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1. Introduction

Metric fixed-point theory has newly emerging applications to study the internet topology [1] and
modelling the cyberspace as a digital ecosystem [2]. Moreover, new researches in fixed-point theory
determine the significance to find the solution of real-world problems. A routing problem, for
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example, can be solved using functional equations and iterative procedures. The capacitated vehicle
routing problem (CVRP) [3] outlines a method for determining the best plan to meet the demand of a
globally dispersed network of clients while distributing cohesive products from a pickup point that
used a large number of (the same) automobiles with a specific adaptive capacity. Meanwhile, fixed
point theory is used as a problem-solving tool in communication engineering. Other real-world
applications include the solution of chemical equations, genetics, algorithm testing, and control
theory. Such results offer delightful circumstances in the study of mathematical analysis to
approximating the solutions of linear and nonlinear differential and integral equations [4]. Because
the theory of fixed-point is an odd synthesis of analysis [5, 6] and geometry [7-10]. Therefore, it has
emerged as a powerful and crucial instrument for the investigation of nonlinear problems [11-14].
More recently, Isik and collaborators have discussed such results by using rational [15] as well as
generalized Wardowski type contractive multi-valued mappings [16] and also investigated the
common solutions to integral and functional equations [17, 18]. The aim of this article is to obtain
common fixed point results in a bicomplex valued metric space. Therefore, we first define the basic
preliminaries involving bicomplex numbers and review further developments related to them in the
following paragraphs.

The emergence of complex numbers was established in the 17" century by Sir Carl Fredrich Gauss,
but his work was not on record. Later, in the year 1840 Augustin Louis Cauchy started doing analysis
of complex numbers, who is known to be an effective founder of complex analysis. The theory of
complex numbers has its source in the fact that the solution of the quadratic equation ax*> + bx + ¢ = 0
was not worthwhile for b* — 4ac < 0, in the set of real numbers. Under this background, Euler was the
first mathematician who presented the symbol i, for V-1 with the property, > = —1.

On the other hand, the beginning of bicomplex numbers was set up by Segre [19] which provides a
commutative substitute to the skew field of quaternions. These numbers generalize complex numbers
more precisely to quaternions. We refer readers to [20] for a more in-depth examination of bicomplex
numbers. In 2011, Azam et al. [21] gave the concept of a complex valued metric space (CVMS)
as a special case of cone metric space. Since the concept to introduce complex valued metric spaces
is designed to define rational expressions that cannot be defined in cone metric spaces and therefore
several results of fixed point theory cannot be proved to cone metric spaces, so complex valued metric
space form a special class of cone metric space. Actually, the definition of a cone metric space banks
on the underlying Banach space which is not a division ring. However, we can study generalizations of
many results of fixed point theory involving divisions in complex valued metric spaces. Moreover, this
idea is also used to define complex valued Banach spaces [22] which offer a lot of scope for further
investigation. In 2017, Choi et al. [23] combined the concepts of bicomplex numbers and CVMS and
introduced the notion of bicomplex valued metric spaces (bi CVMS) and established common fixed
point results for weakly compatible mappings. Later on, Jebril et al. [24], utilized this notion of newly
introduced space and obtained common fixed point results under rational contractions for a pair of
mappings in the background of bi CVMS. More specifically, CVMS [25, 26] and bi CVMS [27, 28]
has been remained a focus point of recent and past researches. By taking motivation from these facts,
we establish some common fixed point theorems in bi CVMS for rational contractions involving control
functions of two variables. As an application, we investigate the solutions of integral equations.
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2. Preliminaries

We represent Cy, C; and C, as the set of real numbers, complex numbers and bicomplex numbers
respectively. Segre [19] defined the notion of bicomplex number as follows:

o=a+ ariy + aszipy + auiyin

where ay, a,, as, a4 € Cy, and the independent units i, i, are such that i% = i% = —1 and i;i, = ipi;, and
C, is defined as
Cy, ={0:0=ai +ai +azir +asi1iz : ay,as, a3, a4 € Co}

that is
C={o:o=a+hn: 2,22 €Cy}

where 71 =a; +axi € Cl and 20 = a3 + agly € Cl. IfQ =71+ 02 and i = w1 + hwoy, then the sum is
0+h=(21 +02) * (W +ihw) = (21 xwy) +ir (2 £ W)
and the product is

0-h= (21 +12) (W) + hwy) = (LW — 22W2) + Ir (TjwW2 + W) .

There are four idempotent members in C,, which are, 0,1,e; = 1+’T"2 and e, = out of which ¢;
and e, are nontrivial such that e; + e, = 1 and ee, = 0. Every bicomplex number z; + i>z; can uniquely

be demonstrated as the mixture of e;and e,, namely

1-ijip
2

0=2z1+hz = (2 —iiz2) e + (21 +i122) €.

This characterization of o is familiar as the idempotent characterization of o and the complex
coeflicients 0; = (z; — i122) and 0, = (21 + i;2») are called as idempotent components of o.

An element o = z; + i, € C, is called invertible if there exists 7 € C, such that /i = 1 and 7 is
called the inverse (multiplicative) of p. Therefore o is called the inverse of .

An element o = z; + iz, € C, is nonsingular iff |z% + z§| # 0 and singular iff |z% + z§| = 0. The
inverse of o is defined as .
Q_l 5= 212 lziz‘

71+2;
Zero is the at most member in C that does not possess a multiplicative inverse and in C;, 0 = 0 + i0
is the at most member that does not possess a multiplicative inverse. We represent the set of singular
members of Cy and C; by 8, and N, in this order. There are many members in C, that do not have
multiplicative inverse. We represents this set by N, and evidently 8, = 8; C N,.

A bicomplex number o = a; + ayi; + asi; + asiyip, € C, is said to be degenerated if the matrix

( a, dp )
as A4 /r,
is degenerated. In this way o~! exists and it is degenerated too and ||-|| : C, — C; is defined as
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1
2

. 2 2
lloll =Nz + iazall = {lz1f + lzal}

1
C N2 - \212
_ [|(Zl —i122)” + (21 + 1122)] ]2

2

1
2, 2, 2 2)\2
(a1+a2+a3+a4) ,

where o=a;+ Ayl + aziy + aqiyir = 71 + hp € Cz.
The space C, with respect to the norm given above is a Banach space. If o, € C,, then

lloll < V2 lloll |17l

holds instead of
lloll < llollIl] .

Therefore, C, is not a Banach algebra. Let 0 = z; + 222, & = w; + hw;, € C,, then we define
0=, he Re(z;) 2 Re(w;) and Im (z;) < Im (w,).

It implies
Q ﬁiz ha

if one of these assertions hold:

1) (1) = wi, 2 <wy,
(i)z; < Wy, 22 =W,
(i) z; < w1, 22 < Wa,
(iV)zi = w1, 22 = w,.

condition (iii) is satisfied. For o, i € C,, we can prove the followings:
D)o =i, = llell < lIAll,
(1) [lo + 7l < llell + 17l ,
(iii) |laol| < a|Al|, where a is a non negative real number,
(iv) llonll < V2 loll 17l
™) [lo™!] = llell ™",
(vi) ||%|| = bl ifhisa degenerated bicomplex number.

linll°
Azam et al. [21] gave the conception of CVMS in this way:

Specifically, o 5, fiif o <;, h and o # 7, that is, one of (1), (i1) and (ii1) holds. Also ¢ <;, 7 if only

Definition 1. ([21]) Let £ # @, <is a partial order on C and ¢ : £ X & — C; be a mapping satisfying

(1) 0 <¢(o,h), forall o,s € £ and ¢(0, ) = 0 if and only if o = #;
(i) ¢(o,h) = ¢(h,0) forall o,7 € ¥;
(iii) ¢(o,h) < ¢(0,v) + s(v,h), forall o, h,v € £,
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then (£, ¢) is a CVMS.
Choi et al. [23] defined the bi CVMS as follows:

Definition 2. ([23]) Let £ # 0, <;, is a partial order on C, and ¢ : £ X £ — C, be a mapping satisfying

(1) 0 <y, s(o,h), for all o, € £ and ¢(0,h) = 0 if and only if o = 7;
(i1) ¢(o,h) = ¢(h,p) forall p,h € ;
(ii1) ¢(o,M) =i, s(0,v) +s(v, h), forall 0,71, v € £,

then (£, ¢) is a bi CVMS.
Example 1. ([29]) Let £ = C, and o, € L. Define¢ : £ X £ — C, by

so,h) =|z1 —wi| + iz |22 — wyl

where 0 = z; + b2 and i = w; + hw, € C,. Then (L, ¢) is a bi CVMS.

Lemma 1. (/29]) Let (2,¢) be a bi CVMS and let {0,} C L. Then {o,} converges to o if and only if
lls(or, 0)ll = 0 as r — oo.

Lemma 2. (/29]) Let (2,¢) be a bi CVMS and let {0,} C L. Then {0,} is a Cauchy sequence if and only
if lls(@rs @rm)ll = 0 as r — oo, where m € N.

3. Main result

We state and prove the following proposition which is required in the sequel.

Proposition 1. Let (8,¢) be a bi CVMS and 3,3, : (£,¢) = (L,¢). Let oy € L. Define the sequence
{o/} by
O2r+1 = SlQZr and 0yr» = 5292r+1 (3.1)

forallr=0,1,2, ..

Assume that there exist p : & X & —[0, 1) satisfying

p(32810,1) < p(o.h) and p (0, I1327) < p (0, h)

for all o, € L. Then
p (02-,11) < p(00,1) and p (0, 02r+1) < p (0,01)

forallp,iec Landr =0,1,2,...

Proof. Letp,hie Landr =0,1,2,... Then we have

p (8281022, 1) < p(02r-2, 1)
p(92:8100-4, 1) < p(027-4, 1)

p (021, 1)

IA
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Similarly, we have

p (0, 313202,-1) < p(0,02-1)
p(0,313202,-3) < p(0,02-3)
<< plo,01).

p (0,02r+1)

IA

Lemma 3. Letp,k: £ X & —-[0,1)and o, € L. If I, T, : & — L satisfy
§(0,310)5(J10,3,3,0)

s (310, 3,910) <, p(o, J10) s (0, F10) + & (0, F10)
1 + g(Q’ 51@)

and
s (820, 83,3,0) ¢ (h, 3,1)
g(ﬁlﬁzh, Sgh) ﬁlz P (Szh, h) 5‘(827’1, h) + K(Szh, h) 1+ g(Szh, h)
then
s (310, 3:810)| < plo. T10) |Is (0. T10)|| + V2 (0, F10) s (T10, 32T 10)|
and

lls (31321, 3oh)|| < p (Foli, 1) ||s (ot B)|| + V24 (Tt 1) ||g (To7, 1 Fo10)|.

Proof. We can write

||S‘(519, S‘2519)”

IA

S‘(Q, 310) S‘(SlQ, 52519) H

75 ’S + ,8
||p(Q 10)6 (0, 310) + k (0, J10) 1+¢(0,3,0)

IA

p(0,310) s (0. 310)|| + ‘/EK(Q’SIQ)‘ 1+¢(0, J10)

p(0.310)||s (0. T10)|| + Y2k (0. F10) |5 (T10. 32T10)|| -

IA

Similarly, we have

s (31321, 3,)||

IA

Hp(ﬁzh, )¢ (320, 1) + k (a1, 1) s (3211, 3, 350) ¢ (1, Szh)H

1 +¢(32h,h)

IA

S (h’ SZh)
p (3:0.1) [ls (3ah. )| + V2x (3o, 7) HW

p (31, 1) ||g (o, )| + V26 (Foh, 1) ||g (To1, 3, Bo10)|.

IA

.3
_s©.30) ‘ s (310, 325 10)||

‘”S‘(Szh, 3, 3:0)

O

Theorem 1. Let (£,¢) be a complete bi CVMS and 31, 3,: & — L. If there exist mappings p,K, @

L x & —[0, 1) such that for all o, h € £,

(a)P(stlQ,h) Sp(Q’h) andp(998132h) SP(Q’h)9
k(32810,h) < k(o,h) and k (0, 31 T,0) < k (0, 1),
@ (8,810,1) < @ (0,h) and @w (0, I, T,h) < w (0, 1),
(b) p (0. 7)) + V2k (0, 1) + V2w (0, 1) < 1,
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(c)

J10,920) =i, p (0, 1) 6 (0,7) + K (0, T ’
¢ (310, 321) =i, p (0, 1) s (0, 1) + k (0, 1) I+ c(o.h) 1+¢ (o, h)

(3.2)

then J; and J, have a unique common fixed point.

Proof. Leto,h € €. From (3.2), we have

s(0,310)5(J10,3,8,0)
1+¢(0,3:0)

s (810, 8:810) <, p (0, B10) s (0. B10) + k (0, J10)

S‘(le, S1Q) S‘(Q, S2519)
1+¢(0, 3,0 '

+@ (0, J10)
By Lemma (3), we get
lls (310, 52310)|| < p (0. T10) ||s (0, Tr0)|| + V2 (0, T10) ||s (T10, F2T10)||.- (3.3)

Similarly, we have

5‘(527’2, N 527’7) 5‘(71, 827’7)
1 +¢(3,0m,h)

g(ﬁlﬁzh, Szh) =i, P (Szh, h) g‘(SQh, h) + K(Szh, h)

s (h, 3,8:n) ¢ (Bah, Bsh)
1+¢(3,m,h)

+w@ (0, h)

s (82h, 3,850) ¢ (1, I,1)

=p (Do 1) ¢ (Bah 1) + k(S 1) ===~

By Lemma (3), we get
lls (31321, B:0)|| < p (Fati, 1) || (Bt 1)|| + V24 (Foti, 1) || (T2, 31 F5))| - (3.4)

Let 0y € £ and the sequence {o,} be defined by (3.1). From Proposition (1) and inequalities (3.3) and
(3.4), we have

||§ (31820215 i;zer—l)”

P (320221, 027-1) ||§(82Q2r—]7Q2r—1)||

+V2k (3202-1,02-1) ||S‘ (3202-1, 3y SZQZr—])”

P (©2r,02-1) ll§ (027, 02, DIl + V2k (02r, 027-1) II§ (027, 02741
£ (00, 02-1) Il (@21, 02—l + V2k (00, 02-1) Il (021, 0204
P (00201l (@21 02-DIl + V2K (09, 01) lI§ (021> 02141

lls (©@2r+1, 021

IA

IAIA

forall » =0, 1,2, ... This implies that

p (00,01)
1 - V2« (00, 01)

lls (©2r41, 020l < lls (©2r> 02,-DIl - (3.5
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Similarly, we have

”9‘ (328102, 8102)
p (02, 3102) |5 (021, F1021)
+V2x (02r» 3102/) ||s (8102, T2 T102/)
£ (02,0241 I§ (021, 020+ DIl + V2K (027, 0241) IS (02041, 02142l

0 (00, 02r+1) IS (0275 02+ 1) + V2k (00, 02r+1) lls (02741, 02742
000,00 115 (02> 020+ DIl + Y2k (00, 01) I (241> 02r42)Il»

lls (02742, 02+ DI

IA

IA I

IA

which implies that

p(QO’Ql)

1 — V2« (00, 01)
p (00, 01)

1 - V2« (00, 01)

— _pleoon)
Letd = I V2conon < 1. Then from (3.5) and (3.6), we have

lls (©2r+2, 02r+ DI < lls (027, ©2r+1)Il

lls (©2r+1, 0201 - (3.6)

lls (0r+1,0)Il < Alls (07, 071l

for all r € N. Inductively, we can construct a sequence {o,} in £ such that

|§(Qr+1’9r)| < /llg(Qr’Qr—l)|
|§(Qr+laQr)| < /12|S’(Qr—1,Qr—2)|

ls (©r+1,0)1 < Al (01,00 = A" |5 (00, 01|

for all r € N. Now for m > r, we get

IA

A" lls (2o, 01l
+2" I (00, 01|
+ - 4+

2" s (00, 0l

r

1-21

lls (@, 0m)l

lls (00, 01l -

Now, by taking r,m — oo, we get
lls (©r> om)ll = 0.

By Lemma 2, {0,} is a Cauchy sequence. As £ is complete, so there exists o* € £ such that o, — 0" as
r — oo, O

Now, we show that o* is a fixed point of J;. From (3.2), we have
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(0", 810") =i, s (07, B202r11) + 6 (8202741, T107)
=6 (0", 8202+1) + 5 (810", 820041)

S (0", 02+2) + P (0", 02r+1) § (0", 02r+1)
¥ s(0".310")s(02r41.3202r41)
i +k (0%, 02r+1) 1+(0%,00r+1)

s(02r+1,310 )s(07. 920241
+w (Q*’ Q2r+l) ( - 1+§(Q)*s£§2r+l) - )

S (0%, 02+2) + p (0", 02r+1) S (0", 02r+1)
# s(0".310")5(02r+1.02r42)
<i, +k (0", 02r+1) T

. s(02r+1.910")5(0" 02r42)
+@ (0", 02r+1) 1+6(0" 02+1)

This implies that

lls (0", 02r:2)Il + p (0", 02r+1) IS (07, 02+ DI

I|s(e".310")||lIs(02r+1.02-2)
*
< +V2x(@ o) M+s(0" 02+

||s(02r+1.310")||lls (o 02042l
%
+ V2w (0, 02r1) 5@ 02+l

= 0. Thus o* = J,0*. Now we prove that o* is a fixed point of

Letting » — oo, we have ||g(g*, J10%)
3J,. By (3.2), we have
s (0", 820%) =i, (s (0", B102) + 6 (T102,, T20%))

s (0%, 8102) + p (02, 0") 5 (02, 0")
s(02r.9102:)s(0*.320")

=i +K (02r,0") ( 1+§(%2ra(€7*) )
s(0",8102r)s( 02/, 520"
+@ (02r-0") 1+6(02r.0)

s (0%, 02+1) + p(02,0") § (02, 0")

s(o2r,02r+1)5 (0", 920%)
i +k (02r,0") 1+¢(021,0%)

(0" 02r+1)5(02r,520")
+@ (02,0") 1+6(02,,0%)

This implies that

lls (@", 02r+ DIl + p (02 0 IS (27> 07|
. . o @202 )ll|| (0", 320" ||
s (0*, 320 <| + V2K (02,0 60207

. ||§(Q*,er+1)llé||§ 02,320 )|
+ V2@ (02.0") M+et0ar 2l

Letting r — oo, we have ||g(g*, J,0")|| = 0. Thus o* = J,0*. Thus o* is a common fixed point of J,
and J,. Now we prove that o* is unique. We suppose that

Q/ = i;19/ = 529/,

but o* # o/. Now from (3.2), we have
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s(o%0) = ¢ (310", 320
s (0", 30" s (¢, 3:0/)
I+¢(00)

s(¢/,310%) s (0", 320/)
1+¢(0%0))

i p(0%.0)s (0% ¢/) +x(¢".0!)

+w (Q*,Q/)

5095 (o0
1+¢(0%0))

=p(e".0)s (e o) +x(e".0')

e -
o) S 2)s0)

1+¢(0%0)

This implies that
|ste-)] = olee)|s(ee)]

+ V2w (00 s (e, ¢/ H

IA
j)
—_
USH
"CJ

1+§(Q Q/)

22N+ V2w(ee) sl )
o)+ ‘/513(9 ))ls (e

IA

je)
—_

S,

"CJ
~ Q

I
i)
—
SH
fb

Asp(g*,g/) + \/iw(g*,g/) < 1, we have

b o
Thus o* = ¢/.

Corollary 1. Let (2,¢) be a complete bi CVMS and 31,3, : & — L. If there exist mappings p,k :
L x & —[0,1) such that

(@) p(3,310,h) < p(o,h) and p (0, I13:7) < p (o, 1),
k(3,810,1h) < k(o,h) and k (0, 31 T20) < k (0, 1),

(b) p(o, ) + k(o,h) < 1,
(©) ¢ (10, 921) <, p(0.7) s (0.7) + k (0, 1) L2 CIM)

L+¢(o.1)
for all o, 7 € €, then 3, and J, have a unique common fixed point.

Proof. Setting w : £ X £ —[0,1) by @w (0, %) = 0 in Theorem 1. |

Corollary 2. Let (2,¢) be a complete bi CVMS and 3,,3, : & — L. If there exist mappings p, @ :
L x & —[0, 1) such that for all o, h € £,
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(a)p(SZSIQ’ h) < p(Q’ h) andp(@a Z;lﬁzh) < P(Q, h)’
@ (3,810,h) < w (o,h) and w (0, 3 T,h) < w (0, 1),

(b) plo. 1) + @ (0, h) < 1,
(h.910)s(0, 321
(©) ¢ (810, 320) =4, p (0, 1) s (0, 1) + @ (0, Th) % :
then J; and J, have a unique common fixed point.
Proof. Setting k : £ X & —[0, 1) by «(0,%) = 0 in Theorem 1. O

Corollary 3. Let (,5) be a complete bi CVMS and 3,,3,: & — L. If there exists mapping p :
Lx L —>[0,1) such that

(@) p(32810.7) < p(o,h) and p (0, I1Jo0) < p (0. 1),
(b) ¢ (J10, 320) <, p 0, W) s (0, 1),
for all o, 7 € €, then 3, and J, have a unique common fixed point.

Proof. Setting k, @ : £ X & —[0, 1) by «(0,%) = @w (0,%) = 0 in Theorem 1. O

Corollary 4. Let (2,¢) be a complete bi CVMS and 3 : & — L. If there exist mappings p,k, @ :
Lx L —[0,1) such that

(@) p(80,h) < p(o,h) and p (0, I%) < p (0, 7),
k(Bo,h) < k(o,h) and « (0, Ih) < k(0,h),
w (Jp,h) < w(o,h) and @ (0, Ih) < w (0, h),
®) p (e, h) + (o, h) + @ (o, ) <1,
0.90)¢(1.31) 5(n.90)s(0.51)

s(
(¢) s (80,3n) <;, p(o, 1) s (0,h) + k (0, 7) Treon T @) T
for all o, € £, then J has a unique fixed point.

Proof. Setting 3; = J, = J in Theorem 1. m]
Example 2. Let £ = [0,1] and ¢ : & X & — C defined by
s(.h) =lo—hl+irlo—nl

for all o, € £. Then (£, ¢) is a complete bi CVMS. Define 3,3, : £ — £ by

Ji0= 9 and 9,0 = 9

5 4
Consider
Pk, @ XL —[0,1)
by
o h
h)==+-
plo,h) 3t
and 2
0
ah = A~
(o, ) 30
and
0 2
h)=—+—.
@ (0, h) T
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Then evidently,
p©,h) +«k(o,h) +w@(o,h) < 1.
Now " "
0 0 0 0
h) = ShAl=pol=,Al= = +=-<S+= = 7
P(SZSIQ’ ) p(SZ(S)’ ) P(ZO’ ) 60+4 = 3 +4 p(Q’ )
and
h h o h o h
— ju— = —_— = — — < = - =
p(0,3,3,h) p(9,51(4)) p(g,zo) s t30537 7 p (o, h)
Also,
242 232
0 0 o°h o°h
5,5, 0.1) = ( —,h): (—,h): <" o
k(G210 1) = 1{52(3) “\20 12000 = 30 _ @M
and 242 242
h h o°h oh
,9.9,h) = NACIE ,— | = <—= Jh
k (0, 319,h) K(Q 1(4)) K(Q 20) 12000 = 30 = K@M
and 2 2 2 2
0 0 0 o
h — = = —_ = T _ =
@ (32310, 1) w(s"‘(s)’h) w(zo’h) 3600 1659 t1g =@M
and 2 2 2 2
A A 0 h o° h
h = — = — = = < = —_—= h
@ (0, 3,3,h) W(9,51(4)) W(Q, 20) o Yea00 =9 " 16 @ (0, h)
Now
_ M_g_ﬁ‘ , e_fz‘
s(J10,320) = §(5,4)—'5 1 + 1 572
~ '4g—5h'+, 49—5h|
1720 |TR| 20
4@—4h‘+_ 4Q—4h'
=2 720 | T 20

1 .
=5 (o -7l +izlo -1l

7 .
<i B (lo =l + iy lo — Al)
G‘(Q’ 519) 9‘(71, S275)
1 +¢(o,h)
(1, 810) s (0, Jr1)
l+g(,h)

Then it is very simple to prove that all the conditions of Theorem 1 are satisfied and 0 is a common
fixed point of mappings J; and J,.

5iz P (99 h) g(Q’ h) + K(Q’ h)

+ @ (0, h)

Corollary 5. Let (2, ¢) be a complete bi CVMS and let 3 : & — L. If there exist p,k, @ : £ X £ —[0,1)
such that
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(@) p (Jo.1) < p(o,h) and p (0, 1) < p (0, 1),
k(Bo,h) < k(o,h) and « (0, Ih) < k(0,h),
@ (J0,h) < w (o, 1) and w (0, Ih) < w (0, 1),
(®) p(o,h) + k(0,h) + @ (0, 71) < 1,

s(0,3"%) ¢ (h, 3"h) s (h,3"0) ¢ (0, 3"h)

(©) s (8"0,3"h) =i, p(0, 7)) s (0,h) + Kk (0, ) T+ o) @ (0, 1) T+ 0./ ,
(3.7)
for all p, 71 € £, then J has a unique fixed point.
Proof. From the Corollary (4), we have o € € such that 3”0 = 0. Now from
s(J0,0) = ¢(88"0,8"0)
n n ¢(J0,9"30)¢ (0, 3"
= <(3"I0.5'0) < p(30.0) 5 (J0.0) + x(Jp.0) L& T I (0. T0)
1 +¢(J0,0)
s (0,3"30) s (80, 8"0)
+w (Jpo,
@ (Je.0) 1+¢(J0,0)
s(80,80)5(0,0) s(0,30)5(80,0)
< o3, J0,0) + k(Jo, + @ (Jo,
P (30.0)5(80,0) +k(J0,0) T+<(30.0) @ (J0,0) I+ <(J0.0)
s(0,30)5(80,0)
= S N S ) + 5 )
p(30,0)5(J0,0) + @ (J0,0) I+ <(30.0)
which implies that
s (B0.0)|| < p(T0.0)|s(Bo.0)| + @ (Je.0) s (0. Fo)| H ¢ (%e.0) "
1 +¢(80,0)
< p(30,0)||s (30.0)|| + @ (Jo.0)|s (0. J0)||
= (p(J0,0) + @ (30,0)) ||s (0. To)||

which is possible only whenever |§(SQ, Q)| = 0. Thus Jp = 0. m|

4. Deduced results

Corollary 6. Let (L, ¢) be a complete bi CVMS and let 31,3, : & — L. If there exist p,k,w : £ —[0,1)
such that for all o,h € L,

(@) p(3,810) <p(o),
k(3,810) < k(0),
@ (8,8,0) <@ (0),

b)p@)+xk@)+m() <1,
(©) 6 (310, :1) <, p (@5 (0.7) + k() XL 4 5 () CSeklo%0)

Corollary 7. Let (L, ) be a complete bi CVMS and let 31,3, : & — L. If there exist p,k,w : £ —[0,1)
such that for all o, h € L,
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(@) p(3,810) <p(o),
k(3,810) < k(0),
@ (9,810) < @ (0),
) po) +«()+w@() <1,
s(0.910)s(1.92h) s(n.910)s(0.921)

©) ¢(T10,320) =, p@sloM+k(@) —Fon — +TO ~Tmn >
then J, and 3, have a unique common fixed point.

Proof. Define p,k,@w : £ X £ —[0, 1) by

p,h)=p(), «(h =«k() and @(o,h) =@ (o)

for all o, 72 € L. Then for all o,/ € £, we have

(@) p(82310,h) = p(82310) < p(0) = p (0, 1) andp (0, 3:3,1) = p(0) = p (0, 1),
k(8:810,1) = k(8,8,0) < k(0) = k(0,h) andk (0, 3,I211) = k(o) = k (0, 1),
@ (83,810,1) = @ (8,8,0) <@ (0) = w(0,h) and w (0, 3, 3:71) = w (0) = w (0, ),
(b) p(o,h) +«k(o,h) +w@w(o,h) =p(o) +k(0) +@(0) <1,

(©) s (J10, B20) <, p (@) s (0, 7) + K (0) %ﬁ)% +@(0) %&%M

910)s(h.920 (.9 920
=p (0. 1) ¢ (0. 1) + (0, 1) DN 4 5 (p, 1y LS sleet),
— _pleoe) _ _pleo)
A= 12Gen = e <1 . '
By Theorem 1, J, and 3, have a unique common fixed point. O

Corollary 8. Let (L, ¢) be a complete bi CVMS and let 31,3, : & — L. If there exist p,k, @ € [0, 1)
with p + k + @ < 1 such that

s 310 (. 9ah) ¢ (. T10)s (0, I2h)
1+¢(o.h) 1+¢(0.n)
for all o, 71 € €, then I, and J, have a unique common fixed point.

s (810, 8,0) <4, ps (0, 1) + &

b

Proof. Taking p(-) = p, k(-) = k and @ (-) = @ in Corollary (7). |

Corollary 9. Let (2,¢) be a complete bi CVMS and let 31,3, : & — L. If there exist p,k € [0, 1) with
p + « < 1 such that

s (0, 810) s (, 32h)
1+¢(o,h)
for all o, 71 € €, then I, and J, have a unique common fixed point.

g(slé)’ 327‘;l) ﬁl'z pg(gah) +K

5. Applications

Let & = C([a, b],R), (a > 0) where C|a, b] denotes the set of all real continuous functions defined
on the closed interval [a,b] and d : £ X & — C, be defined in this way

d(o, ) = max (1 + ) (je (1) — R (DD
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for all o, € € and t € [a, b], where || is the usual real modulus. Then (£, d) is complete bi CVMS.
Consider the integral equations of Urysohn type

b
Q(t) = f Kl (t’ S,Q(S))ds + g(t)’ (51)

b
Q(f):f Ky(t, 5,0(5))ds + g(1), (5.2)

where g : [a,b] — Rand K1, K; : [a,b] X [a,b] X R — R are continuous for ¢ € [a, b]. We define partial
order <;, in C, as follows o () <;, i (¢) if and only if o < 7.

—Ip —1

Theorem 2. Suppose the following condition

IK1(2, 5,0(5)) — Ka(t, 5, ()| < p (0, ) lo(s) — h(s)|

holds, for all o,hi € £ with o # h and for some control function p : £ X £ —[0, 1), then the integral
operators defined by (5.1) and (5.2) have a unique common solution.

Proof. Define continuous mappings J;, J,: £ — £ by

1 b
J0(t) = mf Ki(1,s,0(s))ds + g(1),

1 b
Tro(t) = mf K>(t, s,0(5))ds + g(1),

for all t € [a, b]. Consider

d(310,3:h) = max(1+0) |3 10(t) = Foh(o)|

b b
f Ki(t, s,0(s))ds — f K>(t, s, h(s))ds

|

t€la,b]

1
- 1+ i) |—
max ( +12)(b—a

b
< maX(1+i2)(lea f K (1, 5, 0(5)) — Ka(t, s,h<s>>|ds)

rela,b]
<;, max (1 + i) ple.n) b| (s) — h(s)|ds
=2 telab) “\b-a a © '

Thus
d(lea SZh) ﬁiz 1Y% (Q9 h) d(Qa h)

Now with x, @ : £ X & —[0, 1) defined by
k(o,h) =@ (o,h) =0

for every o, h € £, all the assumptions of Theorem (1) are satisfied and the integral equations (5.1) and
(5.2) have a unique common solution. O
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6. Conclusions

In this article, we have utilized the notion of bicomplex valued metric space (bi CVMS) and
obtained common fixed point results for rational contractions involving control functions of two
variables. We have derived common fixed points and fixed points of single valued mappings for
contractions involving control functions of one variable and constants. We anticipate that the obtained
theorems in this article will establish new relationships for those who use bi CVMS. Still there are
some open problems that can be addressed in future work. For example:

1) Can the notion of bi complex valued metric space be extended to hypercomplex valued metric
space?

2) Can the results proved in this article be extended to multivalued mappings and fuzzy set valued
mappings [30]?

3) Can differential and integral inclusions can be solved as applications of fixed point results for
multivalued mappings in the setting of bi complex valued metric space?
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