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Abstract: The main issue we are studying in this paper is that of aggregation maps, which refers to
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on Mittag-Lefller-type functions in one parameter to get diverse approximation errors for fractional-
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by charts and tables.
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1. Introduction and preliminaries

Consider the %'-Hilfer fractional system below:

{f@@“mWO:M%mwmmwvm, ¥ € (0, 1],

e 11
155 .0) = i fiek, b

in which # Dgi’Dz;%(.) is the % -Hilfer fractional derivative of order 0 < D; < 1 and type 0 < D, < 1,
Ié: D3;<g(.) is a fractional-order integral with D3 = D; + D,(1 — D), in regard to the function %, and
0:(0, 7] x R? — R is a function.

There are many authors who have studied stability results for the fractional-order system (1.1).

Aderyani, Saadati and Feckan [1] investigated the existence, uniqueness and Gauss hypergeometric
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stability of ¢’-Hilfer fractional differential system (1.1) defined on compact domains via the Cadariu-
Radu method derived from the Diaz-Margolis theorem. Also, they proved the major results for
unbounded domains. In [2], the authors introduced a class of fuzzy matrix valued control functions
and applied the Radu-Mihet method derived from an alternative fixed point theorem to investigate
the Ulam-Hyers-Mittag-Leffler stability for a class of ¢-Hilfer fractional differential system (1.1) in
matrix valued fuzzy Banach spaces. Aderyani et al. [3] investigated the approximation of the fractional
system (1.1) using an alternative theorem and in comparison to the Picard method, they proved that the
fixed point method has a better error estimate and economic solution.

In the present paper, we study a novel concept of Ulam type stability with the applications of Mittag-
Leffler type functions of one variable and aggregation maps. This stability allows us to get the best
approximation error estimates for the above fractional-order system. In addition, we will be able to
obtain maximal stability with minimal error which leads us to calculate the optimal solution.

1.1. Weighted spaces
Consider [£1, ] (0 < £ < £, < ), and

Clg, %] ={p:[%1, %] — R : p is continuous},
with the following norm
lollere,.e,1 = 2212(22 lo(T)l.

The weighted space C_p,.¢[£1, ¥2] of continuous functions p on (¥, £,] is defined by
Cipye[81, 8] = {P L2, G > R (V) -6 (L) ™p(¥) € ClLy, 92]}, 0<D;<1

with norm
lolley gyeee1.0 = max (%("f/)—%(&))l-mpw/)‘.

Ve[l ]

1.2. Fractional calculus

Here, we present the %’-Hilfer fractional derivative.

Definition 1.1. [4] Suppose the real interval (£1,%,), and Dy > 0. Suppose €' (A) is an increasing
and positive monotone function on (£, &, with continuous derivative €' (1) on (L1, &,). We define the
fractional integral of a function A with respect to €, on [L1, &,] as follows:

1 v

(D) Jg,

17 AW = C'INEWN) ~CHN) AP )Y .

Definition 1.2. [4] Suppose D; € (E — 1,E) with E € N, and A,¢ € CE[2,,L,] are two functions

s.t. € is increasing and €'(1) # 0, for all A € [L,, ,]. The fractional-order derivative DBL’D”%(.) in
1

Hilfer sense of order D and type D, € [0, 1] with respect to function € is defined by

D% E R 1 €
‘%QDDJTDZ A(/l) = ILD,?( Py (—7,(/1) —) 1<§7T D2)(E-D1) A(/l)
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Theorem 1.3. [4] Suppose A € C'[£,, 2,], D; € (0,1) and D, € [0, 1]. Then
P DY I A = A).

Theorem 1.4. [4] Suppose A € C'[2,, 2,], D; € (0, 1) and D, € [0, 1]. Then,

(C) - ¢ (L)™'

IDl;%),%ﬁDz},Dz;%}A(ﬂ) — A(/l) _ Ig?__DZ)(l_D]);(gA(Q])-

“ I'(D3)
Lemma 1.5. [5] Let p1,p, > 0. IFA(Y) = (€ (V) — € (L)))*"!, then
% I'(p2) -

FPYPA) = —L2 (@) = Gy 1.2

WA = g L@ ) = (@) (1.2)
1.3. Generalized fuzzy spaces

Let Q :=[0, 1] and
E,
DiagonalA,(Q) = = Diagonal[Ey,--- ,E,], E; €Q},
E, i=1+.n

where Dia/galalAn(Q) is equipped with the following relation:

E := Diagonal(E,, - - , E,],D := Diagonal[D;, - - - , D,] € DiagonalA,(Q),
E<D< E; <D, VYieN.

Plus, E < D shows that E < D and E # D and E; < D;, for all i € N. We define o := Diagonal[g, - - - , 0]
0 1

in Dia/galalAn(Q) in which o € Q. For example, 0 = and 1 =

Here, we generalize the t-norm ®TN on Dia/galalAn(D).

Definition 1.6. [6] A generalized triangular norm (GTN) on Di(fgamlAn(D) is an operation ®GTN :
DiagonalA,(Q) X DiagonalA,(Q) — DiagonalA,(Q) s.t.,

(1) (VE € Dia/galalAn(Q))(E ®GTN 1) = E) (boundary condition);

(2) (V(E, D) € (DiagonalA,(Q))*)(E ey D = D Q) py E) (commutativity);

3) (VE,D,.#) € (Diagonald,(Q)E R @ Rery #) = ER ey D) Ry H)
(associativity);

(4) (V(E,E’,D,D’) € (DiagonalA,(Q)E < E' and D < D' = E e D = E Q@ D’
(monotonicity).

Letn,k € N, E := diag[E,,--- ,E,], D := diag[Dy,--- ,D,], Ey := diag[E, - , E.x], and Dy :=
diag[Dyy, - - - , Dy ). For all E, D € DiagonalA,(Q) and all sequences {D;} and {E;} converging to D and

E, suppose we have
lim(E, Q) D) = E(X) D,

GIN GIN
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then, ®GTN on Dia/gEnalA,,(Q) is a continuous generalized triangular norm (CGTN). Consider the
following examples of CGTNs.

(1) Define Q). : DiagonalA,(Q) x DiagonalA,(Q) — DiagonalA,(RQ), so that,

P P
lilgn (Ek ® Dk) lilgn (Dia/ggnal[Elk, e B ® Diagonal[Dyy, - - , an])

GTN GTN
Diagonal[E,.Dy, - , E,.D,],

hence, (X);N is a CGTN.
(2) Define Q). : DiagonalA,(Q) x DiagonalA,(Q) — DiagonalA, (), so that,

M M
li{n (Ek ® Dk) = lilgn (Dia/galal[Elk, e B ® Diagonal[Dy, - - - , an])

GIN GTIN
Diagonal[min{E;, D}, - -+ ,min{E,, D,}1,

hence, )z, is a CGTN.
(3) Define Q) : DiagonalA,(Q) x DiagonalA,(Q) — DiagonalA, (), so that,

L L
tim (Ec Q) i) = lim (DiagonallEu, - , £l (X) Diagonall D, , D

GIN GIN

Di@lal[maX{El +D;-1,0},--- ,max{E, + D, — 1,0}],

hence, )., is a CGTN.

Here, we present some numerical instances and compare the results,

PR R PSR T
Diagonal [5, 0.2, 1] ® Diagonal [1—, 0.7, O] = |2 0.2 ® 0.7 = 0.2 ,
GTIN 0 1 GTN 0 0
, 1 N 3
1 I3 5 - 20
Diagonal [—,0.2, 1] (X) Diagonal [—,0.7,0] =12 o X 0= 7,
2 GIN 10 1 GIN 0 50
0
1 L 3 ! 11 0
Diagonal [—, 0.2, 1] (X) Diagonal [—,0.7,0] =12 02 XY o7 |=]| o
2 GTN 10 1 GTN ) 0 O
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Further, since

Diagonal [0.3, 0.2, 0] > Diagonal [%, 30" 0| > Diagonal [0, 0, 0],

we get

e _1 1 M — [ 3 ]
Diagonal »5,0.2,1 (X) Diagonal —,0.7,0_

GIN L 10
_1 - P — 3 -
> Diagonal »5, 0.2, 1‘ ® Diagonal »E, 0.7, 0_

— >1 1 — [ 3 ]
> Diagonal »5,0.2, 1‘ ® Diagonal »E,OJ,O_ .

Suppose 7 > 0 and £ is a vector space. We denote the collection of matrix fuzzy sets by A*. Now,
A € A* denotes A : & X (0, +00) — Dia/galalAn(Q) s.t.,

e _/ is continuous;
e ¥ (Z,.)is non-decreasing (here ¢ € £);
o lims_,,({,7) =1 (here £ € ¢).

In A*, we denote “ < ” as follows:
NN = NET) L NET), YT, 7 >0, and € é.

Definition 1.7. [6] Consider the matrix valued fuzzy set N : EX(0, +00) —> Di@aZAn(D), a vector
space & and the CGTN ®GTN. In this case, we consider a matrix fuzzy normed space (MFN-space)
&N Q) as,

N, T)=1forany T > 0ifand only if { = 0;

NGET) =N, ﬁ)foranyg €&E,T >0,and0 # je C;

NE+L,T+T)=NLT) ®GTN</V(§’,7")forall 0,0 eéand 7,7 = 0;

limg_,,0 A, T) =1, forall { €é.

> > > >

For example, the matrix valued fuzzy set .4/

—— 121l T
N, T)=D 1 -——), )
&, 7) 1agonal [exp( T ) T+ 12

is an MFN, where 7~ > 0 and (¢, .4/, ®24TN) is an MFN-space and (&, || - ||) is a linear normed space.
A complete MFN-space is named a matrix fuzzy Banach space (in short, MFB-space).

1.4. Generalized metric spaces and fixed point theory

Note 1.8. Define fi := (f1,...,h,) and k := (k{,...,k,),m € N. We have
h<keh;<k; j=1,---,m

and also

h—-0eh;—>0, j=1,---,m.

AIMS Mathematics Volume 8, Issue 11, 28010-28032.



28015

Definition 1.9. [7] Let the set O # 1 and a given mapping h : 1> — [0, +o0]™,m € N. A generalized
metric h on 1 is a function s.t.,
& forall (N, p) € 12, we get
AN, 9)=0=(0,---,0) = N=g;
|

m

o for all (N, p) € 12, we get
h(p,R) = 1R, p) = N =g,

& forall N, 9,1 € 1, we get
AN, ) + A, ) = i, N).

Theorem 1.10. [7] Suppose m € N and a function #i : 1> — [0, +o0]™, and a complete generalized
metric space (T, 1), and a contraction mappings I : 1 — 1 with Lipschitz constant V < 1. Therefore,

for any 9 € 1, either
h(F”z?, rn-%—lﬁ) — (+OO, cee +oo)
—_—————
for all n € N U {0} or there is an ny € N s.t.
& A, T 9) < (400, - -+, 4+00), Vn > ny;
| S S———

& The fixed point * of T is a convergence point of sequence {I"}. and is unique in the set ' = {k €
T | h(]"noﬁ, K) = (+OO’ T +OO)},'
———

* 1 e ’
& fi(k, k") < 7 H(k,T'k) for every k € 1'.

1.5. On aggregate functions

Suppose [n] := {1,---,n}, with n € N. We apply the bold symbol Y to show the n-tuple
Diagonal[yy, - - , Ynlu2.

Definition 1.11. /8] A mapping A™ : Dia/g?nal[ﬁ, -+, Q)2 — Qs called an aggregation map if it
is increasing in all variables and also, it fulfills the boundary conditions

inf A"(Y) =infQ, and sup A(Y) = sup Q. (1.3)
YeQ YeQn

Note that n € N displays the arity of the aggregation function and we will use symbol A instead of
A,
Now, we propose some classical aggregation maps, as follows:

e The arithmetic mean and the geometric mean maps
AGy, AG, : Diagonal[Q, -+ , Qluxn — Q

are given by

1 n
AGI(Y) 1= — ; Vis (1.4)
A (Y) = ([ [, (L5)
i=1
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e The projection and the order statistic maps
AGs, AG, : Diagonal[Q, - , Qlun — Q
related to the k”* argument with k € [n], are separately defined as

AG3(Y) := yx, (1.6)
AG4(Y) = (Vs (1.7)

in which (y) is the k”* lowest coordinate of y, that is,
y(]) < “ e < y(k) < ...y(n)_

The projections onto the first and the last coordinates are defined by

AGs(Y) := yi, (1.8)

AGs(Y) :=y,. (1.9)

Pluse, the extreme order statistics y, and y; are the maximum and the minimum maps which are
defined by

AG;(Y) := max{yi, -, yah, (1.10)

AGS(Y) = min{)’b'“ ,)’n}- (111)

e The partial minimum and the partial maximum
AGy, AGyo : Diagonal[Q, - - - , Qlun — Q
related to K with @ # K C [n], are separately given by
AGy(Y) := riréiKnyi, (1.12)

AGo(Y) := maxy;. (1.13)
ieK

e The sum and product functions AG;;, AGy; : Dia/ggnal[ﬁ, <o+, Qluxn — Q are defined by

AG;(Y) := Zy,., (1.14)
i=1

AGL(Y) := | [y (1.15)
i=1

1.6. On special functions

Consider the one parameter Mittag-Leffler-type functions [9] below for every A,Y € C,i € N, and
R() > 0.

o Yi
()= V) = ) T (1.16)
i=0

AIMS Mathematics Volume 8, Issue 11, 28010-28032.
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3, (Y) := precosh,(Y)
- O.S(VA(Y)+VA(—Y))
& Y2i
B ;F((Zi)/l+l)’

1

33 (Y) := precosy(Y)
1
- E(V,l(iY)+V,l(—iY))

s (_ 1)iy2i
ZIT(2)A+ 1)

34 (Y) = presinh(Y)
1
- E(VAY)—VA(—Y))
& Y2i+1

Z L(Q2i+ DA+ 1)

i=0

35 (Y) = presing(Y)
1
= (Vi) - Va-in))
i (_l)ini+l
pr [QRi+Ha+1)

We now introduce the matrix valued controller ‘3, as follows:
P(Y) = Diagonal[3; (¥), - ,3s (V)].

Letn e N.Forany 7; € (0,+c0), we have the inequalities below:

——

=1,

V4
A f G IAEH) = COHP Vo, (F ) = COP Vs (T, -+, T)
0

¥,) — €(0)™
T(kD, + 1)

0
[(D1)

. o
A fo o @) - Y G 4V (Tise+ T2)
k=0

0 1
= W(F(Dl);l“(kD1+l)

4
x f (GO = GO G - GO, T T)
0

,/V( 0 i 1 f%(y/>—<€(o)((5(“//) —F0) - EIEPIE, (T, - - ’771))
I'(Dy) &4 T'(kDy + 1) Jo ;

AIMS Mathematics Volume 8, Issue 11, 28010-28032.
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(et &=¢(¥:) - ¢(0))

- JV(F(QDl) Z; F(ij T @ -
X fomm—cg@) (1 - W)DI_ISkDIda, T T, ))
= ‘/V(r(gnl) g p(kDf n 1)(%”(7/ ERA() fo 1(1 — SIS GS (T, T ))
(let S = m)
- s 2‘ i, 7400 = AN R T )

o (V) — € 0)™
= ’/V(HHZ:; T(nD, + 1) ’(Tl""’(r"))
. Diagonal VDI(_'(%W%%(O))DI'),.-. , (—I(%(Vé;%(0>)nll)]_

In a similar way, we have:

4
JV( f CANCT) - CH)P 3, ((%(%)—%(O»DI)d%,(?a,---,m)
0 R/—/

i=2,.5
- Diagon al[;};(—I(%(“f/g;1 %(0))D1|), N ’;};(_K%(QEK(O))M')}

forany 7; € (0,+00).
——

i=1,,n

2. Multi stability results

For 0 € C((0, 7] x R%,R) and 6 > 0, suppose

DY () = oV, (), h (p(P))), ¥ € (0, 1], (2.1)
1,75 M (07 = fo foeR, 22)
and
C/V(’ngr"zf'f h (V) = oV, N (), (), (T3, - ,fnz)) (2.3)
— —(B (V) — € (0)™ —(B (V) — € (0)™
. Diagonal[AGl($( (%( ;T 1 (0)) |)) AGIZ(%( (€( Q)TI 2 (0)) |))]

in which 7 € (0, 1], 7; € (0,+).
——

i=1,,12
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Definition 2.1. Equations (2.1) and (2.2) are multi stable w.r:t,

Dia/gaaal

86i(H(€ ) - €O ).+ a6 B(@ ) - w0 )

if there is a © > 0 s.t., for any 6 € (0, +00), ISID“%w(O*) = fo € R, and any solution y € C\_p,.4(0, 1]

to (2.3), there is a solution e C_p,.«(0, 1] to (2.1) and (2.2) with

A wON= 0 )T o)

> Dia/g;nal[AGl(‘B(_|((€(7gg;;5(0))m | ) AGU(%(_'(%(Z)Q;;K(O))D] | J)|

forany vV € (0,1]land T; €(0,+00).
——
i=1,,12

Through an Alternative theorem, we present the existence, uniqueness and the multi-stability of the
fractional system (1.1) in a MFB-space (&, .4/, ®GTN) (see [10-12]).

Lemma 2.2. [13] Consider a continuous function o : (0, 1] X RX R — R. Then, (2.1) and (2.2) are
equivalent to

EO) - E )P
roy
1 Y4
f CINE ) = CAYP oV h ()N (p(F))d Y
oD Js

M (¥)

+

Remark 2.3. Suppose we have a solution ¢ € C;_p,.4(0, 7] of the inequality below

AR 0 ) = o0, O, 0 (O W T+ i)

. Dia/ggnal[ X, (i;(—l(%("//;;l%(o»”l | )) . ,Aclz(qg(—l(%("/;r—lz%(O))Dl | ))]

inwhich ¥ € (0,71, 7; € (0,+00), and I';7°*%y(0*) = f, € R. Then,  is a solution of:

i=1,-,12

(G ) - CO)>!
T(Ds) ‘

A w0 -

1 v
o) fo G N = COP oo h oIy (T -+, T2)

> Dia/galal[AGI(‘B( _K(g(”i/;;:g(o))[)' | )) . ,AGlz(‘B( _ch(qj/e)(;l 2%(0))[)' | ))]

foreach 7; € (0,+).
~——
i=1,,12

AIMS Mathematics Volume 8, Issue 11, 28010-28032.
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Let us consider the following assumptions:
(A1) o€ C(0, 7] xR R),p €C([0, 11,0, 1) and ¥, the C([0, 71, R),

w( M (1)) = (PP ). (Th, -+ ,m)

> ﬂ(m(”f/)—l//("f/),(fr],-~-,7‘12)), forany 75 € (0,+c0).
i=1,-,12

(A,) Thereisa A > 0s.t.

N (g("//, 91, 02) — oV k1, K2), (T, - - ,frm)

2

= HM(AY -k T Ti)
=1
foreach 7; €(0,+0),7 €(0,7], ¥;,k; €R,and j=1,2.
——
i=1,,12
(A;) Thereare0 < M; < 1s.t.
——

i=1,-,12

0+

B ag, (3(FE-EOM)

0 T
i=1,,12 ——
i=1,-,12
R - —(E(V) - C O]
= 55 fo CONE) - COHNT 4G (EB( o ))
=iz AR
—[(E(F) - CO)"]
= AG ($( 9 MT; ))
i=1,,12 ~——
i=1,-,12
in which 7 € (0, t]and 7; € (0,+c0).
——
i=1,-,12
(Ay) Wehave QAMy, -+ ,2AMp) < (1,---,1).
————

12

Proposition 2.4. Consider two integrable functions a and 3, s.t. for each T; € (0, +00),
——

i=1,,12
Ao (T T = A (BT i)

Then for each T; € (0,+00),
——
i=1,,12

e/V(Ig}.fga, (T], Tty 7’12)) = e/V(Ig}-’CKﬁa (Tl’ T, 7&2))

AIMS Mathematics Volume 8, Issue 11, 28010-28032.
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Proof. We get @ < B, therefore foreach 7; € (0, +00),
——
i=1,,12

B a1 T = (1, T T2

Igl’%)a

(T, ,7'12))

e Iy B

N (131‘%, (Th,- - ,7‘12>).
O

Theorem 2.5. Suppose (A,), (A,), (Az) and (Ay) are satisfied, and I D336 g (0") = fy € R and also,
Me Ci-p,.¢[0, 1] satisfies (2.3). Then, (2.1) and (2.2) have a unique solution Y’ € C,_p,.¢[0, 1] s.1.

G = E )™
YY) = (¢ ( )r(D3)( ) % 2.4)

1
I'(Dy)

+

v
f CVNECV) = CV) " o(Ve, V(H2), LY ))d Vs, V € (0, 7],
0

in which Ié:D“(gT(O*) = fo € R, and for each V' € (0, t]and T; € (0,+o0),
——
i=1,,12

Ao -1, ,le)) (2.5)

ALGUZCORY) sG5|

> Di@al[AGl(‘B(

in which
1
Lm0 M

i=1,-,12 S~
i=1,-,12

Proof. Define v := C_p,.¢(0, 7], and a mapping E : v X ¥ — [0, +00] by

E(w, @) = inf{<Cl, <o Cip) € (0, +00)12 ; w(w("f/) — ()T, ,le))
(G - %<0>)Dl|)) B

> DiaTgEnal[AGl (‘B( _

T

9_

Cy

—(E() - €)™

see(d(=—— )|
0_
Ci

Voo ev, ¥V e, T, e (0,+oo)}. 2.6)
i=1,,12

AIMS Mathematics Volume 8, Issue 11, 28010-28032.
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First of all, we prove (V, E) is a [0, +00]'?-valued metric space.
We show E(w,@’) = (0,---,0) iff @ = @’. Suppose E(w,@’) = (0,---,0). We get
———— ————
12 12
inf{(Cr,-++ Ci) € (0,+00)" s A (@(9) = (), (Ti, -+ Tio)
(€)= CO)] )

> Dia/galal[Ael(sB(

71
Q_
C
—(E (V) - €(0)™]
AGi(%| T )|
Ci
Vo, o ev, ¥ e0,1], T: e (O,+oo)} 0,
——
i=1,-,12
and so
N @) = .1 T)
_ _ Dy _ _ D;
. Di@al[AGl(‘B( I(€(V) - €(0)) I)) o ,AGn(‘B( (C(V) —€(0)) I))]
N T2
Cl C12
foreach (; €(0,+).Let (; tend to zero in the above inequality, and we have
—— ——

i=1 12 i=1, 12

M e = )T Ti) = 1,
therefore @w(?') = @'(¥) for each ¥ € [0, 1], and vice versa. It is simple to prove E(w,w’) =
E(w’,w) for each w, @’ € V. Let E(w, D) = (£, ,{12) € (0,+0)'? and E©, ®@’) = (J1,-** , J12) €

(0, +00)!2. Then, we get

N (@) =200, (i, T)

. bl (_M(q,/;;@)m ) ,AGH(%("“K(’;@ o)
2 t1n
and
NP - T T)
» Diagon al[ AQ@(—l(%(%ﬁ%(O))DI|)), . Aglz(m("(%(z)i o) Dll))]’
Ji J12
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foreach 7; € (0,+0), and so we obtain
——
i=1 12

JV(W(“V) -’ V), ((fl + )71, (G + le)le))

Y

N @) -200.Ti -+ 6:T) QA (PO = T . Tiv+ 12T )

GIN
4(%(%2;1 ZO)"| ). ,AGlz(iB(_l(%(ﬂi/g)T_lf(O))Dl | )

@ Dia/anal[AGl(iB( —I(CK(”//;?:]%(O))DI | )) . AGlz(EB( —|(<€(”//37:12<g(o))m | ))]

> Dia/galal[AGl(‘B(_|(Cg(7/()97_,1%(0))m | )) " ,AGu(ﬂs(_WWH),;1 :g(o))m | ))]

and so E(w,@’) < (¢, + J1,- -+ , €12 + J12). Therefore, E(w, w’) < E(w,0) + E(O, @’).
Now, we will prove (v, E) is complete. Suppose {w;}; is a Cauchy sequence in (v, E), ¥ € [0, 1]

\'s

Dia/galal[AGl(‘B(

isfixed, o; €(0,+00)and 3; €(0,1), keN,and 7; €(0,+o0)s.t.
S~ S~ S~
i=1,,12 i=1,,12 i=1,,12
— ~(C (V) - €(0)"| ) ( (—I(CK(”// ) — ‘5(0))D'|))]
Dlagonal[AG1($( o7 ) , ,AGH|*B ot

> Di@al[l— s, 1= 3 ]

For &7; < o; choosek” € Ns.t.
S~ S~——
=112 =112

E(wy, @) < (&1, - &), Ykk >k".
Hence,

Mo - @)

= M@ - @ T aT)
> Diagonal [1— 3q,---, 1— 315].

12

Thus,
JV(wk(”//) — @ (), (o1, ,rrlz)) > Diagonal [1= 31,--- , 1- 312].

12

Thus, i.e., the sequence {w;(?)}; is Cauchy in the complete space (&, .4, ®GTN) on the compact set
[0, 71, so uniformly convergent to the mapping @ € C_p,.¢(0, 7]. Thus, (v, E) is complete.
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From Lemma 2.2 we get (2.1) and (2.2) are equivalent to the system below:

(C(V) - € 0)>!
['(D3)

f G SNEC V) = CID ™ oo, (Vo) plp(FNd Ve, ¥ € (0, 71

W(V) = fo (2.7)

F(Dl)

Taking Igi;cg(.) on both sides of (1.1) and using Theorem 1.4, we obtain (2.7). Also, if ¢ satisfies (2.7),
then y satisfies (1.1). However, taking DDi’DZ%(.) on both sides of (2.7), we get

ijDl Do %w(a//) _ )?”DDl D13 [(Cg(ﬂf/) € (0)>!

Jf D1,D2;% 1D1;€
T(D5) fo| + X DR E R oV W), y(p())).

From Theorem 1.3 and
ADRPENE (V) - CO)> =0, 0<D;<1,

we infer that, /(%) satisfies the problem Eq (1.1) iff, /(%) satisfies (2.7).
Suppose X =V — V s.t.

C) - O
A () = 4 )F(D3)( LA 8

f CINECA) = CHNP oo b H) o (FNdVes V. € (0, 7].

“To)
Note that if e Cy_p,.¢[0, 11, thus X the Ci_p,.#[0, T]. Indeed,
JV( N (7)) = N (Fo)), (T, ,le))
(@) - @O

B JV( I'(Ds) i

F(Dl)f W TG = YO oo p(Ho), wp(Fo))d ¥

_(@(%) — w(0)>"
I'(D3)

f@l/(”//)(tlf(”//o) WD o (Vo p(Fo) (Vo)A Ve, (T, -+ ‘7'12))

T

— 1

as 7 — ¥,. We now prove the self-mapping X is a contraction on v. Consider X\ : v — Vv
given in (2.8), M,y € C[0, 1], k; € [0,+o0], and E(h (¥), ¥ (?¥)) < (ky,--- ,k;2). Thus for each
——
i=1,,12

7 €10, 1],
A0 N =9 T )

. Diagon al[ AG, (EB(—I(%(”// )TI%(O))DII)), . AGIZ(%(—I(%(”// )Tl:f(o))‘)ll))]'
o "en
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Foreach 7 € (0,7]and 7; € (0,+o0), we get
——
i=1,-,12

( N (F) = NWO)), (Th, -+ m)

</V

\'

’ Di—
r(Dof EONEO) = EODP (200 (0.0 (00

—0(Vor (Vo). w<p(7/>)>)d7/ (T, m)

\'%

C(VNEC V) —C V)™
I“(Dl)f (Y E (V) =€ (V5))

(0 00 = w00) + (o) = o0y )| (77 Too)

</1/

\'%

(71, ,7-12))

f CANC) - C V)P~ (m%—w%))d% _

F(D 1)
(71

’ D1 3
R r(Dof CIAEH) = COP( (00 = wlp(Vo)|a: )

GIN
(T1,- ',le))
2
(T1,--- ,772))
2

(7 1,"2' ,712))

\'%

’ Di— _
F(Dl) f G ANC) - CH) (m(”f/> ¢(7/>)d7/

’ Dy—
®”r<p1) f G ONEO) = COI (0 ) - wrJar,

GIN

\'s

! _ D;-1 B
F(Dl)f G IACH) - COP (00 w0z,

f CANC) - AP

D _ D
¢ |<<€<7220 gm» ) e W(Z/A)e 7;?o» o
-I(€ () - CK(O))"II)), . AGD(%(—I(%(”// ) - %(O))Dll))]’

7, 7,
2AM,0— 2AM 262
ky ki»

\'%

I'(Dy)

xDiagonal[AGl(‘B

Diagonal| AG, (SB(

\'%

so we conclude that

k k
E(>\(m (%))—ww/»,(‘fl,---"712)) > (zA/l\AI""’ZAAUAu)’

and so

E(N () = x@ON), (T T

< (2A1Ml,---,QA;AH)E(m(”//)—ww/),('rl,---,Tu)),

hich gives th tractivel ty of X\, since 2A ;<L
which gives the contractively property o since M

i=1,,12

,"',le))
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28026

Suppose v € Y. We now prove E( v, v) < (00, ,00). Using (2.3) and Remark 2.3, we have
12
(€(V) - € 0)>"
JV(U V) -
) D) 0

1

v
fo G (V) CV) = CII) ™ o(Va, u(V2), v(p(F))d Vo (T, - - ,‘77,))

T())
—— —(€(V) - €(0))”] —(€(V) - €(0))”]
> Dlagonal[AGl(‘B( o7 )), ,AGIZ(‘B( 7 ))],
for each 7; € (0,4c) and ¥ € (0, 7], in which I(;ID3;%U(O+) = fo € R. Therefore, we get
i=1,,12

ECw.v) < (L, . 1),
~—_——

12
Making use of Theorem 1.10, we obtain an element I’ € v which satisfies the following:
& T is a fixed point of X, i.e.,

(€)= €0)>"!

NY(P)) = Ty Jo

1
I'(Dy)

4
; f G NG ) = GNP oV, YOI, Yo(Fod Yy ¥ € (0, 11,
0

which is unique in the set
Vi={p eV :iEOW,$) < (oo, , )}
~————
12
in which 1,-°%77(0%) = f, € R.
e ECN"(v), 1) = (0,--- ,0)as n — oo;
|
12

o E(v,T) <( YECONv,v) < ( ), which gives

1 1 ]
1—2AM;"  "1-2AMp, 1-2AM," " 1-2AMy,

12 12

A o) =TT T)

—— —(€ (V) = €(0)™] —(€ (V) - €(0)™]
> Diagonal|AG (‘ ( )), ,AG ( ( ))],
. i\ D, 6T, ¥ D1 0T 12
in which
1
D=0
i=1,,12 —_——
i=1,,12
foreach 7 € (0, t]and 7; € (0,+00).
i=1, 12
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We prove the fixed point in vV* is unique. Suppose @ is an element of Vv that satisfies (2.4) and (2.5).
We now show ¢ = Y and ¢ € v*. In view of (2.4) we have

RGO o

P(7) D)

Jo (2.9)

+r(]1)1) fo'”(g,(%)(%(a,/)_%(%))DI_IQ(%,p(%)’w(%)))d%, ¥ (0,11,
and so
N0y = COO O, 10
+r(1131) fcﬂ%ﬂﬂ%—%m»m—lg(%,go(%)«o(p(%)»d%, ¥ €0, 11,

where 0 € C((0, 7] X R%L,R), p € C([0, 71, [0, 71), and I;. 9(0%) = f, € R.
We prove
P Efp eV E(NU),¢) < (00, )},
— e’
12
ie., EON(v), 9) < (00, -+ ,00). From (2.5) we get
12

N (o) = 90N, (T Tio) @.11)
— —(€(V) - €(0)”] )) (—l(%(”// ) — €(0) ))]
> Dlagonal[AGl(‘B( D, 0T, , ,AGu(EB Dy 07 ,
in which
1
Ry VI
i=1,,12 ——
i=1, 12
foreach 7 € (0, t]and 7; € (0,+00).
i=1,--,12

From the triangle inequality, (2.10), (2.11), (2.3) and Remark 2.3, we get

AN - 90T T)

~ (G - CO)>!
= ( T(Ds) Jo

1 4
o fo G ANEA) = CHP oV u(Ho), (oY) Y.

(V) = u(¥) = p(P). (T, ,frlz))

(G - CO0)>!
v ( I(Ds) Jo

Y
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(V P
ps | EONEO) = NP e n vl Fo e = u), )
I'(D3) Jo 2
T T
R (w1 - ooy, T T
GTN
,/\ (€)= €O (€)= €O
. D1agonal[AG1(€B( I(€( 2)6?7~1 0)) |)) o ,AG]Q(‘B( (€ ( 22712 0)) |))]
— —|(€ () - €0)™] —(E() - €)™
@Dmgonal[ml(%( 2D, 6T, )) o ’AG”(G‘B( 2D, 60T 1 ))]
— —|[(€(V) - € 0)™] aCACAERA()
= Dlago“al[AGl(gB( 2 max(1, D, )07, )) " ’AG”(%( 2 max{1, D07 12 ))]
foreach 7 € (0, t]and 7; € (0, +00).
We conclude ECnv, lp:)lsl(ZZ max{1l, D}, --,2max{l, D;,}) < (co,---,00), then p € V*. O
12 12

3. Application

Example 3.1. Suppose (R, A, (X) o) IS an MFB-space, and

DR i (1) = sin’(th () + cos(ih (?)) +1, ¥ €0, 7],
1> (0% = fo, fo€R,
in which 7 Dgi’DZ;(é)(.) is the € -Hilfer fractional derivative of order O < D; < 1 and type 0 < D, < 1,
I(]): D“%(.) is the fractional integral of order 1 — D3, D3 = Dy + Dy(1 — Dy) w.r.t the function €, and
Y, Me Ci_p,«[0, 1] are functions, s.t. for each v € [0, 1] and T; € (0,+00),
——
i=1,,12
1 1
A G -vGNT T)
= () =T Ti)
and
A=) T T)
— —(E (V) - €)™ —(€ (V) - €(0)”]
> Diagonal] a6 (¥( )+ el )
lagona 1| B 0T 12( B 0T
Foreach V € [0, t]and T; € (0,+0) we get,
——
i=1,,12

JV( sin®(h (#)) — sin®(W(¥)), (T1, - - , 7'12))

AIMS Mathematics Volume 8, Issue 11, 28010-28032.
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\'%

\'%

and

Y

\'%

=

=

N ([Sin(m (7)) = sin@@(PDIsin(h () + sin@ (YN, (T, - - ,7’12))

w((rh ) —y(¥))

2 max ( sin(th (), sin(l//(”i/)))], (T3, ,7’12))

A (A ) =g, (T T )

N cos(rh( V) — cos(lp( ”I/)) VAR ‘7]2))

1
NG UG, NG -uGP)

)sin( 5 ),(Tl,"' ,‘le))
NG - w%"f/)

X

ZSm(

X

J 7 7))

(m( )=l Ly
20, (i ,le))

X

|
|
(2
|
|

«/VAz(m( ARYC LT m)

(Az(m V) = (P ), (T, ,m),

in which Ay, Ay € (0, +00).
Hence, for each V' € [0, 1] and T; € (0,+00) we get,
——

i=1, .12
- 1
JV([ sin“(h (7)) + cos(ih (E”V)) + 1]

1
—[ sin2(W (7)) + cos(u(z7) + 1], (T, ,712))

T T
JV(AI(rh V)=V, %)

&) A (8 57 - w3 7

GIN

A (Botth () =g (T Ti))

N\

(71, - 2 , le))

\'%

in which Ay € (0, +00).
Suppose I’ € C_p,.¢|0, 1] satisfies

JV('”DBL’DM T(V) = sin*(Y(¥)) — cos(‘Y‘(%”f/ )= L (T4, ’7'12))

> Dia/ngl[AGl(ﬂs(

AIMS Mathematics

(€)= O] -

= —I(€ () - €)™ ))]

' ’AG”(‘B( 0T 1,

Volume 8, Issue 11, 28010-28032.
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for each VvV € [0,7] and T; € (0,+00). Theorem 1.10 infers that, if 2A M; < 1, we obtain a
—— ——
i=1,,12 i=1,,12

unique function 9 € C_p,.¢[0, 7] s.1.

7D (1) = sind(p(¥) + cos(go(%”m) +1, ¥ €0, 71,
and
A (90N = XN, (T T)
— —I(€() = €(0))] —(E (V) = €)™
e )+ )}
agonall A\, o7, AT
in which
. e —1
—— " 1-2A M’
i=1,n ——
i=1,-,12
foreach v €[0,t]and T; € (0,+00). Making use of Figure 1, we get
——

i=1,-,12

gl (s(AEO=EOPY - (D500

D, 07, D12 0712
- piggonalacy(p( LELDZEOM) g (u(AEDZCOR)

Max

Min
0.75

Figure 1. The plots of AG; (‘B) (AG;(*P) and AGg(*p) are shown in brown and cyan colors,
——

1<i<12
respectively, and the rest are in between).

AIMS Mathematics Volume 8, Issue 11, 28010-28032.
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Now, based on Table 1, we obtain the following Mittag-Leffler stability result:

Dia/g?nal[AGg(‘B( _l(cg(?l ;{E(O))D' | )) . AGS(‘B(_K%Zi ;‘;@T 2(0))‘31 | ))]
> Diagon al[ N (—I(%("ZV) )] ;{;6?(0))‘34)’ s (—l(%(g])2 ;(/Ci(m)])ll)]'

Table 1. The numerical results of the aggregation maps AG; and AGg, on special functions
3, I = 1,...,5.

X ED) 33 34 35
Min 0.00945 0.01492 0.03976 0.01831 0.04010
Max 0.42136 0.69421 0.89340 0.78392 0.90023

4. Conclusions

Our main goal of this article is to provide a new interpretation of Ulam type stability with the
application of classical, well-known special functions and aggregation maps. This new notion of
stability not only covers the previous notions but also considers the optimization of the problem. For
the future research directions, we hope to replace Mittag-Lefller type functions with other classical
special functions as the inputs of the n-ary aggregation maps.

Use of AI tools declaration
The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.
Acknowledgments

This work was supported and funded by the Deanship of Scientific Research at Imam Mohammad
Ibn Saud Islamic University (IMSIU) (grant number IMSIU-RP23072).

Contflicts of interest

The authors declare no conflict of interest.

References

1. S. R. Aderyani, R. Saadati, M. Feckan, The Cadariu-Radu method for existence, uniqueness and
gauss hypergeometric stability of Q-Hilfer fractional differential equations, Mathematics, 9 (2021),
1408. https://doi.org/10.3390/math9121408

2. S. R. Aderyani, R. Saadati, X. J. Yang, Radu-Mihet method for UHML stability for a class of &-
Hilfer fractional differential equations in matrix valued fuzzy Banach spaces, Math. Methods Appl.
Sci., 44 (2021), 14619-14631. https://doi.org/10.1002/mma.7730

AIMS Mathematics Volume 8, Issue 11, 28010-28032.


http://dx.doi.org/https://doi.org/10.3390/math9121408
http://dx.doi.org/https://doi.org/10.1002/mma.7730

28032

10.

11.

12.

13.

%ﬁé AIMS Press

S. R. Aderyani, R. Saadati, D. O’Regan, T. Abdeljawad, UHML stability of a class of A-Hilfer
FDEs via CRM, AIMS Mathematics, 7 (2022), 5910-5919. https://doi.org/10.3934/math.2022328

J. V. D. C. Sousa, E. C. D. Olivera, On the y-Hilfer fractional derivative, Commun. Nonlinear Sci.
Numer. Simul., 60 (2018), 72-91. https://doi.org/10.1016/j.cnsns.2018.01.005

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and applications of fractional differential
equations, Elsevier, 2006.

S. R. Aderyani, R. Saadati, T. Abdeljawad, N. Mlaiki, Multi-stability of non homogenous vector-
valued fractional differential equations in matrix-valued Menger spaces, Alexandria Eng. J., 61
(2022), 10913-10923. https://doi.org/10.1016/j.aej.2022.03.053

S. R. Aderyani, R. Saadati, C. Li, T. M. Rassias, C. Park, Special functions and multi-stability of
the Jensen type random operator equation in C*-algebras via fixed point, J. Inequal. Appl., 2023
(2023), 35. https://doi.org/10.1186/s13660-023-02942-0

M. Grabisch, J. L. Marichal, R. Mesiar, E. Pap, Aggregation functions, Cambridge University Press,
2009. https://doi.org/10.1017/CB0O9781139644150

S. Harikrishnan, E. M. Elsayed, K. Kanagarajan, D. Vivek, A study of Hilfer-Katugampola
type pantograph equations with complex order, Examples Counterexamples, 2 (2022), 100045.
https://doi.org/10.1016/j.exco0.2021.100045

T. T. Phong, L. D. Long, Well-posed results for nonlocal fractional parabolic equation
involving Caputo-Fabrizio operator, J. Math. Comput. Sci., 26 (2022), 357-367.
https://doi.org/10.22436/jmcs.026.04.04

M. L. Youssef, Generalized fractional delay functional equations with Riemann-Stieltjes
and infinite point nonlocal conditions, J. Math. Comput. Sci., 24 (2022), 33-48.
https://doi.org/10.22436/jmcs.024.01.04

I. Koca, H. Bulut, E. Akcetin, A different approach for behavior of fractional plant virus model, J.
Nonlinear Sci. Appl., 15 (2022), 186-202. https://doi.org/10.22436/jnsa.015.03.02

E. C. D. Oliveira, J. V. D. C. Sousa, Ulam-Hyers-Rassias stability for a class of fractional integro-
differential equations, Results Math., 73 (2018), 111. https://doi.org/10.1007/s00025-018-0872-z

©2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the

@ terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 8, Issue 11, 28010-28032.


http://dx.doi.org/https://doi.org/10.3934/math.2022328
http://dx.doi.org/https://doi.org/10.1016/j.cnsns.2018.01.005
http://dx.doi.org/https://doi.org/10.1016/j.aej.2022.03.053
http://dx.doi.org/https://doi.org/10.1186/s13660-023-02942-0
http://dx.doi.org/https://doi.org/10.1017/CBO9781139644150
http://dx.doi.org/https://doi.org/10.1016/j.exco.2021.100045
http://dx.doi.org/https://doi.org/10.22436/jmcs.026.04.04
http://dx.doi.org/https://doi.org/10.22436/jmcs.024.01.04
http://dx.doi.org/https://doi.org/10.22436/jnsa.015.03.02
http://dx.doi.org/https://doi.org/10.1007/s00025-018-0872-z
http://creativecommons.org/licenses/by/4.0

	Introduction and preliminaries
	Weighted spaces
	Fractional calculus
	Generalized fuzzy spaces
	Generalized metric spaces and fixed point theory
	On aggregate functions
	On special functions

	Multi stability results
	Application
	Conclusions

