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1. Introduction

Fixed point theory is one of the celebrated and conventional theories in mathematics which has
comprehensive applications in different fields. In this theory, the first and pioneer result is the Banach
contraction principle in which the underlying space is the complete metric space. The fundamental
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establishment of a metric space was naturally accomplished by M. Frechet in 1906. Motivated from the
influence of this genuine idea to fixed point theory, various authors have undertaken several extensions
of this idea in recent years.

In 2011, Azam et al. [1] gave the notion of a complex-valued metric space (CVMS) and proved
common fixed points of two single-valued mappings. Since the concept to introduce complex-valued
metric spaces is designed to define rational expressions that cannot be defined in cone metric spaces,
and therefore several results of fixed point theory cannot be proved to cone metric spaces, so complex-
valued metric spaces form a special class of cone metric spaces. Actually, the definition of a cone
metric space banks on the underlying Banach space which is not a division Ring. However, we can
study generalizations of many results of fixed point theory involving divisions in complex-valued
metric spaces. Moreover, this idea is also used to define complex-valued Banach spaces [2] which
offer a lot of scopes for further investigations.

Subsequently, Rouzkard et al. [3] added a rational expression in the Azam’s contraction and
generalized the main work of Azam et al. [1]. Later on, Sintunavarat et al. [4] replaced the constants
involved in the contraction with control functions of one variable and generalized the papers of
Azam et al. [1] and Rouzkard et al. [3]. Sitthikul et al. [5] used control functions of two variables
in the contraction and established common fixed point theorems in the context of a CVMS. In 2014,
Mukheimer [6] extended this concept to complex-valued b-metric spaces (CVbMSs). In recent times,
Naimatullah et al. [7] gave the concept of a complex-valued extended H-metric space (CVEbMS) as
an extension of a CVbMS and proved some fixed point results for generalized contractions. For more
details in this direction, we refer the readers to [8—15].

In this article, we utilize the notion of a complex-valued extended b-metric space and obtain
common fixed point results for rational contractions involving control functions of two variables. We
also provide a non-trivial example to show the originality of our main results. As an application, we
investigate the solution of a Urysohn integral equation.

2. Preliminaries
The notion of a complex-valued metric space (CVMS) is given as follows:
Definition 2.1. (See [1]) Let v,,v, € C. A partial order 5 on C is defined as follows:
v Svy © Re(v) < Re(vy), Im(vy) <Im(vy).

It follows that
(%] 5 U,

if one of these assertions is satisfied:

(@ Re(v)) = Re(w), Im(vy) <Im(vr),
(b)Re(v) < Re(vz), Im(vy) =Im(vy),
(©)Re(v;) < Re(vy), Im(v)) <Im(v,),
(dRe(v1) = Re(v), Im(v) = Im(vy).

Definition 2.2. (See [1]) Let § # 0 and ¢ : § X & — C be a mapping satisfying
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(i) 0 3 ¢(v,h),and ¢(v,h) =0 v ="
(ii) ¢(v,h) = ¢(n,v);
(iii) ¢(v,h) 3 (v, 0) + s(o,h),

forallv,h,p € §, then (3§, ) is said to be a complex-valued metric space.

Example 2.1. (See [1]) Let § = [0, 1] and v,% € §. Define ¢ : F X § — Cby

0, ifv=n,

I ifv#h.

¢(v,h) = {
Then (3§, ¢) is a complex-valued metric space.
Mukheimer [6] presented the concept of a complex-valued h-metric space (CVbMS).
Definition 2.3. (See [6]) Let & # 0, 1 > 1 and ¢ : § X § — C be a mapping satisfying

(i) 0 < ¢(v,h)and ¢(v,h) =0 v ="h;
(ii) s(v,h) = ¢(h,v);
(iti) (v, h) 3 7[s(v,0) + 50, )],

forallv,h,p € §, then (§,¢) is said to be a complex-valued b- metric space (CVbMS).
Example 2.2. (See [6]) Let & = [0, 1]. Define g : § X & — C by

s, h) = lv—hP +ilv-hP

forallv,h € §. Then (¥, <) is a complex-valued b-metric space with m = 2.

In 2019, Naimatullah et al. [7] defined the concept of a complex valued extended b-metric space
as follows:

Definition 2.4. (See [7]) LetF #0, ¢ : FXF > [1,00) and ¢ : F X § — C be a mapping satisfying

(i) 0 3 ¢(v,h), forall v,h € F and ¢(v, h) = 0 if and only if v = h;
(ii) s(v,h) = ¢(h,v) forall v,h € §;
(iii) s(v, 1) 3 ¢(v, 1) [s(v,0) + (0, W], for all v, h,0 € F.

Then (§, <) is said to be a complex-valued extended b-metric space (CVEbMS).
Example 2.3. (See [7]) Given § # @. Let ¢ : § X § — [1, 00) be defined by

l+v+nh

Jh) =
e, 7) v+h

andg : FxXF — Chy

(i) s(v,h) = #forallO <y, h<1;
(ii)s(v,h) =0 v="rhforall0 <v,hi<1;
(iii) ¢(v,0) = ¢(0,v) = li;forallo <v<l.
Then (3§,¢) is a CVEbMS.
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Lemma 2.1. (See [7]) Let (§,s) be a CVEbDMS and let {v,} C §. Then {v,} converges to v if and only
ifls(v,, v)] = 0 when 1 — oo.

Lemma 2.2. (See [7]) Let (&,s) be a CVEbMS and let {v,} C §. Then {v,} is a Cauchy sequence if and
only if |s(v,, Uyym)| = 0 when 1 — oo, for each m € N.

In this paper, we obtain common fixed point results on a complex-valued extended b-metric space
(CVEbMY) for rational contractions involving control functions of two variables. Applying our results,
we derive the main theorems of Azam et al. [1], Rouzkard et al. [3], Sintunavarat et al. [4] and
Sitthikul et al. [5] for single-valued mappings in CVEbMSs.

3. Main results

We state and prove the following proposition which is required in the proof of our main result.

Proposition 3.1. Let vy € §. Define the sequence {v,} by
vy = J1vy and vy = Bovgy
forall1=0,1,---. Assume that there exists p : § X § —|0, 1) satisfying
o (3,3 1v,h) <p(v,h) and p (v, 3,3,0h) < p (v, h)

forallv,h € §. Then
p Wy, 1) < p (v, h) and p (v, vz41) < p (U, v1)

forallu,he Fand1=0,1,---.
Lemma 3.1. Let p,k : FX & —=[0, ) andv,h € §. If 31,3, : § > § satisfies

g‘(v, 511/)5‘(511}, 528111)
1+¢(v,Jv) ’

s(J1v,3,01v) < p(v, Jw)s (v, B1v) + (v, J1v)

§(327l, N 5271) S‘(h, i;271)
1 +¢(3,0m,h) ’

g(51 Szh, Szh) <p (Szh, h) S (Szh, h) + K (Szh, h)

then
|§‘(51U, 5251U)| <p (v, Iw) |S‘(U, Ej1U)| + K (v, 31v) |S‘(510, 3,3v)|,

|s (31921, B51)| < p (Fo11, 1) |6 (Tl )| + & (T, 1) | (T1, 31 Toh)|.

Proof. We can write

e (310, 3,9)| < o (0, 510) ¢ (0, 510) + & (v, 5y v) ST G, T25,0)
1 +¢(v,Jv)
g(U, 5lv)
< p(v, 8v) |g(v,51v)| + (v, Jv) Trc@w.5.0) |g(f51v, 5251U)|
< p(v,3v) |§(v,51v)|+/<(v,51v) |§(51v,3251v)|.
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Similarly, we have
g‘(jzh, 8] Szh) g(h, Szh)

1 +¢(3,0,1)

s (h, 3,h)
p (31 1) |6 (Foh )] + k (321, 7) ‘1 +¢ (30, 1)

p (321, 1) |s (827, 1)| + k (Tl 1) |6 (Tohr, 31 351)).

|5 (319,10, 3,1)|

IA

0 (F271, 1) ¢ (Fahi, 1) + k (I3, 1)

IA

‘|§‘(52h, 3,3,n)|

IA

O

Theorem 3.1. Let (§,¢) be a complete CVEDMS, ¢ : § X & — [1,00) and let 3,,3,: F — §. If there
exist mappings p,k, i : & X & —|0, 1) such that for all v, h € §,
(a) p(3,8,v,h) < p(v,h) and p (v, 3,3,h) < p (v, 1),
k(3,8,v,h) < k(v,h) and k (v, 3,3,h) < k (v, h),
w(3:81v,h) < u(v,h) and u(v, 3,9,h) < u (v, h),
(b) p(v,h) + k (v, h) + u(v,h) <1,

(c)

s (v, 31v) s (h, Irh) i) s(h, 31v)s (v, Jrh)

s(831v,9:0n) < pw,h) s (v, h) + Kk (v, h) 1+ ¢ h) 1+¢(v,h)

NERY

(d) For each vy € §, A = % < 1 and lim, ;o ¢ (V,, Uy) A < 1 hold, whenever the sequence
{v,} is defined by
Uyt = 1wy, and vyn = Byvg, (3.2)

then 31 and 3, have a unique common fixed point.

Proof. Letv,h € §. From (3.1), we have
S‘(U, 5111)5'(510, Sj2510)

(310, 3,31v) = p(v,Jw)s, Jv) +«(v, J1v)
1+¢(v,3v)
= p(v,31v)s (v, J1v) +k(v, 3 V) s Iw)s G, SZSIU).
1+¢(v,3v)
By Lemma 3.1, we get
|5 (310, 3:310)| < p (v, F10) |5 (v, 310)| + & (v, T1v) | (B1v, T T10)|. (3.3)

Similarly, we have

S‘(Szh, 31527‘1) S‘(h’ S27‘1)

s (3,8,n, 3,h) 1+ ¢ (3201, 1)

IA

P (827/1’ h) S (827/1’ h) + K (52h9 h)

s (h, 3,18:1h) ¢ (310, Bsh)
1 +¢(3,n,h)

+u (v, 1)

S‘(szh, 3152h) S‘(h, Szh)
1 +¢(9,n,h)

= p (827/1’ h) S (827/1’ h) + K (82h9 h)
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By Lemma 3.1, we get

|5 (31321, B50)| < p (F211, 1) |6 (Tohi, )| + & (T, 1) | (B21, 31 Toh)|.

(3.4)

Let vy be an arbitrary point in §§ and the sequence {v,} be defined by (3.2). From Proposition 3.1, (3.3)

and (3.4) and forall: =0,1,2,---,

s (Vas1,02)l = |S‘(5152U2z—1, Ej21121—1)| < p (Bavz 1, 21) |S‘ (B, Uz;-1)|
+k (Jov21, U21) |S‘ (B4, S152021—1)|

P (o, v-1) Is (Vay, o )| + K (U2, U2i-1) |§ (V21 Uit

< p o, va-1) Is (Vo Ua-)I + K (W0, V2-1) | (V215 U2,41)]

< p o, v1) s (W, va-)| + k (Vo, v1) I§ (U2, U2,141)I
which implies that

p (vo,v1)
I (Vars1, V)| £ ———— ¢ (V2, U21)I .
1 -k (vo,v1)
Similarly, we have
s Va2, v2is)l = |S‘(3251U21, 51U21)| < p (v, J1v2) |S‘ (v, 51U2,)|

+k (U2, T102,) |§(51U2u fj251021)|
P (W2, U1 s (W, Vo) + K (U2, U2i41) [§ (V20415 U2i42)]
P V0, Vaus1) 1§ (U2, Vo DI + K (00, UV2141) |§ (V21415 V2142)]

p (o, v1) Is (U2, voue )| + k (Vo, U1) IS (Vars1, V2ii2)]

IA I

IA

It implies that

p (vo,v1)

1 =« (vo, v1)
p (vo,v1)

1 =k (vo,v1)

I (V2425 V2is1)l < ls (Va, Ui

|S' (U21+1’ U21)| .

Let A = £%Y) | Then from (3.5) and (3.6), we have

1=(vo,v1)
|§ (Ul+la Ut)l < A Ig (Uta Uz—l)|

for all 1 € N. By induction, we build a sequence {v,} in & so that

|g(vl+1’vl)| < /llg(v,,vl_l)|,
Ig (Ul+19 Uz)' < /12 |§' (Ul—l$ Uz—2)| )

IA

ls (Vis1,0)| A'ls (i, vp)l = 'l (vo, v1)l,

(3.5)

(3.6)
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VY 1 € N. Now, for m > 1, we have

s W Ul < @@, Uw) A'ls Wo, Ul + @ Vs Un) @ Wit Un) A7 |5 (v, 01
+ 0 (U Un) @ Wit Un) * @ Wiy Un) @ Wt Un) A s (w0, 1))
o, vy A
s (vo, v1) +@ (U Up) @ W1, Up) A+ - o+
@ W1, Un) @ Wiet, Un) -+ © Win—2: Um) @ W1, Up) A"

IA

© p
Since lim, ;0o ¢ (v, Uy) A < 1, the series Y, A' [[ ¢ (v;, v,,) converges by ratio test for each m € N. Let
=1 i=1

(9]

S = Z/l’ﬁgo(v,-,vm), S, = Z/ljﬁgo(v[,vm).
i=1 =1 =l

=1
For m > 1, one writes
ls (W, vl < |s (o, VDI [S -1 — S ]

When 1 — oo, we have
ls (v, um)l — 0.

Using Lemma 2.2, one asserts that the sequence {v,} is Cauchy. Since § is complete, there is v* so that
v, > U eEFast — oo,
Now, we show that v* is a fixed point of J;. From (3.1), we have

g‘(U*, Slv*)

IA

e (", 3,10 (s (v, Bavpr) + 6 (Tavz41, T10Y))
= ¢ (U*, 510*) (S‘ (U*, S2U2L+1) + S‘(Slv*, S2vzl+1))
S (W vpe) + p (U5, v241) § (U, Unis1)

" g(u*,ﬂ1v*)§(vzl+1,3zvzx+1)
o', 3v) K (V" Ugi1) 1+6(* v2,41)

s (V241,310 )s(v". Tovis1)
l+¢(v*,v2i41)

IA

+u (U, vgi1)
S (WU, vys2) + p (U, U241) § (U, U241)

. s(v".310")s(@Wars1.02142)
@ (U*, ‘le*) +K (U ) U21+1) 1+¢U* ,v2e1)

§(v2i41,310" )" v2142)
1+¢(v*,v241)

IA

+u (U, Uae1)
This implies that

ls (V" va)l + p (U, vais1) s (U, U1
" " " " « (v, 31v%)|ls(ar1,v242)]
o (v, 5,0 < @ Fw) | K, vgyy) LIRS

| 1+¢@* w241l
S
+u (V" U241)

(v2e1,310%) |ls@* w2i2)l
1+s@* v2s1)l

Letting 1 — oo, we have |g (v*, 31v)| = 0. Thus v* = J,v*. Now, we prove that v* is a fixed point of

J,. By (3.1), we have
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s (v, Jv")

IA

o (U, Bv") (¢ (v, B1va,) + 6 (B1v, JovY))
s (v, B1vy) + p (Vo U) 6 (U2, UY)

s(v2.J1v2, )s (v, Jov”
(", I (v, V) ( Hg(zzfu*) )

s(v".91v2)s(v21,Tov")
1+¢(v2,,0*)

s (W, vps1) + p (U2, V") 6 (U2, UY)
. ” . *,8 *
‘10 (U*’ SZU*) +K (UZH U*) s U2+1)§(U 2 )

1+¢(v2,,U*)
+/~t (UZI ) U*)

IA

+u (v, UY)

IA

s war1)s(v2,.32v")
1+¢(v2,,v%)

This implies that

ls (", var )| + p (U2, V) [s (U2, UY))

lsaivae)l|s(v*,520")|
|§(U*’ S2IJ*)| <@V, B +k (U2, U") Tz, o)

ls@* waeDl|s(v2,T20")|
1+¢(v2,v%)]

+u (v, UY)

Letting 1 — oo, we have |g‘ (v*, 3,v%)| = 0. Thus, v* = J,v*. Now, we prove that v* is unique. We
assume that there exists another common fixed of v/ of I, and J,, i.e.,

v =30 = 3,0,
but v* # v/. Now, from (3.1), we have

S‘(v*,v/) = g(slv*,ﬁzv/)

p(v*,v/)g(v*,v/) + K(U*,v/)

g‘(v/, 3111*)5‘(1)*, ng/)
1+¢(v,v)

s (v, Jv) g(v/, Szv/)
1 +¢(v,v)

IA

*

+/1(U ,v/)

s, v e (v, )
1 +¢(,v))

= p(v*,v/)g(v*,v/)+K(v*,v/)

o{o)s(orv)
1+¢(v,v)

sk

+u(v,v/)

This implies that

IA
ie)

‘g(v*,v/)‘ < p(v*,v/)‘g(v*,v/)‘+,u(v*,v/)
(v.v/) )
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Asp(v*,v/) +,u(v*,v/) < 1, we have

Thus, v* = v/. O
By setting u = 0 in Theorem 3.1, we state the following result.

Corollary 3.1. Let (§, <) be a complete CVEDMS, ¢ : FXF — [1,00) and let 31,3, : § — F. If there
exist mappings p,k : § X § —|[0, 1) such that for all v, h € ¥,

(a) p(3231v,h) < p (v, k) and p (v, 3,9,7) < p (v, ),

k(3,81v,h) < k (v, h) and k (v, 3,3,h) < k (v, h),

(b) p(v,h) +k(v,h) <1,

(c)
S (U’ Slv) S (h’ SZE)

1+¢(u,h) ’

(d) For each vy € &, A = % < 1 and lim, ;o ¢ (U, Uy) A < 1 hold, whenever the sequence

{v,} is defined by

s(J1v,3,h) < p(w,h)s (W, h) + k (v, h)

U1 = B1vy, and vy = By,
then 3, and 3, have a unique common fixed point.
By taking « = 0 in Theorem 3.1, we get the following corollary:

Corollary 3.2. Let (§,¢) be a complete CVEbDMS, ¢ : FXF — [1,00) and let 31,3, : § — F. If there
exist mappings p,u : & X & —[0, 1) such that for all v, h € 3,

(a) p(3231v,h) < p (v, k) and p (v, 3,9,0h) < p (v, ),

w(3:3 v, k) < u(v,h) and pu (v, 3,3,h) < p (v, h),

(b) p () +u(v,h) <1,

(c)
S (h’ s 1U) S (U’ S2h)

1+¢,h) '

(d) For each vy € &, A = p(vy,vy) < 1 and lim, 0o ¢ (U, U,y) A < 1 hold, whenever the sequence

{v,} is defined by

s(Bw,Bon) <p, s, h)+u,h)

U1 = B1vy, and vy = Bova,
then 31 and 3, have a unique common fixed point.
By setting k = ¢ = 0 in Theorem 3.1, we have the following corollary.

Corollary 3.3. Let (§, <) be a complete CVEDMS, ¢ : X & — [1,00) and let 31,3, : § — F. If there
exists the mapping p : § X § — [, g) such that for all v, h € §,
(a) p(3,31v,h) < p(v,h) and p (v, 3,3,h) < p (v, h),

(b) ¢ (81v, 320) < p(v,h) s (v, h),
(c) For each vy € &, A = p(vy,v1) < 1 and lim, ;0 ¢ (U, Uy) A < 1 hold, whenever the sequence
{v,} is defined by
Va1 = 31wy, and vy = Bovg,

then 31 and 3, have a unique common fixed point.
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By setting 3, = 3, = J in Theorem 3.1, we have the following corollary.

Corollary 3.4. Let (&, ) be a complete CVEDMS, ¢ : X F — [1,0) and let T : § — §. If there exist
mappings p,k, i . § X § —[0, 1) such that for all v,h € §,

(a) p(Bv,h) < p (v, h) and p (v, Ih) < p (v, h),

k(Bv,h) <k (v, h) and k (v, Bh) < k (v, h),

w(Bv,h) < u(v,h) and u (v, 3h) < u (v, h),

(b) p(v,h) + k (v, h) + u(v,h) < 1,

(c)

s (v, Jv) ¢ (1, Ih) ﬂ(v’h)g(h»ﬁv)c(vﬂh)

s(Bv,3n) <p,h)s (W, h) + « (v, h) 1+¢(uh) l+scw,h) °

(d) For each vy € §, A = % < 1 and lim, ;0 ¢ (U, Uy) A < 1 hold, whenever the sequence
{v,} is defined by
Uil = E;Ul’

then 3 has a unique fixed point.

Example 3.1. Let § =[0,1) and ¢ : § X § — [1, o) be a function defined by

S+v+h

Jh) =
¢, 1) l+v+nh

andg: FXF — Chy
cw,h) =lv—Hh+ilv-nP

for all v, € §. Then (g, ) is a complete CVEbMS. Define a self mapping J : § — & by

1

Jv = 5(2 -v).

Consider
Pk FEXT = [,9)

by

(W)= —

v,h)= ——

L l+v+h

and

k(v,h) = u(v, h) = 0.

Then, it is very simple to prove that all the hypothesis of Corollary 3.4 are hold and % is a fixed point
of the mapping J.

Corollary 3.5. Let (&, ) be a complete CVEDMS, ¢ : X & — [1,00) and let 3 : §F — §. If there exist
mappings p,k, i1 § X § —[0, 1) such that for all v,h € §,

(a) p(3v,h) < p(v,h) and p (v, 3h) < p (v, h),

k(Jv, k) < k (v, k) and k (v, Ih) < k (v, h),

w(Bv,h) < pu(v,h) and u (v, 3h) < u (v, h),
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(b) p(v,h) + kv, h) +u(v,h) <1,
(c)

s (v, 3"v) s (h, 3"h) ) s(h, 3"v)s (v, 3"h)

§ (3. 3h) < p (v 1) ¢ . h) + & (w, ) === T L+s@h)

(3.7

(d) For each vy € §, A = % < 1 and lim, ;o @ (V,, ) A < 1 hold, whenever the sequence
{v,} is defined by
Uil = Svla

then there exists a unique point v* € § such that Jv* = v*.
Proof. From Corollary 3.4, we have v € § such that 3"v = v. Now, from
s(Bv,v) = (03", ") =¢(3"8v, I)

s (Jv, 3"8v) ¢ (v, ")
1+¢(Jv,v)

< p(Bv,v)s(Bv,v) +k(Jv,v)

s (v, 3"3v) ¢ (Jv, I™)
1 +¢(Jv,v)

o (Jv,v) ¢ (Bv,v) + k(Jv,v)

+u (Jv,v)

s (Jv, Jv) g (v,v)
1+¢(Jv,v)

s (v, Jv) s (Jv,v)
1+¢(Jv,v)

s (v, Jv) ¢ (Jv,v)
1+¢(Jv,v)

IA

+ u (Jv,v)

= p(Jv,v)s(Jv,v) + u(Jv,v)

which implies that

s(Jv,v)

5 (v T c(@v.0)

IA

o (Jv,v) |g‘(3v, v)| + u(Jv,v) |g‘(v, 5v)|

o (Jv,v) |g‘(3v, v)| + 1 (Jv,v) |g‘(v, 5v)|
= (o(Bv,v) + u(Sv,v)) |g‘(v, 3v)| .

IA

It is possible only whenever |g(5v, v)| = 0. Thus, Jv = v. m]

Corollary 3.6. Let (3§, 5) be a complete CVEbDMS, ¢ : §X & — [1,00) and let 31,3, : § — &. If there
exist mappings p, k,u . & —[0, 1) such that for all v,h € §,
(a) p(3,81v) <p ), k(T,81v) k@), u(3,81v) < u),
(b)p ) +k@W) +u) <1,
(c)
s (v, 31v) s (A, Joh) s (h, B1v) s (v, 32h)
+u)

s(Bw,3n) < psW,h)+«k (@) [+ c@.h) 1+c@h)

)

(d) For each vy € &, A = % < 1l and lim, ;¢ (v, U,y) A < 1 hold, whenever the sequence {v,}
is defined by
Uyl = 8\vy, and Uy = 52U21+1,

then 31 and 3, have a unique common fixed point.
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Proof. Define p, k,u : § X & —[0, 1) by

pw,h)=p@), k@ h)=«kw) and p,h) =u@)

for all v, 71 € §. Then for all v, % € §, we have
@) p(32831v,h) = p(T,31v) <p ) =p(,h)and p (v, 3,3,0) = p(v) = p (v, h),
k(3201v,h) = k(8,01v) < k(v) =k (v, k) and k (v, 3, T,7) = k(v) = k (v, h),
w(8231v,h) = u(T,81v) <pu() = pu(v,h) and u (v, 313,20) = u(v) = u (v, h),
b) pw,)+k@W, ) +u@W,h)=p@) +k@) +u@) <1,

(©

g‘(U, Slv) S’(h, SZh) (U) g(h’ Slv) g‘(v, SZh)
1 +¢(u,h) K 1+c(wh)

g‘(U, Slv)g(h’ S2h) + ('U h) g(h’ Slv)g(v’ SZh)
1+¢w,h) HA: T+cwh)

A

s(Bw,8n) = pWsw,h)+«k@)

p,h)s(w,h)+«k(v,h)

(d) A= plovy) _ _p0) g O

I—k(vo,v1) ~ 1-k(vo) )

By Theorem 3.1, J; and J, have a unique common fixed point.
If we take p () = p, k() = k and u (-) = u in Corollary 3.6, we have the following corollaries.

Corollary 3.7. Let (§, <) be a complete CVEDMS, ¢ : §X & — [1,00) and let 31,3, : § — &. If there
exist nonnegative real numbers p, k and u with p + k + u < 1 such that

g‘(U, Slv)g(ha SZE) + g(h’ S11})5‘(11’ S27‘;1)

s (31v, Bah) < ps (v, 1) + « T+ c@.h) T ew.n

forall v,h € §, and for each vy € &, 1 = %( < 1 and lim, ;0o ¢ (v, U,,) A < 1 hold, whenever the
sequence {v,} is defined by

Va1 = B1vy, and vy = Bov,
then 3, and 3, have a unique common fixed point.

Corollary 3.8. Let (3§, <) be a complete CVEDMS, ¢ : X F — [1,00) and let 31,3, : § — &. If there
are nonnegative reals p and k with p + k < 1 such that

S (U’ S1U) S (h’ SZE)

s (J1v,320) < ps (v, h) +k T+ o)

for all v,h € ¥, and for each vy € §, A = %{ < 1 and lim, o ¢ (v, v,,) A < 1 hold, whenever the
sequence {v,} is defined by

Uiyl = Slvzz and vy,4p = 52U21+1,

then 31 and 3, have a unique common fixed point.
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4. Application

The main result of this section is as follows:
Theorem 4.1. Let ¥ = C([a,b],R"), a > 0andd : § X & — C be given as

d(v,h) = max v () =@ VI + e a
€la,

t

and ¢ : X & — [1,0) be defined by p(v,h) = 2. Then (§,d) is complete CVEbMS. Considering the
set of Urysohn integral equations

b
u(t) = f Ki(t, s,vu(s)ds + w(1), “4.1)
and ,
u(t) = f Ky (t, s,u(s))ds + ¢(1), “4.2)
forie [a,b) C R, v, @, ¢ €.
Assume that K, K : [a,b] X [a,b] X R" — R" are such that F,,,G, € §, Y v € §, where
b b
F, ()= f Ki(t,s,u(s)ds, G, (@) = f K (2, s, v(s))ds,

Vtela,b]
If there exist p,k € [0, 1) with p+«k < 1 such that for every v,h € §,

IF, (1) = G (1) + (1) — I VT + 2™ * 3 pA (1) (1) + kB (v, 1) (1),

where
AR (@) = @) - RO V1 +a2e™ 9,
2 2
Bw.h)(f) = I, (1) + w(t) — v@®)|I° |IGr () + ¢(t) — R(@)|| Nywr il

1+ ma[)f]A (v,h) (1)

t€la,
then (4.1) and (4.2) have a unique common solution.
Proof. Define 31,3, : § — & by
Jw=F,+w, Jv=G,+¢.
Then,
d(8v, Byh) = max IF, (1) = Gy (1) + @(®) — DI V1 +a2e!™ ¢,
t€la,
d (v, i) = maxA (v, h) (1),
t€la,b]

d(U, 511))61(7’-1, 327’1) _
Tvdwny - maxB@.n) (.

It is easily seen that
d(v, 3,v)d(h, I,h)

1+d(,h)
for every v, € . By Corollary 3.8, the Urysohn integral equations (4.1) and (4.2) have a unique
common solution. O

d(3v, 3)n) 5 pd(v, h) + K
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5. Conclusions

In this article, we have utilized the notion of a complex-valued extended b-metric space (CVEbMS)
and obtained common fixed point results for rational contractions involving control functions of two
variables. We have derived common fixed points and fixed points of single-valued mappings for
contractions involving control functions of one variable and constants. We hope that the obtained
results in this article will form new relations for those who are employing in a CVEbMS.

The future works in this way will target studying the common fixed points of single-valued and
multivalued mappings in the setting of a CVEbMS. Differential and integral equations can be solved
as applications of these results.
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