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Abstract: In this paper, in order to provides a powerful new tool for quantitative and qualitative
analysis of dynamics properties in flexible mechanical multibody systems, the symmetry theory and
numerical algorithms for preserving structure in modern analytical mechanics is introduced into
flexible multibody dynamics. First, taking the hub-beam systems as an example, the original
nonlinear partial differential-integral equations of the system dynamics model are discretized into the
finite-dimensional Lagrange equations by using the assumed modal method. Second, the group
analysis theory is introduced and the criterion equations and the corresponding conserved quantities
of Noether symmetries are given according to the invariance principle, which provide an effective
way for analytic integral theory of dynamic equations. Finally, a conserved quantity-preserving
numerical algorithm is constructed by coordinates incremental discrete gradient, which makes full
use of the invariance of conserved quantity to eliminate the error consumption for a long time. The
simulation results show that the deeper mechanical laws and motion characteristics of flexible
mechanical multibody systems dynamics can be obtained with the help of symmetries and conserved
quantities, which can provide reference for more precise dynamic optimization design and advanced
control of systems.
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1. Introduction

With the development of modern science and technology, in practical engineering, especially in
vehicle, spacecraft, mechanism and robot, there are many intelligent and lightweight materials,
which are usually connected with rigid parts through joints and/or force elements such as spring and
damping, forming an independent discipline branch called flexible multibody systems dynamics [1].
Its research focus is the accurate calculation of the spatial characteristics of actuator motion (such as
vibration frequency) and the control (such as stability, flutter and obstacle avoidance) [2]. At present,
the flexible multibody systems dynamics are applied to the torsional vibration of deployable slender
flexible antenna and solar array [3,4], the movement deformation of service space robot on orbit [5-10],
the flexibility of high-speed vehicle carriage [11], the vibration of turbine elastic blade [12], the
elastic vibration and control for mechanical arm of textile machine [13]. All of these studies show
that there is a strong nonlinear coupling between the vibration deformation and the large-scale space
motion of flexible body, which has a great effect on the dynamic behavior of the system, and has
become an important factor in the system’s analysis and control. Flexible body dynamics is a kind of
strongly coupled, time-varying, distributed parameter and high-dimensional nonlinear process. The
primary tasks on the dynamics of flexible mechanical multibody systems are: (a) to establish the
general equation models for the system’s kinematics and dynamics; (b) to design the efficient
calculation method for the kinematics law and dynamics response.

The symmetry theory of dynamic systems is a higher-level rule in theoretical physics,
engineering mathematics and modern mechanics. The research on the symmetries of system motion
equations is helpful to reveal the internal characteristics and deep-seated laws of mechanical
systems [14]. The symmetries of mechanical systems are closely related to conserved quantities. The
conserved quantity not only has obvious physical significance, but also are the first integral, which
can reduce the order of original equations and construct structure-preserving numerical algorithms.
The main methods to find the system’s conserved quantities by symmetries are Noether symmetry [15]
and Lie symmetry [16]. However, at present, the research of flexible mechanical multibody systems
dynamics mainly uses the classical numerical algorithm or the CAD/CAE software joint-simulation,
which has not been carried out in-depth in the analytical integration and structure-preserving
numerical theory. As we all know, the analytic solution of a differential equation can more directly
reflect the quantitative display relationship between system’s parameters and obtain the global
properties of a nonlinear system in a large range. The conserved quantity can also be used as the
design of difference schemes to improve the accuracy of numerical algorithms. Therefore, it is of
great significance to study the symmetries and conserved quantities of flexible mechanical multibody
systems dynamics in this paper.

The purposes to study the symmetries and conserved quantities of flexible multibody dynamics
is to construct some mechanical structure-preserving numerical algorithms. The merits of the
conserved quantity-preserving numerical algorithm based on symmetry theory. First, it does not
contain artificial dissipation and is not a “white noise” error and can effectively maintain the
symplectic structure of the Hamiltonian system, so that the evolutionary behavior of the overall
structure over time can be more realistically preserved. Second, it can overcome the shortcomings of
traditional numerical algorithms such as Euler or Runge Kutta in terms of integrity, stability,
maintaining physical significance, and long-term tracking ability and more importantly, it can
improve computational accuracy and verify the regularity of the system.
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2. Dynamics model of flexible mechanical multibody systems

Flexible mechanical multibody systems can be divided into ideal unconstrained systems,
holonomic constrained systems and nonholonomic constrained systems according to the constraint
forms. From the topological structure of the model, the objects of flexible multibody systems
dynamics are similar to multi-rigidbody systems, which have tree-type open-chain structures, closed
chain structures and mixed structures, as shown in Figure 1. The most typical basic system
configuration in flexible spacecraft and outer space robots is a hub-beam system, as shown in Figure 2.
The rotating motion of the central rigid body is coupled with the vibration of the flexible beam.

Tree open chain Non-Tree closed chain

Figure 1. Topological structure of flexible multibody systems.

/ Beam

KT/

Figure 2. Hub-beam system schematic.

At present, the methods for deriving the dynamics model of the flexible mechanical multibody
systems are mainly divided into two categories [17]: those based on vector analysis, i.e., the
Newton-Euler method and the developed Roberson-Wittenberg method, and those based on
variational principle, the i.e., D’Alembert-Lagrange principle, the Lagrange equations, the Jourdan
principle, the Gauss principle, the Kane method developed from D-L principle and the Hamilton
method. Because analytical mechanics starts from the energy point of view and makes full use of
constraints, the Euler-Lagrange equations obtained have the characteristics of universality and wide
applicability. Without loss of generality, we will mainly use the method of analytical mechanics to
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study the dynamics theory of unconstrained (free floating) hub-beam.

The flexible beam is isotropic and uniform section, the shear and torsional deformations. The
gravity and damping forces are not considered. The angular velocity of the central rigid body is
lower, and the beam is slightly deformed. Establish a plane coordinate system perpendicular to the
rotation axis as shown in Figure 3.

Figure 3. Hub-beam dynamic model.

O0-XY is the inertial frame €°, O1-XY is the floating coordinate system & consolidated on the
beam, the rigid body rotation angle @, the deformation u at any point P on the beam, the
transformation matrix

A cos@ -sin@
“|sin@ cos@

from & to €°. The other structural parameters include the moment of inertia J, mass m, radius R,
length of the flexible beam /, cross-sectional area 4, modulus of elasticity £, moment of inertia / of
section to neutral axis, and linear density «.

The Lagrange equations of motion in analytical mechanics are:

d|oL| oL
| =F ®
dt| g, | oo,

Here, L=T -V is the Lagrange function and F, is the nonpotential external force corresponds to

the generalized coordinate (.

A very important proposition in flexible mechanical multibody dynamics and control is how to
discretize the elastic continuum. For Euler-Bernoulli beams, flexible modes or finite elements can be
used for discretization. The flexible mode method is

U(x,t) = D(X)u(t). 2)

Here, @ is the modal shape matrix and U is the modal coordinate matrix.
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The generalized coordinates of the system are q=[X Y @ u] . The kinetic energy of the

system is
1. - 1.2 e

T(xyau)—E mF, + 230 += Kj Fx = = 54 Mg, (3)

Here, M is the generalized mass matrix.

The potential energy of the system is:

1_ ¢ ,0U 1

V(u)==El| (—)dx==>q"Kaq. 4
(W) =2 Bl [, C5)x=2a"Ka @)

Here, K is the stiffness matrix corresponding to the generalized coordinates q.
The equivalent generalized external forces of the system about the external control input torque =
acting on the generalized coordinates q are

Q=[Q Q Q QT.

Substituting the Egs (3) and (4) into the Eq (1), the dynamic equations of the hub-beam can be
obtained as:

dM 1 oM
[W_E(a_qm”(q Q. (5)

The dynamic equations of the above flexible mechanical multibody systems are of mixed coordinates
forms. The joint coordinates are coupled with the deformation of the flexible beam. The mass matrix
is highly nonlinear and the stiffness matrix is the same as that in structural vibration dynamics.

3. Noether symmetries and conserved quantities

The form of Hamilton action of hub-beam is
_ t . _ ty _
S(y) = Itl L(t,q,g)dt = jtl (T =V )dt. ©)

Taking the infinitesimal transformation about time and coordinates
U =t+At=t+8&(t,0,9), 0, =0, (t)+Aq =q,(t)+&(t,q,9). 7)

Here, &,,¢&, are infinitesimal generator functions.

The generalized quasi Noether symmetry is that the total variation of action (6) under the
transformation (7) satisfies

t, d n
S =[5 (40) + Q.0 ). ®)

Here, AG =G, (t,9,d), G, isacanonical function and Q, is nonpotential generalized force.

According to the relationship between the total variation and the isochronous variation
&qs = Aqs - qut = 8(§S - qséso) .
By expanding the Eq (8), we have:
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—50 quL +§%(i—qséo)+Léwgqs@s—qsémq:o. ©)

For the convenience of spacecraft control design, the central rigid body only rotates and only

the first mode and corresponding mode function ®(x) =sin % x of flexible body are only selected,

i.e., the Lagrange function of the system is

[ | 2l 4)?
=—J+ W2+ —+RIZ+R2DIG? + k—02 + (kR Z + k 26— Z— Elu?, 10
D +x* 5+ 107+ g0+ (R =0 = (10)
Substituting the Eq (10) into the Eq (9) to obtain:
1. 08, 9% 4, 06
2162 -Z_El)é, + — L) (=2 0 4 =20
(2 321° ) )( 20" 0
|1 o0 42,05 8% . OF
+[(J + x(U? —+—+RI> +R%D)I + R—+ UJ(=2 + L9+ =2
[( K(23 )0+ (x )](t 20 au)
2
Hisu+ (R 24k )0 a‘fzmaé 0)+Q,(&, ~ 0¢,)
2 T 00
:_6GN_aGN9-_aGNu;
6'[ 1517, ou
3
(- 3El 2 L)a—§9+[(3+K(uzl+'—+R|2+R2|>)0'
321 2 3 (11)
2 2
R+ x 2 ez (R 2 k20 22
T 2 s
_ 3Gy
80’
(- 32I3EIu -L) égo+[(.J+/<(u +|3+RI2+RI))6’
2 2
R Z e S S e Lu s (RE 4 )0 22
2 T
_ Gy
ou

By solving the above generalized killing Eq (11), we get
& =1 §=¢6=0 G,=10. (12)

The symmetry of continuous transformation corresponds to a conserved quantity (the first
integration), which can reduce the order of differential equation and play an important role in the
integrability, linearization, motion constant and stability of dynamic equation. The Noether
symmetry can directly lead to a class of Noether-type conserved quantity in [18]. Then, by
combining with the initial conditions, it is easier to solve the exact response solution of the original
dynamical system.

The form of Noether-type conserved quantity is
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5 oL .
Iy =L&+ Za(é —0,&,) + G, = const. (13)
s=1 5

Substituting the Eq (12) into the Eq (13), we can get the conserved quantity of hub-beam:

7
641°

l 2| I3 2 2 22 I .2 2' 4|2 .« A 2
Iy =10-=[J+x(U"=+—=+RI*+RD]O" -k —U" —(kR—+ Kk —)ub - Elu“. (14)
2 2 3 4 T s

Obviously, the Eq (14) represents the energy conservation law of the mechanical system.
4. Numerical simulation by conserved quantity-preserving

When the rotation is slow and flexible beams have only transverse deflection, the dynamic Eq (5)
of hub-beam can be written as

.. . 0
M[?}+G{ﬂ+K{ }: F,
u u u
3 2
J +K‘(U2I—+I—+ RI*+RD K‘R2—|+K‘g
M = 2 3 T /4
21 41 | ’
KR—+x— K—
V4 /4 2
i : 15
Kl—uu Klue (15)
G= ,
—K—ué 0
0 0
K = . F=|®
0 Z_ElI M
321
For introducing the generalized momentum
N
ot TP e’
the Hamilton function of the system is
H(a.p) = pd+pu-L.
So, the canonical equations form is:
0 M™ —EM*G
@ v e @
a 1ol | _LlomprdemicoK)g+F
D, 2 4

For the Eq (16), in [19], we consider the numerical algorithm based on the coordinate increment
discrete gradient, which is conserved quantity-preserving for the conserved quantity (13):
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z,,=2,+N"VI,(z,...2,),
IN (9n+1’ u,, pl(n)’ p2(n)) - IN (an’un’ pl(n)’ pz(n))
9n+1 _Hn
IN (0n+l’ Unias pl(n)’ p2(n)) - IN (0n+17un’ pl(n)’ p2(n))
Unyg — U, (17)
IN (0n+1’un+l7 pl(n+1)’ p2(n)) - IN (0n+1’un+l’ pl(n)’ pZ(n)) .
Prns1y = Pin)
IN (0n+1’ Uns1r Prgnsay s pZ(n+1)) - IN (Hn+l’ Un-1s Prinsay p2(n))

p2(n+1) - p2(n)

\]_1:_\]= 0 — €50
e2><2 0 .

The specific parameters of the simulation are as shown in Table 1:

ﬁlN (Zn+l’zn) =

Here, 4 is a step size,

Table 1. The level of parameter [20].

1(m) k(kg/m) E(Gpa) I(m*)
2 0.216 70 2.67x107!!
R(m) J(kg'm?) A(m?) 7 (N'm)
0.1 0.025 7.8x1073 0.1

The initial state vector of hub-beam is
2z =[0.1,-1,0,0]".

The steps A(s) are taken as 0.0005 and 0.001 respectively, and there were 4000 steps taken in total.
According to the conserved quantity-preserving algorithm (17), the displacement-time curve of
deflection response at the end of the flexible beam is shown in Figure 4.

Figure 4 shows that the deformation response of the beam is consistent for different integration
steps by using the conserved quantity-preserving algorithm to solve the dynamic equation of the
hub-beam. So the conserved quantity-preserving algorithm has good stability.

From the Figure 5, it can be seen that the variation in the rotational speed of the central rigid
body is uneven. This is because when the central rigid body undergoes bending deformation, the
flexible beam oscillates back and forth. When the direction of oscillation is the same as the rotational
speed of the central rigid body, there is an acceleration effect. When the direction of oscillation is
opposite to the rotational speed of the central rigid body, there is a deceleration effect.

AIMS Mathematics Volume 8, Issue 11, 27969-27982.
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Figure S. Rotational angular velocity response of the hub.

In order to verify the correctness of Figure 4, [20] give the transverse response of the tip of the
different quality flexible beam, where the ratio of the mass of a flexible beam to the mass of the
central rigid body is A . The transverse response of the tip of the flexible beam, where A is 0.1, 0.2
and 0.5, respectively, is shown in Figure 6.
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w (cm)

Figure 6. The transverse response of the tip of the different quality flexible beam [20].

Comparing Figures 4 and 5, we can see that the form of the response curve is completely
consistent, all showing periodic fluctuations. Therefore, the model and numerical algorithm
established in this article are effective. Meanwhile, from Figure 6, we can see that as the ratio of the
mass of the flexible beam to the central rigid body increases, the transverse vibration amplitude at
the end of the flexible beam, and the transverse vibration period at the end of the flexible beam will
also increase. When the entire system stabilizes, the bending deformation of the flexible beam will
stabilize around 20-25 cm. It is consistent with the theoretical result obtained from the actual
formula f ~+k/m, that is, the larger the mass of the structure, the lower the frequency of the
system. Thus, and thus the period will increase.

Considering the long-time behavior of the algorithm, when the time runs for 400 s, the function
value of the system’s conserved quantity 1 (z) is shown in Figure 7.

Conserved quantity/J

0 50 100 150 200 250 300 350 400
Time/s

Figure 7. Function value | under conserved quantity-preserving algorithm.
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It can be seen from Figure 6 that the function value of the system’s conserved quantity | is

constant near 0.3456. So, the conserved quantity-preserving numerical method constructed by
discrete gradient will not introduce artificial dissipation with the growth of time and has better
tracking ability.

Finally, to further demonstrate the effectiveness of the conserved quantity-preserving algorithm
constructed by Noether symmetry, we use a numerical example to compare and illustrate.

There is an ordinary differential equation:

_E_
dt
d22 00 -1 0 Z —4233 _82325
gt | |0 0 0 -1 z 472 - 8727
d — X 2 , |= 4 374 =f(Z). (18)
dz, 1 0 0 0| 4z;+8zz, zZ,
dt 0 1 0 0|4z +8zZz, Z,
d,
L dt |
We can obtain a conserved quantity of Eq (18):
N :%(zf+z§)+z;‘+zj+4z§zf. (19)

Now, we use the conserved quantity-preserving difference scheme (17) to numerically calculate
the Eq (18), the step size is 0.125, the total steps are 3200, and the initial condition is

(2401 Z01 Za0, Zso]" =[0,1,2,0]" .

The long-term system trajectory is shown in Figure 8.

-2 -1 0 1 2 -2 -1 6] 1 2

Figure 8. The long-term phase diagram of conserved quantity-preserving algorithm.
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For comparing, we use the classic numerical algorithm (implicit Euler midpoint algorithm):

Z,1—2,= hf[—z””; &) (20)

Figure 9 gives the function values of conserved quantity |, during long-time iteration

processes. From Figure 8, it can be seen that the difference scheme (17) is a conserved
quantity-preserving algorithm the implicit Euler midpoint algorithm cannot maintain the energy
conservation and the error value of conserved quantity continues to spread. Thus, the implicit Euler
midpoint algorithm cannot maintain the structural characteristics of the system.

175 T T T T T T T T T

Implicit Euler midpoint algorithm

L7r Consenved quantity-presenving algorithm

161 !
15

AV

14 4

Conserved quantity
-
o
(3]
T
1

1.35 [ [ [ [ [ [ [ [ [
200 220 240 260 280 300 320 340 360 380 400

t

Figure 9. The function values of conserved quantity under different numerical algorithms.

Comparing Figures 6 and 9, we can see that the form of the conserved quantity is completely
consistent, which is an invariant over time. It is either an engineering or numerical case. Therefore,
the difference scheme algorithm (17) is effective.

5. Conclusions

The symmetries theory of mechanical systems is rich and it has a broad application prospect in
mathematical science and engineering technology. On the premise of computer technology, it is
necessary to study the integral theory and the optimal numerical algorithm for flexible mechanical
multibody dynamics. In this paper, the models and computing methods of flexible mechanical
multibody systems are summarized. The dynamic equations of flexible beam with central rigid body,
Noether symmetries and conserved quantities, and energy-preserving numerical algorithm are
studied. We arrive at three main conclusions:

(1) When the rotation speed of the central rigid body is low and the flexible beam is slightly
deformed, the second kind of Lagrange equations of discretization are zero-order approximate
coupling, which is suitable for the design of the controller.

(2) The criterion equations of Noether symmetries have open solutions. The corresponding

AIMS Mathematics Volume 8, Issue 11, 27969-27982.
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Noether type conserved quantities are the first integration of the dynamic response of multibody
systems and also an extension of non-conservative mechanical energy conservation law.

(3) The numerical algorithm by preserving conserved quantity based on the discrete gradient,
the numerical algorithm is stable for different steps, the energy deviation of the system is not
diffused and the simulation process is not distorted for a long time.

It should be noted that the symmetry and conserved quantity method is easy to standardize.
With the introduction of symbolic software technology, the solution of the upper process will be very
efficient by computer programming, which can get the first integral of the system dynamic response
and lay the foundation for parameter optimization. Furthermore, the research method in this paper
can be extended to the flexible mechanical multibody dynamics with complex boundary constraints.
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