. This results in the buildup of residual stresses, which influences the development 

of stresses in a material when exposed to repeated thermal or mechanical stresses. 

The objective of comparing fractional coefficients and conventional derivatives is to evaluate 

which fractional derivative approaches the oldest conventional derivative by clarifying which 

operators give a faster reduction of heat waves under the physical aspects. The mathematical findings 

of the various fields will be shown in tables to facilitate comparison when applying each of these 

operators. 

To perform the numerical calculations, some values of the fractional-order parameter will be 

taken into consideration by examining the physical behavior of various physical fields according to 

the proposed model. The accompanying graphs show the difference in numerical values in the case 

of nonlocal fractional operators (AB and CF) and the conventional fractional model (RL) and the 

case in which the fractional differentiation disappears (𝛼 = 1). For fixed values of 𝜐 = 5, 𝜏𝑞 = 0.2 

and 𝜏θ = 0.1, and three separate values of 𝛼 = 1, 0.8, and 0.5; Figures 1–5 display the differences 

in radial displacement 𝑈 , temperature 𝜃 , and stress components 𝑆𝑟𝑟  and 𝑆ΘΘ  against radial 

coordinates 𝑟. 
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Figure 2. Variation in the temperature 𝜃 for various fractional operator. 

 

Figure 3. Variation in the displacement 𝑈 for various fractional operator. 

 

Figure 4. Variation in the radial stress 𝑆𝑟𝑟 for various fractional operator. 
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Figure 5. Variation in the hoop stress 𝑆ΘΘ for various fractional operator. 

In the case of 0 < 𝛼 < 1, the analysis and results of the fractional differential heat conduction 

model based on the fractional operator's AB, CF, and RL will be explored. From the numerical results, it 

is clear that the theoretical outcomes agree with the findings of the modified non-fractional thermoelastic 

model with the phase delay in the normal case (𝛼 = 1) (DPL) despite the different amounts. 

The computational results show that fractional differential factors significantly influence the 

profiles of all investigated thermophysical fields. It should also be observed that thermal and 

mechanical waves, both of which are stable, achieve their stable states according to the fractional 

order's values and the type of fractional factor. In addition, it was found that increasing the value of 

the fractal parameter leads to an increase in the transmission speed of the waves being investigated 

near the cavity surface. This is because heat flow is present at the beginning of the waves traveling 

through the body, but it decreases faster as the waves move deeper into the medium. 

Figures 2–6 show that once the moment in time is known, the non-zero values of dynamical 

temperature, radial displacement, and pressure are only found within a limited area. The numerical 

values are all zero outside that region. This explains why the speed of heat transfer in a thermal 

medium is limited based on generalized models of thermoelasticity. On the other hand, conventional 

thermal conductivity models predict an unlimited velocity of thermal and mechanical waves. The 

heat-disturbed region is restricted when the time moment is given due to the finite heat diffusion 

velocity, leading to thermally induced displacement and stress reduction. 

 

Figure 6. Variation in Maxwell's stress 𝑀𝑟𝑟 for various fractional operator. 
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For a set of fractional operators (AB, CF, and RL) and three values of the fractional-order 

parameter 𝛼, Figure 2 shows the observed changes in dynamic temperature with the position 

variable. It is shown in Figure 2 that the fractional order has a significant impact on the dynamics of 

temperature change. This can be observed by examining how the temperature 𝜃 reaches its highest 

value and then gradually decreases as it moves away from the cavity until it reaches zero. Thus, it 

can be said that the temperature distribution 𝜃 within the medium is restricted by physical processes. 

Other researchers study heat transfer equations without fractional differentiation, but they often 

forget about the problem of heat waves spreading at terminal speeds. 

At 𝑡 = 0.12, the numerical values yielded by the CF operator for the temperature distribution 

𝜃 are larger than those obtained by the fractional AB operator approach. The numerical results 

achieved using the RL operator technique are also demonstrated to be larger than those obtained 

using the fractional AB, and CF approaches. Finally, a factional differential minimizes the 

propagation of heat waves compared to the usual situation (no fractional differentiation), as seen in 

Figure 2. In other words, when the fractional order falls, the thermodynamic temperature distribution 

decreases, and vice versa. 

Figure 3 shows the change of displacement values 𝑈 with space 𝑟. It can be seen from the 

table that the inclusion of the fractional modulus 𝛼 has a significant effect on the calculated 

values of the displacement profile. The obtained values of the displacement distribution 𝑈 

decrease as the distance between any two sites within the mean grows and then decreases again 

until it reaches zero. In compliance with the boundary criteria, the offset variance with respect to 

distance always starts at zero and fades out at zero. In addition to the numerical approach, this 

ensures the correctness and validity of the obtained numerical results. It should also be noted that 

in different positions of the fractional factors (RL, CF, AB), the presence of the fractional 

differentiation parameter leads to a decrease in the values of the displacement 𝑈. The table also 

showed that a rise in the value of the fractional differentiation parameter 𝛼 results in a rise in 

the values of the theoretical displacement. As shown in Figure 3, the partial AB model generates 

the smallest absolute amounts of displacement, while the standard fractional RL model gives the 

greatest absolute amounts of displacement. 

Figures 4 and 5 illustrate the influence of the fractional differentiation factor and the various 

fractional operators (RL, CF, and AB) on the distributions of radial stress 𝑆𝑟𝑟 and hoop pressure 

𝑆ΘΘ as the radial coordinate r varies. The tables show that the pressures start quickly with negative 

values, increase steadily until they reach their maximum value away from the surface of the medium 

gap, and decrease gradually with increasing distance until they disappear away from the turbulence 

region. 

The computational outcomes in Figures 4 and 5 display that the amounts of thermal stresses 𝑆𝑟𝑟 

and 𝑆ΘΘ are not the same when the fractional order parameters are changed. Also, depending on the 

type of fractional actuator used, the pressure may increase or decrease in volume. The numerical 

results further reveal that the stresses persist in the negative region above the cavity, and their size 

increases dramatically near the cavity before steadily diminishing and finally disappearing. It should 

also be noted that near the bore in the turbulence region, stresses usually behave in a compressive 

manner. It is also possible to conclude that adding a fractional differential to the thermal conductivity 

equation makes it difficult for mechanical waves to travel through the medium at infinite speeds, 

making sense based on how the problem is physically set up. 

Figure 6 shows the influence of the parameter 𝛼 and the fractional differentiation operators on 
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the Maxwell stress variance 𝑀𝑟𝑟. The table shows that when the distance expands away from the 

cavity, the Maxwell stress 𝑀𝑟𝑟 dissipates rapidly, indicating that the influence of the magnetic field 

is instantaneous and limited. Also, as shown in the table, the fractional parameter slightly influences 

Maxwell stress. Moreover, the presence or absence of fractional factors has an influence, albeit 

insignificant, on the type and behavior as well as decreasing and increasing numerical values of 

Maxwell's stress 𝑀𝑟𝑟. This is the case whether or not the fractional factors are present. 

In addition, we are confident that the new fractal derivatives will play a vital role in the search 

for the macroscopic activity of various materials, mostly related to partial exchanges such as 

thermoelasticity, fluidity, and some other phenomena. When the phase delays are added to the 

modified heat transfer equation used to make the frame, it shows that heat waves move naturally and 

with a fixed size. In principle, current aerodynamic engineering issues using thermoplastic cylinders 

are closely related to the theory described in this work. 

If everything else fails, it's possible that the fractional-order parameter could provide a new way 

to categorize materials in terms of their thermal conductivity. Caputo-Fabrizio integrals are linear 

combinations of the original function and its normal integral, and this conclusion can be drawn from 

their findings. When it comes to the fractional Atangan-Baleanu operator, a linear combination of the 

original function and Riemann-fractional Liouville's integral [4] can be used to derive it. The 

Atangana-Baleanu operator, which is expressed in a linear combination with the RL integrator, 

makes it impossible to solve many dynamical systems with just the RL integrator. 

Due to the increased regularity requirements for differentiation, the CF and C operators are 

more suitable for use with the Caputo derivative. According to Caputo's interpretation, we first need 

to compute the function's derivative before we can compute the fractional derivative [13]. This is the 

case even if the fractional derivative is more interesting. However, in the Caputo concept, functions 

without first-order derivatives can have less than one fractional derivative of all orders. This 

contrasts with the Riemann-Liouville theorem, which states that functions without first-order 

derivatives cannot have fractional derivatives of any order less than one. 

8.2. The influence of the speed of the heat flow 

Moveable heat sources are those physical situations in which thermal excitation moves 

throughout the body in a more or less regular pattern concerning the heat transfer processes being 

studied. The problem of mobile heat sources is one of the significant studies in the process of heat 

conduction because of its application in various technical and other fields. Such problems can arise 

in various processes, including heat treatment, metal forming, casting, and smelting, as well as 

welding and cutting certain metals. Other applications include laser curing, metal plating, and plasma 

spraying. 

In this subsection, the influence of the speed of a moving heat source 𝜐 on the behavior of 

different fields will be studied. The other physical parameters are assumed 𝜏𝑞 = 0.2, 𝜏𝜃 = 0.1, and 

𝛼 = 0.8 . Also, the delayed phase thermoelastic (DPL) model will be applied if only the 

Atangana-Baleanu (AB) fractional operator is involved in the thermal conductivity equation. 

Figures 7-11 show how temperature, displacement, and thermal stresses change as a function of 

moving heat source velocities 𝜐 while time remains constant. We investigate three alternative heat 

source speeds in this scenario: 𝜐 = 3, 5, and 8. The velocity of the moving heat flux is exhibited in 

Figures 7-11 to influence the studied field variables' fluctuations considerably. 



5607 
 

AIMS Mathematics  Volume 8, Issue 3, 5588–5615. 

 

Figure 7. The temperature 𝜃 for various values of the speed 𝜐. 

 

 

Figure 8. The displacement 𝑈 for various values of the speed 𝜐. 

 

Figure 9. The stress 𝑆𝑟𝑟 for various values of the speed 𝜐. 
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Figure 10. The stress 𝑆ΘΘ for various values of the speed 𝜐. 

 

Figure 11. Maxwell's stress 𝑀𝑟𝑟 for various values of the speed 𝜐. 

Figure 7 shows the changes in thermodynamic temperature 𝜃 against radial distance 𝑟 when 

the factor is responsible for changing the moving heat source (𝜐). Figure 7 shows the prominent 

effect of the speed of the heat flux 𝜐 on the largest temperature changes. As seen in the graph, the 

temperature profile surrounding the heat flux becomes time-independent sooner or later when the 

body is extended enough in the direction of movement. The term "quasi-steady-state condition" is 

used to describe this situation. As shown in the diagram, the temperature 𝜃 declines as the speed of 

the heat flux 𝜐 rise exponentially. This finding demonstrates that the velocities of moving heat 

sources are strongly correlated with temperature changes and positively affect the temperature 

profiles. In contrast, the wavefront effect is observed when the velocity 𝜐 of the moving heat source 

increases. 

Equation (39) shows that the heat source simultaneously gives out the same amount of energy. 

But it is clear that when the velocity of the moving source rises, the amount of energy it gives out per 

unit length decreases. As a result, with a higher source velocity, it is found that everywhere in the 

thermally turbulent region receives less energy. For this reason, the local temperature distribution 

within the medium becomes narrower. This phenomenon has been studied in detail in [57] in line 
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with the results obtained. 

The influence of the heat flux velocity on the displacement 𝑈 variance is shown in Figure 8. As 

shown in the graph, parameter 𝜐 has little effect on the displacement pattern. As shown in Figure 8, 

the displacement 𝑈  increases with time. This means the thermoelastic region develops deeper into 

the thermoelastic medium over time. It is also shown that thermal expansion deformation 𝑈 occurs 

due to the applied heat source. Thermal expansion deformation 𝑈 also forms over time. As a result, 

the rate of displacement curves rises. As the speed of the moving heat flux rises, the value of the 

displacement 𝑈 drops, as shown in Figure 8. This occurs when the intensity of heat energy per unit 

length decreases at high speed. As demonstrated in Figure 8, the displacement value is maintained at 

zero at 𝑟 = 1, which corresponds to the boundary conditions in that the medium is fixed in the 

surface cavity. 

As shown in Figures 9 and 10, the radial and loop stresses change when the values of the parameter 

𝜐 are increased. The presence of the parameters 𝜐, as shown in the figures, causes the stresses to have a 

strong tendency to increase or decrease in amplitude. As can be seen from Figures. 9 and 10, with time, 

the absolute value of the tension rises. This is because the medium is bound at the surface of the gap, 

which prevents thermal expansion deformation along the length of the medium. Therefore, the 

medium is subjected to compressed thermal stresses. Absolute stresses decrease with increasing 

speed, as shown in Figures 9 and 10. The previous descriptions suggest a similar justification for 

this. 

Figure 11 depicts the relationship between Maxwell stress and parameter 𝜐. Figure 11 further 

shows that, as with displacement 𝑈, the factors 𝜐 have little effect on Maxwell's stress 𝑀𝑟𝑟. This can 

be seen in Eq (39), which states that since the applied heat flux is moving at a constant speed 𝜐, the 

distance traveled by the heat source is 𝑟 = 𝜐𝑡 after giving time to moment 𝑡. A rise in temperature 

occurs due to an increase in the amount of heat released from the source at the moment 𝑟 = 𝜐𝑡. 

The preceding topics are limited to the most useful classical analytical solutions to trigger heat 

source problems that can be considered successful in practice. This means that they can be used to 

predict or evaluate specific findings, such as stresses produced throughout the processing of certain 

materials [65] and the resulting structural changes. It can also be used to investigate the evolution of 

a process and as a basis for reverse analysis. The most important point is that the previous results 

show how to conduct an analytical investigation of the problem of mobile heat sources. 

The methods presented here are frequently used to solve the most difficult challenges. Some 

concerns regarding the non-uniform distribution pattern of a moving linear heat source [66], as well 

as some cases involving volumetric absorption of heat transferred by the velocity 𝜐, as well as 

problems of mobile heating elements due to the finite speed of heat transfer disturbances [67–69], are 

not only a few of the many existing problems. 

9. Conclusions 

The present article studied the thermodynamic elastic responses of an infinite spheroidal 

medium exposed to a moving heat flux. The system of equations is formulated based on the 

fractional thermoelastic model with phase delay times. Also, the heat conduction equation includes 

multiple fractional differential operators (Riemann-Liouville, Caputo-Fabrizio, and 

Atangana-Baleanu), some of which are local and do not include singular kernels, and others are not. 

By the well-known method of Laplace transforms, differential equations are solved. Also, using an 
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accurate algorithm that depends on the method of approximating the Riemann sum, the approximate 

numerical results for temperature, displacement, and thermal stresses are obtained and displayed in 

tables and graphs. From the numerical results and the previous discussions, we can draw the 

following important conclusions: 

• Computational fluid dynamics, chaos theory, epidemiology, control unit design systems, and 

applied physics are only a few fields in which the three fractional operators are significant. 

• Changes in the fractional operators and fractional differentiation order significantly impact all 

physical areas investigated. 

• The fractional-order parameter can be considered a new measure of the ability of elastic 

materials to transfer and conduct heat, similar to the thermal conductivity factor and other 

physical properties. Also, it is possible to study how to increase the efficiency of the 

thermoplastic material value by calculating the order of estimates of the fractional derivatives. 

• Over time, the heat wave front moves forward at a limited pace, consistent with physical 

aspects. This shows that the fractional differential generalized thermal conductivity model 

differs significantly from the traditional Fourier law. 

• According to the theoretical framework, the results of this study are closely related to the 

current issues of aerodynamic engineering using spherical thermoelastic domains. 

• The effectiveness of the Caputo, Caputo-Fabrizio and Atangana-Baleanu operators can be 

demonstrated on a physical model like thermoelasticity, indicating that they can be applied to 

physical problems like viscoelasticity and others with confidence. 

• The application of integrative-differentiation fractional-order mathematical models allows the 

building of new theories and models to investigate the mechanisms of stress-strain relaxation 

and heat transfer in fractal materials. 

Researchers in mathematical insights, physics, biology, and medicine may find this study's 

conclusions and numerical analyses more useful when incorporating new fraction factors into their 

proposed models. It will be more effective when this technique is extended to other fractional factor 

groups (such as Atangana and Baleanu derivatives). 
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