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1. Introduction

It is well known that quasi-periodic solutions of integrable dynamical systems can not only describe
periodic nonlinear behavior, but they can also show characteristics of Liouville integrability [1-5].
Therefore, constructing quasi-periodic solutions for integrable nonlinear equations is a hot topic in
the field of modern mathematical and theoretical physics. In the past decades, several systematic
approaches have been used to study quasi-periodic solutions for nonlinear integrable models [6—12].
The successful idea is to use the hyperelliptic curves, and finite-genus solutions of nonlinear equations
related to 2 X 2 matrix spectral problems have been derived [2,3,6—17]. But, this method is invalid to
solve higher-order matrix spectral problems. In Refs. [18, 19], a unified work was given to study the
algebro-geometric solutions to the Boussinesq equations associated with a third-order spectral problem.
After that, according to the characteristic polynomial of the Lax matrix, Geng and colleagues [20, 21]
developed a general approach to handle the case of the 3 X 3 matrix spectral problem by introducing
trigonal curves. Using this method, quasi-periodic solutions for some famous equations, such as the
Manakov, the cmKdV, the modified Boussinesq, the coupled Sasa-Satsuma, the Dym-type equations
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and so on [22-26], were successfully generalized.
Recently, in Ref. [27], three-component Burgers hierarchy was derived, and its bi-Hamiltonian
structures were discussed. The first member in the whole hierarchy is

Uy = 3Wy — Uw, — W + 2v,,
Vi = 2Wapx — 2UWyy + Vip — VW — 2VW, — UV, (1.1)
W, = =Wy — UW, — u,w — dww,,

which can be reduced to the well-known Burgers equation [28]
Uy = Uyy — Ully.

During the past few decades, there have been some remarkable works on the Burgers equation due
to its prominent mathematical structures and physical properties. The Darboux transformation for the
generalized Burgers equation was constructed based on the Lax pairs [29]. Quasi-periodic solutions for
the 241 dimensional discrete Burgers equation were proposed in view of the Jacobi inversion [30]. The
Cole-Hopf transformation were used to generate the multiple-front solutions for the coupled Burgers
equation [31].

The purpose of this paper is to study quasi-periodic solutions of three-component Burgers flows. By
means of the asymptotic expansions and Abelian differentials, we deduce the theta function expressions
of the potential functions. In Section 2, we first list the recursion relations of the three-component
Burgers equation; then, we define a trigonal curve K),_, based on the characteristic polynomial of the
Lax matrix. By adding two different infinite points, the curve %K, is compactified. In Section 3,
we discuss the asymptotic behaviors of the meromorphic functions ¢, and ¢3. Section 4 is devoted to
discussing the divisors of ¢,, ¢3, which can reveal essential singularities. In Section 5, we derive the
theta function solutions of /1, ¢, ¢3 by using the Abelian differentials inferred in Section 3. Especially,
we generate the quasi-periodic solutions of the three-component Burgers hierarchy.

2. The trigonal curve
The main idea of this section is to define a trigonal curve K, related to the three-component

Burgers hierarchy. We first list some necessary results from Ref. [27] to make this paper easier to read.
We define the Lenard recurrence relations

Kgj=Jgn, Kgj=Jgin, j20, 2.1
and K, J are two 3 X 3 operators
Ou —30> 20v +2ud* + 2u,0 - 26° 0 0 -20 -30
K = K21 K22 0 . J = —26 J22 21/!(9 , (22)
ow + 2wod K5 O + Oud — vo 0 0 0
go=(w,1,00", & =(1,0,0), (2.3)

where
Ky = v, + 2v0 + 2ud* — 20°,

Ky = 0%ud + ud® — udud + 0*v — uvd — uv, — 4%,
Kz = wd? = 2uwd — (uw), — 6*w,
Jn = —0% — wo — 20w + ud.
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The recursion relations given by (2.1) can be uniquely solved. So, we have

r T
81 = (g'(ll)’ 3w + 2uw — v, —(wy + uw + 2W2)) . &= (g(ll)’ —1u—3w, W) , (2.4)
with
§(11) = Wiy — UWy — UW + 20w — 3unw? — 3ww, — 4w’
Ly 3 1+3 +1 12+152
= Uw— —V+ W, + —U, — —u" + —
ST TR e T Ty

Now, we discuss the zero-curvature equation
V.- [U, V]I =0, (2.5)
where

U =

0 10 Vit Vio AVy3
A+v u A, V=(Vis=|Va Vi AVy|,
w 00 Vi Vi AV3;

with A as a constant spectral parameter; also, u(x, t), v(x, t) and w(x, t) are three potentials. Each entry
Vii(a, b, c) is defined as follows:

Vii=-20a+0W+ud-*)b+Ab+c), Vin=a, Vi=b,
Va1 = (v —28%a + (0v + 0ud — 8*)b + A(a + wb + db + dc),

Vo =(u—0)a+V+ud—0)b+Ab+c), Vy=a+0b, (2.6)
Vi = wa — (uw + ow)b + ud + 0*)c, Vi =wb—0c, Vi3 =c.
From (2.5) and (2.6), we obtain
KG =G, G =(a,b,c). (2.7)
Set
G=> G, G;=(apbjc)’; (2.8)
720
then,
Gi=ao8;+pog;+ai18j-1 +Bi1gj-1+---+a;8 +B& + 7,8, J=0, (2.9)
satisfies
KG;j=JGj.1, JGo=0, (2.10)
for go = (0,0, 1)T € kerK N kerJ; also, a j»B; and y; are arbitrary constants.
In order to generate the three-component Burgers hierarchy, we set
Gj= @@ +Podj+ @& +Brgj + -+ @0+ Bido £ @, b)), j=0,
and give the following Lax pairs
{ Wx = UW, ‘ﬁf (wlv wZ’ w3)T’ (2 11)
lﬁzr = (th(a(r)9 b(r)a E(r)))3><3w’ )
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where .
a” = ax, B0 =Y b, &=, (2.12)
=0 =0
with @;, B j as arbitrary constants independent of @;, 8;. The compatible condition of (2.11) implies that
U, - VY 4+ [U,V?] = 0 is equivalent to the following three-component Burgers equations:

Uy, Vi, w;,)" = KG, = JGpa1, r>0. (2.13)

Next, we define a Lax matrix V® = (A"V), = (Vl.(j'.’)(a i»bj,¢))axs, and

Ve — (U, v =0, (2.14)
v? - VO, v = 0. (2.15)

So, the characteristic polynomial of V" is independent of (x, z,). Moreover, we have
det (yI = V) = 3% = yRyu(2) + yS () = T(A), (2.16)
where R,,, S, T,, are polynomials of A:
Ry = VIV + V&) + AV = Qag + 3yo) ™! + Qary + 3y + -+ -,
v vl v avel v ave

Sm=|pm yoltlym yum| T ym
Var Va Vi AV Vi AV 2.17)
= (afé + 4agyo + 37(2))/12’”2 +ee,
T, = det(V(")) — /l[(ao + ,),0)2,)/0/13n+2 +oee]
Hence, (2.16) leads to a trigonal curve K,_;:
Kopo:  Fu(A,y) =¥ —V’Ry +¥S, — Ty = 0. (2.18)

The discriminant of (2.18) is
A1) = 4S3 — R2S2 — 18RS Ty + 27T2 + 4R3T,, = —4aiB22°" + .. ;

m= m

here, we assume that a¢Byyo(ay + vo) # 0 and K,_, is nonsingular. So %K,_, can be compactified by
adding the infinite point P, and the double branch point P,. In our paper, the compactification of
Kin—> is still expressed by this symbol. Then, K,_, becomes a three-sheeted Riemann surface, and its
genus is 3n + 1. Each point P = (4, y)e K,,_, satisfies (2.18), along with P, and P.,.
We asumme that P, P*, P** are three points on three different sheets of K,,_,. Set y;(1),i=0,1,2 to
satisfy
O = YD) = Y1 (D) = y2(D) = 3 = YRy + S = Ty = 0. (2.19)
Using (2.19), we obtain
Yo+ Y1 +y2 = Rp,
Yoy1 +y1y2 + Yoy2 = S,
Yo +yi+y; =Ry, =25,
Yoy1yz2 = T,
yg + yf + yi = an -3R,S ., +3T,,
y%y% + y(z)yé + y%yg = S;i = 2R, T

(2.20)
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3. Asymptotic expansions

We shall discuss the asymptotic expansions of two associated meromorphic functions. Meanwhile,
we introduce Abelian differentials to represent quasi-periodic solutions of the three-component Burgers

hierarchy. First, the Baker-Akhiezer function y(P, x, x, t,, tp,,) satisfies

VO (u(x, 1), v(x, 1), w(x, 1,); APYY(P, x, Xo, 1, to,) = Y(PW(P, X, X0, 1, To,,),
wx(P’ X, X0, Iy, tO,r) = U(u(x, tr)’ V(x’ lr)» W(x’ tr); /I(P))'J/(P’ X, X0, Iy, tO,r)’

U (P, X, X0, 1y, 0,,) = VO, 1,), v(x, 1,), w(x, 1,); APDW(P, X, Xo, 11, to,,),
1(P, xo, X0, Lo, 10,) = 1, x,1, € C.

3.1

And the meromorphic functions ¢, (P, x, t,),¢3(P, x, t,) on K,,_, are respectively introduced as follows:

lﬁz(P, X, X0, tr, tO,r)
wl(P, X, X0, tr, tO,r) ’

¢2(Pa X, tr) = Pe 7<m—29

_ Ys(P, x, X0, 1, L)
¢'§(P’ X, tr) - wl (1)’ X, X0, Ir, tO,r)’ Pe (]<m—2-

Expressions (3.1)—(3.3) imply that ¢, and ¢5 satisfy the following Riccati-type equations
Pox+ ¢35 —upy — A3 —v—21=0,

G3x + h2p3 —w = 0.

So, we can get the following lemma.

Lemma 3.1. Let P € K5 \ {Pwo,, Pw,}; then,

_W+K11{+O({2)’ P_)POOw gz/?'_l’
¢2(P, xX,t,) = —1 | 2 3 _1
-0 {7+ kot kil +t Kkl +0(7), P—o P, (=217,
~1+ +0(2), P— Py, (=17,
(=0 | WE+ x220" + x238 + O(), P— P, (=17,
where
K11 = 3wwy + (UW)y — Wiy — Vy — W — uw? + vw,
u+w
K20 = 5
v u, 3w, @+w)u-3w)
K=z ——F— + )
’ 2 4 4 8
Upe Ve  Twee  uue  Sw), 15ww, wv  w?(u+w)
Kop=—5 —— - + -t
’ 8 4 8 8 8 8 2 2
X1,1 :W2+uw—v—wx,
uw + w?
X22 = Wy — >

B3u,w  9ww,  wv w(u+w)u + Sw)

4 2 8

X23 = Wyy + UWy +

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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Proof. Substituting the hypotheses
(1) ¢, oot kil + 0, ¢ X0 +x11 + O,
2) ¢ So K118+ Koo + Ko 1L + ka0l + O(D),
¢3 (jo)(z,lf + X220 + X238 + O,

into (3.4) and (3.5), and by analyzing the coeflicients of , we prove the lemma. O

Next, we study the asymptotic properties of ¢, near P, and P.,. By means of the first two
expressions of (3.1), we obtain

X 1,
wl (P’ X, X0, tr’ tO,r) = eXP ( f ¢2(P7 X’, tr)d-x, + f Ir(R X0 t’)dt,)a (38)
X0 [OJ
with N N N
L(Px,t,) = VIV + VO + AV 5, (3.9)

which can imply the essential singularities of ;. We use the following symbols to represent the
corresponding homogeneous case of Vl.(;), that is to say,

=(r1) =)
Vij = V,'j |(~z0:1,&1:---:&,:B():---:N,:O’ (310)
=2 —,
Vi = Vi la=tao=-=t,=i==py=0 - 3.11)
So, we have o (
_ ~=(re =(r,€) =(r,€)
TP x,t)=V,, +V, ¢2+AV 5 ¢3, €=1,2. (3.12)
Especially,
—C + 0({)’ P— Poo )
@ xy={ T ! 1
’ ( ol ) { 4—21’—2 - br+1 - é\’r+1 + 0(§)’ P — Pooz- (3 3)
—Cr1 + 0(0), P — P,
PP xt)=4 017" ! 3.14
r (B ) { £ by — & + OQ). P — P, 3149
In fact, consider that (r,€) = (0, 1), &%) = —w, 50D = 1,0D = 0, 2 = ¢! denotes the local
coordinate near P, and A = £~* denotes the local coordinate near P,,. When P — P,
I0Px.t) = —2790 ~ OV L B0V L0 4 £G4 F00)
+ 5005 4 150D
¢§ £00s (3.15)
=wy+ 2w +uw + 0)
= _él + O(g)’
and, when P — P,
TOPxg) = =280 — FOD 4 yfOD 15OV 4 720D 4 o)
+ 70D 4 F2p0.0
$2+¢ ¢3 (3.16)

=E2+we+v—uw—w?+0()
=&2 by -2+ 0Q).
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So, as P — P, one infers the following:

(P x,t,) = Z ol
j=0
as P — P, we assume

IV(Pox,) =2+ ) 6,0,
j=0

and {oj(x,1,)},{0;(x, 1)}, j € N are some coeflicients. Using (3.1), we obtain

lpl,x _
o ¢2,

Vi, S0, =
(/Il = V;? + Vgg(]ﬁz + /1V§;)¢3

Furthermore, we have
(@), = (V] + Vs + AV} 3),.
Whenay=1,a; =--- = @, :Oandﬁo =... :Br = 0, we arrive at
Oox = (Ki,0),»
O jx = (K1),

0o.x = (K2,0)1,
5j,x:(K2,j)t,, j= 1,2,3....

Combining (2.5), (2.13) and Lemma 3.1, one gets

O-O,x = (_Cr+1)x’
_ n n N A A 2% n A
0-],)6 - (War+l + 2ar+l,x + br+l,xx + ber+l - qur+l % br+l —Cry2 — ubr+l,x)x,

50,)( = _br+1,x — Cril,xo
é‘l,x = _ar+1,x - ber+1 - Wbr+1,x’
1 ’ R N T
52,)( = (Ear+l,x - Ewar+l + ber+1 + Equr+1 + EW br+1 + Ecr+2)xa

from which it can be inferred that

0—0 = _ér+l, R R R R R
o1 = Wé\lr+1 + 2ar+1,x + br+1,xx + ber+l - ubr+1,x - MWbr+1 - Wzbr+1 - é\‘r+2a
6= —bra =&,
01 = —Qry1 —whyyy,
1, X A T G )
(52 = Ear+l,x - Ewar+] + ber+] + Equr+l + EW br+l + Ecr+2-

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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Furthermore,

(1) =(r+1,1) =(+11) =(r+l1,1)
La=Vu +Vp $+AVy ¢ X
= g_llr - 2&r+l,x - br+1,xx + ubr+1,x + Vbr+1 + g_l(br+l + é\‘r+1)

+ 1y + b5

=—Cr2 + 0(5)’ P— P°°1’
(3.25)
Sy =D =eLD) =(r+1,1)
L= Vll_ +Vy, ‘153 + AV 5 . ¢3 A X
= {_er - 2&r+l,)c - br+1,xx + ubr+1,x + b,y + {_2(br+l + Cri1)
+ ar+l¢2 'i' §_Zbr+1¢3
:§_2r_4_br+2_ér+2+0(§)a P_> Pooza
so (3.13) holds. Equation (3.14) can be proved by using the same method.
By considering (3.13), (3.14) and (2.12), one infers the following:
_Er+1 + 0(‘;)’ P — Pool’
HPEIDZN S @t 2 4Bk ) ~b =G+ + 00, P Po. O

Given those above preparations, the asymptotic expansions of ¥, near P, and P, read as follows.

Lemma 3.2. Let P € K, 5 \ {Pw,, Po,} and let (x, X, t,, tg,,) € C*; so0,
exp (A + 0(1)), P — P,

exp (¢ = x0) + (@i 4 Bl ) + )
=0

l//l(P’ X, X0 tr’ tO,r) Z: (327)

0 1
X(ty = 0,) = 5 (A1 + Ag) + 0().

P—- P,

where
Ay = 07 w(xo, to,) — 0 w(x, 1), Ay =0 ulxo, to,) — 0 u(x,1,),

are two functions independent of variable x.

Regarding %,—», one can choose the basis {a;, b j}Tj with the intersection numbers
ajoar =0, bjoby=0, ajoby=0, jk=1,...,m-2,
Our basis is as follows

Ada, 1<I1<1+2n,
(= $R)AT2dA, 2+2n<1<m-2.

@(P) = 1 { (3.28)

3y> = 2yRy + S

Let us construct the matrices A = (A ) and B = (Bj;) by respectively applying the following:
Ajk = f w, Bjk = w;. (329)
ag lbk

AIMS Mathematics Volume 8, Issue 11, 27742-27761.
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Then, T = A™'B is a symmetric matrix [32-34] and we denote C = A~!. If @,(P) takes the normalized

basis w = (wy, . .., Wy-—) With
m-2

w;j = )y Cjmy,
=1

thenf wj = 5jk andf Wi = Tk, ],k = 1,2,...,m—2.
a, b,
Utilikzing (3.1) and (3 .’{6)—(3.7), one gets the asymptotic properties of y(P):

WP) = ! (70 +yi+ 0(52)), as P— P,
e (CYO + 70 +Bod + (a1 + ¥ + O(§3)), as P— P,.
So,
@ ol P Py,
’ d3? +0()dl, P — P,
where . |
(co1) _ Yo (002) _ @ *+ %o
dy" = _a_gcj,2n+1 - Q_(Z)Cj,m—Za dyy” = _KIBOC./}ZIHI - TIBOCj,m—Z-

Moreover, w; can be rewritten as

wj = ZQj,z(Poox){ldL P— P,,s=1,2,

where 0;,(P,) represents constants.
Let wf) j(P) (j = 2) be the normalized differential of the second kind, satisfying
oy

W (P) = = (7+oyds, P P,

Pooy.j
with
f @ AP = k=1,2,....m—-2.
ak

We introduce
2) _ (2)
Q7(P) = Z(P)

r

QPA(P) = D 2+ 2D 5 5(P) + Z(Zl + DBy 5P,
Then, we have - lzo
fgp %P = { e—i“)( gy +00. P
~<2><Qo> +0(), P P,
j; P QP =1 - Z &0~ Zﬁr_ £+ 8700 + 000,

P— P,

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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for some constants e(z) 6(22), é(lz), é(f) depending on the appropriately chosen point Qy. The associated

b-periods are deﬁned by

@ _, 1 f Q?(p 1 f QP
U, = (27r . (P),. oy - (P)), (3.40)
Uy, ‘(— f QY (P),....— f QP .(P)). (3.41)

By means of the relations between the second kind of differential and holomorphic differential w, we

can respectively express the members Uézz of U, ® and Ugi)+3 , of U U .5 as follows:

Uy = gko(Pm)

3.42
3k = Z@r 10k 2141 (Pooy) + Zﬁr 10k21(Peoy ), k=1,....,m=2. (342)

We define the Abelian differential of the third kind, a)(Q3) 0, ON Kno \ {01, D1}, 1.

Q1
f wy 5, =0, f wy o) —27rifQ Wi (3.43)
ak 2

In particular,
el,m](QO) + 0(4)’ P— Poo],

P
f Wp 5 o] TIEF e (Qo) +wgd + 0@, P, (3.44)
@ T Ind + €1,60,(Q0) + O, PP,
P €200,(Q0) + wy 'L + 0L, P> P,
fQ W, Pay S0 | 16+ €2p0(Q0) + O, P — Py, (3.45)
0

I + €200,(Q0) + WL + O, P = Py,
with integration constants € «,(Qo), €2.00,(Q0), €1.5,(Q0), €2.p,(Qo) and s = 1, 2.

4. Divisors of ¢, and ¢;

We will propose the divisors of two meromorphic functions ¢, and ¢;. The definitions of the two
meromorphic functions in (3.2) and (3.3) respectively imply that

WO +C, VY - YA, + VPR, + B,

(n) -
g+ A s @)
2V —y(Cp + VIR,) + D,
(m) 2v,m) (n)
WV HCh PV (A + VIR, + By,
BTy B “AE
yVlz + ﬂm - 112172 (42)

WV —y(Cn + VIR, + D,

AIMS Mathematics Volume 8, Issue 11, 27742-27761.
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where

= VIV + VIV

= Vi (Vs Vi) = VEVID) + VS (VR Vi - vigviD),
“ViV + VY,

_ (n) (y, )y, (n) (n)y7(n) () (y, M)y, (n) (n)y,(n)
- /1V23 (sz V33 - V23 V32 )+ V21 (V13 V22 - V23 V12 ),

3

3

4.3)

UQDUD>

3

= AVEFVE - VIV,

= VR Vip = Vigvl) + aVEVTVE - VBV,
= V'V - VPV,

= VGRS = VRV + VPV = Vi),

3

4.4)

3

Boibs&a

3

Eya = AV (V) = (VEPV) + VSV (VS = VD),
Fua = AV PRV o+ (VI = AVEVIIVD = VID(VD)2, (45)
Far = Vo (V)P + (VI = VIV V) = ViD(VYY

By complex computation, we obtain

VOF, 2 = VD, — (VIS = Cu(VR,, + C,), we)
ApFno = (Vég))sz + CnuDy, .
VOE, > = VOB, — (VIS — Au(VWR, + A,),

4.,
CoEns = (VOPT, + A,By, @.7)

Vg)Bm + Vg)Dm - Vfg) Vg)Sm + Amcm = 0’
VOVET, + (VS 1 = D)V Ry + Ay) + VIVCoiS
~ B,(C,, + VZR,) = 0,

VT, (A, + VPR, + V2 C, T, + EpoFys — BuD,, = 0,

(4.8)

VOF 2 = VOD,, — (V)2S,, = Cu(VaaRy + Cu),

4.9
AnF -2 = (Vég))sz + CnDps (49)

—AVPE, 5 = V8B, — (VO)2S,, — A (ViR + Ay,

4.10
_/lcmEm—Z = (Vf;))sz + ﬂmBm’ ( )

VOB, + VD, - VOVDS,, + A,C, = 0,
VOVOT, + (VDS,, = D) (A + ViaRy) + VECWS 1 = Bu(VirRy + Cu), .11
VOT, (A + ViaRy) + VOCu T = AEyy2F s — BpuDyy = 0,

Em—Z,x = _uEm—2 + (3Bm - zvg)Sm - RmAm)a
VI F .= (A+ 0V = V3D, = 2VS,, — R,.Cn)

4.12
+ QuVY + R, = 3VIF, 0, “4.12)
Tm—2,x = _uTm—2 + W(?’Dm - 2V§;)Sm - Rmcm)
Due to the observation of (4.5), one infers that E,, ,, F,,_, and ¥,,_, are polynomials of A:
m-2
Ena =3By | |- px0), (4.13)
j=1
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m—=2

Fua = —adBow [ [ =vix.1), (4.14)
Jj=0
m=2

o=’ | |- &), (4.15)
j=1

As A = pj(x,1,), we get

E,,= (/l(V("))ZV(”) V(”)V(n)(v(;) V(n)) Vg)(v("))Z)
= (Vi'?ﬂ ~V®4,) =

so we can define

luj(-x9 tr)a -

/le(X, lr) ﬂm(ﬂ](x’ tr)9 X, tr) J

Vi e ), x, 1))
Cnl&;(x,1,), x, tr)]

Vi (€i(x, 1), x, 1,)
Cn(vi(x, 1,), x, ;)

Vi (vi(x, 1), x, r,))

Eix,t) = |&(xt), - j=1,...,m-2. (4.16)

1?/'(X, tr) = Vj(xa tr)a

In fact, for A = u;(x,t,), combining (4.7) and (4.13), we have

0=V"B, - (V2YS, — Au(VER,, + A,
0= (VDT + AnBo,

3 2

: ) ( / ) ( / )

—_Im — | —=m R +__mS _T :O
o) wy | fom wy |0 m = Am =
(V]3 Vv Vv

that is,

which means that

32 _ — 0
O =Y R 438 m = Td | g, Zmieonn = 05
V|2(.UJ(”r)XTr)

so, the first definition of (4.16) is reasonable. Similarly, we can prove the others.
From (3.6), (3.7), (4.1) and (4.2), one infers that the divisors of ¢, and ¢; have the following
respective forms:

(D2(P, X, 1)) = Do) 91 tima i) P) = Dby 1t 20) (P (4.17)

(@3(P. X, 1)) = Dp_ £10i).bnrei)(P) = Do i e)enin-axa) (P)- (4.13)

Next, our main purpose is to discuss the poles and zeros of ¢; on K,,—» \ {Pw,, Pw,}. Observing (4.1)
and (4.2), one gets

G2, (P, x,1,) = V0 4+ (V) = V)b + AV s = VD2 — AV 23, (4.19)
¢34, (P x,1,) = V) + AV = Vb3 + Vi — AV 92 — V5. (4.20)
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Lemma 4.1. We suppose that (3.1) holds. Let (4, x,t,) € C3; then,

Epoy (A x,,) = VO E, 0, + BV +uV) =07 )E,r — V3B, - 2V\VS,, — RyAy),
(v /Dy ()
V21 V23 B /1V23 V21
A+ v)Vyy — vy}

2”(/1"7;?‘/;’;) (r)v(n)) + (R _ 3‘/;’;))((/1 + v)/lvég) _ (r))
T A+ VR -y Fnz, (4.21)

Fpny(A,x,1,) = Frax+ GVE =07 u,)F,s

Vv - Vv
WV§'2I)

ATV - SV +RVE | TOVE - Vv
Ve W

-1
Tm—Z,x - 8 utr?:m—Z

Tm—z,z,(/l, -x9 tr) =

+

m—2-

Proof. Observing the compatibility condition given by (3.21), we have
(Em—Z,x )
Em—Z ty

That is to say,

0N Eyia) = (62 + 83+ 05" — 1),
[3VIV + V(@2 + 65 + 65 + AVEGs + 65 + 67| -,

8, (In Eyy o) = 3V + V(g + ¢ + 65) + AV (s + 65 + 67 — 07wy,

3B, —2V{)S = RuAw  — 3B, —2V{5S, - Ry A,
AV

=3V 4 Yy« X
11 12 Em_z 13 _/lEm—Z

-1
- ax l/t,r,

so we know that the first expression in (4.21) holds.

Furthermore, since

o = o

20> — — s
Em—2

differentiating the above equation with respect to the variable ¢,, one gets

_Fuo 3 o [ D2 ¢;,t, ¢2z,)
( Em_z),, Ge (‘f’z b5 " >

F r r r Kk r ok
= -7 [3(V§; Vi) = V(82 + 85+ 67) = AVY(85 + 65 + 7))
+ V(’)(¢2 gt )+ AV(2 + ¢* + *)]

(n)

Fucz o _ 500 _ 0 o 3B —2VS,, — RyA,
= 23V -V :

Em—Z[ ( ) V]Z Em—2
38,, - 2V7S,, - R, A, 50 5 ~QuV% + Ry = 3VINF 0+ VIPF 00,

—AE,, 2 [(A+ V)V — VIIF,
QuV + (A + )Ry = 3VIN)Fra = VIVF, s

(A + W)V — VINF,,

v
- AV3 X

ET.0)
+ /lV23 X

b

(4.22)
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which can yield the second expression in (4.21). By the same method, the third expression can be
obtained. ]

By using (4.1), (4.2), (4.12), (4.16) and (4.21), one can compute

V¥V —y(A, + VPR,) + B,

(P, x,1,) = E

V§"> 2~ y(A, + VR, + %(Em_z,x +UE, 5 +2V0S,, + R,A,)

Em—2

_ Ena 2V(3y = 29Ry + Sw) (4.23)
- 3Em_2’u. 3E 3

= - +0(1
A-u; A— M ( )

= 9,In(1—p)) +O0(1).
/1—>[1J'

On the other hand,

VO + Vg + AV

= P [$ B + (THVE = VOV = Ry + 35,

Em 2 3
+ 107 U By — (VA = VO AN — %Rm)] (4.24)
M,
= + 0(1
. 0 (D

= 0, In(A— ;) + O(D).

—)/1]

Consequently,
(P, x, Xo, t,, To,)
X tr
=exp( | [ga(Px',1)ldx’ + f L(P, xo.t)dt )
X0 1o,r
_ A- /Jj(xa tr)
A = wi(xo, fo,r)
(A = pi(xo, 10,0 O(), P — fij(xo,10,) # fij(x,1,),
= (/1 - luj(x9 tr))0(1)3 P — :aj(x9 tr) * laj(x()9 tO,r),
o(1), P — fij(x,t,) = fij(xo, o),
where O(1) # 0. So f(x,t.),...,Am—2(x,1,) are m — 2 zeros of Y (P, x, Xy, t,, 1), and f1;(xo, to,),
e v s lm—2(x0, to,-) are m — 2 poles of ¥, on K, 5.

o) (4.25)

5. Quasi-periodic solutions

We will study the solutions for the three-component Burgers hierarchy in this section. The period
lattice 7,,0={z € C"? | z= N + Mt, N,M € Z™?}. The Jacobian variety J,,_» of K5 is defined
by C"2 /T n-a. The Abel map A : Ko = T2 is as follows:

P P
AP) = ( f W, f Wn2) (mod T,0), (5.1)
Q

Qo o
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and it can be extended to Div(%K,,_,):

A(D mPi) = D mAP. (52)

Define
m-2 m-2 i (X,tr)
PV, 1) = ﬂ(Z AN EDY f w,
k=1
m— 2 m=2 D (x,t)
p2(x,1,) = ﬂ(Z P(x,1,)) = f
k=1 Y Qo
m— 2 m=2 E(x,t)
PO, 1) = ﬂ(Z &(x 1) = w.
k=1~ Qo
Then, the Riemann theta function
0@ = Y exp{mi(Nz,N)+21ilN, 2)}, (5.3)
ﬂeszz ’
where (-, -) is the Euclidean scalar product and z = (zy,...,Zn-2) € Ccm2,

For simplicity, we introduce a function z : %, X " 2K, , — C"2,
dP.Q)=A-AP)+ Y NQAQ), PeKya Q€0 K,
00

in which the vector of the Riemann constant A = (A, ..., A,_;) only depends on Qy, and

1 m=2 P .
:5(1”].,.)—2[@(1)) wj, j=12...,m-2
11:1. ajy Qo
#J

then,
0(z(P, Q) = 0(A — AP) + AQ)), P € Kp-a.

Using the above preparations, we can give the solutions for the three-component Burgers hierarchy.

Theorem 5.1. Suppose that K, is nonsingular and Q, C C? is connected and open. Let
(Xa tr)a (X(), tO,r) € Q/,l and P € 7<‘m—2 \ {Poola Pooz}- If@ﬁ(x,t,-), Z)g(x,tr) or Df(x,t,) is n0nSP€Cial, then
(i) ) )
H(Z(Poozaﬁ(x’ tr))) Q(Z(P {/(.x tr))) P
P xt)=— = = = expler w? ), 5.4
PP = PR 1) AP, 9 1)) ( @)= [ o) o9

Pt 0Py, (X, 1)) O(2(P,E(x, 1,))) ( o f” 5 ) 55
P = PG ) 8Py B P\ T o |
(i) )
- 8 H(Z(POOQ’ &(x, 1)) 2w
_ (002) ¥ - = 0y _ x
e s ZZ e e ) A T GO
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m—2

o 0@(Pu,,&x,1,))
— 2 _ _ o0 (c01) = 2
v(X,1,) = W Huw—w, —w, ;d}o 3z, —1In AP B ) 5.7)

O(Z(Peo, s f1(X, 1,))) O(Z(Pess» E(X, 1,)))

P = = — - S ) ) 5.8
w(x, 1) 9(§(Pool,§(X,lr)))Q(Z(Poowlz(x’tr))) exp (€2,00,(Q0) = €2.00,(Q0)) (5.8)

(iii)
OGP A%, 1)) 0Py o, 10,))
1(P, x, xo, by, o) = — —
RelP 1) P20 09
x exp () - T Q(P))(x - x0) - S+ A (5.9)

Qo
+ (1 = 10,)(27(Qo) - f Q<2+3<P>+a,+1))

Proof. (i) From (4.17), we can know that i, ..., -2, P, are simple poles of ¢, and Vo, V1, ..., V-2
are simple poles of ¢,. So, one infers the following:

) 6P $(x,1,))) Y
¢2(P, X, lr) = N(X, t,)mexp( - LO wPooz,f/o(P))’ (510)

then, we need to determine the expression of N(x,t,).
From (3.6), combining the expressions of ¢, near P, we have

v  0@(Peoy, A, 1,))) s 1
(x,1,) = Py, tr)))exp(el,ooz(QO))’ (5.11)

so (5.4) holds. Equation (5.5) can be proved by using a similar method.
(i) By (5.5),as P — P,

0P 1) (P, E(x. 1)) mZ — 0(z<Pool,«§(x )
8P, Ak, 1)) <0 Py 6 1) || 52" 6P A6 1)

=1
as P — P,

OPEE ) HePoft) (%R 9 P Ex 1)
0P, f(x. 1,))) €0 O&(Pooys (3, 1,))) Z 19 52" 8Py A6 1)

+ 0(42)] : (5.12)

+ 0(52)). (5.13)

Hence, for P — P,

m— . 6
s(P.x,1,) = (1 = w3 + O) [1 - Z dip 5 In 9—114 + 0 >) (5.14)
j_
for P — P,
6,16
B3(P.x.1) = ~L(1 =07 L+ O NEXP(er10,(Q0) = 20(Q0)) X - o5 [ Z a2 52 4 o )]

(5.15)
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with 01 = 0(z(Pe,, A(x,1,))) and O3 = 0(z(Pe v,g(x ), s = 1,2. Combining (3.6), (3.7), (5.14)
and (5.15), we can get (5.6)—(5.8).
(iii) Let ¥, be the right hand of (5.9). We will prove that ¥, = ¥,. Applying Proposition 4.2, we

find that ¢, and ¥, have the same zeros and poles. Based on the Riemann-Roch theorem, we infer that
b4
1= v for some constant y. From (3.27), we get

g
P1(P,x, X0, 1y, 10,) _ exp({~"(x — xp))
Y1 (P, x, xO»tr, fo,r) (=0 exp(¢™ (x = xp))
exp{[ Z(ar— 2D 4 By + @, 13 - 10,) - (A1 +A2) + O(OK1 + O())
(5.16)
exp [Z(ar_ D4 B 4 @1~ t0,) - —<A1 +A) + 0}
o 1+0(§) P> P,.
Hence, y = 1, and (5.9) holds. m]
Theorem 5.2. Let (x, ty,), (x,t,) € C2. Then
PV 1) = p N osto,) + (6 = UL + (1, — 100Uy (m0d Ta), (5.17)
(2)()6 ty) = =Ao(x, 1,) + AGo(x0, fo.r)) + P(z)(xo, fo.r) (5.18)
+(x = x)UY + (t, — 1o ,)U2 s (mod 7o), '
P00 1,) = pP 0 t0,) + (x = UL + (1~ 10,) Ty (mod To). (5.19)
Proof. Set
0
Q(Xa X0, Iy, t(),r) = ﬁ ln(‘//l(P, X, X0, Lrs tO,r))d/l' (520)
By (5.9), we have
Q - _ _ 9(2) _ _ Q(z) 3) 521
(X, X0, Ir, tO,r) w ()C X()) 2 (tr lo, r) 2r+3 + wyj(x 1) (x0,t0,1)? ( . )

where for some e; € C, w = Z;”:—f ejw;. Since Y is single-valued function, all a- and b-periods of Q
are integer multiples of 2xi; so, for some My, Ny € Z,

2ﬂiMk:fQ(x,xo,t,,to,,):fE:ek, k=1,....,m-2. (5.22)

ak @Ak

2niN, = f Q(x, xo, 1, Z‘O,r)
by
m—2
_ ~ @ o® Qi
= f w—(x—x0) | Q7 - tO,r)f Q)5+ Z f W j(xt)1(xo.00,) (5.23)
1bk [bk
m—2 m=2 ~fii(x,t)
27riZMjf wi—(x=-x) | QY —(tr—lo,r)f Q(22r)+3 +2ﬂi2f Wr-
j=1 by by

j=1 Yij(xo.t0,)
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So,

) —2) m=2 ~pi(xt) m=2 ~(x0,to,)
N =Mt (x=x)US = (t, = 10) Uy 5 + Y f w-> f w, (5.24)
=1 Qo =1 Qo

where N = (Ni,...,N,2)and M = (M, ..., M,,_») € Z"2.
Thus, (5.24) has the equivalent form of (5.17). The other two equations in (5.18) and (5.19) can be
obtained in the same way. O
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