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Abstract: The two approaches to solving nonlinear Caputo time-fractional wave-like equations with
variable coeflicients are examined in this study. The Homotopy perturbation transform method and
the Yang transform decomposition method are the names of these two techniques. Three separate
numerical examples are provided to demonstrate the effectiveness and precision of the suggested
methods. The results were acquired to demonstrate the effectiveness and power of the two approaches,
providing estimates with better precision and closed form solutions. The solutions to these kinds of
equations can be found using the suggested methods as infinite series, and when these series are in
closed form, they provide the exact solution. The suggested techniques have been demonstrated to be
effective and efficient in their application. Three numerical examples are used to examine the methods
accuracy and effectiveness.
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1. Introduction

Today, fractional calculus (FC) is widely acknowledged as a vital technique for describing real life
events [1-5]. The presence of fractional formulations is discussed in a range of contexts, despite
the fact that scholars view FC as a useful tool in systematic investigation [6, 7]. In addition to
being consistent with the current stage, the dynamical properties of fractional differential equation
systems typically provide a sufficient justification for earlier stages [8,9]. Due to the novelty of the
diversification process, which can result in a modest adjustment leading to significant output variability,
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the conversion of integer-order Differential equation (DE)-regulated systems to fractional DE-regulated
structures should be accurate. Fractional calculus has received a lot of attention, and various
applications in the fields of science have been presented [10—12]. Fractional differential equations are
widely used in domains including signal processing, system recognition, reaction diffusion processes,
control systems using dynamical systems, random walk models, and neural networks to simulate real-
world phenomena [13, 14]. FC provides us with a useful tool for characterizing memory and hereditary
characteristics of various systems.

Differential equations with fractional derivatives offer effective methods for identifying memory
and heredity features that classical systems typically ignore. Fractional-order derivative modelling
is helpful for studying dynamical systems and accurately describes how real-world systems behave.
In applied mathematics and physics, fractional differential equations are frequently employed in
interpreting and modeling many realistic issues, including diffusion, fluid mechanics, chemistry,
viscoelasticity, damping laws, electrical circuits, mathematical biology, relaxation processes, and
so on [15-17]. Finding the numerical solution to fractional differential equations, linear and
nonlinear, is now receiving much more attention from mathematicians. Some of the methods are
Homotopy Analysis Method [18], Differential Transform Method [19], and Adomian Decomposition
Method [20]. Many researchers have suggested innovative integral transform techniques to discover
the analytical solution of linear and nonlinear FDEs. Some of them are Sumudu [21], Elzaki [22],
Laplace [23], Mahgoub [24] and Natural [25]. For solving the nonlinear system of FDEs, the Adomian
decomposition method was combined with Sumudu transform method [26], with Elzaki transform
method [27, 28], with Laplace transform method [29], with Mahgoub transform method [30] and with
Natural transform method [31,32] and so on [33-35].

This study aims to solve the nonlinear Caputo time-fractional wave-like equation with variable
coefficients by combining two effective methods: The Yang transform decomposition method
(YTDM), which combines the Yang transform method and the Adomian decomposition method, and
the Homotopy perturbation transform method (HPTM), which combines the Yang transform method
and the Homotopy perturbation method. Xiao-Jun Yang presented the Yang transform, which can
solve various differential equations with constant coefficients. The Adomian decomposition technique
(ADM) [36,37] is a well-known systematic method for solving deterministic or stochastic operator
equations, such as ordinary, partial, integral, and integro-differential equations. The ADM is a
sophisticated technique that provides fast algorithms for analytical solutions and numeric simulation in
engineering and applied sciences. On the other hand, He [38,39] presented the homotopy perturbation
approach in 1998. This method sees the solution as the sum of an infinite series, which usually
converges quickly to accurate solutions. This approach has been used for a wide range of mathematical
problems. The nonlinear Caputo time-fractional wave-like equations with variable coefficients are
presented as follows:

n k+m
§ — .. - .. . .
DU = ,Zl Bijles: D5 o By;j(Uy;, Uy)
n ap
+ ) Ciil, 6, U) 2 ColUy) + Dy, 5, U) + E(x, 6), (1.1)
P ay;
with initial values
U(x,0) = ap(y) and U.(y,0) = a(y), (1.2)
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where D? is (Caputo) fractional operator having order p and 1 < ¢ < 2,U = U(y,¢),x =
y5,¥2--->¥) € R, ¢ > 0, By;j, Cyi, j € 1,2,...,n are nonlinear functions of y,¢ and
U, Byij, Cyi, j € 1,2,...,n, are nonlinear functions of derivatives of U with respect to y; and
y ji, j€1,2,...,n, respectively. In addition, D, E are nonlinear functions and k, m, p are integers.

It should be noted that (1.1) simplifies to the standard wave-like equations with variable coefficients
when ¢ = 2. Numerous applied sciences, including nonlinear hydrodynamics, mathematical physics,
physics, plasma physics, astrophysics, human movement sciences, and engineering biophysics, all
highly depend on these kinds of equations. These equations explain the development of microscopic
particles moving erratically when submerged in fluids, variations in laser light intensity, and velocity
distributions of fluid particles in turbulent flows [40].

The rest of the paper is organized as follows: Introduction is included in Section 1. The fundamental
definitions of FC, the Yang transform, and its properties are given in Section 2. The notion of HPTM
is presented in Section 3, whereas the idea of YTDM is presented in Section 4. Its application to
the nonlinear time-fractional wave-like equations is demonstrated in Section 5. We summarise the
conclusion in Section 6.

2. Preliminaries
This part clearly explains certain key facts about the fractional derivatives and Yang transform along

with their properties.

Definition 2.1. [1] The Caputo fractional derivative is given as

1 S
DU = — @)P-lg® d 2.1
U, 9) =) fo c—9) (¥, 9)dy, 2.1

r
where k — 1 < 9 <kand k € N.
Definition 2.2. [41] Yang transform of a function U(g) is given as:
Y{U(o)} = M(u) = f e U(Q)ds, ¢>0,u€(~¢1,5), (2.2)
0

with Yang inverse transform as
Y M)} = U(s). (2.3)

Definition 2.3. [41] Yang transform of a function with derivative of nth order as

YU ()} = =2 = Y —, (2.4)
u
k=0
for all n € N.
Definition 2.4. [41] Yang transform of the function with derivative having fractional-order as
M@u) & UX0)
© — — _
V)= === )~ 0<psn 2.5)
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3. Construction of Homotopy perturbation transform method for solving FDEs

To illustrate the process of solution of the HPTM, we take FDEs of the form to show the general

implementation of the proposed method as stated in [42,43]

D{U(y, s) = PilylU(y,s) + QilylU(y,¢), 1<p <2,
having initial values

0
U(y, 0) = &(y), —U(y, 0) = 4(y),

where DY =
respectively.
Proceeds the YT and using (2.5), we have

l7lsd

Y {DYU(y. §)} = Y (PilylU(y. ) + QlyIU(y. )}

that is

1 ,
— M)~ u©) - T O)] = ¥ (P IV ) + QYIT(Y. )

After that, we get
M(U) = wU(0) + w’U'(0) + u’ VP [yIU(y, ) + Qi [y]U(y, 5)}.

Let us take Yang inverse transform on both sides, we have

U(y,s) =U0) + U'(0) + Y {w’Y {P1[y]U(y, ¢) + Qi[yIU(y, ©)}}

Applying HPM

(o8]

Uy, ¢) = Y Uiy, ),

k=0
with homotopy parameter € € [0, 1].
Ultimately, the nonlinear factors are discarded as:

(o8]

QIyIU(y,¢) = )| “H,(U),

k=0

where H;(U) is He‘s polynomials

H,(Uo. Us,....U,) = = (n+ 5 [Ql [Z gUl)]
e=0

k=0

k _ 05
with D¢ = 77.

Utilizing (3.4) and (3.5) in (3.3), we have

k=0 k=0 k=0

D €Uy, ) = UO) + U'(0) + € (Y‘l {W {Pl 2, €U ) + ) EH(U)

3.1

(3.2)

* s (Caputo) fractional operator, $[y], Q,[y] are operators, linear and nonlinear,

(3.3)

(3.4)

(3.5)

)
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Equating the € coeflicients, we get

e’ : Up(y,s) = U(0) + U'(0),
€ 1 Ui(y,s) = Y {uY{PilylUo(y, ) + Hy(U)}},
e Ua(y, ) = Y {uY{PilylUi(y. ¢) + Hi(U)}}, (3.7)

€ 1 Uiy, s) = Y {u Y{Pi[ylUi 1 (y, §) + Hi ()},

where k € N.
At last, the analytical solution is approximated by the series,

M
Uy6) = lim > Uiy, ). (38)
k=1

4. Construction of Yang transform decomposition method for solving FDEs

To illustrate the process of solution of the YTDM, we take FDEs of the form to show the general
implementation of the proposed method as stated in [42,43]

D{U(y, ) = P1(y,©) + Qi(y,¢), 1<p<2, 4.1
having initial values
0
U(y.0) = &(y) and 6_gU(y’ 0) = Z(y), (4.2)

- 2

where DY = P is (Caputo) fractional operator, P;, @, are operators, linear and nonlinear, respectively.
Proceeds the YT and using (2.5), we have

Y {DIU(y.9)} = Y {Pi(y.) + Qi(¥. )} .
that is |
(M) - uU(0) - ’U' (0)} = Y{P1(y.9) + Qi(y. §)}.

ue
After that, we get
M(U) = uU(0) + u”U (0) + u’Y {P1(y, s) + Qu(y, )} -

Let us take Yang inverse transform on both sides, we have
U(y,s) = U0) + U'(0) + Y {u’ Y {Pi(y,6) + Qi(¥, O} - (4.3)

Now, we assume an infinite series solution as
Uy, ¢) = ) Un(y, ), (4.4)
m=0

and the nonlinear terms Q, are calculated by operate the formula

QY. 6) = ), An, (4.5)
m=0
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where

k=0 k=0

N N k N k
ﬂm = % {_85’” {Ql [Z 4 Y. Z 4 gk)}L_o .
Utilizing (4.4) and (4.5) into (4.3), we have

i U,(y,6) =UO) +U'(0) + ¥ {m {Pl (i Y i gm] + i ﬂm}} : (4.6)

m=0 m=0 m=0 m=0

By equating both sides, we have

Uo(y, s) = U(0) + sU(0),
Ui(y,s) = Y H{u Y {P1(y,, S0) + Aol

Continuing in this manner to get the general recursive relation,
Uns1(¥,6) = Y {u? Y {P1(Y,0 ) + A} 4.7
5. Examples

In this section, we present some Illustrative examples.

Example 1. Consider the 2-dimensional nonlinear time-fractional wave-like equation with variable
coeflicients:

PUy.26) P &
s ayaz( ywUz) - 362 (yzU,U,)-U, ¢>0.1<p<2, (5.1)
having initial values
d
U(y,z,0) = ¢ and 6—U(y, z,0) =¥, (y,z) e R% (5.2)
S

Proceeds the YT, we have

U & &
Y {@} =Y {@ (UyUs) - e (yzU,0,) - U} :

and using (2.5), we have

2 2

, 8 9
ul—@ {M() - uU(0) - ?U'(0)} = ¥ { e (UyyUse) - 362 (y2U,U,) - U} ,

that is
2 2

: 0
— 2 0
M(u) = uU(0) + *U'(0) + u’Y {ayaz (UpyUse) - 547

Let us take Yang inverse transform on both sides, we have

(yzU,U,) - U} .

/ o 2
_ vl 2 —1 { _ —
U(y. z,¢) = Y~ {uU(0) + i>U'(0)} + ¥ {MWY{—éyc’)z (UyUs) 352 (yzU,U,) U}},
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that is
2 2

o 8
_ z z -1 0
Uy, z,¢) = (¥ + é¥%¢) + ¥ {us Y{ay — (UyUs) - e — (yzU,U,) - U}}.

Applying HPM

Z Uy, z,6) = (€ + ¥¢) + € [Y - {”W {[Z € H, (U)) - [Z €'H; (U)) + [Z €Uily, S‘))}})
k=0

k=0 k=0 k=0

Ultimately, the nonlinear factors by He’s polynomial H;(U) are given as:

Z SHIW) = - (UyyUzz)

and
e 2
kzz(; HA(U) = 63 — (y2U,U,).

Few components are calculated as:

Hé ) = UoyyUozz.
Hll (U) = UOyyUlzz + UlyyUOzz’

H(U) = yzUpy U,
H}(U) = y2Uo, Uy, + y2U,, Uy

Equating the € coefficients, we get

€ : Up(y, z,5) = (e + &%),
1
s, ¢t o
Ip+1) T(p+2)
2¢ 20+1
¥ LS ot o
IRp+1) TQRp+2)

€' :Ul(y,z,§)=—(

€ Ux(y.z,6) = (

At last, the analytical solution is approximated by the series as:
U(y,z,¢) = Uo(y, z,¢) + Ui(y,2,¢) + Ua(y, z,9) + - - -,

that is

g“‘@ S~so+1 g2p g2g9+l Y
U(y, z, =|1+¢- - + + + ... z
29) ( T+ Tp+2) TCp+D) TCp+2) )e
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Application of the YTDM
Proceeds the YT, we have

U 5 &
Y{a—gp} = Y{@ (UyyUs) - 3oz (yzU,U,) —U},

and using (2.5), we have

— = ayaZ yyYzz (9 Iz y ,

equivalently

: 5 2
— 2 "
M(u) = uU(0) + U’ (0) + u’Y { 36z (UyyUsa) - e (yzU,U,) - U}

Let us take Yang inverse transform on both sides, we have

U(y.z.6) = Y™ {ul(0) + 12U (0)} + ¥ {”@Y{%;z (UyyUse) - 6?(29 (yzUyU,) - U}}

2 2

= (e + e¥) + Y {uﬁ’y{% (UyyUsa) - 03 pm (yzU,U,) - U}}.

Now, we assume an infinite series solution as:

U(y.z,¢) = Z Un(y,2,6),

m=0

where

U Uzz A
6y6z W Zo

i
B
o0yoz Z
are the Adomian polynomials that represents the nonlinear terms and

\ U,(y.z,¢) = U(y,z,0)+ Y ' {uY ﬂ \ B, -U
m=0 m=0 m=0
= (" + %)+ Y ! {u*’Y {i Am — i B, - U}}
m=0

The first few nonlinear terms are as follows:

and

Ay = UOyyUOZz s

AIMS Mathematics Volume 8, Issue 3, 5281-5302.
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A = yZUOyUOZa

BO = UOyymjlzz + UlyyUOZz,
B =yzUyU,, — yzU,yUy,.

By equating both sides, we have

UO(y’ z, g) = (eyz + eyzg)'

For m = 0, we have

1
¥ §v* ) vz

UKLLQ:‘(HQ+U+F@+2)

and for m = 1, we have

gZ&o . S,2g)+ 1 v
FRp+1) TQRe+2))

UZ(Y9 z, S‘) = (

The YTDM solution is

U(y,z,5) = Z U,(y.z,¢) = Up(y,z,¢) + Ui(y,z,¢) + Us(y,z,5) + - - -
m=0
oo ¥ _ ¢l . ¢ N v+l R
Tp+1) Tp+2) TRe+1) TRp+2)

In the special case p = 2, we get exact solution as

U(y,z,¢) = (cos g + sin¢)e¥™.

(5.3)

The graphs in Figures 1(a) and 1(b) show the behavior of the exact and proposed methods solution
in Caputo manner at ¢ = 1. Figure 1(c) shows our methods solution at different fractional-orders
of p = 2,19,1.8,1.7, and -1 < y,z < 1 for Example 1 and Figure 1(d), respectively, at ¢ = 0.1
and —1 < y,z < 1. In Table 1, we computed the absolute errors of the Shehu variational iteration
method (SVIM) and suggested methods that confirm that our solution converges quickly compared to
SVIM. The graphical representation shows that the exact solution and proposed methods solution are

in good agreement.

AIMS Mathematics Volume 8, Issue 3, 5281-5302.
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Figure 1. The nature of U(y, z, ¢) in terms of y, z and ¢ at various values of g for Example 1.

Table 1. Comparison of the Shehu variational iteration method (SVIM) and suggested
solutions absolute errors at different orders of ¢ for Example 1.

sly,z SVIM(p =0.5) Proposed methods (p =0.5) SVIM(p =0.7) Proposed methods (p = 0.7)

0.1 3.2196 E-13 2.5111E-14 4.0929E-13 0.01010032E-14
0.3 2.1569 E-09 2.32229E-11 2.7420E-09 0.02040261E-11
0.5 1.3095 E-07 2.0335E-09 1.6647E-07 0.03090871E-09
0.7 1.9680 E-06 1.1448E-07 2.5019E-06 0.04162043E-07
0.9 1.4947 E-05 2.05640176E-06 1.9001E-05 0.05253943E-06

AIMS Mathematics Volume 8, Issue 3, 5281-5302.
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Example 2. Consider the following nonlinear time-fractional wave-like equation with variable
coeflicients:

lig lig

0°U(y,
%g) _ U26 (U Uy Uyy ) + U§a S(U3) - 1805 +U ¢>0,1<p<2,  (54)
having initial values
0
U(y,0) = ¢ and a—U(y, 0) =é". (5.5)
S

Proceeds the YT, we have

i 2 & 2 3 5
Y dcy =T a_yz(UyUyyUyyy)'i‘Uyﬁ(U )— 18U° + U

and using (2.5), we have

2

1 217 9 2 8 3 5
—IM(u) — u0(0) - U (0)} = Y{U o (UyUyyUyyy) + U2 (U3,) - 18U° + U,

y(‘)yZ
that is
2 ) 2 0 2 0 3 5
M(u) = uU(0) + U’ (0) + u®Y { U> — o - (UyUyyUyyy) +Uy55 (U3,) - 18U° + U .

Let us take Yang inverse transform on both sides, we have
U = Y ulU©0) + *U )} + Y {u?Y {U?— o UyUyyUyyy ) + U2 o U3 )-18U°+U
(6 = V7 {uO) + & O)) 4 Y7 (Y U755 (0303 Uyy) + U355 (107,) = 1807+

> (U3,) - 18U° +U}}.

2

0? )
= (@ + )+ V! {u%’Y {U28—y2 (UyUyy Uyyy) + U= '3y

By applying HPM, we have

D Uy, ¢) = (& + ') + € (Y“ {uWY {(Z €H} (U)) + (Z ekH,f(U))

k=0 k=0 k=0
18 [Z e"H,f(U)] + [Z ULy, g))}}) :
k=0 k=0

Ultimately, the nonlinear factors by He’s polynomial H;(U) are given as:

(89

D EH(W) =1 (;9; (UyUyy Uy ),
k=0

(9

2
% e HX(U) = Ug(j - (U3,).

(59

PR AGEN

k=0

AIMS Mathematics Volume 8, Issue 3, 5281-5302.
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Few components are calculated as:

(92
Hé ) = U(Z’a_yl (UOyUOyyUOyyy) >

| o )+ Ui )
H 1 U) = 2IU?OUIE)_yz UOyUOyyUOyyy + an_yz UlyUOyyUOyyy + UOyUlyyUOyyy + UOyUOyyUlyyy >

62
2 — T2 3
HyW) = U35 (Uyy)-
2 — 62 3 2 62 2
H}(U) = 2y Uy 55 (U3yy) + 3 45 (Udyy Uty ) -

Hy(U) = U5,
H}(U) = 5UU,.

Equating the € coefficients, we get

€ : Up(y,s) = (&7 + €'¢),

. g.go g.5<)+1 v
Uiy, 0) = + ,
€ 0i.) (r(w 0 r(wz))e
20 20+1
2 Y Y
: Un(y, ¢) = + Y,
€y, ¢) (F(Zgo D) T+ 2)) ¢

At last, the analytical solution is approximated by the series as:

U(y,s) = Up(y,s) + Ui(y,s) + Us(y,¢) +---

S“@ g.@+1 gzxo g.2p+1
l+¢+ + + + +--- €.
Ip+1) T(p+2) TRp+1) TI'Rp+2)

Application of the YTDM

Proceeds the YT, we have

0°U 2 & 2 0 3 5
Y{ = } =y {U e (UyUyy Uyyy ) + Uiay (U3,) - 18U° + U},

and using (2.5), we have

1 , x 5
= (M) - u(0) - ’U'(0)} = ¥ {Uza—yz (UyUyyUyyy ) + Uia—yz (U3) - 18U° + U} ,
that is
217 19] 2 62 2 62 3 5
M) = u(0) + D (O) +uY {U* 55 (UyUyy Uyyy) + Uioy (U3,) - 18U° + U

AIMS Mathematics Volume 8, Issue 3, 5281-5302.
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Let us take Yang inverse transform on both sides, we have

YaZ

_ , . & &
U(y.z.6) = Y~ {ul(0) + ’U'(0)} + ¥~ {u&' Y{U2 g - (UyUyy Uyyy) + U3 (U3,) - 180° + U}}
y y -1 9] 2 62 2 a 3 5
= (@ 9+ YWY {Ulas (UUyyUyyy)+Ua (U3,) - 18U° + U bt

Now, we assume an infinite series solution as:

Uy, 2,6) = ) Un(y,,5), (5.6)
m=0
where
P o0
U’ — y? (UyUyyUyyy> = mZ:O A
2 O s N
Uy (U3,) = Z;) B,
and o
U= Cy

are the Adomian polynomials that represents the nonlinear terms and

ZUm(y,z §)=U(y,z,0)+ ¥~ {u%’Y{Zﬂ +ZB —1826 +U}}
m=0
= (& +e'g) + ¥ {uw{i A, + ZB - 1820,,1 + U}}

m=0 m=0

The first few nonlinear terms are as follows:

0
Ao = Uy By’ (UOyUOyyUOyyy)
2 0?
Ay =200U, —— oy2 (UOyUOyyUOyyy) + U5 By2 (UlyUOyyUOyyy + UoyUiyyUoyyy + UOyUOyyUlyyy)

B, = U? & [0
0= Oyayz(

Oyy)

lig lig
B =2U0nUy+— y? (Ugyy) 3U(2)y dy? (U%yyUlyy) ’

Co =13,

C, = 5UyU;.
AIMS Mathematics

Volume 8, Issue 3, 5281-5302.
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By equating both sides, we have

Up(y,s) = (e" + €¢).

For m = 0, we have

¥ SR
Ui(y,s) = + ,
G- ) (rw D) T+ 2))6
and for m = 1, we have
20 20+1
9 S
Us(y, ) = + Y.
-5) (nzp D T 2>)e
The YTDM solution is
U(y,s) = Z Uy, s) = Uo(y, o) + Ui(y, <) + Ua(y, o) + - -
m=0
S.p S.gp+1 gzg)

S

20+1

:(1+g+

In the special case p = 2, we get exact solution as:

U(y,s) = &,

+ - + + -
I'p+1) T(p+2) TRp+1) TIQRp+2)

(5.7)

The graphs in Figures 2(a) and 2(b) show the behavior of the exact and proposed methods solution
in Caputo manner at ¢ = 1. Figure 2(c) shows our methods solution at different fractional-orders
of p =2,19,18,1.7, and =1 < y,¢ < 1 for Example 2 and Figure 2(d), respectively, at ¢ = 0.5
and —1 <y < 1. The graphical representation shows that the exact solution and proposed methods

solution are in good agreement.

AIMS Mathematics
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7
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N p-2
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Bl p-19
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P17 2
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-1 -05 0 05
(d) y

Figure 2. The nature of U(y, ¢) in terms of y and ¢ at various values of ¢ for Example 2.

Example 3. Consider the following nonlinear time-fractional wave-like equation with variable

coeflicients:
OUY.6) _ 20

8g&’ ay (UYUYY) - y2 (-Uyy)2 -0, ¢ > 0,1< p < 2,

having initial values
0
U(y,0)=0 and —~T(y,0) = y*
S

Proceeds the YT, we have

0*U 0
) b -vomr-o),

and using (2.5), we have

% {M (u) — uU(0) — u’U (O)} -y {y2 % (UyUyy) _y (Uyy)z B U} |

that is 5
, 2
M(u) = uU(0) + u*U (0) + u’Y {yzg (UyUy) - ¥* (Uyy) - ‘LU} .

(5.8)

(5.9)
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Let us take Yang inverse transform on both sides, we have
_ ’ _ 0 2
U(y. ) = Y~ {ull(0) + ’U' (0} + ¥ {W {y@ (UyUy) - ¥* (Uyy) - U}}

= (g)+ Y {m’Y {yz% (UyUy) - ¥ (Uyy)2 - U}} :

By applying HPM, we obtain

D Uy, ¢) = ele+ e[y-l {uw {[Z é'H) (U)] - [Z ekHi(U)] - [Z ULy, g))}}) .

k=0 k=0 k=0 k=0

Ultimately, the nonlinear factors by He’s polynomial H;(U) are given as

(9]

; fHN(U) = yZ% (UyUyy).

[

> EH W) =y (Uy)

k=0
Few components are calculated as:
Hy(U) = UpyUopyy,
H{(U) = UpyUyyy + UyyUpyy,
H; (U) = UgyUsyy + UiyUiyy + UsyUoyy,

Hy(U) = Ugy,,
le(U) = 2UqyyUlyy,
H3(U) = 2UqyyUsyy + UT

lyy*

Equating the € coefficients, we get

e : Uy, s) = y’s,
. g,go+1 )
: U s I~ )
€ 1y, ) T(p + 2)y
) S.259+1 )
. U s = = As s
€ 2(y, %) TQ2p +2)y
3 S.3()+1
:Us(y,¢) = ———v°,
€ 3(¥,9) TGp + 2)y

At last, the analytical solution is approximated by the series as:

U(y,s) = Up(y,s) + Ui(y, ¢) + Us(y, ) + -+

ggo+l g,2‘(p+1 S
— + — 4+ ..
INp+2) T'QRep+2) TIQGp+2)

3p+1

=y’|¢
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Application of the YTDM

Proceeds the YT, we have

0°U , 0 5 2
(it i o) v e -9}
and using the Def.(2.5), we have

“_lp {M(u) - W) - U (O)} =Y {yz(% (UyUYY) -y (UYY)2 - U} ,

that is 5
’ 2
M(u) = ulU(0) + 12U (0) + u’Y {y25 (UyUyy) - ¥* (Uy) - U} .

Let us take Yang inverse transform on both sides, we have

U@y ¢) = Y™ {ull(0) + w’U' (0)]} + ¥~ {u@Y {y2;—y (U, Uyy) = ¥ (Uyy) - U}} :

=ys+Yv! {MSOY{YZ%(UyUyy) -y’ (Uyy)* - U}}

Now, we assume an infinite series solution as
Uy, 9) = ) Un(¥:6),
m=0

where -
UyUy = ) A,
m=0

and N
(Us) = > B0
m=0

are the Adomian polynomials that represents the nonlinear terms and

[Se]

Uy, §) = Uy, 2,0) + ¥ {uw{z A= D By = U}}
= m=0 m=0

m=0

The first few nonlinear terms are as follows:

Ao = UgyUoyy,
A = UgyUiyy + UiyUoyy,
ﬂz = UOyUZyy + UlyUlyy + UZyUOyy,

AIMS Mathematics Volume 8, Issue 3, 5281-5302.



5298

—_ 772

Bl = ZUOyymjlyya

B, = ZonyUzyy + U%yy'

By equating both sides, we have

Uo(y, ) = ¥’s.
For m = 0, we have
g.pﬂ
Uiy, s) = —myz,
for m = 1, we have
20+1
s 2
U 5 = o~ A< )
2(y,¢) F(250+2)y
and for m = 2, we have
g,3g>+1
Us(y,¢) = ————y".
3(¥.¢) TGp + 2)y

The YTDM solution is

Uy, ¢) = Z Un(y,¢) = Uo(y, ¢) + Uiy, ¢) + Ua(y, ¢) + Us(y, ) + -

m=0
o+1 20+1 3p+1
B R L_S S .
Ip+2) TQRp+2) TGp+2)

In the special case p = 2, we get exact solution as
U(y,s) = y’sing. (5.10)

The graphs in Figures 3(a) and 3(b) show the behavior of the exact and proposed methods solution
in Caputo manner at ¢ = 1. Figure 3(c) shows our methods solution at different fractional-orders
of p = 2,19,1.8,1.7, and 0 < y,¢ < 3 for Example 3 and Figure 3(d), respectively, at ¢ = 0.5
and 0 < y < 3. The analysis reveals that the fractional-order solutions are strongly convergent to the
integer-order solution. The convergence of the solution can be observed in the 2-D and 3-D graphs,
respectively.
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Figure 3. The nature of U(y, ¢) in terms of y and ¢ at various values of g for Example 3.

6. Conclusions

This article compares two approaches to tackling nonlinear Caputo time-fractional wave-like
problems. Three numerical examples are used to examine the accuracy and effectiveness of the
suggested method. This research used the Yang transform decomposition method and the Homotopy
perturbation transform method to give a new representation of exact solutions for nonlinear time-
fractional wave-like equations with variable coefficients. In three numerical cases, the techniques
were used. In the numerical cases, our methods provided us with the results as infinite series, and
when this series is in closed form, it provides the exact results to the related equations. In comparison
to other analytical and numerical techniques, the current methods have proven to be an effective and
simple procedure. Furthermore, the proposed methods needed fewer calculations and can thus be used
to solve other fractional-order problems.
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