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of G such that each pair of adjacent vetices receives a distinct set of colors. The minimum number of
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1. Introduction

All graphs considered in this paper are simple, finite and undirected. Let G = (V, E) be a graph
with maximum degree A and ¢ : E — {1,2,...,k} be an edge-coloring of G. For each vertex v € V,
the neighborhood N(v) of vis N(v) = {u : u € V, uv € E}, we define the palette of v as S(v) =
{c(uv) : u € N(v)}, and denote by S(v) the complementary set of S(v) in {1,2,...,k}. Wecall c a
proper edge-coloring if it assigns distinct colors to adjacent edges. The minimum number of colors
needed in a proper edge-coloring is the chromatic index of G, denoted by y’(G). An adjacent vertex-
distinguishing edge-coloring (AVD edge-coloring for short) of G is a proper edge-coloring ¢ such that
S(v) # S (u) for each uv € E. The smallest integer k such that G has an AVD edge-coloring with k colors
is called the adjacent vertex-distinguishing chromatic index (AVD chormatic index for short), denoted
by x. ,(G). Note that G has an AVD edge-coloring if and only if G has no isolated edges, we call this
graph a normal graph. From the definition, for a normal graph G, we have y/, (G) > x'(G) > A, and if
G contains two adjacent vertices of maximum degree, then y/ (G) > A + 1.

The concept of AVD edge-coloring was first introduced by Zhang et al. [1], they completely
determined x/ ,(G) for some special graphs such as paths, cycles, trees, complete graphs, and complete
bipartite graphs, and proposed the following conjecture.
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Conjecture 1.1. [1] If G is a normal connected graph with |V(G)| > 3 and G # Cs. Then y/ ,(G) <
AG) +2.

Balister et al. [2] comfirmed Conjecture 1.1 for all graphs with maximum degree 3.

Theorem 1.1. [2] If G is a graph with no isolated edges and A = 3, then ) (G) < 5.

They showed that Conjecture 1.1 is also true for bipartite graphs, and if the chromatic number
of G is k, then x/ (G) < A(G) + O(logk). By using probabilistic method, Hatami [3] proved that
X.a(G) < A(G) + 300 for graphs G with maximum degree A > 10%°. Joret et al. [4] reduced this bound
to A+19. Hornidk et al. [5] showed that Conjecture 1.1 holds for planar graphs with maximum degree at
least 12. Yu et al. [6] verified this conjecture for graphs with maximum degree at least 5 and maximum
average degree less than 3. In addition, there are many graphs with adjacent vertex-distinguishing
chromatic indices at most A(G) + 1. Hocquard and Montassier [7] showed that /, (G) < A(G) + 1 for
graphs with A(G) > 5 and mad(G) < 2 — —=. Bonamy and Przybyto [8] proved that for any planar

AG)"
graph G with A(G) > 28 and no isolated edges, y’ (G) < A(G) + 1. Huang et al. [9] showed that

avd

X.va(G) < A(G) + 1 holds for every connected planar graph G without 3-cycles and with maximum
degree at least 12.

Wang et al. [10] proved that x/ (G) < max{6,A(G) + 1} for any 2-degenerate graph G without
isolated edges. Wang and Wang [11] characterized the adjacent vertex-distinguishing chromatic
indices for K4-minor graphs. Cubic Halin graphs is an important class of graphs, Chang and Liu [12]
considered the strong edge-coloring of cubic Halin graphs. In this paper, we will study the adjacent
vertex-distinguishing edge-coloring of cubic Halin graphs.

A Halin graph G is a plane embedding of a tree T and a cycle C, where the inner vertices of T’
have minimum degree at least 3, and the cycle C connects all the leaves of T in such a way that C is
the boundary of the exterior face. The tree 7" and the cycle C are called the characteristic tree and the
adjoint cycle of G, respectively.

A caterpillar is a tree whose removal of leaves results in a path P (called spine of the caterpillar).
Let G, be the set of all cubic Halin graphs whose characteristic trees are caterpillars with r + 2 leaves.
For a Halin graph G = TUC in G,, denote the spine Pof T as P = vyv; ... v,, let uy, u; be the neighbors
of v, other than v,, and u,, u,,, be the neighbors of v, other than v,_;. For 2 < i < r — 1, let u; be the
neighbor of v; that is a leaf of 7. Moreover, assume that u,u, € E(G) and u,_1u, € E(G). Let v be a
vertex of P. We call u a leaf-neighbor of v if u is adjacent to v and is of degree 1 in 7, and the edge uv
is called the leaf-edge. We draw G on the plane by putting the spine P vertically in the middle, and the
leaf-edges incident with v;, 2 < i < r — 1, either left or right edges horizontally to P. See Figure 1 for
an example of Gs.
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Figure 1. The graph H,.

In particular, if all the leaf-neighbors are on the same side of P, then we call this graph G a necklace
and denote by N,. We give configurations of N, and Ns in Figure 2.

Uy Uo Uy U
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Uy Us Us Ug
Ne 4 Ne 5

Figure 2. The necklace N4 and Ns.

It’s easy to see that x/ (G) > 4 for any cubic graph G. By Theorem 1.1, the adjacent vertex-
distinguishing chromatic index for any cubic Halin graph is at most 5. Hence, for any cubic Halin
graph G, we have either x/ (G) =4 or x/ (G) = 5. Thus it is interesting to determine the exact value
of x/ ,(G). In this paper, we consider the cubic Halin graphs in G,, and show that there are only two
graphs in G, with the AVD chromatic index 5.

Theorem 1.2. Let r > 2 be an integer and G € G,. Then x/ (G) = 4 if G & {N4, Ns}; otherwise
Xaa(G) = 5.

2. Proof of Theorem 1.2

Let G be a cubic Halin graph in G,. We define the subgraphs induced by
{wivy, uouy, ugvy, urno, viva, uotte}  and  {u,ttyy, Ve, Vil Up Uy, Vi1 Vyy Uyl ) as end-graphs  of
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G, where u, and u, are the neighbors of u and u,,, see Figure 3 for an illustration. We denote these
two subgraphs by G, and G,, respectively. For a vertex u; (2 < i < r — 1), we will use u; and u
to denote the neighbors of u; that are on the cycle if the neighbors of u; are uncertain, where u; is
closer to the end-graph G,. For 2 < i < r — 1, if the leaf-neighbors of v;, vyi,...,Vi;x—1 are on the
same side of P, while v;_; and v;; have leaf-neighbors on the other side. Then the subgraph induced
by {Vi, Victs -+ oy Vigr—1, Uiy Uit - . ., Uirj—1 } accompanied by the extra edges viy— Vi and w18
called a k-block, denoted by G; ;. If a k-block contains the vertex v,, then the block is a bottom block
of G. See the graph H, in Figure 1, the subgraph induced by {us, vs, 7, v;} accompanied by the edges
uzug and v7vg 1s the 2-block Gg, and it is a bottom block. For two blocks G;x and G, if v, = v; or
Vi« = v, then we say G and G, are adjacent. If viy; < v;, then we say G, is before G;;. We call
a subgraph obtained from the union of k adjacent 1-block a k-crossing block, or crossing block for
short, of G. We denote the k-crossing block obtained from the union of G;;, Giy11, ..., Gisk-11 a8
Gik.. In Figure 1, the graph induced by the edges {v4us, vavs, usue, vsis, vsve, Usug} is the 2-crossing
block G4’2’C.

U Up
Up—19 Ur—1 ¢ uy
U1
v,
U] Vg tu,
Uy Uy 41
G, G,

Figure 3. The end graphs G, and G,.

A coloring of G is good, if it is an AVD-edge-coloring of G using colors in {1, 2, 3,4}. To prove
Theorem 1.2, we will give a good coloring of G by coloring the edges of G from the top down. Initially
we establish a good coloring of the end-graph G, then we extend this coloring to the block that contains
u,v,. By analyzing the coloring of G and the block containing u,v,, we proceed to color the block
that is adjacent to the block containing u,v,. Repeat this process until we complete the coloring of the
bottom block and the end-graph G,.

In the following, given an edge-coloring ¢ of a graph G, we define a vertex coloring ¢ respect to
c as follows: for each vertex v € V(G), let ¢(v) be an element in S¢(v), that is, ¢(v) is the color that
is not appeared at the edges incident with v. Note that if ¢ is a good coloring of G, uv € E(G), and
d(u) = d(v) = 3, then ¢(u) and ¢(v) are unique, and c(u) # c(v). Now we consider the colorings of the
end-graphs.

Proposition 2.1. Let G| be an end-graph with vertex set {uy, uy, vy, vy, Uy, ). If G admits a good
coloring, then at least two edges of uu,, v\v,, and ugu, are colored the same. Moreover, there are four
types of good colorings of Gi:

(1) c(uiuz) = c(vivz) = c(uouy), c(uivy) = c(uo), c(uovi) = c(uy), clugur) = c(vy);

(2) c(uyuz) = c(vivz) # c(uouy), c(ugvy) = c(uy), c(ugur) = c(vy), c(uiuz) = c(uo);

(3) c(uiuz) = c(uouy) # c(viva), c(uivi) = c(uo), c(uovi) = c(uy), c(uiuz) = c(vy);

(4) c(vivz) = c(uouy) # c(uiua), curvy) = c(uo), c(uour) = c(v1), c(viva) = c(uy).

AIMS Mathematics Volume 8, Issue 11, 27820-27839.
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Proof. Suppose that G| has a good coloring ¢. If u;u,, viv,, and uyu, are colored with distinct colors,
without loss of generality, assume that ¢p(u uy) = 1, ¢(vivy) = 2 and ¢(upu,) = 3, then ¢p(upu;) € {2, 4}.
If ¢p(uou;) = 4, then ¢p(uyvy) = 3 and ¢(upvy) = 1. But then S (1y) = S (u;), contradicts that ¢ is a good
coloring. Hence ¢(upu;) = 2. No matter what color of u;v, is, we always have S(u;) = S(v;), so ¢
cannot be a good coloring. Therefore, at least two edges of u;u,, viv,, and upu, are colored the same.

There are four types of colorings on the edges u u;, viv, and uyu, such that at least two of them
are colored the same, each type we will obtain a good coloring of G,. Let ¢ be a coloring of the edges
Ujllr, v1vo and uou,.

Type (1): c(ujup) = c(viva) = c(uou,). Then color upu;, ugvy, viu; with three distinct colors
in {1,2, 3,4} that are different from c(u u,). Thus, ¢ is a good coloring of Gy, and c(u;vy) = c(uy),
c(ugvy) = c(uy), c(uouy) = c(vy).

Type (2): c(uup) = c(vivy) # c(uou,). Then color wupu;, ugvy; with distinct colors
in {1, 2,3, 4\{c(u1u,), c(uou,)}, and color u;v; with c(upu,). Thus, c¢ is a good coloring of G, and
c(ugvy) = c(uy), c(uour) = c(vy), c(uiuz) = c(uo).

Type (3): c(uuy) = c(uou,) # c(vivz). Then color uyvy, ugv; with distinct colors
in {1,2,3,4\{c(viv>), c(uou,)}, and color upu; with c(vyv,). Thus, ¢ is a good coloring of Gy, and
c(uivy) = c(up), c(uovy) = c(uy), c(uiuz) = c(vy).

Type 4): c(viva) = clupuy) # c(uun). Then color wugu;, wu;v; distinct colors
in {1,2,3,4}\{c(u uy), c(vivy)}, and color ugv; is with c(u u,). Thus, c is a good coloring of G, and
c(urvy) = c(up), c(uour) = ¢(vy), c(viva) = c(uy).

Therefore, we complete the proof of this proposition. O

Remark 2.1. The results of Proposition 2.1 is also holds for the end-graph G,, that is, if G, admits a
good coloring, then at least two edges of u,_u,, v,_1v,, uyu,.; are colored the same.

Lemma 2.1. Let G be a graph in G,, and G’ be the graph obtained from G by deleting edges u,v,, v,u,1,
and u,u,,1. Suppose that G’ has a good coloring c, then c can be extended to a good coloring of G if
and only if one of the following statements holds:

(1) c(u1uy) = c(vro1vy) = c(uytyyr);

(2) c(up_yu,) = c(vr_1v,) # c(uyityy1) and c(uy) # c(u,_1u,);

(3) c(ur—1u,) = c(uyty1) # c(ve_1v,) and c(v,—1) # c(u,—1u,), moreover, if c(u,—1) = c(uy), then they
are equal to c(v,_1v,);

(4) c(vr1vy) = c(uyty1) # c(u—yu,) and c(u,—1) # c(v,_1v,), moreover, if ¢(v,_;) = c(uy), then they
are equal to c(u,_v,).

Proof. Suppose c is extended to a good coloring of G, then c¢ is a good coloring of G,. By Remark 2.1,
at least two edges of u,_ju,, v,_;v,, and u,u,,, are colored the same. If all three edges u,_ u,, v,_1v;,
and uyu,,, are colored the same, then statement (1) holds. Otherwise, exactly two edges of them are
colored the same.

If c(u,u,) = c(vvy) # c(uyltyyr), then c(vyug) # c(u_u,) since c(viitp) # c(v1vy).
Furthermore, c(u,u,+1) # c(u,_u,) and c(uyt,r1) # c(u,—u,), hence c(u,_ju,) does not appear at
the edges incident with u,,;, it follows that c(u,,1) = c(u,-1u,). Because c(u,) # c(u,+1), we have
c(uy) # c(ur_1u,).

If c(u,—1u,) = c(uyuy11) # c(v,—1v,), without loss of generality, assume that c(u,_ju,) = c(uyu,) = 1,
c(vy_1v,) = 2, then c(u,v,) # 1 and c(v,u,1) # 1, hence c(v,) = 1, which implies that c¢(v,_;) # 1,
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that is, ¢(v,_1) # c(u,—1u,). Furthermore, if ¢(u,—1) = ¢(u,), then c(u,_;) must appear on u,u,.;. If
c(u—1) # c(v,_1v,), then ¢c(u,_y) € {3,4}. If c(u,—1) = 3, then c(u,u,.1) = 3, so c(u,v,) = 4, and v,u,
cannot be colored. If ¢(u,_;) = 4, then c(u,u,1) = 4, so c¢(u,v,) = 3, and v,u,,; cannot be colored.
Therefore, c(u,-1) = c(v,_1v,).

If c(vi—1v,) = c(uyty11) # c(u,—1u,), by the same analysis as case c(u,—u,) = c(Uyltrr1) # c(Vr_1Vy),
we have c(u,_) # c(v,—1v,), and if ¢(v,_;) = ¢(u,), then they must equal to c(u,_v,).

Therefore, if ¢ is extended to a good coloring of G, then one of the statements (1)—(4) holds.

On the other hand, we show that if ¢ satisfies one of the statements (1)—(4), then ¢ can be extended
to a good coloring of G.

Suppose that ¢ satisfies statment (1), that is, c(u,—ju,) = c(v_1v,) = c(uy;11). Since u,_;v,_; €
E(G’), we have c(u,_;) # c(v,—1). If ¢(uy) is distinct from c(u,;) and c(v,—;), then let c(u,v,) =
c(ur-1), cVttrp1) = c(vo1), c(uurr) = c(uy). It is easy to see that ¢ is a good coloring of G. If
c(uy) is equal to c(u,—1) or c(v,—;), without loss of generality, assume that c(u,) = c(u,-1), then let
c(upttyry) = c(uy), c(uvy) = c(v-), cvuy) = {1,2,3,40\{c(u,), c(v,-1), c(v,-1v,)}. Then c is a good
coloring of G.

Now suppose that ¢ satisfies statment (2), that is, c(u,—ju,) = c(v,_1v,) # c(uyu,1). Without loss
of generality, assume that c(u,_ju,) = c(v,-1v,) = 1 and c(uyu,.;) = 2. By statement (2), c(u,) # 1.
If ¢(u,—;) = 2, then let c(u,v,) = 2, c(v,u,y1) = c(v—1), and c(u,u,.1) = {1,2,3,41\{1,2,¢c(v,_1)}. If
c(v,_1) = 2, then let c(u,v,) = 2, c(uu,y1) = c(u,_1), and c(v,u,+1) = {1,2,3,41\{1,2,¢c(u,_)}. If
c(u,—1) # 2 and c(v,_;) # 2, then let c(u,v,) = 2, c(u,u,+1) = c(u,_), and c(v,u,+1) = c¢(v,_;). Note that
c(u—y) #1,¢c(v,—1) # 1, and ¢(u,—1) # c(v,_1), hence all the colorings above are good colorings of G.

Next suppose that ¢ satisfies statment (3), that is, c(u,—1u,) = c(uyu,1) # c(v,—1v,). Without
loss of generality, assume that c(u,—1u,) = c(uyu) = 1 and c(v_yv,) = 2. If c(u,y) =
c(uy), by statement (3), c(u,—;1) = c(uy) = 2, then let c(uu,41) = 2, c(uv,) = c(v,—y), and
cvrue) = {1,2,3,410\{1,2,c(v,—1)}. If c(u,—1) = 2, c(uy) # 2, then let c(u,u,41) = 2, c(uv,) = c(vi_y),
and c(v,u,.1) = {1,2,3,4\{1,2,c(v,_1)}. If c(u,_) # 2, then let c(u,v,) = c(u,_1), cv,uy41) = c(v,_1)
and c(u,u,+1) € {1,2,3,4)\{1,c(u,_1),c(v,—1)}. Note that c¢(v,_;) # 2, and by statement (3), we have
c(v,_1) # 1, hence ¢(v,_;) € {3,4}. Therefore, we can check that the colorings above are good colorings
of G.

The argument for statement (4) is similar as the argument for statement (3), hence we omit the proof
here. O

Next we consider the coloring of the blocks. Let G (Gi.) be a k-block (k-crossing block), we
define the associated subgraph H;; (H;x.) of G;x (Gix.) as the subgraph obtained by the union of G,
and all the blocks before G, (G;x.). To color G;; or G, ., we assume that the associated subgraph H;
has a good coloring ¢. Let v;u; be an edge with j < i. We define {c(v;-1v)), c(uu;), c(vj-1), c(u)}
as the total-set of vu;. If the total-set of v;u; is {1,2,3,4}, then we call v;u; a full-edge. If
c(vj-1v)) # c(u;.uj), c(vjo1vj) = E(u}), c(u}uj) # c(vj-1), then we call v;u; an in-half-edge. If
c(vj_1vj) # c(u;.uj), c(u}uj) =c(vjo1), c(vjovj) # E(u;.), then we call v;u; an out-half-edge. A half-
edge means a in-half-edge or out-half-edge. The edge v;u; is a crossing-edge if c(uu;) = c(v;-1v)).
Note that, if v;u; is a crossing-edge, then c(u ju}’) = ¢(v;) and c(vjvj+1) = c(u;), and vice versa. For
two edges v;u; and v, uj.;, assume that u; and u;,; are on the different sides of P, we call v;u; an
outer-crossing-edge if c(v;v;+1) = c(u;) and c(uju}’) = E(u}+]). If c(uju;.') € {c(v)), E(u;ﬂ)}, then we
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call the color c(u;u7) suitable. Note that if v;u; is a crossing-edge or outer-crossing-edge, then c(u;u’)
is suitable.

Lemma 2.2. Let G be a k-block with k > 2, suppose H;, U G has a good coloring c such that v;u;
is an in-half-edge(out-half-edge) for some j, i < j<i+k—1, thenforanyt, j<t<i+k—1, vu,is
also an in-half-edge(out-half-edge).

Moreover, if G is a bottom block and v ju; is a half-edge, then ¢ can be extended to a good coloring
of G if and only if c(ui—1u1) = c(ur.—1u,) when v;u; is an in-half-edge or c(u;_1u,+1) = c(v,_1v,) when
vjuj is an out-half-edge.

Proof. We assume that v;u; is an in-half-edge. Without loss of generality, suppose c(v;_v;) =
E(u;.) = 1, c(uf/.uj) = 2, and ¢(v;-;) = 3. Since E(u;) must appear at the edges incident with u;
and c(vju;) # 1, we have that c(uju;,) = 1. If c(v;v;s1) = 2, then S(v;) = S(u;), contradicts that
c is good coloring. So c(v;v;.1) € {3,4}. If c(vjvj.1) = 3, then c(vju;) = 4. If c(v;v;,1) = 4, then
c(vjuj) = 3. No matter v;v;,; is colored with 3 or 4, we have c(v;v;,1) # c(uuj,1), c(vjvj) = c(u;),
and c(ujuj,) # c(v;). That is, the edge v;.uj;; is a in-half-edge. By the same argument, we have
that for any ¢, j < t < i+ k — 1, vu, is an in-half-edge. Furthermore, if G;; is a bottom block,
then c(v,_1v,) # c(u,_1u,), c(v,_1v,) = c(u,—1), and c(u,_u,) # c(v,_;). Statement (1), (2) and (4) of
Lemma 2.1 can not hold. Hence ¢ can be extended to a good coloring of G if and only if statement (3)
of Lemma 2.1 holds. Since c(u,_u,) # ¢(v,_1), we have c(u;_1u,.1) = c(u,_u,).

By the same argument as above, we can show that if v;u; is an out-half-edge, then for any 7, j < ¢ <
i +k—1, vu,is also an out-half-edge. And if G, is a bottom block, then ¢ can be extended to a good
coloring of G if and only if c(u;_1u,41) = c(v,_1v,). |

Lemma 2.3. Let G;; be a k-block with k > 4. Suppose H;y has a good coloring ¢ such that v;u; is an
in-half-edge (out-half-edge), then for any « € {1,2,3,4}, ¢ can be extended to a good coloring of G,
such that c(ui—1u},,_,) = @ (c(Vigk-1Viek) = @).

Proof. Suppose v;u; is an in-half-edge, without loss of generality, assume that c(v,_1v;) =
cw)) = 1, c(wu;) = 2, and ¢(vi.;) = 3. Then we have c(uuir;) = 1, and c(vivir) € {1,2}.
We color v;v;;; with a color in {3,4} and color v;y; vy With @. Fori+ 1 < j < i+ k-3,
we color v;v;,; with a color in {1,2, 3,4} that is different from the colors of v;»v;_j, v,_;v; and a,
and color v;.;_1vi.x with a color different from the colors of v x_3Visx—> and v x—2Vik—1. Then set
c(ujuj) = c(vjvy) fori < j <i+k—2and c(ujr1u}’, ) = a. Finally, fori < j <i+k—1, set
cvjuj) =1{1,2,3,4\{c(v;-1v)), c(u;uj), c(v;jvjs1}. Itis easy to see that this coloring c is a good coloring
of Gy and c(ujp—1u},_|) = a.

By symmetry, if v;u; is an out-half-edge, then for any a € {1,2, 3,4}, ¢ can be extended to a good
coloring of G;; such that c(viyx—1visk) = @. O

Lemma 2.4. Let G, be a bottom block with k > 1. If H;; has a good coloring c¢ such that vu; is a
crossing-edge, then c cannot be extended to a good coloring of G.

Proof. First assume thatk = 1,theni = r—1. If v,_ju,_, is a crossing-edge, then c(u,_,u,) = ¢(v,_) and
c(v,_1v,) = c(u,_;). Hence statement (3) and (4) of Lemma 2.1 can not hold. Since c(u,_) # c(u,_1u,),
we have c(u,_ju,) # c(v,_1v,). It follows that statement (1) and (2) of Lemma 2.1 can not hold.
Therefore, by Lemma 2.1, ¢ cannot be extended to a good coloring of G.
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Suppose k > 2. If viu; is a crossing-edge, then c(u;u;1) = ¢(v;) and c(v;vi1) = c(u;). Without loss
of generality, assume that c(u;u;1) = ¢(v;) = 1 and c(v;viy1) = c(u;) = 2, then u;,u’,, must be colored
with 2 and v;,v;;» must be colored with 1. But then S (#;,1) = S (vi41) no matter what color of u;, v,
1s, which shows that ¢ cannot be extended to a good coloring of G. O

Theorem 2.1. If G is a necklace in G, for r > 2, then ! (G) = 4 if r & {4,5}, otherwise ' (G) =>5.

Proof. 1If r = 2, then G is the graph depicted in Figure 4. Let c(ugvy) = c(uv2) = 1, c(upu;) =
c(vouz) =2, c(uyvy) = c(upuz) = 3, and c(upuz) = c(vivy) = c(uyuy) = 4. It is easy to check that c is a
good coloring of G.

U1

U2

u U3

Figure 4. The necklace N,.

Now we assume that r > 3. Note that G is the union of end-graphs G, G,, and a (r — 2)-bottom
block. We first give a good coloring of G,. By Proposition 2.1, there are four types of colorings on
G,. In type (1) and (2), c(u1u;) = c(v1v,), which means u,v; is a crossing edge, by Lemma 2.4, this
coloring cannot be extended to a good coloring of G.

In type (3), c(uiuz) = c(uotty+1), c(uiuz) # c(viva), c(ujuy) = c(vy), and c(ugvy) = c(uy). Since
c(upvy) # c(vivy), we have c(vyv,) # ¢(u;), which means that v,u; is an out-half-edge. By Lemma 2.2,
¢ can be extended to a good coloring of G if and only if c(uou,+1) = c(v,_1v,).

If r = 3, then since v,u, is an out-half-edge, c(v,v3) = c(ujuy) = c(upus), hence ¢ can be extended
to a good coloring of G.

If r = 4, then by Lemma 2.2, vsu; is an out-half-edge, hence c(v3vy4) = c(upusz). Since c(uyuz) #
c(uyuy), it follows that c(upu,.1) # c(v3v4), hence ¢ cannot be extended to a good coloring of G.

If r = 5, then c(v4vs) = c(uzuy) and c(usuy) = c(v3) since v4uy is still an out-half-edge. Note that
c(v3) # c(vov3) and c(vov3) = c(ujuy), it follows that c(v4vs) # c(uiu,), that is, c(uoi,+1) # c(v4vs),
hence ¢ cannot be extended to a good coloring of G.

Ifr > 6,thenr—2 > 4. By Lemma 2.3, let @ = c(upu,1), then ¢ can be extended to a good coloring
of G, such that c(v,_;v,) = c(upu,+1), hence ¢ can be extended to a good coloring of G.

By symmetry, if the coloring of G, is of type (4), then the edge v,u, is an in-half-edge. By the same
argument, we will obtain a good coloring of G if r # 4 and r # 5.

In summary, if r ¢ {4,5}, we could obtained a good coloring of G, and for r = 4 or r = 5,
X...(G) = 5. Since G is cubic, ) (G) > 4, thus ! (G) = 4if r ¢ {4,5}. Forr = 4 or r = 5, from
Theorem 1.1, we have x! (G) = 5. O
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Lemma 2.5. Suppose G, is a bottom block, and H;; has a good coloring c such that vu; is a full-edge.
Ifk = 1 ork > 3, then c can be extended to a good coloring of G. If k = 2, then ¢ can be extended to a
good coloring of G if and only if c(u;_ u,+1) is suitable.

Proof. Without loss of generality, let c(vi.jv;) = 1, c(uju;)) = 2, c(vioy) = 3 and c(u;) = 4. We will
consider the following two cases.

Casel.k=1.Theni=r—1.Letc(v,_v,) = c(u,_yu,) = 3, cv,_ju,—1) = 4. If c(u,_ou,,1) = 3, then
statement (1) of Lemma 2.1 holds. If c(u,_»u,.1) # 3, we have c(u,_») # c(u,_1u,) since c(u,_») # c(v,_)
and ¢(v,_;) = 3. Hence statement (2) of Lemma 2.1 holds. Therefore, we will obtain a good coloring
of G by Lemma 2.1.

Case 2. k > 2. Note that ¢(v;,_1) must appear on the edges incident with v;, that is, v;u; or v;v;;; is
colored with 3.

Subcase 2.1. v;u; is colored with 3. Then u;u;,, is colored with 4. If v;v;,; is colored with 4, then
Vis1Uiy1 18 a crossing-edge, by Lemma 2.4, this coloring cannot be extended to a good coloring of G.
Hence v;v;; is colored with 2. It follows that ¢(v;) = 4 and ¢(u;) = 1. Thus v, u;4; is an out-half-edge.
By Lemma 2.2, ¢ can be extended to a good coloring of G if and only if c(u;_ u,41) = c(v,_1v,).

Ifk=2thenr =i+2, c(vi_1v,) = c(Viz1Visn). Since c(vip1vin) = c(uuiy) = 4, ¢ can be extended
to a good coloring of G if and only if c(u;_ju,1) = 4 = c(u)).

If Kk = 3, then r =i + 3. Denote c(u;_1u,+1) = a. If @ € {1, 3}, then let c(v12viy3) = c(Uittizn) = @,
civira) = 4, cipuir) = {1, 30\ {a}, c(uiravina) € {1,2,31\{a}, c(uiou,) = {1,2,3)\{a, c(uiaviia)}.
Now we obtain a good coloring of G;; such that c(u;_1u,+1) = c(Vis2Vis3) = c(v,-1v;).

If Kk = 4, then r = i + 4. Denote c(u;_1u,.1) = a. If @ € {1,2,3}, then let c(vi1viyn) = 4,
c(Viy3viea) = c(Uipaltiy3) = @, c(Visavips) = c(uiniuign) € {1, 31\{a}, c(uizu,) € {1,2,3, 4\ {c(visaviss), al,
cvjuj) = {1,2,3,4\{c(v;-1v;), c(vjvjc1), c(ujuj1)} for j = i+ 1,i+2,i+ 3. Now we obtain a good
coloring of G;; such that c(u;_1u,+1) = c(Vis3Viea) = c(Vi_1v)).

If K > 5, by Lemma 2.3, let @ = c(u;-1u,+1), then we can obtain a good coloring of G;; such that
c(vro1vy) = @ = c(Ui—Uyy1).

Subcase 2.2. v;v;, is colored with 3. If u;u;. is colored with 4, then the edge v;u; cannot be colored
to obtain a good coloring. Hence v;u; is colored with 4. If u;u;,, is colored with 3, then v;; u;, is a
crossing-edge, by Lemma 2.4, this coloring cannot be extended to a good coloring of G. Hence u;u;. 1s
colored with 1. It follows that ¢(v;) = 2 and ¢(u;) = 3. Thus v, u;,; 1s an in-half-edge. By Lemma 2.2,
¢ can be extended to a good coloring of G if and only if c(u;_u,,1) = c(u,_1u,).

Ifk=2,thenr =i+2, c(u_1u,) = c(u;11;52). Since c(u;411;.0) = c(v;viy1) = 3, ¢ can be extended
to a good coloring of G if and only if c(u;_1u,+1) = 3 = c(vi_1).

If Kk = 3, then r = i + 3. Denote c(u;_1u,+1) = a. If @ € {2,4}, then let c(u;ou;13) = c(Vis1vien) = @,
cintiz2) = 3, cWiruin1) = {2, 40\, c(uiavinz) € {1,2,41\{a}, c(viravy) = {1, 2,40\, c(uir2vis2)}-
Now we obtain a good coloring of G, such that c(u;_1u,+1) = c(Uiraltiy3) = c(U,—1u,).

If kK = 4, thenr = i+ 4. Denote c(u;_1u,.+1) = a. If @ € {1,2,4}, then let c(uj,1uiz2) = 3,
c(Uir3Uig) = c(Viyavins) = @, c(Uiattinz) = c(Vipvign) € (2, 4\{a}, c(vizav,) € {1, 2, 3, 4\ {c(uiauis3), at,
cvjuj) = {1,2,3,4\{c(uj_1u;), c(ujuji1), c(vjvje1)} for j =i+ 1,i+2,i + 3. Now we obtain a good
coloring of G;; such that c(u;_1u,+1) = c(Uir3Uirg) = c(U—114,).

If kK > 5, by Lemma 2.3, let @ = c(u;-1u,+1), then we can obtain a good coloring of G;; such that
c(ur—quy) = @ = c(Ui—1Upy1).
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Combining Subcase 2.1 and Subcase 2.2, for k > 3, we can obtain a good coloring of G. But for
k = 2, ¢ can be extended to a good coloring of G if and only if c(u;_u,+1) € {c(u}),c(vi-1)}, that is
c(u;_1u,,1) 1s suitable. O

Lemma 2.6. Let G;;. be a k-crossing block. Suppose the associated subgraph H;;. has a good
coloring c such that v;u; is a full-edge.

(1) If vi_yu;_; is an outer-crossing-edge, then c can be extended to a good coloring of G, . such that
foreach j,i+1< j<i+k vju;isafull-edge and vj_u;_, is an outer-crossing-edge.

(2) If vi_u;— is a crossing-edge, then for each j, i + 1 < j < i+ k, we can extend c such that vu; is
a full-edge and c(uj_lu;.’_l) =c(vj-1).

Proof. Without loss of generality, assume that c(vi_yv;) = 1, c(uiu;) = 2, c¢(vi—1) = 3 and c(u;) = 4.

Considering the case that v;,_ju;_; is an outer-crossing-edge, that is, c(v;_;v;) = c(u;-1) and
c(ui—uipr) = ). So c(ui—y) = 1, c(ui—juiyr) = 4. We set c(viviyr) = 3, c(uu!) = 1, and c(viu;) = 4.
Then ¢(v;) = 2 and ¢(u;) = 3. Hence, the edge v;,1u; is a full-edge, and v;u; is an outer-crossing-edge.
Note that the edge v;,u;;; has the same property as v;u;, then we can do the similar coloring such that
foreach j,i+ 1< j<i+k, vju;jisafull-edge and v;_ju;_; is an outer-crossing-edge.

Considering the case that v,_ju;_; is a crossing-edge, that is, c(vi_1v;) = c(u;—1) and c(u;_1u;41) =
c(vic1). So c(ui—r) = 1, c(uimuiy) = 3. Itk = 1, we set c(viviy) = 2,c(uu)’) = 4, and c(viu;) = 3.
Then ¢(v;) = 4 and c(u;) = 1. Hence, the edge v, u;,; is a full-edge, and c(uu)’) = c(v;). If k > 2,
then we reset the coloring such that c(vii1ui1) = 1, c(vig1vie2) = 2, c(vivie) = c(Uintiyr) = 3, c(viu;) =
c(uiu?,) = 4. Then c(viy1) = 4, c(ui) = 2, and c(u;) = 1. Hence, the edge viou;y is a full-edge,
and v u4 18 a crossing-edge, which shows that c(u u, ) = ¢(viy). Note that the edge viouiir
has the same property as v;u;, then we can do the similar coloring such that v;u; is a full-edge and
c(uj_lu;’_l):E(vj_l)fori+1 <j<i+k O

Lemma 2.7. Let G;; be a k-block with k > 2. Suppose H;; has a good coloring c such that v;u; is a
full-edge, then

(1) If Gy is adjacent to a t-block G, then we can extend the coloring c such that v ;. is a
full-edge. Moreover, if c(ujx-u}.,_,) is not suitable and the G, is a bottom block with t = 2, then c
can be extended to a good coloring of G.

(2) If Gy is adjacent to a t-crossing block Gy, with t > 2, then we can extend the coloring c such
that Vi1 Uiski—1 IS a full-edge and c(ujivi 22U}, ,, ) is suitable.

Proof. Without loss of generality, suppose c(vi-v;) = 1, c(uiu;) = 2,¢(vi—1) = 3and c(u) = 4. Then we
have c(u;—y) # 3. If c(u;—u}”,) = 2 and c(u;—;) = 4, then c(v;.pv;_1) = 4 and c(u,_,u;—1) = 3, it follows
that the edge v;_ju;_; cannot be AVD-edge-colored with 4 colors. Similarly for the case c(u;— u! ) = 4
and c¢(u;_;) = 2. Hence, we have (c(u;_ju}’ ), c(u;_1)) € {(1,2),(2,1),(1,4),{4,1),(3,1),(3,2), (3,4},
where (a, b) is an ordered pair and {a, b) = {(c,d) if and only if a = c and b = d.

Now we divide the proof into the following three cases depending on k.

Case 1. k = 2. Then u” | = u,,.

Subcase 1.1. {c(u;_1u;»), c(u;_1)) € {{1,2),(2, 1)}.

First considering the case that G, is adjacent to a #-block. Set c(vii1u;i+1) = 1, c(vivir1) = 2, c(viu;) =
c(uipu?, ) = 3, c(uittiy1) = c(vig1vizz2) = 4, then c(viy1) = 3 and c(uiyu), ) = c(viyy). Itis easy to see
that v;,ou;,, is a full-edge and c(u; 1}’ ) is suitable.
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Now considering the case that G;, 1s adjacent to a t-crossing block. Set
cinin1) = 1civin) = 2, cviy) = cuiul,)) = cWipaltip) = 3, c(vivip1) = c(unipg) =
c(vipavipz) = 4. I {c(uimiuin), c(uiy)) = (1,2), then set c(uou),) = 2. It is easy to see that
Visalip3 1s a full-edge and v;;ou,,5 1s an outer-crossing-edge. If (c(u;—1u;s2), c(u;i-1)) = (2, 1), then set
c(uiau?,,) = 1. It follows that v;,3u;,3 is a full-edge and v;,ou;42 is a crossing-edge. By Lemma 2.6,
we can extend the coloring ¢ such that vy, 11124, s a full-edge and c(u;y24,-2u,,,, ,) 1s suitable.

Subcase 1.2. {c(u;-ju;12), c(u;i-1)) € {{1,4), (4, 1)}.

In this case, set c(viyiuic1) = 1, c(uiiul,)) = 2, c(viu;) = c(Viz1vipa) = 3, civier) = cuiiy) = 4.
Then ¢(vi+1) = 2, visousy is a full-edge and vy, 1,4 1s a crossing-edge. Hence, if G;, is adjacent to a
t-block, then we have shown that v;,u;,, is a full-edge and c(u;, 1’ ) is suitable. If G;, is adjacent
to a r-crossing block, then by Lemma 2.6, we can extend the coloring ¢ such that v;,o,,1U;424,-1 1S @
full-edge and c(u4244-2u},,., ,) 1s suitable.

Subcase 1.3. (c(u;_1ui12), c(ui—1)) € {(3,1),(3,2),(3,4)}.

First set c(viu;)) = 4,c(viviy)) = c(uuiy) = 3. If {c(ui—juin), c(ui—y)) = (3,1), then set
cinuin) = 1, cigvira) = 2, cuaull) = 4 I (c(uimiuira), c(uir)) (3,2), then set
cistuiv1) = 2, cipvira) = 4, cuiaul,) = 1. If {c(uiuipn), c(uis)) = (3,4), then set

c(iriltiv) = 4, c(Vir1vier) = 2, c(uu)’ ) = 1. In all these cases, we have that vi,ou;,, is a full-
edge and v, u;,; 1s a crossing-edge. Therefore, the conclusion holds for these subcases.

Case 2. k = 3. Then u | = u;3.

Subcase 2.1. {c(u;-ju;13), c(u;i-1)) € {{1,2),(2,1),(1,4),4, 1)}.

First considering that G;; 1s adjacent to a t-block. If {c(u;i_1uis3), c(u;i—y)) € {(1,2),(2,1)}, then
set c(uintiy1) = c(vipattiya) = 1, c(ipvipa) = cuiaul,) = 2, c(vivis) = c(Uipittinn) = 3, c(viny) =
c(iptiv1) = c(viyaviiz) = 4, denote this coloring as (A). Under this coloring, we have
(c(Vizavis3), c(visn)) = (4,3), hence v;,3u;,3 1s a full-edge. Note that if (c(u;_1u;13), c(ui—1)) = (1,2),
then c(u;;ou?,,) is suitable, and v;,u;,; is an outer-crossing-edge. But if (c(u;_ju;13), c(u;—1)) = (2, 1),
then c(u;ou’ ,) is not suitable. For this case, if G,3, is a bottom block with 7 = 2, see Figure 5, then we
color the edges of Gl‘,3 U Gl‘+3,2 U Gr as follows: C(Lt,'l/t,‘+1) = C(V,'+2V,‘+3) = c(ui+3ul~+4) = C(Vl'+5l/li+6) = 1,
cisttiz1) = c(Vialtiz2) = c(Vizavigs) = cUisitive) = 2, c(Vivipr) = cUinttivn) = c(Vig3lipz) =
CVipaltivg) = cVipsuins) = 3, cOir)) = c(vig1vin) = cUinaltive) = c(Vizaviea) = c(Uiauiys) = 4. 1t
follows that ¢ is a good coloring of G.
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ou, ou; ou;
Ui—1 Vi1 Ui—1 Vi—1 Ui—1 Vi—1
1 2 1 2 1 2
4 3
v; U; V; U; V4 u;
3 1 3 1 2 4
Vi1 Uit+1 V41 2 Ui+ V41 3 Ui+ 1
2 3 4 3 4 1
Vi+2 Ui+t2 Vj+2f 1 Ui+2 Vi+ 3 Ui+2
4 2 2 4 1 2
Ui+ 3 Vits U;+3 Vi+3 N U;+ 3 Vits N
Uit 2 | AUZBS | (O
(4) (B) ©)

Figure 5. The three colorings of G; 3.

If {c(ui-1uiy3),c(uizr)) € {K1,4),4, 1)}, then set c(uiuiy1) = c(ipaltipr) = 1, c(Vipittip) =
c(Viravies) = 2,, c(vivigr) = cUuinuizn) = 3, cviuy) = c(Vip1vip2) = c(uioul,,) = 4, denote this
coloring as (B). Under this coloring, we have (c(vi;2vi3), c¢(viy2)) = (2,3), hence v;,3u;,3 1s a full-
edge. Similarly, if {c(u;_1u;y3), c(u;i-1)) = (1,4), then c(u;ou’,,) is suitable, and v;,ou;, 1s an outer-

crossing-edge. But if {(c(u;_jui3), c(ui—1)) = (4,1), then c(uou,,) is not suitable. For this case,

if G;43, 1s a bottom block with ¢t = 2, see Figure 6, then we color the edges of G;3 U G132, U G,
as follows: c(uiuiy1) = c(vipavipz) = c(Uisttivg) = c(Vipsiive) = 1, c(Vip1viea) = c(Uialtive) =
CViravira) = c(isqltins) = 2, c(vivipr) = cUipitting) = c(Visinz) = cVipaltiza) = c(Vigsiins) = 3,

cvit;) = c(Vig1ttip1) = c(Vipaliyr) = c(VizaVips) = c(Uiysuive) = 4. It follows that ¢ is a good coloring of
G.

ou,;
U;— Vi1
V; W;
Vi+1 Ui+
Vit2 Uit2
Ui+ 3 Vit3
Ui+ 4 Vi+4
Vits
Uits Uit6

Figure 6. The 3-block adjacent with a 2-bottom block.

Now considering the case that G; 3 is adjacent to a #-crossing block. If (c(u;_1u;13), c(u;—1)) = (1,2),
then we use coloring (A), under this coloring, v;3u;.3 is a full-edge and v;,,u;,, is an outer-crossing-
edge, by Lemma 2.6, we can extend the coloring ¢ such that vz, 1u;134,—1 1s a full-edge and
c(Uip31-2U, 5., ) is suitable. Similarly, if (c(u;-1u;s3), c(u;i—1)) = (1,4), then we use coloring (B), and
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extend this coloring to the #-crossing block such that v;,3,, 14434, 15 a full-edge and c(u; 134,21

i+3+1-2
is suitable.

For the case (c(ui_iui3),c(ui—1)y = (2,1), we first use coloring (B), and then set
c(vipauip3) = 4, C(ui+3ul'-'+3 = 1, and c(viz3virs) = 3, then c(vii3) = 1, c(uip3) = 3, SO Vipsuigs
is a crossing-edge. Note that v, 4u;.4 1s a full-edge. By Lemma 2.6, we can extend the coloring
c¢ such that vi,34/ #1341 1s a full-edge and c(u;434/-2u} 5, ,) is suitable. Similarly, for the case
(c(uj—1uir3), c(ui—1)) = (4, 1), we first use coloring (A), and then set c(vii3uip3) = 2, c(uizu), ;) = 1,
and c(v;43vis4) = 3, which makes v;,3u;,3 a crossing-edge and v;, 41,4 a full-edge. By Lemma 2.6, the
conclusion holds for this case.

Subcase 2.2. (c(u;_ju;3), c(u—1)) = (3,4).

Considering that G;3 is adjacent to a #-block. Set c(uiiiuiv2) = c(Vizaviez) = 1, c(vivipy) =
c(uiou} ) =2, c(vit)) = c(vigtip1) = c(Vipaltiso) = 3, c(uittiy) = c(viy1vis2) = 4, denote this coloring
as (C). Then {(c(vi;2vit3), ¢(viz2)) = (1,2), hence vi,3u;,3 18 a full-edge and c(u;you;’,) is suitable.

Considering the case that G;; is adjacent to a f-crossing block. If r = 2, then let c(uu;y) =
cipavipz) = 1, cinuip) = cOipattipa) = cusuly) = 2, civip) = cUiiln) =
c(Viraviea) = 3, cvir)) = c(Vig1viz2) = c(Vipsitig3) = C(Mi+2u,'~fr2) = 4. Then v 4u;,4 becomes a
full-edge and c(u;,3u’,;) is suitable. If # > 3, then we first use coloring (C), then set c(vii4utia) =
cigttips) = 1, c(viszviga) = 2, c(Vigavigs) = 3, c(Viaiy3) = c(uaul,,) = 4. It is easy to see that
Viysliys 18 a full-edge and v;, 41444 1s a crossing-edge. By Lemma 2.6, we can extend the coloring ¢ such
that v 3,434, 1 a full-edge and c(u;34,-1u’,5,, ) is suitable.

Subcase 2.3. {c(u;_1u;\3), c(u;—1)) = (3,2).

Since ¢(u;—1) = 2 and c(vi;) = 3, we have c(vi_,v;-;) = 2 and c(vi_ui—y) = 4. If c(viiy) # 4,
then we transform c(u;_ u;,3) from 3 to 4 and c(u;_1v;_) from 4 to 3, which changes ¢(v;_;) from 3
to 4. Set c(uiuir1) = c(visavisz) = 1, c(vigviea) = cuipatt?,,) = 2, c(viviyr) = cUipittis2) = 3, c(viu;) =
c(Vip1Uir1) = c(Vizaltiyn) = 4. Then v;,3u;,3 becomes a full-edge and v;,,u;,, becomes an outer-crossing-
edge. If ¢(v;_1) = 4, then we transform c(v;_;v;) from 1 to 3, which changes ¢(v;) from 3 to 1. Note that
viu; 1s still a full-edge, we exchange the color 1 and 3 in coloring (A), it follows that v;,3u;,3 becomes
a full-edge and v;,,u;,, becomes an outer-crossing-edge. Hence the conclusion holds for this subcase.

Subcase 2.4. {c(u;_1u;\3), c(u;—1)) = (3, 1).

In this case, c(v;_ju;—1) € {2,4}.

Subcase 2.4.1. c(vi_ju;_1) = 4. Then c(u)_,u;_) = c(viaviy) = 2.

We only need to consider the case that at least one of ¢(u;_,) and ¢(v;_,) is distinct with 4. Otherwise,
ifc(u;_|) = c(viy) = 4, then viru!_| ¢ E(G), hence v;_ru, € E(G), but c(u;) = 4, which is impossible.

Subcase 2.4.1.1. c(u;_,) # 4.

Consider the coloring ¢ on H;3, we transform c(v,_ju;—y) from 4 to 1 and c(v;;v;) from 1
to 4, then (c(ui-1ui3), c(ui—1)) = (3,4), {(c(vi-1vi),c(vi.1)) = (4,3). If G;3 is adjacent to a t-
block, then set c(viviy1) = c(uiviuirz) = 1, c(vigiuin1) = c(Viraviez) = 2, ci)) = c(Vip1viga) =
c(uipau?,) = 3, cuiniy)) = c(vigauipo) = 4. Then vi3u;3 becomes a full-edge, but c(u;ou’,)
is not suitable. For this case, if G;;3, is a bottom block with + = 2, then we color the edges of
Gi3 U Giz3p U G, as follows: c(viu)) = c(Vigittiv1) = c(Vigavies) = c(isaltivs) = c(Vigsitipe) = 1,
cisvipa) = cUiattive) = c(Ui3ting) = c(Vipavies) = 2, cvivip) = cUirittiyn) = c(Vipavips) =
c(ivsuive) = 3, c(Uitiv1) = c(Viralhiva) = cWir3is3) = c(Visaltivg) = ¢(Vipsuiys) = 4. Then ¢ is a
good coloring of G.
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If G, 1s adjacent to a 7-crossing block, then set c(vivir1) = c(Uir1Uis2) = c(Vis3Viea) = 1, c(Vig1Viz2) =
c(Uivaltig) = c(Vinattinz) = 2, citt) = c(Vipittin1) = c(Vipavigs) = 3, c(Vipaltia) = c(uipzu,;) = 4. Then
Visallive becomes a full-edge and v;,;3u;,3 becomes a crossing-edge. By Lemma 2.6, we can extending
the coloring ¢ such that v;,3,, 11434, 1s a full-edge and c(u;34,2u’, 5., ,) 18 suitable.

Subcase 2.4.1.2. ¢(v;_,) # 4.

Consider the coloring ¢ on H;3, we transform c(u;_1u;,3) from 3 to 4 and c(v;—;u;_;) from 4 to 3,
then (c(u;_1u;v3),c(ui—1)) = (4,1), (c(vi.1vy),c(viiy)) = (1,4). If G;5 is adjacent to a r-block, then
we use coloring (B) on G, under this coloring, v;.3u;,3 is a full-edge, but c(u;,ou}’ ) is not suitable.
For this case, if G;,3, is a bottom block with # = 2, then we give a coloring on the edges of G;3 U
Gii32 UG, as follows: c(uitiv1) = c(visavies) = c(Uisztiva) = c(Vigsiive) = 1, c(vip1viga) = c(Uisaltive) =
c(Viraviea) = c(Uipattis) = 2, c(ivig)) = cUipttiyn) = c(vig3uipz) = c(Vigavies) = c(Uipsitivg) = 3,
cviu;) = c(vig1Uir1) = c(Vigaltiya) = c(Vipaltiya) = c(vipsuies) = 4. Then ¢ is a good coloring of G.

If G;3 i1s adjacent to a r-crossing block with ¢+ > 2, then we use coloring (A) on G;3, and set
c(uisu?5) = 1, c(vigsuiz) = 2, c(vizaviea) = 3. It is easy to see that v 4u;44 is a full-edge and v 30,3
becomes a crossing-edge. Hence the conclusion holds for this subcase.

Subcase 2.4.2. c(vi_ju;—1) = 2. Then c(u_u;_y) = c(vipviy) = 4.

We divide the proof of this case into the following two parts depending on which side u;_, is on.

Subcase 2.4.2.1. u;_» and u;_; are on the same side of P, that is, u] | = u;_».

Since c(u,_ u;—1) = c(vi-pvi—1) = 4, we have c(vipu;_») € {1,2,3}.

If ¢(viou;—») = 1, then under the coloring ¢ on H;3, we transform c(v,_pu;—»), c(v;—1v;) from 1
to 4, and c(u;pu;—1), c(vipvi-1) from 4 to 1. Note that ¢ is still a good coloring of H;;, and
(cMi—1uiv3), c(ui—1)y = (3,4), (c(vi-1vi),c(vi-y)) = (4,3). We then use the same coloring with
subcase 2.4.1.1.

If c(viou;_») = 2, then consider the coloring ¢ on H;;, we transform c(v;_ou;—), ¢(v;—ju;—) from 2
to 4, and c(ui—ou;—1), c(vjpvj-1) from 4 to 2, then c is still a good coloring of H;y, and it is the
subcase 2.4.1.

If ¢(vi_pu;—») = 3, then under the coloring ¢ on H;;, we transform c(v,_ou;_), c(u;_u;" ) from 3 to 4,
and c(u;aui-1), c(viavi1) from 4 to 3, then (c(u;_1u;13), c(ui-1)) = 4, 1), {c(viiv), c(vic1)) = (1,4).
We then use the same coloring with subcase 2.4.1.2.

Subcase 2.4.2.2. u;_, and u; are on the same side of P, that is, u, = u;_».

Since ¢(u;_p) = 4 and c(u;_ou;) = 2, we have c(v;_ou;_,) € {1, 3}.

Considering the case that c(viou;2) = 1, then c(u/_,u; ) = 3. We also have c(vi_3v;3) = 3
since ¢(vi-;) = 3. We may assume that c(u; ,) = 1. Otherwise if c(u; ,) # 1, then we transform
c(vi-1vi), c(vi_u;—,) from 1 to 4, and c¢(v;_,v;_1) from 4 to 1, which changes c¢(u;_,) from 4 to 1. We turn
to subcase 2.2, and exchange the color 1 and 4 in the coloring of G;; or G;x U Gy, then we obtain
the desired coloring. Consider ¢(v;_3), it cannot equal to c(v;_3v;_») and ¢(v;_,), hence c(v;_3) € {1, 4}.

If c(vi3) = 1, then u;.3 = u;_,. Since c(u;—1) = c(vi-3) = 1 and c(vi3vio) = 3, we have
c(u_jui3) = 1, c(visuiz) = 2 and c(vigvi3) = 4. If c(u;_y) # 4, then we transform c(u;_3u;_)
from 4 to 3, and transform c(u;_ju;.3) from 3 to 4, which can turn to subcase 2.1 for the case
(c(uj—1uir3), c(ui—y)) = 4,1). If c(u;_y) = 4, then we transform c(vi_su;_3), c(vi-ju;—y) from 2 to 3,
c(Vi_3vi_n), c(ui_iu;y3) from 3 to 2, and transform c(u;_,u;) from 4 to 2, then {(c(u;_ u;y3), c(u;_1)) =
(2,1), {c(vi_1vi),c(vi-1)) = (1,2). We exchage the color 2 and 3 in the subcase 2.4.1 for the case
c(visp) # 4.
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If ¢(vi.3) = 4, consider c(u;_,), it cannot equal to c(u;_,u;_1) and c(u;_1), hence c(u;_,) € {2,3}. If
c(u;_,) = 2, then we transform c(vi_ju;_1), c(u;—pu;) from 2 to 1, c(vi_yv;) from 1 to 3, c(u;_ u;;3) from 3
to 2, c(vi_ov;—p) from 4 to 2, c¢(vi_ou;_») from 1 to 4, then we have c(u;_;) = 3, ¢(vi-;) = 4 and ¢c(u;—,) = 2.
We turn to subcase 2.1 when (c(u;-ju;13), c(u;—1)) = (4, 1), and replace the color 1 to 3, 3 to 4, 4 to 2,
and 2 to 1 in the coloring of G, or G UG, then we obtain the desired coloring. If ¢(u_,) = 3, then
we transform c(v,_ju;_1), c(u;—ou;) from 2 to 1, c(vi_ou;—s), c(vi_1v;) from 1 to 4, c¢(v;_pv;—;) from 4 to 2.
We turn to subcase 2.2, replace the color 1 to 4, 4 to 2, and 2 to 1 in the coloring of G4 or G; 4 U Gk e
then we obtain the desired coloring.

Now we consider the case that c(v;_ou;—») = 3. Since c(u;—2) = 4, we have c(u;_,u; ») = 1. Note
that c(v;_3vi2) € {1,2}. For the case c(vi_3v;2) = 1, consider c(u,_,), we may assume c(u,_,) = 3.
Otherwise, if ¢(u;_,) # 3, then we transform c(v;_,u;_») from 3 to 4, and transform c(v;_»v;_;) from 4
to 3, it follows that c¢(v;_1) = 4 and c(u;_2) = 3. We turn to subcase 2.1 when {c(u;_1u;+3), c(uj—1)) =
(4, 1), and exchange the color 3 and 4 in the coloring of G;; or G;x U G, then we obtain the desired
coloring. Now consider ¢(v;_3), it can be 3 or 4. If ¢(v;_3) = 3, then u;_3 = u;_,, and c(u;_yu;_3) = 3. But
since ¢(u;—1) = 1 and c(v;_3v;—2) = 1, it implies that c(u;_ju;_3) = 1, a contradiction. Hence c(v;_3) # 3,
then ¢(v,_3) = 4. In this case, we transform c(v;_iu;_1), c(u;_ou;) from 2 to 3, c(v;_ou;_») from 3 to 4,
c(u;_qu;3) from 3 to 2, and c(v;_,v;_) from 4 to 2. We turn to subcase 2.1 when {c(u;_1u;3), c(u;—1)) =
(4, 1), and replace the color 2 to 3, 3 to 4, 4 to 2 in the coloring of G;; or G, U Gy, then we obtain
the desired coloring.

For the case c(vi3vip) = 2, consider c(u, ,), it can be 2 or 3. If c(u; ,) = 2, then we
transform c(v;_,v;_) from 4 to 3, and transform c(v;_,u;_») from 3 to 4, then turn to subcase 2.1 when
(c(Ui—1Uis3), c(ui—)) = (4, 1), and exchange the color 3 and 4 in the coloring of G;; or G U Giix s
then we obtain the desired coloring. If c(u’_,) = 3, then we transform c(u;_,u;) from 2 to 4, c(v;_ju;_)
from 2 to 3, c(u;_1u;43) from 3 to 2, and turn to subcase 2.4.1.2, exchange the color 2 and 4 in the
coloring of G or G;x U G4k, then we obtain the desired coloring.

Case 3. k > 4.

Let {c(ui-iu,),c(ui-1)) = {(a,B), and {(a@,B) be an ordered pair in {(1,2),(2,1),(1,4),{(4,1),
(3,1),(3,2), (3,4}

Subcase 3.1. k = 4.

Let y be a color in {2,4}\{a, B}, 6 = {1,2,3,4}\{a,B,v}. Set c(viu;) = 4, c(uiuiy,) = 1, c(viviy) =
c(Uisuiz2) = 3, c(Vig1vir2) = cUiouipz) = ¥, c(viaviys) = c(upsul' ;) = B, c(viyzvipa) = 6. For
i+1<j<i+3,letcvju;) =1{1,2,3,4\{c(vj-1v}),c(vjvji1), c(uj-1u;)}. Then, viau;4 1s a full-edge
and v;,3u;43 1s an outer-crossing-edge. Hence, if G;; is adjacent to a #-block, then v, .1, 1s a full-edge
and c(uiyi-1u};,_,) is suitable. If G;; is adjacent to a r-crossing block with 7 > 2, by Lemma 2.6, we
can extend the coloring ¢ such that vi, i1 Uiske-1 s a full-edge and c(ujir4—2u’,,,, ,) 1s suitable.

Subcase 3.2. k = 5.

If « # 1 and B # 1, then set c(viu;) = 4, c(uuir1) = 1, cvivip1) = cuinuirz) = 3, c(vigaviss) =
cUivsuirg) = 1, c(Vinaviea) = c(uiqul ) = B, c(vigviea) = c(uipouiz) € {2,40\{B), c(viyavins) €
{1,2,3,4]\{1,a,B}. Fori+ 1 < j<i+4,letc(vju;) ={1,2,3,4\{c(vj-1vj), c(Vjvj+1), c(uj-1u;)}. Then,
Vissliss 1s a full-edge and v, 3u;,3 1S an outer-crossing-edge.

If a # 1 and g = 1, then set c(viu;) = 4, cuuiy) = 1, cvviy) = clupuin) = 3,
cip3viea) = cuipaul,,) = 1, c(viavipz) = clupsuing) € 2,4\, c(ipvien) = cuiouiz) €
{1,2,3,4}\{1, 3, c(vis2vis3)}, c(iravins) € {1,2,3,4\{1,a,c(visovip3)}. Fori+ 1 < j < i+ 4, let
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cviuj) = {1,2,3,4\{c(vj-1vj),c(vjvjs1), c(uju;)}. Then, viisuis is a full-edge and vi3u;,3 1s an
outer-crossing-edge.

If @ = 1, then 8 may be 2 or 4. Consider (a,8) = (1,2). If G;; is adjacent to a t-block with
t > 1, then set c(uiy1uir2) = c(visavisz) = cisattiya) = 1, c(vivirr) = c(Vigzvisa) = c(Uiaui3) = 2,
cviny)) = cinir1) = cVipaltip2) = c(Uipsltizg) = c(Vigavips) = 3, cuini)) = c(Vig1vip) =
c(vis3ui3) = c(uqu’,,) = 4, hence viysu;ys is a full-edge and c(u;4u’, ) is suitable. If G, is adjacent
to a r-crossing block with # > 2, then set c(uuir1) = c(Vipautiyz) = c(Vigsltipz) = c(Vizavips) = 1,
cisvipr) = c(Uiauinz) = c(Vipaltivg) = c(usul,s) = 2, c(viviy) = c(Uipittin) = c(Vigsvips) =
c(Uiratire) = c(Vigsutiys) = 3, citt) = c(viprtis1) = c(Vipavis) = c(Uipstting) = c(Vipsvie) = 4, hence
ViseUire 15 a full-edge and v;,su;,5 1s a crossing-edge, by Lemma 2.6, the conclusion holds for this case.

Consider (@,8) = (1,4). If G is adjacent to a z-block, then set c(vi1uiv1) = c(Uiraltivz) =
cipzviea) = 1, cvvip) = cinaltizr) = c(Uipsttiza) = c(Vigavigs) = 2, c(viy) = (Ui Uiv2) =
c(ipaviez) = c(uiaul,y) = 3, c(uittiy1) = c(Vipviea) = c(vigsity3) = c(Vigalting) = 4, hence viisu;,s
is a full-edge and c(u;44u};,) is suitable. If G; is adjacent to a t-crossing block with ¢ > 2, then
set c(uittip1) = c(Vipltipn) = c(Vipaltiy3) = c(Viravies) = 1, cOinuin1) = c(isaviez) = c(Uis3tivg) =
cissvive) = 2, cvivie) = cUinttiva) = c(Vip3viea) = c(Uiraltive) = c(Vigsuips) = 3, c(vin;)
c(Vis1Viz2) = c(Viraltivg) = c(uipsu, ) = 4, hence vigltirq 1s a full-edge and v; su;,5 is a crossing-edge,
by Lemma 2.6, the conclusion holds for this case.

Subcase 3.3. k = 6.

First assume that {a,B8} # {1,3}, set c(viu;,) = 4, c(uiuiy;) = 1, cviviy1) = cuinuin) = 3,
c(Visavips) = c(upsul,s) = B, c(vipzvina) = c(uiauins) € {1,310\, B}, c(viraviez) = c(upsiig) €
{1,2,3,410\{3, 8, c(viszviza)}, cOigvira) = c(uipuinz) € {1,2,3,41\{1, 3, c(visavizs)}, c(Vipsviee) €
{1,2,3,4)\{a, B, c(Vis3Visa)}. Fori+l < j <i+5,letc(viu;) = {1,2,3,4)\{c(v;-1vj), c(vjvjs1), c(uj_iu;)}.
Then, v;,su;,5 1s a full-edge and v, 3u;,3 is an outer-crossing-edge.

Consider that {a,8} = {1,3}, since c(u;_1) # 3, we have @ = 3, 8 = 1. If G, is adjacent to a
t-block, then set c(uiriuir2) = c(Viraviyz) = cigattiva) = c(vigsuis) = 1, cviviy) = c(Uipauiz) =
c(vip3viea) = c(usuls) = 2, cin)) = ciptip1) = c(Vipaltiva) = cUig3tiza) = c(Vizavigs) = 3,
cUittiy1) = c(Vigvie2) = c(vipstipz) = c(Uipaltins) = c(Vigsvies) = 4, hence vigeltie is a full-edge
and c(u;su’,5) is suitable. If G;; is adjacent to a t-crossing block with 7 > 2, then set c(uu;y) =
c(isavip3) = c(Uis3tizg) = c(Vigsitips) = C(”i+6u;:r6) = 1, c(visrviea) = c(Uinauinz) = c(Vigavigs) =
c(Uirsuiv7) = cisltive) = 2, c(vivip1) = c(Uipiltinn) = c(vipstiy3) = c(Vigaltiya) = c(Vizsvige) = 3,
cviu;)) = c(Vipittip1) = c(Vipaltip2) = c(Vip3Viea) = C(Uigaltivs) = c(VipgVie7) = 4, hence viqu7 is a
full-edge and v;,6u;.6 1s a crossing-edge, by Lemma 2.6, the conclusion holds for this case.

Subcase 3.4. k > 7.

We first set c(viu;) = 4, c(vivir1) = 3, c(uistiv) = 1, c(Visg-2Viek-1) = B. Since (@, B) ¢ {(2,4),(4,2)},
we may set c(Vi—3Visk—2) € {2,4\{a,p}. For j = i+ k—-4,i+k—5,...,i+3, let c(vjvj,1) €
{2,3,4\{c(vj11vj42)), c(vjavj3)), then let c(vipavins) = 1, c(vipvina) € {1,2,3,410\{1, 3, c(vir3visa)}-
Fori+1<j<i+k—-2letc(ujuj,)=cvj1v;),cvju;) ={1,2,3,4\{c(vj-1v;), c(vV;jvji1), c(uj-u;)}.
Finally, let c(ui1ul,,_;) = B, cOin-1vier) = {1,2,3, 4\, B, (vis-3vis—2)}, and c(Vipg_1tis—1) =
{1,2,3, 4\ {c(Vizk—2Vitk-1)s CVitk—1Vizk)s C(Uisr—aUiri—1)}. It is easy to see that ¢ is a good coloring, and
c(vj) = c(uj_qu;), c(vivjs1) = c(u;) fori+1 < j < i+ k— 1. That is, we have c(vi—1vik) =
c(uisk-1). Hence viy—iuipi— s an outer-crossing-edge since c(uii—1u;,,_,) = . Note that, c(vi—1) =
C(Uisk—2Uiri—1) = C(Virr-3Visk—2), hence c(vi1) ¢ {a,B}. By the fact that c(vii—1vi) ¢ {a,B} and
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CVitk—1Visk) # €(Vizk-1), we have vy u;y 1s a full-edge. If G is adjacent to a #-block, then v, i ¢
is a full-edge and c(u;,—ju};,_,) is suitable. If G;; is adjacent to a r-crossing block with > 2, by
Lemma 2.6, we can extend the coloring ¢ such that vy, #j14.-1 1 a full-edge and c(ujii2u},,, )

1s suitable. O

Remark 2.2. By Lemma 2.6 and the proof of Lemma 2.7, if G; is adjacent to a t-crossing block G,
with r > 2 and vy, # v,, then we can extend the coloring ¢ such that v+, 1s a full-edge and
c(Uippsi-1U7,,,, ) 1s suitable. Moreover, if G, is adjacent to 1-block, then we can extend the coloring

c such that vi, iy 1uiir41 18 a full-edge and c(u;ue, ) is suitable.

Lemma 2.8. Suppose G, is not a bottom block and k > 2. If H;; has a good coloring c such that v;u;
is a full-edge, then c can be extended to a good coloring of G.

Proof. Assume that G;; is adjacent to G;.,. By Lemma 2.7, we can extend c to a good coloring of G; 4
such that v, ,u;, 1s a full-edge. If G, is a bottom block, then by Lemma 2.5, ¢ can be extended to a
good coloring of Gift = 1,0rt > 3, ort = 2 and c(u; - u;;,_,) is suitable. For t = 2 and c(u;jsx—1u’,,_)
is not suitable, by Lemma 2.7, ¢ can also be extended to a good coloring of G.

Therefore, we assume that G, is not a bottom block. If ¢+ > 2, then the argument is similar as
above. So assume that t = 1, that is, v u;4, 1S in a crossing block. Suppose v; i« 18 in a [-crossing
block and [ is maximal, that iS, Vi ty/—1Uisksi—1 = Vr—1Ur—1 OF VijpsiUiviss 18 In a d-block with d > 2. For
[ = 1, since G, 1s not a bottom block, Viix+1Uirk+1 18 in a d-block with d > 2. By Remark 2.2, we
can extend the coloring ¢ such that v, Ui 18 a full-edge and c(u;yu?,,) is suitable. If this d-block
is a bottom block, then we can extend c¢ to a good coloring of G by Lemma 2.5. If this d-block is not
a bottom block, then we make the same argument as the case G;;. If / > 2, then by Lemma 2.7, we
can extend ¢ to a good coloring of G such that v; i, iU;rs—1 18 a full-edge and (12U, ,, ) 18
suitable. Hence, if v s 1Uisk4-1 = V,—14,—1, then by Lemma 2.5, ¢ can be extended to a good coloring
of G. For the case vy Utiri4s 1S In @ d-block with d > 2, by Remark 2.2, we can extend c¢ such that
Visk+iUirkss 18 @ full-edge and c(u;yri-1u7,,,,_,) 18 suitable. Hence if this d-block is a bottom block, then
we can extend ¢ to a good coloring of G by Lemma 2.5. If this d-block is not a bottom block, then we

make the same argument as the case G;. O

Corollary 2.1. Let G, be a k-block with k > 2. If H; ;. has a good coloring c such that v,u; is a full-edge
and c(u;_\u; ) is suitable, then ¢ can be extended to a good coloring of G.

Corollary 2.2. Let Gy be a k-block. If H;; has a good coloring c such that vu; is a full-edge and
Vi_1U;_1 1S a crossing-edge or an outer-crossing-edge, then c can be extended to a good coloring of G.

Proof. Note that c(u;_ju;” ) is suitable since v;_ju;_; is a crossing-edge or an outer-crossing-edge. So
if G 1s a bottom block, then ¢ can be extended to a good coloring of G by Lemma 2.5. If G;; is not a
bottom block and k > 2, by Lemma 2.8, we can extend ¢ to a good coloring of G. Hence we only need
to consider that G, is not a bottom block and k = 1. For this case, v;; is in a crossing block, with the
similar argument as Lemma 2.8, we can extend ¢ + to a good coloring of G. O

Theorem 2.2. For every cubic Halin graph G in G, which is not a necklace N,, ' (G) = 4.

Proof. Since G is not a necklace N,, there are at least two blocks in G. Suppose the block containing
Vol 18 a k-block.
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Casel. k= 1.

In this case, u, and u3 are on the different sides of P. We set c(viu;) = c(voup) = 1, c(viug) =
c(upuy)) = 2, c(uouy) = c(vavs) = 3, c(ujup) = c(vivy) = c(uouz) = 4. Then vsusz becomes a full-edge
and v,u, becomes a crossing-edge. By Corollary 2.2, ¢ can be extended to a good coloring of G.

Case 2. k = 2.

Suppose the block G, is adjacent to Gg4,. If t > 2, then let c(viu;) = cOhuy) =
c(vzuz) = 1, c(viug) = c(uauz) = c(v3vy) = 2, c(uour) = c(vivz) = c(uzuy) = 3, c(uiuz) = c(vav3)
c(ugpuy) = 4. Then v4uy becomes a full-edge and c(uzuy) is suitable. Hence, by Corollary 2.1, we can
extend ¢ to a good coloring of G.

For t = 1, that is us and u4 are on the different sides of P. If vsus is in a [-block with / > 2, then
let c(uivi) = c(vav3) = c(usus) = c(vauy) = 1, c(ving) = c(uiuz) = c(vavy) = 2, c(uour) = c(vauz) =
c(vsuz) = c(uguy) = 3, c(viva) = c(uous) = c(upuz) = c(v4vs) = 4. Then vsus becomes a full-edge and
c(v4uy) 1s suitable. Hence, by Corollary 2.1, we can extend ¢ to a good coloring of G. Therefore, vsus
is in a 1-block, which means ug and us are on the different sides of P.

Consider the edge vgug is in a d-block, let c(u;vy) = c(uousz) = c(v3v4) = c(ugug) = c(vsus) = 1,
c(ving) = c(vaup) = c(vsuz) = c(vavs) = 2, clugur) = c(viva) = c(uzus) = c(vauy) = 3, c(uu) =
c(uouy) = c(vav3) = c(vsvg) = c(usus) = 4. Then veus becomes a full-edge while c(uyus) is not
suitable. If Gg4 is not a bottom block and d > 2, then by Lemma 2.8, we can extend ¢ to a good
coloring of G. If G¢4 is a bottom block with d = 1 or d > 3, then by Lemma 2.5, we can extend c to
a good coloring of G. If G4 1s a bottom block with d = 2, then G is the graph H, depited in Figure.
For this case, we give a good coloring of Hj as follows: let c(viu;) = c(voun) = c(uzus) = c(v4vs) =
c(ugug) = c(v7vs) = clusug) = 1, c(viug) = c(uauz) = c(v3va) = c(vsve) = c(ueur) = c(vsug) = 2,
c(uyug) = c(viva) = c(vauz) = c(vauts) = c(usug) = c(vev7) = c(uqug) = 3, c(uiuz) = c(uous) = c(v2v3) =
c(vsus) = c(veus) = c(vu7) = c(vgug) = 4.

Now we consider that Ge 4 is not a bottom block and d = 1. Let c(u;v,) = c(upuz) = c(vavy) =
c(ugug) = c(usuz) = c(vsve) = 1, c(vig) = c(vaur) = c(vsuz) = c(v4vs) = c(vstts) = 2, c(upuy) =
c(viva) = c(uzus) = c(vauy) = c(vevy) = 3, c(uiu) = c(upuy) = c(vav3) = c(vsus) = c(uguy) = 4. Then
v7u7 becomes a full-edge and vgug becomes a crossing-edge. By Corollary 2.2, we can extend c to a
good coloring of G.

Case 3. k > 3.

We first give a good coloring of G; as follows: c(u;vy) = 1, c(viug) = 2, c(uou;) = 3,
c(uquy) = 2, c(vivy) = clupurrr) = 4. Then {c(ugusr), c(uy)) = (4,1). Now we color the block
GZ,k-

For k = 3, set c(vaup) = c(v3vy) = c(uauy) = 1, c(vsuz) = c(v4vs) = 2, c(vav3) = c(uzuy) = 3, and
c(upuz) = c(vquy) = 4, then vsus is a full-edge and v4u4 is an outer-crossing edge.

For k = 4, set c(vauy) = c(vauz) = c(vqvs) = c(usus) = 1, c(v3vs) = c(ugus) = 2, c(vav3) = c(uzuy) =
c(vsve) = 3, and c(upu3) = c(vauy) = c(vsus) = 4, then vgug 1s a full-edge and vsus is an outer-crossing
edge.

For k = 5, set c(vav3) = c(uzus) = c(vsve) = clusuy) = 1, c(vsuz) = c(vqvs) = c(usug) = 2,
c(nuy) = c(vavy) = c(uaits) = c(vev7) = 3, and c(uuz) = c(vauty) = c(vsus) = c(vgitg) = 4, then vyuy is
a full-edge and veug 1s an outer-crossing edge.

For k > 6, first set c(vov3) = 1, c(vs3va) = 3. For 4 < j < k =2, let c(vjvjs1) €

{1,2,3)\{c(vj-2vj-1), c(vj-1v)}. Then let c(viavi—1) = 4, c(vimivi) € {2, 3\ {c(Vi3via)}, c(Vivis1) = 1,
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cC(WVis1vis2) € {2,3N\{c(viciv)}. For 2 < j <k, let c(ujuj) = c(vjovj) and c(vju;) €
{1,2,3,4\{c(vj-1v)), c(vjvjs1), c(uj_uy)}. Finally, let c(ugiiuy, ) = 1 and c(viyiugy) = 4. Then ¢
is a good coloring of Gy, VisaUy+2 1s a full-edge and v, uy 1S an outer-crossing edge.

By Corollary 2.2, we can extend ¢ to a good coloring of G.

In summary, we have x/ ,(G) < 4. On the other hand, since G is cubic, x/ ,(G) > 4. Therefore,

X i(G) = 4. o

Combining Theorem 2.1 and Theorem 2.2, we complete the proof of Theorem 1.2.
3. Conclusions

In this paper, we have determined the exact values of the adjacent vertex distinguishing (AVD)
chromatic indices of cubic Halin graphs whose characteristic trees are caterpillars. We showed that
only two graphs have AVD chromatic index 5. For the cubic Halin graphs whose characteristic trees
are not caterpillars, we believe that there are few graphs obtaining AVD chromatic index 5. It is
interesting to figure out which cubic Halin graphs with characteristic trees not caterpillars have AVD
chromatic index 3.
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