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1. Introduction

Let p always denote an odd prime and let y denote a Dirichlet character modulo p. For any integers

k > h > 1, integer m and integer n, the generalized two-term exponential sums S (m, n, k, h, x; p) are
defined as follows:

Stmnkhyip)= ) xlae

a mod p

(mak + nah)
where e(y) = ™, i = —1.

In the investigation of additive and analytic number theory, these sums are crucial. In reality, it is
strongly related to a number of significant number theory issues, including the prime distribution and
the Waring’s problems. For example, the Waring-Goldbach problems is concerned with the
representation of positive integers by the kth powers of primes, i.e.,

ok k k
n=pytpt-+p;

It is common to use exponential sums to study the number of solutions to the above equation. As a
result, a large number of academics have researched the numerous classical results of S (m, n, k, h, x; p),
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and have come to a number of insightful conclusions. For instance, Zhang and Zhang [1] shown that

REbRETS

mmod p [a mod p

4
[ 2pP-p?, i 34p-1;

_{ 2p° =1p%, if 3| p-1, (1.

where n represents any integer with (n, p) = 1.

Duan and Zhang [2] obtained the identities for S (m,n,3, 1, y; p) with 3 1 (p — 1).

Recently, Zhang and Meng [3] also considered the sixth power mean of S (m, n, 3, 1, xyo; p), and got
that

2 (=)

amod p

ok

m mod p

6
3. — 1 = .
_ { 5pP-(p-1), if p = 5(mod6); (12)

p*-(5p*-23p-d?), if p = 1(modo),

where S (n, p) = 1, 4p = d* + 27 - b?, and d is solely determined by d = 1(mod3) and b > 0.

On the other hand, Chen and Wang [4] studied the fourth power mean of S (m, 1,4, 1, xo; p), and
gave the exact calculation formulas for it.

Liu and Zhang [5] proved the following conclusion: when 3 1 (p — 1),

DN PIRTHES

x mod p m mod p |a mod p

6

= p(p— 1)(6p° - 28p* +39p +5). (1.3)

Some papers related to exponential sums can also be found in references [6—12].

It is clear from the formulas (1.1)—(1.3) that all of these publications have the same content: 4 = 1 in
S (m,n,k,h, x; p). We cannot come across a study that discusses the 4th power mean of the generalized
two-term exponential sums S (m, n, k, 2, x; p) in the literature. As a result, the research is challenging
and rarely yields optimum results when k > h = 2.

In this paper, we explore the calculation of 2k-th power mean

> Y| e

x mod pm mod p |a mod p

2k

, (1.4)

and provide a precisely calculated formula for (1.4) with p = 3( mod 4) and k = 2 or 3 using elementary
and analytical approaches as well as the number of solutions to related congruence equations. Thus,
we shall demonstrate two results:

Theorem 1. Any odd prime p, the identities will be given

1 4 2
pip—1) Z Z Z X(a)e(map+a)

x mod p m mod p [a mod p
4(p— )(p —2), if p = 3(mod4);
= 4(P2—4P+6+ \/1_7), if p = 5(mod8);
4(p*—4p+6-3+p). ifp=1(mods).

4
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Theorem 2. Let p be a prime with p = 3(mod4). Then, we have the identity

1 4 2
FEEIINPS Z)‘(a)e(ma;a)

x mod p m mod p |a mod p

6

=23p® - 126p* + 179p + 8.

Some notes: In Theorem 2, we only discussed the case p = 3(mod4). If p = 1(mod4), then we could
not get a satisfactory result. The reason is that we lack precise knowledge about the values or nontrivial
upper bound estimation of

’ ’ ' ’ a*>+b*+c?—d>—e* -1
PINDINDINDINDY ’
amod p bmod p cmod p d mod p e mod p p

abc=de( mod p)

a*+b* +c* =d* + e* + 1(modp).
Unsolved is the questions of whether (1.4) with p = 1( mod 4) and k = 3 can be calculated precisely.
Another interesting issue is if there is a precise method for calculating (1.4) with p = 3(mod4) and
k>4.

2. Several lemmas

To establish our results, we require six fundamental lemmas. It is worth noting that these lemmas
necessitate vast stores of knowledge of elementary or analytic number theory, which will be obviously
seen through [13-15],

Lemma 1. For an odd prime p, we have
#{(a,b,c,d,e) €Z,:a+b+c=d+e+1,abc=de} = P’ =3p>+5p-5.
Proof. Using the properties of the reduced residue system modulo p we have

#{(a,b,c,d,e)€Z,:a+b+c=d+e+1,abc = de}
= H(a,b,c,d,e)eZ,:dla-1)+e(b—1)+c~—1=0,abc = 1}. (2.1)

To computing the values of (2.1), let us distinguish the following several cases:

If a = b = ¢ = 1, then the congruence equations da —d +eb—-e+c—-1=0(modp)anda-b-c =
1(modp) have (p — 1)? solutions;

Ifa=1,b+#1andc = b, then the congruence equations da — d + eb — e + ¢ — 1 = 0(modp) and
a-b-c=1(modp)have (p — 1) - (p — 2) solutions;

Similarly, if b = 1, a # 1 and ¢ = a, then the congruence equations da—d+eb—e+c—1 = 0(mod p)
and abc = 1(modp) also have (p — 1) - (p — 2) solutions;

If c =1,a # 1 and b = a, then the congruence equations da —d + eb — e + ¢ — 1 = O(modp) and
a-b-c=1(modp) also have (p — 1) - (p — 2) solutions;

Ifa#1,b+#1,c+# 1andabc = 1(modp), then the congruence equationsda —d+eb—-e+c—1 =
O(mod p) and abc = 1(mod p) are equivalenttod + e+ 1 = O(mod p) and a- b - ¢ = 1(mod p), and they
have

P-2|p-17-3(p-2-1|=(p-2’(Pp-3)
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solutions.
Note that if a = 1 and b = 1, then from a - b - ¢ = 1(modp) we can deduce ¢ = 1. Now by
applying (2.1) and synthesizing these results, we can get

ﬁ{(a,b,c,d,e)EZ;:a+b+c:d+e+1,abc:de}
(P-2(p-3)+(@P-1’+3(p-D(p-2)
pP=3p°+5p-5.

This provides proof of Lemma 1. m|

Lemma 2. For an odd prime p, then

I I I Y I
amod p bmodp cmod p dmod p e mod p

a+b+c=d+e+1( mod p)
abc=de( mod p)

Proof. Based on the reduced residue system, we have

’ ’ ’ ’ ra ’ ’ ’ ’ r[a
IADINDINDINDIN - ED IS IND YD YD YN ) RECE!
amod p bmodp cmodp dmodp e mod p p amodp bmod p ¢cmod p dmod p e mod p p

a+b+c=d+e+1( mod p) a—=1+d(b—1)+e(c—1)=0( mod p)
abc=de( mod p) abc=1( mod p)

If a = b = c =1, then the congruence equationsa — 1 +db —d + ec —e = 0(modp)anda-b - c =
1(modp) have (p — 1)? solutions and (é) =1;

Ifa=1,b+#1and ¢ = b, then the congruence equations a — 1 + db — d + ec — e = 0(modp) and
a-b-c=1(modp)have (p — 1) - (p — 2) solutions;

Similarly, if b= 1,a # 1 and ¢ = a, so we get

p-1

PPN ERE R

a=2 d mod p e mod p
a—1+e(a—1)=0( mod p)

Ifc=1,a # 1 and b = a, then we also have
p—1

55 2wy ()

a=2 d mod p e mod p
a—1+d(a—1)=0( mod p)

Ifa#1,b#1,c+# 1andabc = 1(modp), then we can deduce that
p—1 p-1 p-1 , Ma p—1 p-1 p-1 , M
WIS BN NI
a=2 b=2 ¢=2 dmod p e mod p a=2 b=2 ¢=2 dmod p e mod p
+ 1

d(b—1)+e(c—1)=0( mod p) +d+e=0( mod p)
abc=1( mod p) abc=1( mod p)

a—1
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(r-2)

o 5, Go--156)-|

a mod p

= —p*+5p—6.

Combining (2.2)—(2.5), we will have the result

AN
amod p bmodp cmod p dmod p e mod p

a+b+c=d+e+1( mod p)
abc=de( mod p)

The proof of Lemma 2 is provided.

Lemma 3. If p is an odd prime with p = 3(mod4), we will have

Yy Y (Y
amod p bmodp c¢modp dmodp emodp P

a+b+c=d+e+1( mod p)
abc=de( mod p)

’ ’ ’ ’ r(d
SPIRDIND WD WD - EET
amod p bmod p cmodp dmod p e mod p

a+b+c=d+e+1( mod p)
abc=de( mod p)

Proof. Firstly, using important properties related to the reduced reside system, we have

ISR EIDIDIPIPIN ()]

amod p bmodp cmod p dmod p e mod p amod p bmodp c¢modp dmodp emodp
a+b+c=d+e+1( mod p) d(a—1)+e(b—1)+c—1=0( mod p)
abc=de( mod p) abc=1( mod p)
If a = b =c =1, then from (2.6) we can get
’ [ d
> X (5)=e
dmod p emod p p
Ifa=1,b+# 1andc = b, then from (2.6),
gl , ddy B , (d
PIDIDINDIN - LIDIPNDINEPIN 4 el
b=2 ¢=2 dmod p e mod p p b=2 ¢c=2 emod p dmodp p

e(b—1)+c—1=0( mod p) e(b—1)+c—1=0( mod p)
be=1( mod p) bc=1( mod p)

Similarly, if b = 1, a # 1 and ¢ = @, then from (2.6) we infer that
p—1

2% % ()o g i)

a=2 dmod p e mod p
d(a—1)+a—-1=0( mod p)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)
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Ifc=1,a # 1and b = a, then we also can get

& ’ r(d & rfa\ (e

>0 5= D) 5)l=) =0 (2.10)
a=2 d mod p e mod p p a=2 e mod p pPJ\p
d(a—1)+e(a—1)=0( mod p)

Ifa#1,b+#1,c+# 1andabc = 1(modp), then note that (;’—7) = ( ) It follows from (2.6) that

a
p

p=1 p-1 p-1 p=1 p-1 p-1

NI CIEN NP I (L
a=2 b=2 c¢=2 dmod p e mod p a=2 b=2 c¢=2 dmod p e mod p p
d(a—1)+e(b—1)+(c—1)=0( mod p) d+e+c—1=0( mod p)

abc=1( mod p) abc=1( mod p)

a=2 b=2 ¢=2 emod p a=1 b=2 ¢ mod p
bc=1( mod p) abc=1( mod p)

_ ’ (la—=Dle-D) ((a—1)@—-1)
) Z( P )Z( P )

amod p ¢ mod p a mod p

Q

_ pl’iz 3 ((a—l)(l—c—e)) i"j Z/((a—l)(c—l)

p-1 —
rfc—1 —-a
= - Z ( ) Z(—):o. 2.11)
cmod p a=2 p
Combining (2.6)—(2.11) we can deduce that
’ ’ ’ ’ [ d
IADINDINDIDIN - Bt 21
amod p bmodp c¢mod p dmodp e mod p p
a+b+c=d+e+1( mod p)
abc=de( mod p)
Applying the reduced residue system modulo p and (2.12),
amod p bmod p c¢mod p dmod p emodp( )
a+b+c=d+e+1( mod p)
abc=de( mod p)
IR WD I E
amod p bmodp cmod p dmod p e mod p p
ad+bd+cd=d+ed+1( mod p)
abcd®=d?e( mod p)
IO
amod p bmodp cmod p dmod p e mod p p
a+b+c=1+e+d( mod p)
abe=de( mod p)
SDIDIDID DI B S} @1y
amodp bmodp cmod p dmod p emod p
a+b+c=1+e+d( mod p)
abc=de( mod p)
Now combing (2.12) and (2.13), we can easily prove Lemma 3. O
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Lemma 4. If p = 3(mod4), then we will get

DIEDIDIDIPIN (- R

amod p bmodp cmodp dmodp emod p
a+b+c=d+e+1( mod p)
abc=de( mod p)

and

DI (BTt

amod p bmodp cmod p dmod p emod p
a+b+c=d+e+1( mod p)
abc=de( mod p)

Proof. Using important properties related to the reduced residue system and Lemma 3 we may
immediately obtain

IS4

amodp bmodp cmod p dmod p e mod p
a+b+c=d+e+1( mod p)
abc=de( mod p)

SDNDNDID RPN

amod p bmodp cmod p dmod p e mod p
ab+b+cb=db+eb+1( mod p)
ab3c=b*de( mod p)

DDV DI )

amod p bmodp cmodp dmodp e mod p
a+1+c=d+e+b( mod p)
ac=bde( mod p)

_ Z Z Z Z Z () —p+1. (2.14)

amod p bmodp cmod p dmod p e mod p
a+b+c=d+e+1( mod p)
abc=de( mod p)

Similarly, applying Lemma 2 we also have

INDINDIND I

amod p bmodp cmodp dmodp emodp
a+b+c=d+e+1( mod p)
abc=de( mod p)

ISP Y

amod p bmodp cmod p dmod p emod p
ad+bd+cd=d+ed+1( mod p)
abcd®=d%e( mod p)

DI

amod p bmodp c¢mod p dmod p emod p

a+b+c=1+e+d( mod D)
abe=de( mod D)
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DDV )

amod p bmodp cmodp dmodp emod p
a+b+c=1+e+d( mod p)
abc=de( mod p)

= p*-2p—-1.

Now Lemma 4 is proved.

Lemma 5. If p is an odd prime, then

PIRDINDINDINPIN

amod p bmodp cmodp dmodp e mod p
a*+bA+ct=d*+e*+1( mod p)
a?+b*+c?=d?+e?+1( mod p)

abc=de( mod p)

8(3p” - 15p +20).

Proof. Utilizing the properties of the congruence equation modulo p we infer that

)INDINDINDIND I
amodp bmodp cmod p dmod p emod p
a*+b4+ct=d*+e*+1( mod p)

a*+b?+cr=d>+e*+1( mod p)
abc=de( mod p)

PIRDINDINDINDIN

amodp bmod p ¢cmod p dmod p e mod p
a?+b2+c2=d?+e2+1( mod p)

(@+b2+c2) —at—b—ct=(d2 +e2+1) ~d*~e*~1( mod p)

abc=de( mod p)

IR IR I D IR I IR

amod p bmodp cmodp dmodp e mod p
a?+b*+c?=d?+e?+1( mod p)
a?b?+a?c2+b%c?=d? +e?+d%e?( mod p)
abc=de( mod p)

DIV VD I D IRD IR IR I

amod p bmodp c¢mod p dmod p e mod p
a’=1( mod p)
b2+c2=d?+e%( mod p)
abc=de( mod p)

DIRDINDINDINDIN

amod p bmodp cmod p dmod p emod p
a?=b?=c?=1( mod p)
2=d?+e2( mod p)
abc=de( mod p)

TD YYD WD HEEED YD WD WD M I BET

amod p bmod p c¢mod p dmod p
a?=1( mod p)
b2+c?=d?+1( mod p)
abc=d( mod p)

amod p bmodp cmodp dmodp e mod p

(a2-1)(p2-1)(c2-1)=0( mod p)
a?+b%+c2=d?+e2+1( mod p)
abc=de( mod p)

amod p bmod p cmodp dmodp emod p
1+c2=d?+e? mod p
abc=de mod p

amodp bmodp cmod p dmod p e mod p
a?=b*=1( mod p)
(d2-1)(e2-1)=0( mod p)
abc=de( mod p)

3(p—1) Z Z Z > "1-48(p-2) + 16

amod p bmod p ¢mod p d mod p
a?=1( mod p)
(v2-1)(c2-1)=0( mod p)
abc=d( mod p)

24(p - 1)(p-2) - 48(p —2) + 16 = 8(3p* - 15p +20).

AIMS Mathematics
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This completes the proof of Lemma 5. O

Lemma 6. Assume that p = 3(mod4), the identity will be given

ST Y i=p repr-19p -8,
amodp bmod p ¢mod p dmod p e mod p

a*+b*+ct=d*+e*+1( mod p)
abc=de( mod p)

Proof. Since p = 3(mod4), then we get

PRI I I I D IR IND I I

amod p bmod p ¢mod p dmod p e mod p amod p bmod p cmod p dmod p e mod p
a*+b*+ct=d*+e*+1( mod p) a*+b*+ct=d*+e*+1( mod p)
abc=de( mod p) abc=—de( mod p)

1 Z I Z / Z ’ Z ’ Z /
2
amodp medp cmodp dmodp emodp

a*+b*+ct=d*+e*+1( mod p)
a*b*c*=d*e*( mod p)

a2 2 2 GG )

amodp bmodp cmodp dmodp emodp
a+b+c=d+e+1( mod p)
abc=de( mod p)

(- G)0-(G)

DI INEEDINDINDINDINDIN =
2 2
amodp bmod p ¢mod p dmod p e mod p amod p bmodp cmodp dmodp e mod p
a+b+c=d+e+1( mod p) a+b+c=d+e+1( mod p)
abc=de( mod p) abc=de( mod p)

SDINDIED WD VDI IFEIDIND WD VD WD I 4

amodp bmod p ¢cmod p dmod p e mod p amodp bmodp cmodp dmod p emod p
a+b+c=d+e+1( mod p) a+b+c=d+e+1( mod p)
abc=de( mod p) abc=de( mod p)

EDIDIDND DI (L IED DI I

amod p bmod p cmod p dmod p e mod p amod p bmod p cmod p dmod p e mod p
a+b+c=d+e+1( mod p) a+b+c=d+e+1( mod p)
abc=de( mod p) abc=de( mod p)

SIS W C IED YLD D INDIN

amodp bmod p cmod p dmod p e mod p amod p bmodp cmod p dmod p emod p
a+b+c=d+e+1( mod p) a+b+c=d+e+1( mod p)
abc=de( mod p) abc=de( mod p)

=MD D IS W - P WD WD WD WD IR )

amodp bmod p cmod p dmod p e mod p amod p bmodp cmodp dmodp e mod p
a+b+c=d+e+1( mod p) a+b+c=d+e+1( mod p)
abc=de( mod p) abc=de mod p

AIMS Mathematics Volume 8, Issue 11, 28105-28119.
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EDADIDDMD W

amodp bmod p ¢cmod p dmod p emod p
a+b+c=d+e+1( mod p)
abc=de( mod p)

22 $UOYOYY (abcde) .16

amodp bmodp cmod p dmod p e mod p
a+b+c=d+e+1( mod p)
abc=de( mod p)

Note that the identities

DINDINDIND WD D YD YD VD YD U C-4 ERCRT)

amod p bmodp cmodp dmodp emod p amod p bmodp cmodp dmodp emod p
a+b+c=d+e+1( mod p) a+b+c=d+e+1( mod p)
abc=de( mod p) abc=de( mod p)

INDINDIND DI C EDIND WD YD YD Y -4 ECAT)

amod p bmod p cmod p dmod p e mod p amod p bmodp cmodp dmodp emod p
a+b+c=d+e+1( mod p) a+b+c=d+e+1( mod p)
abc=de( mod p) abc=de( mod p)

INDIRDIND YD =< B YD YR YN YD Y (3 ERCAT)

amod p bmodp cmodp dmodp emod p amodp bmodp cmod p dmod p e mod p
a+b+c=d+e+1( mod p) a+b+c=d+e+1( mod p)
abc=de( mod p) abc=de( mod p)

INDINDIND DI C- DYDY YRD YD W e

amodp bmod p ¢cmod p dmod p e mod p amod p bmod p cmodp dmodp emod p
a+b+c=d+e+1( mod p) a+b+c=d+e+1( mod p)
abc=de( mod p) abc=de( mod p)

INDINDIND WD I o B I YD YD YD Y FReE1)

amodp bmodp cmodp dmod p emodp amod p bmodp cmodp dmodp emodp
a+b+c=d+e+1( mod p) a+b+c=d+e+1( mod p)
abc=de( mod p) abc=de( mod p)

INDINDIND YD W C= B YED YR YD YND YR NRCES

amodp bmodp cmod p dmod p e mod p amodp bmod p ¢mod p dmod p e mod p
a+b+c=d+e+1( mod p) a+b+c=d+e+1( mod p)
abc=de( mod p) abc=de( mod p)

From Lemma 1 to Lemma 4, formulas (2. 16)—(2.22) we have

>y 1— (P’ -3p*+5p-5)+ ;(pz—Zp—l)—(p—l)

amod p bmodp cmodp dmodp emodp
a*+b*+ct=d*+e*+1( mod p)
abc=de( mod p)

AIMS Mathematics Volume 8, Issue 11, 28105-28119.
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3

S -D-5p-D+3(p =2~ 1)~ 30~ D+3(p* ~2p - 1)

—g(p—1)—(19—1)+§(p2—2p—1)+%(p3—3p2+5p—5)

=p’+6p>—19p-8.
This proves Lemma 6.

3. Proofs of the theorems

We utilize the lemmas presented in Section 2 to finalize the proof of theorems. Firstly, we prove

Theorem 2. Use the identities

Y e(@)_{p, if pln;
a mod p p 0, lfp’l'l’l,

for (n, p) = 1, we have

2 ’
Z e(%)=l+ Z (1+)(z(a))e(%)=(g)¢%).

a mod p a mod p

Then we calculate the equation.

6

IIDWPIRTIE S

x mod p m mod p |a mod p

= p- Z Z ' Z’ Z’ Z ' Z' Z ’)((abc@)e(a2+b2+cz;d2_ez_f2)

xmod pamodp bmodp cmodp dmodp emod p f modp
a*+b*+ct=d*+e*+ f4( mod p)

2 2 2 2 2 2
= —-1)- ' ' ’ ’ ' ’ a+b+c—d—f_e)
p(p ) 61;17 b%p cr;p d;p eI;p f%p e( p

a*+b*+ct=d*+e*+ f4( mod p)
abc=de f( mod p)

e e e w (Pl —d - - 1)
U SUEDIRDIND VDI YD I
amodp bmodp cmodp dmodp emodp fmodp p
a*+b*+ct=d*+e*+1( mod p)
abc=de( mod p)

2 ’ ’ ’ ’ ’
AGLEDIRDINDINDIND I
amodp bmod p ¢mod p dmod p e mod p
a*+b*+ct=d*+et+1( mod p)
a?+b2+c2=d?+e+1( mod p)
abc=de( mod p)
’ ’ ’ ’ ’
EEDEDIEDINDIND VRPN
amodp bmod p ¢mod p dmod p e mod p
a*+b*+ct=d*+e*+1( mod p)
abc=de( mod p)

AIMS Mathematics Volume 8, Issue 11, 28105-28119.
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DUSIBTARD YD WD YHD WD Y (e R R

amodp bmod p ¢cmod p dmod p e mod p
a*+b*+ct=d*+e*+1( mod p)
abc=de( mod p)

Note that p = 3(mod4) and the identity 7(y,) = i- +/p. It is clear that 7(y,) is a purely imaginary
number. But the left hand side of the formula (27) is a real number, it follows that

Z/ Z' Z/ Z ’ Z/(a2+b2+czlzd2—€2—l):0. (3'2)

amod p bmodp cmod p dmod p emod p
a*+b*+c*=d*+e*+1( mod p)
abc=de( mod p)

From (3.1), (3.2), Lemmas 5 and 6 we have the identity

PP

x mod p m mod p |a mod p

8p*(p - 1)(3p” = 15p +20) - p(p - 1) (p* + 6p> — 19p - 8)
p(p—1)(23p® - 126p” + 179p +8).

6

This completes the proof of Theorem 2.
Then we give the proof of Theorem 1.To prove Theorem 1, note that

na\_(n) s (@) (@)= ()i VP i p=3(modd:
a;;pe( P )_(p) ag;p(p)e(p) _{ (;) VB, if p= 1(mod4),

where (n, p) = 1, similar to the proof of Theorem 2, we have

1 , 4 2
p(p—1) PINDINDI X(“)e(ma;a)

x mod pm mod p |a mod p

/ / p , (& (a®+Db* - -1
IR e
amod p bmodp c¢cmodp dmod p

ab=c( mod p)
a*+b*=c*+1( mod p)

DI 'e(_dz(az _;)(bZ_l)}. (3.3)

amod p b mod p d mod p
(a*-1)(p*-1)=0( mod p)

4

When p = 3 mod 4, we know that —1 is a quadratic nonresidue modulo p, so we have

’ ’ ’ _dz (aZ - 1) (b2 - 1)

D
amod p b mod p d mod p

(a*-1)(p*-1)=0( mod p)
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’ ’ ’ _dz(az—l)(bZ— 1)

I B
amod p b mod p d mod p

(a2-1)(b*~1)=0( mod p)

dp-Dp-3)+4p-1)=4(p-D(p-2). (3.4)
When p = 1(mod4), we have
: , , (—d*(a® = 1) (- 1)
I

amod p bmod p d mod p
(a4—l)(b4—1)50( mod p)

’ ’ ’ _d2 (a2 - 1)(b2 — 1)
D
amod p b mod p d mod p
(a2-1)(p?~1)=0( mod p)

— , (—d* (a* = 1)(p? - 1)

D I R
amod p b mod p d mod p

(a2+1)(p2+1)=0( mod p)

p-2 p-2 _a2_1 b2_1 p-2 p-2
=4(p-1)(p-2)+ ( (2= 1)( )]xf— ZZ 1
a=2 b=2 p =2 b
(a2+1)(b2+1) 0( mod p) (a2+1)(b2 I)E ( mod p)

= 4(p - (p - 2>+4Z[2( 1)]\/_ 4( )\/_ 4p—4)

2
5[5

:4(p2—4p+6)+4\/ﬁ((1%)

:4(p2—4p+6)+4\/ﬁ(—2(%)— 1)

~ 4 p2_4p+6+ \/ﬁ)’ 1prS(m0d8),
B 4p2—4p+6—3\/ﬁ), if p = 1(mod8),

which used y»(2) = 1, if p = 1(mod8), and y,(2) = —1, if p = 5(mod8).
Then from (3.3)—(3.5),we can get

1
pp—1) Z Z

y mod pm mod p
4(p - D(p-2), if p=3(modd);
= { 4(p*-4p+6+ p), if p=5(mods);
4(p*—4p+6-3+p), ifp=1(mods).

(3.5)

4

, ma* + a*
2 w5

a mod p

This completes the proofs of our all results.
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4. Conclusions

The main result of this paper is to give two exact calculating formulae for the sixth power mean
values of a generalized two-term exponential sums. One of which is

1 / ma* + a*
aje| ———
PP PR e
here, p = 3(mod4).
If p = 1(mod4), then we do not have an identity or a nontrivial asymptotic formula for this sixth
power mean yet. This is an open problem.
Of course, our result also provides some effective methods for calculating the sixth power mean
of the high-th two-term exponential sums. We assert that these contributions will greatly advance the
investigation of irrelated issues.

6

=23p* — 126p* + 179p + 8,
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