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Abstract: In this article, we consider a three dimensional compressible Navier-Stokes-Korteweg
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1. Introduction

The theory of capillarity with diffuse interfaces was first introduced by Korteweg and derived
rigorously by Dunn and Serrin [7]. The Navier-Stokes-Korteweg (NSK) equations can be used to
describe the motion of a compressible fluid with capillarity effect (see [2, 5, 10]). In this work, we
consider the following compressible Navier-Stokes-Korteweg equations in three dimensional (3D)
space:

(+ Ve =0,
{p+ (ou) 0

plu, + (u - Viul + VP(p) = uAu + (u + v)V(V - u) + koVap + pF(x),

where p > 0, u and P(p) represent the density, velocity and pressure, respectively. The constants ¢ and
v are the viscosity coeflicients satisfying u > 0 and 2y + 3v > 0. In addition, xk > O is the capillary
coefficient. F(x) = (F(x), F»2(x), F3(x)) is a given external force.

Due to the important role of Navier-Stokes-Korteweg (NSK) equations in the field of applied
and computational mathematics, there is much literature on the mathematical theory of the NSK
model. In particular, the local existence and global existence of smooth solutions in Sobolev space
without external force was proved by Hattori and Li [11, 12]. The existence and uniqueness results
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of suitably smooth solutions in critical Besov spaces was obtained by Danchin and Desjardins [8].
The existence and stability of time-periodic solution was verified by Tsuda [26]. The global existence
of weak solutions has been investigated by Bresch, Desjardins and Lin [3] in 2D and 3D periodic
domain and by Haspot [13] in 2D space. Kotschote proved the local existence of strong solutions
in [16]. Li [17] investigated the global existence and L>-decay rate of smooth solutions for the
compressible NSK equations with small initial data and small external potential force. Tan, Wang
and Xu [24] established the global existence and optimal L*-decay rate for the strong solutions to the
compressible NSK equations without external force. More mathematical theories about NSK model
can be found in [4, 6, 15, 18,25,27,28], and other theories of related or similar models can be found
in [9,14,19,21-23,29,30] etc.

In this paper, we consider the global existence of the solutions to the compressible Navier-Stokes-
Korteweg equations with only external potential force, i.e., F = —V¢ and we consider the following
initial value problem in three dimensional space:

pe+ V- (pu) =0,
VP(p)

:'EAu+
0

(p, u)(x,0) = (o, uo)(X) = (P, 0) as [x] = 00, pos > 0.

u; + (u-Vu+

(”; DGV - u) + K ap — Vo, (1.2)

The corresponding steady-state problem can be expressed as follows:

V. (pi) =0,
P - Vi + VP() — uAit — (u+ v)V(V - it) — kpV2ap + pVe = 0, (1.3)
(0, 11) = (P, 0) as |x| = 00, pe > 0.

Note that the existence of the solution to problem (1.3) has been established in [17], which is the
following proposition.

Proposition 1.1. Let P(-) be smooth (at least C?) in a neighborhood of pe with P'(-) > 0, if ||¢llz < &
with gy be a small positive constant, then the problem (1.3) has a unique solution (p, it)(x) satisfying

P —pe € H (R, =0,

and

1 - ~
P S P(X) < 20, I = poolls < Ceo. (1.4)

We mention that the global existence, regularity and time decay rates of the solution (p, u) to the
steady state (p,0) have been established in [17, 28] when the initial perturbations (oy — p, ug)(x) are
small in H*(R*) x H3(R®) and H*(R®) x H*(R®), respectively. In the absence of external force, the
work [24] proved the global existence of solutions when the initial perturbation ||jog — pll> + ||uoll; 1s
small and p is a positive constant. However, there is no result on the existence of the global solutions
to (1.2) with external force when ||og — pll» + |luoll; is small and p is not a constant. In this paper, a
promising answer to this question is given. The major results are stated in the following theorem.
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Theorem 1.1. Let P(-) be smooth (at least C?) in a neighborhood of p« with P'(-) > 0 and assume that
(0o = psuo)(x) € HA(R?) x H'(RY), lloo = pllz + lluolly < &1 and |lp(x)ll < & for some small constant
g1 > 0, then the Cauchy problem (1.2) admits a unique global solution (p, u)(x,t) satisfying

t
llo = All3 + lull} + f (IV(o = P)lIz + IVull})dr < Collloo = A5 + luoll}), Y1 >0, (1.5)
0

where C is a positive constant.

The idea of the proof is outlined as follows. First, we recall the existence and uniqueness of
the stationary solution. Then, combining the local existence and global a-prior estimates derived by
the elaborate energy method, we apply the continuity argument to establish the global existence of
solutions for the nonlinear problem.

The rest of this article is organized as follows. In Section 2, we make some preliminaries and
Section 3 is devoted to establishing the existence and regularity of global strong solutions for the initial
value problem (1.2).

2. Preliminaries

In this section, we first introduce some notations and function spaces, and then recall some
important inequalities.

Throughout this paper, we denote the usual Lebesgue space and Sobolev space on R? by L(R?) and
W™P(R?) endowed with norms ||-||;» and ||- |ln,p» respectively. Especially, we denote H™(Q2) := Wm2(Q)

3
with norm || - ||,,. For a multi-index & = (@, @2, @3), 87 = 87 0%:9%., lal = X @;. C represents a generic

i=1
positive constant. In addition, let

L”(I; X) := space of strongly measurable functions on the closed interval /,

with values in the Banach space X, endowed with norm

1
llellrasx) = (flltpllf(dl) 7 1<p<e,
I

CNI; X) = space of the k-times continuously differentiable functions on the

interval I, with values in the space X, endowed with the usual norm.

Next, we recall some important inequalities as follows.

Lemma 2.1. (see [1])
(i) If o(x) € H'(R?), then the following inequalities hold:

llellze < ClIVell,  llellze < Cllgll + llells) < Cligll, 2 <g<6.

(ii) Assume p(x) € H*(R?), then
llellze < ClIVells
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3. Existence of global solutions

In this section, we concentrate on establishing the existence and stability of global-in-time solutions
to the problem (1.2).
Since it = 0, it follows from (1.3) that the stationary solution p satisfies

VPP) — kpVap +pVe = 0, o)
p—pe as x| - . '
Let (n,u) = (o — p, u), then problem (1.2) can be transformed into the following problem
n+V-((n+pu)=0,
P (peo
u— A= P+ O g van s £ 3.2)
n+p n+p Poo
(n, u)(x,0) = (no, uo)(x) = (po = P, uo)(x) = (0,0) as |x| — oo,
where
Pn+p) PP\.,. Pn+p) Po)
=GV~ P _ fp)vp—( p_ Pl ). (3.3)

n+p P n+p Poo

Now, we define a function space

X(0,7) :={(n,u)|n € C°0, T; H*R*) N C'(0, T; H'(R?)),
ueC%0,T; H'R*) nCY 0, T; L*R?)),
Vne L*(0,T; H*(R*), Vue L*0,T;H'(R*)),

and for any 7" > 0, let

T
N(O,T)* := sup {lInC, Il + lluC-, DI} + f (IVaC, Ol + IVuC, I} )dr.
0<1<T 0

Before proving the existence of global solutions, we first give the results about the existence of local
solutions as follows.

Proposition 3.1. (Local existence) Assume that (ny, up)(x) € H>(R?) x H' (R?) and ||p(x)|| < & with
the positive constant €, small enough. Then there exists a positive constant T, > 0 depending on

ny and uy, such that the initial value problem (3.2) has a unique solution (n,u) € X(0,T,) satisfying
N(@,T;) <2N(0,0).

Note that the conclusions can be proved using a similar method to that in [16,20]. Since the method
is standard, we omit it here.

Next, to obtain the global existence of the solution (7, u)(x, t) of system (3.2), based on standard
continuity argument, some a-priori estimates need to be established first. To this end, we assume that,
forT > 0,

E(T) := sup (llnC,Dll2 + lluC, D) <6 < 1. (3.4)

0<t<T
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By the above assumption (3.4) and the Sobolev’s inequality, we have
InC, i~ < C6. (3.5)
In addition, under the conditions of Theorem 1.1, it follows from Proposition 1.1 and Lemma 2.1 that
16¢) = peollz=nms < Cér. (3.6)

Therefore,
1
7P <ln+pls < 4pc. (3.7)

In what follows, we concentrate on establishing some important a-priori estimates.

Lemma 3.1. Assume that (3.4) hold and let (n,u)(x,t) be a solution of system (3.2) in [0, T], then,
under the conditions of Theorem 1.1, we have the estimate

2L (B0 + (n 4+ pyu? + (V2 )d + p [ (Ve + (u +v) [ (V - udx
< Cpeo(8 + £)(IVAIP + [[VulP). (3.8)
P'(ps)

Proof. Multiplying (3.2); and (3.2), by
and summing the resultant equalities, we obtain

1L (B2 + 0+ pyu)dx + 1 [ (VaPdx + (u +v) [V - wpdx — & [, (n + p)uV andx
L [y natdx + [i(n + pufdax. (3.9)

:§R3

n and (n + p)u, respectively, then integrating over R?

According to (3.2)y, it holds that

d
—K f (n + p)uVandx = k f ARY - ((n + pu)dx = — f Anndx = =~ — f (Va)kdx.  (3.10)
R3 R3 R3 dt R3

N =

Observe that f has the following equivalent properties:
f~—u-VYu—nVp—-nVn— (p - pe)Vn, 3.11)
then it follows from Holder inequality, Lemma 2.1, (3.4), (3.6) and (3.7) that
f]R3(n +pufdx ~ — fR3(n + ﬁ)u((u -Vu+nVp+nVn+ (p - poo)Vn)dx

< ln + ﬁllm(llullmIIVu||||u||L3 + 11l V(D = poo)llislludl + [IVallllrll s llull s + 110 _poo||L3||u||L6”V””)
< Cpos(6 + e)(IVAIP + [IVull?). (3.12)

Meanwhile, from Holder inequality, Lemma 2.1, (3.2); and (3.7), the following inequalities can be
derived as well

L fynadde = =5 L0V ((n+ puydx = [, uVu(n + pudxx
< ln + plle=IIVullllelsllull s < Cooollull + IVulDVull* < Cpwd||Vull>. (3.13)
Finally, substituting (3.10), (3.12) and (3.13) into (3.9) gives (3.8). The proof is complete. O
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Lemma 3.2. Under the conditions of Lemma 3.1, it holds that

1 (B2 + (n 4+ p)(Vu)? + k(VPn)?)dx + 1 f[(V2u)Pdx + (u + v) [l (divVu)Pdx
< C(8 + e)(IVall? + IVanlP + [Vull?). (3.14)

Proof. First applying 0¢ to (3.2) with |a| = 1, we obtain
oin, + div((n + p)oSu) = —div(d5(n + p)u) (3.15)
and
O, — L AITu — BV (divatu) + TV AR

= KVAI + 0T f + 0U()Au + 94 (“2)V(divu). (3.16)

Multiplying (3.15) and (3.16) by

and summing the resultant equalities, we get

P’ (peo . . .
(0 )6311 and (n + p)0%u, respectively, then integrating over R*
Je
1L (B0 + (0 + p) (02w )dx + 1 [ (VO dx + (u + v) [o.(divatu)’dx
=1 [ n(@updx — £E2 [ div[02(n + p)u|ondx

+ [y 0%( )Autn + p)dtudx + [, 0%(“2)V(divu)(n + p)dudx

n+p n+p
+x [, VA0n(n + p)o%udx + [, 0% f(n + p)d%udx
=T+ +I3+Js+Ts5+Ts. (3.17)

In the following, we focus on establishing the estimates of 7;(i = 1,2, 3,4, 5, 6). Noticing that |a| = 1,
by Hoélder inequality, Young inequality and Lemma 2.1, it follows from (3.2);, (3.4), (3.6) and (3.7)
that

T\ = —% f (0°u)*V - ((n + p)u)dx = f Ofu - Vou- ((n+ pu)dx
R3 R?

(3.18)
< |In+ Pl llull s 1050l 3Vl < CpeodllOull},
P’ (peo
I =- (Pe) f (6i(n +P)V - udin +uVoi(n + ﬁ)@gn)dx
Peo R3
< f ((@tn + Op)V - udin + u(Voin + Vaup)din)dx
R? (3.19)

< 110%nll6 ]IV - wllll8%nlls + 1185111V - ulllld%nl|
+ IV nlllull o l0%nlls + IVl el s/l ]l
< C(G +&)(|[Vull® + IVal?),
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Js =— Kf A0Sndiv((n + p)oiu)dx = Kf A@in[&jn, + div(d(n + ﬁ)u)]dx
R3 R3

d
__kK¢@ (Vain)de + Kf Aa;’n[Vai(n +P)u+ 0% (n+ [))divu]dx
2 dt R3 R3

d
< - gd_t fRS(V(')jfn)zdx + KllAﬁjfnll(llV(')gfnllLs||u||Le

+[IVOPllsllullzs + 1105nllslIV - ullps + 105A1 IV - u||L3)

d
<-£2 f (VO n)*dx + Ck(S + &) (|AVA|* + |[Vul[),
2 dt R3
and
VEE R #ﬁéi(n + p)Aud{udx < IIﬁﬁllmllé‘z(n + PIzsllaullllOFull 3

< Cpoo(IV2nll + IV2BINIVUI; < Cpoo(S + e)IIVullT.
Similarly, we can show
T4 < Cpeo(S + &))|[Vu[2.
In addition, since (3.11), it holds that

To ~ = fosn + P)O2ud(u - Vuydx — [, (n + p)drud?(nVp)dx
— fos(n + P)3ud (nVn)dx — [,(n + p)oud((p — peo)Vn)dux
=TJe1 + I+ Te3 + Jes-

Similarly, based on Lemma 2.1 and (3.4)—(3.7), the following estimates can be derived

Je1 = —f (n +ﬁ)(9§fu((9§u -Vu + u@ﬁVu)dx
R3

< |ln + ﬁllm||(9‘§MIIL3(Ilé’iullLoIIVull + |I0§VMIIIIMIIL6)Cpooéllvbtlﬁ,

Fer = — f (n + p)%u(dnVp + ndtVp)dx
R3

<lin +ﬁlle|IOZu||(||3§nllllvﬁllm + ||n||L6II0§V/3IIL3)
< Cpeoti (IIVull® + IVnl?),

Je3 = —f (n +ﬁ)6§u(8§nVn + n@iVn)dx
R3

< [l + pll=10%ull (0l 5 IVl s + linll (165 V)
< Cpod(IVull* + IV?n|?),

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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s = — f (n+p)Tu(0IpVn + (B — pe)dVn)dx
R3

~ o o~ ~ o 3.27
< I + Al 102ull (1Bl IVl + 115 = el 62Vl (3:27)
< Cpoer(IVull® + [1Vnll).
Therefore,
T ~ To1 + T2 + Tes + Toa < Cpoo(1 + 6)(IVull} +[Vnl[). (3.28)
Then substituting (3.18)—(3.22) and (3.28) into (3.17), we can deduce the estimate (3.14). The proof is
complete. O
Lemma 3.3. Under the conditions of Lemma 3.1, we have
% fR3 uVndx + P;g’:) fIR3(Vn)2dx + K &S(An)zdx
< C(6 + e)(IVall} + [IVull}) + CoeollVull® + y1IVull? (3.29)
and
4 [ VuVVndx + 2L [ (VVn)2dx + & [[.(Van)dx
< C(6 + e)(IVall} +1IVull}) + CpuolIVull + 2l V2ul. (3.30)
Proof. First from (3.2),, it is easy to see that
P (pe +
o) G Van = -+ P Au+ PNV 0+ 1 3.31)
Poo n+p n+p
Taking inner product of (3.31) and Vr over R?, and then integrating by parts, we have
4 [ouVndx+ [ EE2(Vn)2dx + k [ (an)’dx
= [y uVndx + [, (Znu+42V(V - w)) - Vadx + [, f - Vndx
=~ [ V- uV@ +pudx — [,V - u(n+p)V - udx + [, E=Au- Vndx
+ [ EEV(V ) - Vndx + [, f - Vndx
=G1+G:+ G+ Gu+Gs, (3.32)

in which we used (3.2),;. For Gi(i = 1,2,3,4,5), by using the Holder inequality, Lemma 2.1, (3.4)
and (3.6), we can deduce

Gi+ G < IV ull(IV(n + Pllallullzs + Il + Pll=[IV - ull)
< CIV - ull(IV( + PIlIVull + [+ pll=1IV - ull) (3.33)
< C(@ + &1+ po)lIVul.

By using the Young inequality, we can conclude there exists a positive constant y; such that

P'(pw)
2

o0

Gz +Gs < IVl + 1 lIV2ul?. (3.34)
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In addition, similar to the estimation of (3.12), it holds that

Gs :f f - Vndx
R3

~— f (u-V)u-Vndx—f nVﬁ-Vndx—f nVn - Vndx
R3 R3 R3
+ f (0 — poo)Anndx + f V(@ — p) - Vandx (3.35)
R3 R3

<|[utll IV eelll[ V| + (VP3| o[ V2|
+ |1l s IVAllIVAlls + 115 = pellsllmllsllAn]] + V(D — pe)ll2 1V AlI7]] 5
<C(6 + e)(IVull* + IVall}).

Then substituting (3.33)—(3.35) into (3.32) yields (3.29).
Next applying d{(la| = 1) to (3.31), then multiplying it by 09Vn and integrating the resultant
equation over R?, we have
4 [s00u- 09Vndx + Z2= [ (37Vn)2dx + & [ (8% an) dx
= fR3 A udtVn,dx + fR3 Bi(nﬁ:—ﬁAu)aandx
+ [y U(E2V(V - 0))3eVndx + [, 9f - 02 Vndx

n+p

= M] + M2 + M3 + M4. (336)

Based on Lemma 2.1, noticing that |a| = 1, it follows from Holder inequality, (3.2), (3.4) and (3.6)
that

My =- f éﬁfuéiV(V(n +p)u+ (n+p)v - u)dx
R3

= f 01V - ud?(V(n + pyu + (n+ p)V - u)dx
R3

« « ~ ~ « (337)
<[|9%V - ull(llaxV(n + Plllleell e + 1V + P)llsllO5ull 2
+ 1105 + PIslIV - ullzs + ln + pli=1105V - ull)
<C(5 + &1 + peo)IVull7.
Similarly, there exists a positive constant 7y, such that
+
Mo+ Ms = — f (=5 2u)(@;Vndx - f (BE229(9 - 1))@ Vndx
R} NEP g3 N+ P
+v
<l Al @2Vl + 15[ VOV - w132 (3.38)
n+p n+p

K
Sill(ﬁi)anll2 + 2l V2ull,
and
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My :f 0% f - 07Vndx
R3
~— f (- Vyu+nVp +nVn + (b - pe)Vn) - 97 Vndx
R3

= f ((u -Vu+nVp + nVn) . (ﬁg)ZVndx
R3

1 N2 (= 2 ~ . \2 (3.39)
+ 3 L}(@x) (0 — peo)(Vn)“dx — LS(p — P07 Vn)“dx

S(IlullLﬁlqulle + Inllzsl VAl + ||n||L6||Vn||L3)Il(ai)anll

1 N 3 "
+ Ell(ai)z(p — Pl IVANIVAll s + (16 — peollz= |0 VAl
<C(S + e))(IVull? + [|aVa|P + [Val).

Finally, (3.30) can be concluded by taking (3.36)—(3.39) and the smallness of ¢ and &, into account.
The proof is complete. O

With the above Lemmas at hand, we have the following conclusion.

Proposition 3.2. Assume that (3.4) hold and let (n, u)(x,t) be a solution of system (3.2) in [0, T], then
under the conditions of Theorem 1.1, the following a-priori estimate holds

t
In(O)I13 + (o)l + f(IIVnH% +1IVullp)ds < Colllnoll3 + lluoll}), (3.40)
0

where Cy is a positive constant independent of t.

Proof. Adding (3.8) and (3.14), we can conclude that there exist positive constants C; and C,, such
that

d
a(lln(t)llﬁ + @) + CHllVu@)l; < C2(S + eD(IVn@I + IVu@)|I} + IV ar@)IP). (3.41)
Similarly, adding (3.29) and (3.30), since ¢ and &, are small, we conclude that there exists a positive

constant Cz, such that

d P (0o
— | (uVn+ VuVin)dx + D)
dt

R3 poo

IVl + dlan@I} < C3lIVulf;. (3.42)

C
Multiplying (3.42) by C4 := min{l, f}, then adding (3.41), noticing that the smallness of ¢ and &,
3

we conclude there exist positive constants C4 and Cs, such that
d
3 (IO + I + C f (@Vn o+ Vu¥n)dx) + Cs(IVu@I; + [19nlff + llan()IF)
R\
~d ) Cy ) ) u Vn, Vu Vin, (3.43)
=g {91 + (1= ZOIVRI + 1l + Co | |G+ 5+ (5 + )7
+ Cs(IVu)Ii; + IVllf + llan@)l}) < 0.
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Integrating the above inequality from O to 7, we can conclude there exists a positive constant Cy, such
that

!
IIn(t)||§+||u(t)|I?+f(IIVnII§+ IVullD)ds < Colllnoll; + lluoll}), ¥ €0,TI,
0

1.e., (3.40) holds. The proof is complete. m|

The proof of Theorem 1.1. Based on the method of continuity, the global existence of solution
(n(x, 1), p(x, 1)) to problem (3.2) follows from Propositions 3.1 and 3.2. Since (n,u) = (o — p, u),
(o(x, 1), u(x,1)) is the unique global strong solution of problem (1.2). Moreover, (1.5) follows
from (3.40). The proof is complete. O
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