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Abstract: In this paper, we introduce a new technique, called the direct power series method to solve
several types of time-fractional partial differential equations and systems, in terms of the Caputo
derivative. We illustrate the method with a simple algorithm that can be used to solve different types
of time-fractional partial problems. We introduce a new theorem to explain the required substitutions
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systems are discussed to show the applicability and simplicity of the new approach.
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1. Introduction

Mathematical equations that contain two or more independent variables are called partial
differential equations. They are found in various scientific applications, such as chemistry, physics,
engineering and mathematics, which is why researchers have developed many techniques to solve such
equations as homotopy perturbation method, variation iteration method, Adomian decomposition
method and others [1-9].

Fractional calculus is a generalization of regular calculus, that calculates derivatives of functions
of non-integer orders. Many definitions of fractional derivatives have been presented in the literature
such as Riemann Louville, Caputo, conformable and others [10—15]. Furthermore, using each of these
definitions can be viewed as a generalization of the normal calculus. For this reason, applying either
of these definitions allows us to generalize our research to normal calculus, and since Caputo's
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fractional derivative is one of the most popular definitions, we establish our new results in terms of
Caputo's fractional definition in this article. There are a number of different methods that
mathematicians have used to solve ordinary and partial differential equations and systems in fractional
calculus. One of these methods is the power series method, because it can solve such problems. On the
other hand, there are too many methods that depend on the idea of power series, such as residual power
series method [16-26], and some other techniques that combine the power series idea with
transformations just as Laplace transform, ARA-transform, formable transform and others [27-37] to
construct new ones. However, all these methods, introduce the solution in a convergent series form,
but the difference lies in the level of difficulty during the applications.

The direct power series method (DPSM) used in this work was first introduced in [38],
transformations are unnecessary, no limits or differentiations are required, this method only focuses on
finding the nth coefficients of the series expansion of the analytic solution.

In DPSM we find the solution by computing a general term of the nth coefficients without going
back to the hole power series every time we want to compute new coefficients. For this reason, DPSM
helps mathematicians to find the approximate solutions better and faster. This method only takes two
steps to write the general solution of some equations or systems that can be solved with other power
series methods. At the end of the second step, we have a general form of the solution, expressed as an
infinite series, and this makes it easier to find too many new coefficients of the series solution with
computer programs. Furthermore, some different illustrative examples are presented in the fourth
chapter and solved with the proposed method. We show that DPSM could be used to solve different
types of problems and systems.

This paper is organized as follows, in the next section, we introduce some preparatory
explanations on fractional operators, Section 3 introduces the methodology and the basic idea of DPSM
and finally we consider some different examples on fractional partial differential equations and
systems.

2. Basics about fractional operators and power series

In this section we introduce the definition of the fractional Caputo and some theorems about
power series.
Definition 2.1. If ¥(x,7) is a function of two variables and n is any natural number, then Caputo
fractional partial derivative of order a with respect to 7 is denoted and defined as

1 T g1 O™
F(n_a)fo (T_t)n @ 1@'{!)(}(,7:)6“:, n—1<a <n,
DY (x, ) = . 2.1)

aTn llj(X’ T)’ n= a’

where n € N.

It is worth noting here that Caputo fractional partial derivative has the memory property. For more
details and properties, see [39—41].
Lemma 2.1.[10,11]. Let o(y) beareal valued continuous functionand @, t > 0. Then the following
properties of Caputo's derivative are hold:

1) Dre(x) =0.
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r(f+1) -
2) Df(vPe() = rpmms T ().

_T(na+1) (Tl Ka >
3) Df“(‘l’nag()()) = {F((n—k)a+1) Q(X) n=k,
0 (0 n<k.
ka (yoo  @nQOGD™Y _ oo ¥ om0
4) D‘L‘ (Zn:O C(na+1) )_ 27’1:0 F(na+1)

Definition 2.2. [22] For any a suchthat, r—1 < a <r, r € N apower series of the form:

o en()@-T)"* W19 | 02((T-1)?* |
n=0  p(na+1) =000 + [(a+1) r2a+1) ’ (2.2)

is called the multiple fractional power series about T = 1y, where 7 is a variable and @, (),
vn =0,1,--- are functions of y called the coefficients of the series.

Theorem 2.1. [22,23] Suppose that ¥ (x,7) has a fractional power series representation at 7 = 0, of
the form:

P 1) = e 2 s 0,x €1, 2.3)

F'(na+1)’

where 0 <7 < R and R is the radius of convergence. If DI**(x,1) is continuous on (0, R), then,
the coefficients g,,(x); Vn = 0,1, of the power series (2.3) are given by

2n(0) = DY (%, 0). (2.4)

For the proof, see [22].

The convergence analysis of the presented power series are illustrated in the following theorem.
We mention here, that these conditions are the required convergence conditions for DPSM [13].
Theorem 2.2. [35,36] Consider the fractional power series representation in (2.3), then we have the
following cases:

a) If T =0, the series representation (2.3) is convergent and the radius of convergence is R = 0.

b) If T > 0, the series representation (2.3) is convergent and the radius of convergence is R = co.

c) If t €[0,R], the series representation (2.3) is convergent for some positive real number R

and is divergent for = > R, where R is the radius of convergence.
In the following arguments, we state some properties of the fractional power series (2.3):
1) The kth derivative of the fractional power series representation (2.3) is given by

Kk O A 0 L
DY, 1) = Ypeo o, (2.5)

n=0 rma+1)
and the coefficients of the equation Qn )()() vYn =0,1,... are given by

0% () = DE(DP*y(x, 0)). (2.6)

2) If we have {y;(x,7)}%; a sequence of functions of two variables, that has a power series
expansion as follows:

Y1) = Yooy e 2.7)

n=0 rng+1)’
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Tna
' na+1)

then the coefficients of of TIi%,¥i(x,7) can be written by the following summation:

91]'1 (X)QZJ'Z (X)---Qmjm()()r(na+1) nae
rGia+D)r(ja+1)..I'(pa+l) T(na+1)

?;1 lpl(X’ T) = Z jl:jz'---jm;

Jitjz+-+jm=n

(2.8)

3. The methodology of DPSM

In this section we present the main idea of the DPSM for solving time fractional partial differential
equations (TFPDEs). We illustrate the technique of using DPSM to solve TFPDEs.

3.1. Construction of DPSM solution of TFPDEs

Assume that Y (y,T) can be presented in the series representation (2.3). Consider the FPDE,
LI, Ol + N[, 1] =0, (3.1)

where £ and N denote linear and nonlinear operators respectively of fractional or integer
orders derivatives. Using DPSM we can get the solution of some cases-that will be considered
in Theorem 3.1, below-of Eq (3.1) in a series representation which means, to find the values of
the coefficients p,(x) ofthe series expansion (2.3). The Caputo fractional derivative affects the
series formula and changes the summation, so we need to illustrate the following theorem that
study the effects of the fractional derivatives on the power series representations.

Theorem 3.1. [32] Suppose that ¥(y,t) and @(y, ) have fractional power series representations
such as:

W01 = N 2O and oy, 7) = Ko, LT (3.2)

T(na+1) r(ma+1)’

where Y (y,t) and ¢@(x,7) are analytical functions, then we have g,,(x¥) and p,,(x) are the

.- - T - .
coefficients of e &N rE— in Y(x,7) and @(y,t) respectively,vm =10,1,.., and n =
0,1,---. Then we have:

na

a) On+x(x) is the coefficient for - (:la+1) in the series expansion of DX*i(y, 1) for any k =
0,1,
by y®*thag . (x) is the coefficient for - (;a+1) in the series expansion of DX (y,yt) for
any k =0,1,..., where y € R.
c) X* Qi0Pn—(QOTMAAD) 3 0 coefficient for " the series expansion of
=0 T(ig+ DI ((n—D)a+1) T(na+1) P
YD 1).
n By DY%(pn i(NT(na+1) . . e . .
d) Xiso Gt DI ((-Dat1) is the coefficient for — sy the series expansion of

Y(x, Bt)e(x,yt), where B and y € R.
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(i+k)a, (n-i+m)a ,. , r . . na
e) Y By ik WPntam @YD) o ype coefficient for —
C(ia+)I((n-D)a+1) I'(na+1)

expansion of D¥®(y, Bt) D%p(x,y7), where B, y € Randk,s = 0,1, ....
Proof. Substituting the series expansion of ¥ (y, t) in Dy (x, 1),

in the series

Dy, ) = i (370 22 6
Using part (4) of Lemma 2.1, we get

DEp(r,7) = i B 34
Thus, the series expansion can be written as

DEP(x, ) = Ty 2L (35)

Proof. Substituting the series expansion of ¥ (y, yt) in DXy (x, yt), we get

DEY(x,yr) = D (Tiny 2 0ID ), (36)

' na+1)

Using part (4) of Lemma 2.1, we get

k R w 1e') ynagn(X)T(n_k)a
DT alp()(: yT) - n=j l"((n—k)a+1) . (37)

Thus, Eq (3.7), can be written as

+k)a

Qn+k(X)Tna. (38)

'na+1)

o
DE*P(x,yT) = Tizo ™
Proof. Multiplying the series expansion of ¥(x,7) and ¢(x, 1),

YLD 1) = 3oy DT yeo | omOTE (3.9)

I'(na+1) F(ma+1)

Equation (3.9), can be simplified as

(n+m)a
YD T) = By T8, em T T (3.10)

r(na+1)T'(ma+1)

which can be rewritten as

_ Vo n QiNPn-iI(na+1)) "¢
l,b()(, T)(P(X, T) = Zn=0 (Zi:o F(ia+1)[‘((n—i)a+1)> F(na+1)’ (3'11)
Proof. Multiplying the series expansion of ¥(x, ft) and ¢(x,y1),
_ (v en(BD" o  Pm)D™*
YO0 B Gy = (Biine D) (2o Pu L), (312)

Equation (3.12), can be written as
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na, ma. - (n+rm)a
YO BT YT) = Bing B L DBVt (3.13)

r(na+1)I'(ma+1)

which can be simplified as

na

o0 By D%, () p, i OOT(na+1)) T
Y& B, vT) =2n=0( o )

Iia+)T((n-i)a+1) C(na+1)" (3.14)

Proof. Substituting the series expansion of ¥ (x,yt) and @(x,y7) in DXy (x, f1) D% (x, yT), We
get:

_ pia (yo 2iBDN w PjOOD*
DEY(r, 1) D%, yo), = DI (52, SE02) ppe (52 LOUDZ). - (3.15)

Using part (2) of Lemma 2.1, Eq (3.15) can be written as

- n+k)a n (0 na - (m+s)a m s( ) ma
DEP(r, FTIDFp(r,y7) = (Bipop Ttk DT ) (3 (Y PmesDTT) - (3.16)

F(na+1) IF(ma+1)

which can be simplified as

ﬁ(n+k)ay(m+s)a )T(n+m)a

On+k (X)) Pm+s(X
rna+1)I'(ma+1)

D (x, BOD (X, ¥7) = Eizo Lm=o (3.17)

Equation (3.17) can be written as

ka sa _ voo n ﬁ<i+’<>“y<"-i+m>“ei+k(x)pn_i+m<x>r<na+1)) e
DG, BID% 9 Gt vT) = Enmo <2i=0 T(ia+1)((n-i)a+1) T(na+1)" (3.18)

The proof is complete.

The main idea of DPSM depends on replacing each part of the target equation or system with its
Tna

TmarD coefficients, in any equation that contains similar terms in Theorem 3.1, these replacements

can be applied separately for each additive part, or if each part is multiplied by a real number. The
main idea of the method is to do some replacements in the target equation and simplify the obtained
series expansions in one series after simple computations, to get a general term of the coefficients in
the series expansion (2.3) and hence, we get the analytic series solution of the equation by substituting
n = 1,2, ... 1n the series form and so on.

3.2. Algorithm of DPSM for solving TFPDEs

Our goal in this section, is to explain the usage of DPSM in solving some TFPDEs and get
numerical solutions for them. The method is basically, depends on assuming the series
representation (2.3) of the solution and then find a general term of the series coefficients, that
allows researchers to get better approximate solutions by getting many terms of the numerical
solution they study.

The following steps illustrate the algorithm of DPSM in solving TFPDEs:

Step 3.1. Apply the replacements from Theorem 3.1 that is, replace each term of the target equation

Tna

Irna+1)"

by its suitable similar coefficient g, (y) of

Step 3.2. Simplify the obtained series representations from Step 3.1, and define a general form of the

AIMS Mathematics Volume 8, Issue 3, 5318-5337.
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series solution by putting the higher index ©,4,(x) to the left-hand side and the rest of the coefficients
into the right, to get a formula of the shape:

Qn+k(X) = p(an+k—1' Apk—25 > ao)- (3-19)

Step 3.3. Substitute the values of n , recursively from n = 1,2, ... as much as you need terms of the
series solution.

4. Numerical examples
In this section, some interesting examples on TFPDEs are solved, we clarify the steps of DPSM
by solving fractional partial differential equations and system of fractional partial differential equations,

each example is of different kind.
Example 4.1.[26] Consider the following temporal-fractional Burger equation of the form:

DIy, D) = ¥y 6, D + (G DY, (1, 7) =0, 0 <a <1, (4.1)

subject to the initial condition,

Y, 0) = 2. 4.2)
Note that, when a = 1 the exact solution of Eq (4.1) the integer case is
2
Yo = 2 43)

Solution 4.1. Applying the replacements of Theorem 3.1 on Eq (4.1), we get

DEP(, 1) © 0ne1 (0,
Yy (0 T) < 07 C0),

and

n 0iG0en_ (T (na+1)
Pl ™) < Liso F(ia+D)r((n-Da+1)’

Substituting the new terms from the replacements into Eq (4.1), we get

—_ n eien_irna+1) _
01 (0 — €n 00 + B0 Ty nmnasn) = © (4.4)

Then the Eq (4.1) can be expressed as

_ gy v 2i0en iGOT(na+1)
On+1 (X) = 0On (X) Zi:O F(ia+1)F((n—i)a+1) . (45)

From the initial condition in (4.2),

for n= Oa Ql(X) = _4)(9
for n =1, 0,(x) = 16y,

ra+1)
for n =2, 03(x) = —16y (4 + 1"2(Z+1))’
3 _ r(2a+1) 2I'(3a+1)
for n =3, 0,(x) = 64y (4 + T2(a+1) r(2a+1)1“(a+1))’

AIMS Mathematics Volume 8, Issue 3, 5318-5337.
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for n = 4’ Qs()() _ —256){ (4 n ra+1) 2'(3a+1) r4a+1) F(2a+1)) r'4a+1)

r2(a+1) TrQa+1)r(a+1) r2(2a+1)) - 128x (4 + I2(a+1)/ rGa+1Ir(a+1)
which are the same results obtained in [26]. DPSM save a lot of time in calculating the coefficients
and the steps here are written completely.

Thus, the solution of Egs (4.1) and (4.2), can be expressed as

%100 |, %200 | %30 |, ™%a(0) |, °%s(x)
rl1+a) r(1+2a) r(1+3a) r(1+4a) r(1+5a)

Y1) = 00(0) +

_ _ T« T2a _ r(2a+1) 3%
=2x —4x r(1+a) + 16y r(1+2a) 16x (4 t r2(a+1)) I'(1+3a)
r(2a+1) 2I'(3a+1) T4

+64X (4 T r2(a+1) F(2a+1)F(a+1)) r(1+4a)
rea+1) 2l'(3a+1) r'4a+1)

n _256)( (4 + r2(a+1) TrQRa+1I'(a+1) F2(2a+1)) e T (4 6)

—128 (4 + F(2a+1)) r(4a+1) [(1+5q) ) :
z4 r2(a+1)) TGa+t DI (a+1)
Substituting a = 1 we get
Y(, 1) =2 — 4ty + 81%y — 1673y + 32t*y — 6415y + 1287%y — -
=2x(1 — 27 + 47% — 873 + 167* — 32Ty + 641%y — -+-), (4.7

this result agrees, with the Maclaurin series of the exact solution of Eq (4.1) in the integer case, which
is

YO0 = e (48)

The following figures illustrate some simulations of Example 4.1.

In Figure 1, we sketch the solution of Example 4.1 in 3D space with a@ = 1. We compare the
exact solution of the integer order case of Example 4.1 with the fifth approximate solution from DPSM
and sketch the error in Figure 2. Figure 3 present the contour graphs of the solution with different
values of a.

Figure 1. The 3D surface plot of the solution Y (y,7) for Example4.1 with a =1, —2 <
¥<2and -2<1t<2

AIMS Mathematics Volume 8, Issue 3, 5318-5337.
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10 000

(a) 1/’()(: T) (b) ¢5 (X' T) (C) hb(Xﬂ T) - ¢5 (X' T)l

Figure 2. The 3D surface plot of (a) exact solution ¥Y(y,7), (b) the fifth
approximation solution ¥s(x,7) and (c) the absolute error of the exact solution and
approximation solution, with a =1, 0 < y <land 0 <7 <0.2.

0.20f -
18
0.15}
| 14
010} 1.0
0.6
005+ /
0.2
o : : . z .
0 02 04 06 08 10

@a=1

0.20f

18 1.8

015 0.1¢
1.4 14
010} 1.0 0.10 1.0
0.6 0.6

005+ 0.05
/ 0.2 7 / 0.2

of 0

0 0.2 4 0.6 08 1.0 0 0.2 04 0.6 08 10
(c)a=10.8 (d)ya=0.7

Figure 3. The contour graph of the solution ¥(y,t) of the fractional Burger equation at
several values of a in Example 4.1.

Example 4.2. [28] Consider the following time-fractional Phi-4 equation of the form:

D‘?al/)(x, T) = I/J)()((X' T) - #zlp(xl T) - /11/)3()(1 T)a (49)

AIMS Mathematics Volume 8, Issue 3, 5318-5337.
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with initial conditions,

—y2 1
Y, 0) = /%tanh(u}( /—2(v2_1)>, (4.10)
- 1
DEP(r 0) = v |- sech? (uy [-——), @.11)

where v is the speed of the traveling wave ae(0,1). The exact solution for @ = 1 is given by [28],

—n2 1
v(x, 1) = /%tanh (u(x — 1) m) (4.12)
Solution 4.2. The solution by DPSM can be obtained replacing each part of Eq (4.9) with its suitable
coefficient of — as in Theorem 3.1 to get the following:
'(na+1)

0i00e;(VerCOT((i+j+k)a+1)

A 2 _ .
Qn+2 (X) - Qn (X) M QTL(X) A‘ Zi-}.]"’i']f:n l"(m+1)l"(ja+1)l"(ka+1) ’ (4'13)
from the initial conditions we have that 0,(x) = ¥(x,0) and o,(x) = D&Y (x,0).
For n =0,
2200 = 00 (0) — 1200 (x) — 205 (x)
/ 1 1
l(—%z)s 2v25e0h2<—ﬂ _gvzx> Tanh(—u _gvzx>
= — . (4.14)
For n =1,
0300 = 01 () — 1?01 (x) — 340:00)es (1)
229 2 +cosh( Vi [y ) secn{ 502 | [
Hv cos K =TwzX ) J5ec vz J A(=1+v2)
_ ——; . (4.15)
For n = 2,
0400 = 07 () — 1% 02(0) — 3207 (0o (X) — 3202 (1) 25 (X)
1 1
B 1 s 3/2 H /mx N =
= 307D APD Auv ( ,1) tanh —~5 sech 7
<2u A(VZ -1) (VZ cosh <\/§/J v21—1X> —2v2 — 3) - 3/1(1/2 - 1)2>.(4.16)
For n = 3,

es(0) = 05 (1) — 12 03(x) — 203 () — 6200 ()01 (02 (X) — 3203(x) 05 ()

3/2 = W |=—x
L) sech’ | 22 uA(v? —1) 48v? ’—%Zsinh vl

_ 1 3,3 (_
_8ﬁ(v2—1)2” v ( A(v2-1)

V2 V2

1 1 1
. 2 | [l_z . 3“\]1/2—1)( 2 | H_z . 5”\ vz—lx . . H_Z . M\,vz—lx
21v ’ ) sinh —5 + 3v ) sinh —a 48 ) sinh —7z

AIMS Mathematics Volume 8, Issue 3, 5318-5337.
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1 1 1
3u oz X e 5u ’m)( ) SK 777X
+21 / ) 2 sinh 7 -3 /—TSlnh —5 |tV —cosh NG

1 1
T 3U =X
+20(v? + 3) cosh v ) (11v? + 39) cosh it

V2 V2
5u ;X u ,;X
+3 cosh % + 4A(v? — 1)% cosh % , (4.17)

and then the 5" truncated series for ¥ (), T) can be expressed as,

T r(a+) r(ia+1)
“\IV%X T
" v2 x ﬂvsech2< ﬁl ) A(vz_l)\T—To)
= \/_Tt‘mh 7| Jar(asD

213/2 u LX u LX
/1(—”7) vzsech2<%> tanh( szi_l (t—10)%%

(vZ2-1)rQa+1)

1
N v
3,3 1 _ 4] NvZ-1 ’ b . \3a
uzv <cosh<\/2u v2—1x> 2>sech < 7 > A(v2—1)‘1’- To)

V2(v2-1)r(3a+1)

2,3/2 u/#x u/ Ly
/1#(—”7) vzsech‘*(%)mnh( V\/z{l ><2u<cosh<\/§u /vzl_l)(>v2—2v2—3>/1(1/2—1)—3/1(1/2—1)2)(1—‘[0)4“

2(v2-1)2r(4a+1) A(v2-1)

1 3,,3 @ (—L)yz 42 cosh @ (v?—1)2

7
+8\/§(v2—1)21"(5a+1)‘u visech V2 A(v2-1) V2

1 1
5u /TX BU ==X
+u|—cosh| —"=—— |v? + 48 ’ ~ ¥ sinh smh L ]2

+

+

V2 V2
1 1 1
uz 5“\Iﬁx 2—1 SN vy 4
+3 —TSmh —5 v2 +20(v?% + 3) cosh — (11v? + 39) cosh 5
3 h 5u Vzl_l)( 48 #2 . h u vzl_l)( 21 h 3u vzl_l)(
+3 cos T - —75m T + ASlTl T
su [y
~3 |- sink —E A2 - )| (= 1) (4.18)

We mention, that it's hard to find the fifth term by other analytical methods. By DPSM we can
get many terms of the series solution by computer software.

AIMS Mathematics Volume 8, Issue 3, 5318-5337.
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In the following Figures 4 and 5, we sketch the exact solution of Example 4.2 in the integer
case and compare it with approximate solution of fifth order in 2D and 3D. Also, we sketch the
application solution in the 2D plane with different values of @ to show how the approximation
solution converges to the exact solution of integer order.

0000020 &
0000015

10

05,

(a) ¢(X: T) (b) II)S (Xi T) (C) |1/}(Xi T) - l/)5 (Xl T)l

Figure 4. The 3D surface plot of (a) exact solution Y(y,t), (b) the fifth
approximation solution ¥s(y,7) and (c) the absolute error of the exact solution and
approximation solution, for time-fractional Phi-4 at 7 € (0,1), y € (-10,10), a =
lLu=1,1=-1Lv=3.

We(x. 1) —-—-- Wwix, T) (b) —a=1 a=09 — a=07 — a=05

(a)

Figure 5. The 2D plot of (a) approximation solution ¥s5(y,7) and exact solution
Y(x, t)for time-fractional Phi-4 at 1 € (0,1), y = 0.6, a =1, u=1,1=—-1,v =3,
(b) the DPSM solutions of different values of a in Example 4.2.
Example 4.3. [22] The following form is considered:
DEY(L D) + 9, (D) + 202001 + 92 (6 D)0 (1) = 0, (4.19)
DEQ(x, ) — Yy 0, D) = 2(2 (1, 1) + 02 (1, D) )Y (1, 7) = 0, (4.20)

with initial conditions,

AIMS Mathematics Volume 8, Issue 3, 5318-5337.



5330

Y(x, 0) = cos(x), 4.21)
¢(x, 0) = sin(x). (4.22)

To find the general form of solutions by DPSM just do the replacements in Theorem 3.1 which
could be directly written by,

. (e +pi00p (0P )r (nat1)
on+1(0) = —pn(0) = 2 2i+]l_i,:=n T r— , (4.23)

= ol  (ei0e;ex(+pi0p (k)T (na+1)
Pn+1(X) = 0n (X) + 2 ZH}'i}f:n M@ DrGarDrearD) : (4.24)

For n =0,
0:(0) = —6p () — (0020 () Po () + Po()Pe()Po (X)) — (X po(x) = —sinx,
p1(0) = 80 () + v (200 (20 (0) + PoCPo (X0 (X)) + d(Xeo(x) = cosx.

For n=1,
02,(x) = —cosx,
p2(x) = —sinx.
For n =2,
_ _ r(1+2a)\ .
os(x) = (5 2 F(1+a)2) sin x,
_ _ r(1+2a)
ps(x) = (5 2 F(1+a)2) COS X.
For n =3,
_ _ r(1+2a) 4T(1+3a) _ 2I'(1+3a)
es(0) = (5 2 e T Trararae F(1+a)3) 05X,
_ _ r(1+2a) 4T (1+3a) _ 2l(1+3a)\ .
ps(0) = (5 r(1+a)?2 = T(1+a)T(1+2a) F(1+a)3) X,

which is the same general form of the solutions obtained in [22].
Example 4.4. [37] Consider the following time-fractional 3-dimentional Navier Stokes equation:

01 (x54.0) 0% (1,6.4,0) 01 (,5.4.7)
Df‘lpl(x,?,f,f)+wl(x,c,é,r)%+¢z(}(.c,€.r)‘”1+f“+wg(x,c,(,r)—lgg d

(%P 1(xs8n) | R (x6dT) | 0% (x.6.4.T)
= LD § T ID T ). (4.25)
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02 (x,6.4.0) Y2 (x.6.4.7) a2 (,6.8,0)
DEY (16, + 41 006, 6,0) ST 4+ (1, 1) ST 4 s (16,6, 7) GRS

a¢
— 621)[)2 (XICrZIT) 62‘4}2 (X!C!{!T) 6211[)2()(’9{”[)
=o( oz T ezt o ) (4.26)
a ( 7 '{’ ) a ( ’ ’(‘ ) ( c )
D‘glp3()(: S {r T) + 1/)1()(, Y (: T) ¢3+XCT + 1!’20(, S (: T) 1/’3+:T + lpB(X' Y { T)1/}3+;T
— 6211)3()(,(,(,’[) 62‘4}3 (X!C!{!T) 6211[)3()(’9{”[)
= v (THLEED o TRHSAD o TR RiiD), (4.27)

where ¢ € R, and with the ICs,

1,[11()(, S {; 0) = _05)( +¢+ (7 (428)
l)l}Z (Xl S {; 0) =X OSC + {7 (429)
¢3(Xl S {; 0) =xt+t¢— 05{ (430)

The exact solution, when a = 1, of the integer case is

—0.5y+¢+{—2.25 T
1-2.25 12 ’

lpl()(i S C: T) =

x—0.5¢+{—2.25¢t
1-2.2572  ’

lpZ(Xi S C; T) =

x+¢—0.5{—2.25(7
1-2.25 12

¢3(Xi CIC T) -

Solution 4.3. The solution by DPSM can be obtained by replacing each part of Eqs (4.25)—(4.27) with

na

its suitable coefticient of - (;a+1) as in Theorem 3.1 to get the following relations:
(Qi(x,c §)PER=LEED o 3,6,0)22RLLID 7 31,6,0) 280X P (1)

Ons1(0,6,0) = =2

Tia+ 1)F((n Da+1)

2 2 2
s (0 on(x.5.9) n %00 (X,6.9) n ad Qn(X:C'f)),

ax2 ac? PYE
3pn_ (050 py_i(0G 8pn_i (X6
( ) . (QL()(c(; Pn— lxcc'Tpl 2% Z(XCOHH P aléxcc'))r(na_l_l)
Prrr(X:6, () = =0 Iia+)T((n—-i)a+1)
tu (azpn()(,c,i) 9%pn(x.5.9) " szn(x,c,i))
dy? d¢2 972 ’

0op_i(x60  dou_i(x60 o 90,_i(X.69)
ox Tt a¢ Tt 8¢
[(ia+DI((n-Da+1)

(Qi()(,(;.() )F(na+1)

Un+1()( Y () == n

020n(x.50) |, 9%0n(x.6.9) 620n)
+v( 212 oc2 +a(2'

For n =0,
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a a a 92 92 92
01 = —0Qo ;;(0 —Poaigo— o a@(o tv ( 2+ afzo + a;zo)
=—(=05x+¢+¢)(=0.5) — (¥ — 0.5¢ + (1) — (x + ¢ — 0.50)(1) = —2.25y,
a a a 92 92 92
P1= "0o a?(o ~ Po apgo ~ % apzo tu (a;fzo + agpzo + azpzo)
=—(=05y+¢+ @) — (x —0.5¢ + {)(—0.5) — (x + ¢ — 0.5¢)(1) = —2.25¢,
a a a 92 92 92
0 = —Qoa;;o—Po ;co 0o aozo tv ( 2 + ac? + a;(])
=—(—05y+¢+0A) - (x—05¢+A) — (¥ +¢—0.50)(—0.5) = —2.25¢.
For n =1,
_ 00 01 0y 001 00y _ 0¢ 0%01 , 9%01 | %01
Q2= =015, T Q0 TP1G T P0G T 015, T 00 s +U(axz + ac? + 6(2)
= —(—2.25)(—0.5) — (—=0.5y + ¢ + {)(—2.25) — (—2.25¢)(1) — (—2.25¢)(1)
= —2(0.5)(2.25)x + 2(2.25)¢ + 2(2.25)¢ = 2(2.25)(—0.5y + ¢ + {) = 4.50,,
___0%po __9p1  9po _ Op; dpo _ _ 9ps 9%py | 9%py | 3%py
P2 = =015 Qo5 T P15 T P0G T 01 T 005, +U(3x2 + a2 + 6(2)
= 2(2.25)x — 2(0.5)(2.25)¢ + 2(2.25)¢ = 2(2.25)(x — 0.5¢ + {) = 4.5p,,
_ 60'0 _ % _ 60'0 _ 60'1 60'0 _ 60'1 620'1 620'1 620'1
02 = 7015, 7 Q05 T P15 T Popr T 015, T G0 5 +U(axz + a2 + azZ)
= 2(2.25)x + 2(2.25)¢c — 2(0.5)(2.25){ = 2(2.25)(x + ¢ — 0.5¢) = 4.5a,,
For n = 2,
_ r2a+1)
05 = —(20.25 + 5.0625 Fz((m))
_ r2a+1)
ps = —(20.25 +5.0625 Fz(a+1))
_ rea+1)
oy = (20.25 +5.0625 Fz(a+1)) Z.
For n =3,

ra+1) 20.25T'(3a+1)
r'2(a+1) TQRa+1I'(a+1)

04 = (40.5 +10.125 ) (=05x +¢+ ),

rca+1) 20.25T'(3a+1)
rZ(a+1) TQRa+1I'(a+1)

P4 (405+1o 125 )(x—0-5c+é),

ra+1) 20.25T(3a+1)
rz(a+1) TQRa+1I'(a+1)

o, = (405 +10.125 ) G +¢-050).

So, the solution of systems (4.25)—(4.27) and (4.28)—(4.30) has the following series form:

2.25
lpl(}(} S {, T) = _05)( + 9 + ( - 1"(1+a)X ¢

2(2.25)
r(i+2a)

_ 2a _ (2.25) r(1+2a) 3a
( O.SX + C + ()T 1"(1+3a) (4 + F2(1+a))X T
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2
(2.25) ( 2r(1+2a) 4r(1+3a) )(—0.5)(+ C+ )T 4 (431)

+ r(1+4a) r2(i+a) Ir(1+a)r(1+2a)

2.25
(6,60 = x = 05¢ +{ — gt

2(2.25) _ 2a¢ _ (2:25)° r(i+2a) 3a
r(i+2a) (X O'SC + OT r(1+3a) (4 r2(1+a))

(2.25)% 2r(1+2a) 4r(1+3a) _ 4a , ..

r(1+4a) ( r’:(l+a) r@+e)r(1i+2a) ) (r=0.5¢+ ™+, (4.32)

+

2.25
¢3O('Cl{l7:) =X+§_ 05(‘@( *

2(2.25) _ 2a (2.25)%2 r(i+2a) 3a
+ r(1+2a) (X t¢ O'SZ)T r(1+3a) (4 + r2(1+a)) ( T

(2.25)2 (8 n 2r(1+2a) 4r(1+3a) )(X +¢— 05T + .. (4.33)

+ r(1+4a) r2(i+a) I'(1+a)r(1+2a)

The following figure (Figure 6) illustrates the graph of the exact solution (@ = 1) of Example 4.3 and

the 107 approximation solutions.

10

Ty -1 0
10
Lwolx s, 6.0 [Lldnilx 6. ¢, 0

Do s, ¢00 Dlyenlx 6 0,0
a " v
( Henlx s ¢ 1) (®) Eewnlx s ¢ )

05 e,

g,
&
10 1.0

() Lwolx 5.6, 0) Llnwlx s ¢, 1) (d) Dwolx s, 4.0 Lldnilx 6. ¢, 0
Hwsolx 6 {1 Benlx 6. ¢ 1)

Figure 6. The 3D surface plot of the 10" approximate solutions of ;,1,, and 5 at
various values of @ and 7 = 0.5 & { = 3 for the problem in Example 4.3. (a) a = 0.6,

(b) a=0.8,(c) a=1,(d) a =1 (exact solutions).
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5. Conclusions

In several types of science like mathematics, physics, engineering statics, etc., there are massive
numbers of equations and systems that need solutions. Mathematicians created and developed many
analytical and numerical methods to find the solution accurately or approximately. Power series
methods like residual power series, Laplace residual power series, and many others give exact
solutions or sometimes provide approximate solutions that converge to the exact one. However, these
methods require a lot of steps each time, especially for solving nonlinear equations and systems. In
this paper, a new technique has been presented for the first time called the DPSM for solving TFPDEs.
In the following, we mention some remarks on the new method

1) DPSM introduces an analytical series solution depending on the idea of power series

representation.
2) The method is simple and applicable in presenting series solutions.
3) DPSM can obtain many terms of the series solution.
4) The proposed method, need no discretization, transformation differentiation or taking limit.
5) All numerical results obtained in this article by Mathematica 3.12.

This method is a simple method among all analytical methods. It depends on the idea of the power
series expansion for solving time-fractional differential equations or systems. In the future, we attend
to expand the replacements and solve integral equations.
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