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1. Introduction and main results

This article is concerned with a class of generalized quasilinear Schrodinger equations

{ —diV(g2(u)Vu) + g(u)g’(u)qul2 + V(x)u = K(x)f(u) + AW(x)h(u), in RV, (1.1

u € DVARY),

where N > 3,14 > 0, f,h: R - Rand V,K,W: RY — R are nonnegative continuous and g(s) €
C!'(R,R™), which is nondecreasing with respect to |s|.
These equations are related to the existence of solitary waves for the Schrodinger equation

i0,z = —Az + V(X)z — k(x, 2)z — Al(|Z) (|2*)z, x € RY, (1.2)

where 72 RxRY — C,V:RY - Risa given potential, l: R — R and k: R¥xC — R are fixed functions.
Quasilinear equations of the form (1.2) appear naturally in mathematical physics and have been derived
as models of several physical phenomena corresponding to various types of /. For instance, the case
[(s) = s appears in the superfluid film equation in plasma physics [18]. If I(s) = V1 + s, the equation
models the propagation of a high-irradiance laser in a plasma, as well as the self-channeling of a high-
power ultrashort laser in matter [19]. For more physical motivations and more references dealing with
various applications, we refer to [5,16,17,26,28].
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If we set z(z, x) = e"'E'u(x) in (1.2), we obtain the corresponding equation of elliptic type

—Au+ V(u — A wP)u = k(x, u)u, xRV, (1.3)

Notice that if we let

2N712
g%u)zuw,

we have the following equation
—div(g*(u)Vu) + gw)g’ W)|Vul* + V(x)u = k(x, u)u. (1.4)
One of the most interesting cases is that g(s) = V1 + 252, and then (1.4) changes to
—Au+ V(u — [Aw)*1u = k(x, w)u. (1.5

The Schrodinger equation is quasilinear as the term [A(x)*]u is linear about the second derivatives.
Over the past decades, many interesting results about the existence of solutions to (1.5) have been
established. It is difficult to give a complete reference, so we only refer to some early works [23, 24]
for special k(x, u)u and some papers [1,6,9,13,22,35] closely related to our paper. Particularly, Wang
and Yao [36] studied the existence of nontrivial solutions to (1.5) with concave-convex nonlinearities
wul?2u + u)?%u, 2 < p < 4,4 < § < 22*, and the potential V(x) satisfied the following conditions:

(V) Ve CRM,R)and 0 < V,, < inf V(x);
XxeRN

(V3) There exists V; > 0 such that V(x) = V(|x|) <V, forall x € RY;
(V}) VV(x)x <0 forall x e R".

In this paper we investigate the more general Eq (1.4) where the nonlinearity is like g W (x)|u|?~2u +
K)u9u, 1 < p<2,4<g<22"and V,K, W: R¥ — R satisfy some conditions listed below. There
are also many works on the equation in the recent years, but we only mention those closely related
to our paper, [7,8, 10,29, 30] and the references therein. Particularly, Furtado et al. [14] investigated
solutions to (1.4) with a huge class of functions g satisfying the following condition (go).

(g0) g € C'(R, (0, +00)) is even, non-decreasing in [0, +o0), g(0) = 1 and satisfies

8o = tlim _g(tt) € (0, 00) (1.6)
and 2 (0)
L 8
B = stgé) <(0) <1. (1.7)

When g satisfies (go), the existence of solutions to (1.4) has been investigated by several authors over
the past years [15,27] and the references therein. In particular, in [25] the authors considered the
positive solutions to it when the nonlinearity is like ulul”u + [u|??u, 1 < p < 2,4 < § < 22" where
the potential V(x) satisfied (V]) and the following condition:

(V) V)] e L'(RY).
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An important class of problems associated to (1.1) is the case when V(x) vanishes at infinity

lim V(x) =0,
|x]—>+00
which has been extensively investigated for the corresponding second order nonlinear Schrodinger
equations after the researches of e.g., [2,3]. See also [11,21,32-34] for some work about V(x) vanishing
at infinity. However, there are only few works in this case for the more general Eq (1.1). Motivated by
the above articles, we investigate the existence of solutions to (1.1) when the potential V vanishes at
infinity for a huge class of g (satisfying (go)).

In this paper, we consider the generalized quasilinear Schrodinger Eq (1.1) with vanishing potentials
and concave-convex nonlinearity K(x)f(u) + AW(x)h(u). Since the problem is set on the whole space
RY, we have to deal with the loss of compactness. In this respect we use the class of functions V, K
introduced in [2] for second order Schrodinger equations, which is more general than those in [3].

As in [2], it is said that (V, K) € K if the following conditions hold:

(D K(x), V(x) >0, Vx € RV and K € L™(RM).
(IT) If {A,} € RY is a sequence of Borel sets, such that |A,| < R for some R > 0 and for all n € N, then

lim K(x)dx = 0, uniformly in n € N. (K1)

r—+00

ANBE0)

(ITT) One of the below conditions satisfies:
K
7 € L*(RM) (K>)

or there is o € (2,2") such that
K(x)
[V(x)]7

We also use the following conditions on V and W:

— 0, as |x| = +oo. (K3)

(V1) V(x) € L*RM);
(Wy) W(x) > 0 for all x € RY;
(W) W(x) € L'RY) n L*R");
(Wo) T2 e L*(RY).
We impose the following conditions on /4 and f:
(Hy) h € C(R,R*) and h(r) = O for all < O;
(H,) There exists by, b, > 0 such that h(¢) < bi|t|"~' + by|t|?>", 71,1, € (1,2) for any £ € R;
(Fy) feCR,R")and f(r) =0forallr <O0;

(F1) lim L2 =0;
[t =400 I
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(F3) % — +00, a8t — +00;

(F4) There exists u > 2 + 28 such that if(t)t > F(t), where Bis in (1.7).
Observe that there are many natural functions f(¢), h(¢) satisfying the above conditions. For
example, f(t) = |f>*! and h(t) = Itl% may serve as examples satisfying (F1)—(F4) and (H,),

respectively.
Our main theorem is stated as follows.

Theorem 1.1. Assume that (V,K) € K, (go), (V1), (Wo)—(W,), (Fo)—(F4), (Hy) and (H,) hold. Then,
there exists Ay > 0 such that (1.1) possesses a positive solution for any A € (0, Ay).

Furthermore, for the case where (K;) holds, we can prove that (1.1) possesses a ground state
solution. To this end, we assume the following conditions on 4 and f:

(Hy) h € C(R,R), h(z) is odd and h(z) > O for all z > 0.
(H}) There exists b3 > 0 and 73 € (1, 2) such that h(r) < bt

(H}) There exists a constant C > 0 such that lim ﬁﬁ? =C
11— N

(F}) f€CR,R), f(r)is odd and f(z) > O for all # > 0.

Proposition 1.2. Assume that (V, K) € K where (K) holds and (go), (V1), (Wo)—(W2), (F(), (F1), (F»),
(Fy), (H))—(H}) hold. Then, there exists Ay > 0 such that (1.1) possesses a ground state solution for
any A € (0, 4;).

We emphasize that the main result in this paper is essentially different from the aforementioned
works. Indeed, in [25, 36] the authors considered two kinds of quasilinear Schrodinger equations with
concave-convex nonlinearities, but required that the potential V(x) have a positive lower bound.
In [11, 21] the authors showed the existence of nontrivial solutions for different problems with
vanishing potentials. In this paper, we investigate a different class of generalized quasilinear
Schrédinger equations with vanishing potentials and concave-convex nonlinearities. As far as we
know, few works in this case seem to have appeared in the literature.

The paper is organized as follows. In Section 2, some preliminary results are presented. In
Section 3, we verify that the functional associated to the problem satisfies the geometric conditions of
the mountain pass theorem, and the boundedness of the Cerami sequences associated with the
corresponding minimax level is proved. Lastly, in Section 4, the existence of a positive solution and a
ground state solution for (1.1) is established.

2. Preliminaries
As usual, we use the Sobolev space

X:meD“®%:f‘wmﬁM<+w} 2.1)
RN
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endowed with the norm

lJull = (jH;N(IVuI2 + VOOluP)dx)?. (2.2)

The weighted Lebesgue space is defined as follows

L’{((RN) ={u: RY — R | u is measurable and LN K(x)|u|?dx < +oo}

endowed with the norm

Nl = ( f K(lultdx)t,
RN

The space L‘;’V(RN ) with the norm ||u]|w,, is similarly defined.
The following proposition is proved in [2].

Proposition 2.1. [2] Assume that (V,K) € K. Then, X is compactly embedded in L‘}((RN ) for all
q € (2,2%) if (K3) holds. If (K3) holds, X is compactly embedded in L%(RN ).

To resolve (1.1), due to the appearance of the nonlocal term fRN g*(u)|Vul*dx, the right working
space seems to be

Xo={ueX: f & (w)|Vul*dx < oo}.
RN
However, generally X is not a linear space and the functional

L(u) = % f g(u)leulzdx+% f V(x)uldx - f K(x)F(u)dx — A f W(x)H (u)dx (2.3)

may be not well defined on X, where

F(u) = fu f(s)ds, H(u) = fu h(s)ds.
0 0

To avoid these drawbacks, following [20, 26, 30], we make a change of variables

v=Gu) = fu g(tdt.
0

Then, it follows from the properties of g, G and G~', which will be listed in Lemma 2.4 thatif v € X,
then u = G™'(v) € X and

f (W) Vuldx = f (G W)IVG (v)[Pdx = f IVv[*dx < co.
RN RN RN
After the change of variables, (1.1) changes to

G(v) FG ) WG (v)
LK) AW () ———2 =
PRI B a0 BRI

One can easily derive that if v € X is a classical solution to (2.4), then u = G™!(v) € X is a classical
solution to (1.1). Thus, we only need to seek weak solutions to (2.4). The associated function to (2.4)
is

Jﬂ(v):% f |Vv|2dx+% f VOIG (v)|Pdx - f K(X)F(G™'(v))dx - A f WX)H(G '(v)dx.  (2.5)
RN RN RN RN

—-Av + V(x) (2.4)
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By the conditions on g, f and h, it is easy to prove that J, is well defined and belongs to C' on X.
Hence, X is a proper working space for the problem. Here, we say that v € X is a weak solution to (2.4)
if

G'() FG ) WG(v)
LK) — AW () ———=
PRI MR (R O M (CRIT)

VAQROE fR VWV + V) g(G'(v)

pldx=0 (2.6)

for all ¢ € X.
Before proving the main theorem, we show some technical embedding results for possiblely p < 2,
which can be used to deal with sublinear problems comparing with Proposition 2.1.

Lemma 2.2. Assume that (Wy)—(W,) hold. Then, X is continuously embedded in L’;V(RN ) forall p €
(1,2%/2).

Proof. As mentioned in [2], W(x) satisfies (K;) and (K3) since it satisfies (W) and (W,). It is clearly
2p € (2,2%) for p € (1,2%/2). Therefore, Proposition 2.1 shows that X is compactly embedded in
L%’(RN ) for every p € (1,2%/2), and, thus, there exists vy;», > 0 such that

f W)lulPdx < vy, llull”?
RN

for every p € (1,2*/2). Moreover, since W(x) € L'(RM), by Holder’s inequality and (Wy)—(W,), we
deduce for any u € X

f W(x)lul”dx—f W(x) W(x) |u|Pdx
RN

<( | wax)( W(x)|u|2pdx)z (2.7)

RN

< (IIW(X)III”VW,zp)"IIMII"
for all p € (1,2*/2), implying that X is continuously embedded in L (RN ). |

Lemma 2.3. Assume that (Wo)—(W>) hold. Then, X is compactly embedded in Ly,(R") for all p € (1,2),
N > 3.

Proof. Lemma 2.2 shows that X is continuously embedded in Li (R") for every p € (1,2),and N < 4
since 2 < 2*/2 in this case. For every p € (1,2), fix pp € (1, p) and gy € (2,2%). Then, it follows by
Holder’s inequality that

ro(g0—p) q0(pP—ro)

||u||p < laally 7 Hlually; "" " forallu € X, (2.8)

»P0

which implies by Lemma 2.2 and Proposition 2.1 that X is compactly embedded in L (R") for all
p € (1,2) and N < 4. Moreover, in the case N > 5, for every p € [27/2,2), we fix p; € (1,2%/2)
and g, € (2,2*). By a similar inequality, we obtain that X is compactly embedded in L, (R") for all
pe(l,2),N>5.

In conclusion, X is compactly embedded in L! (RN ) forall p € (1,2). O

Now we list the main properties of the function G™! [14,29].

AIMS Mathematics Volume 8, Issue 11, 27684-27711.
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Lemma 2.4. Suppose that g satisfies (go). Then, the function G™' € C*(R,R) satisfies the following
properties:

(g1) Glis increasing and G, G~ are odd functions;
(g&2) 0< %(G_l(t)) = m < ﬁfor allt € R;
(g3) IG7' ()] < 't')for all t € R;

G- (t) — 1.
(g4) lim &2 =

(g5) 1< gg? <2and1 < M <2forallt+0;

(g6) G’vl;” is non-decreasing in (0, +o0) and |G~ (1)) < (2/g.)"* VIt for all t € R;

(g7) The following inequalities hold

) G (Dl foralllf <1,
SRUE G (W)l forall
orall|t| > 1;

(g8) (t) is increasing and| (l)| < 1 —forallt e R;

(g9) [G7'(s = O < 4G (5)]* + [GH(D))?) for all 5,t € R;

-Gl _ 2102
(g10) lim S0 = (217,

Remark 2.1. Define the function ¥: X — R by
)= [ (T + VOGP
RN

It is easy to verify that it is a C' function on X by the conditions on g. Moreover, by (g3) and V(x) >
0 for all x € RN, we have

¥() < |VI]® forall v € X,

and as stated in [1], by (g3), (g7) and (V), there is a constant & > 0 such that
EVIP < PO) + YW * 2 forall v € X.

Throughout this paper, C denotes the various positive constant. vk, > 0 denotes the Sobolev
embedding constant for X «— L? (RN ), that is ||lullg, < vggllull for any u € X, and the definition of
Sobolev embedding constant for X < Lj, (R") is similar. Besides, it is well known that the embedding
DY (RM) < L¥(RYM) is continuous, i.e., there exists v; > 0 such that |jul|» <
u € DV2RM).

villullpr2gyy for any

AIMS Mathematics Volume 8, Issue 11, 27684-27711.



27691

3. The mountain pass geometry and the boundedness of the Cerami sequences

In this section, we first state a version of the mountain pass theorem due to Ambrosetti and
Rabinowitz [4], which is an essential tool in this paper, then we show that the function associated
to (2.4) possesses a Cerami sequence at the corresponding mountain pass level. Afterward, the
boundedness of the Cerami sequence is established.

We recall the definition of Cerami sequence. Let X be a real Banach space and J;: X — R a
functional of class C'. We say that {v,} C X is a Cerami sequence at ¢ ((Ce), for short) for J, if {v,}
satisfies

Ja(vy) > ¢ (3.1

and
(1 + |valDJ3(v) = 0 (3.2)

asn — oo. J, is said to satisfy the Cerami condition at ¢, if any Cerami sequence at ¢ possesses a
convergent subsequence.

Theorem 3.1. [31] Let X be a real Banach space and J € C'(X,R). Let X be a closed subset of X,
which disconnects (arcwise) X into distinct connected X, and X,. Suppose further that J(0) = 0 and
(J1) 0 € Xy, and there is a > 0 such that J|s > a > 0,

(J,) there is e € X, such that J(e) < 0.

Then, J possesses a (Ce). sequence with ¢ > a > 0 given by

¢ := inf max J(y(1)),

yeA 0<<1

where
A ={y e C(0,1],X) : y(0) =0, J(y(1)) <O}

Lemma 3.2. Assume that (V,K) € K. (go), (Fo)—(F3), (Wo)—(W,), (Hy) and (H;) hold. Then, there
exists Ay, g > 0 such that for any A € (0, Ay), J) possesses a Cerami sequence at

c, = inf max J,(y(¢)) > ay > 0,
yeA, 0<t<1

where
Ay ={y € C([0,1],X) : y(0) = 0, Ja(y(1)) < O}.

Proof. It is enough to prove that the function satisfies the mountain pass geometry. We only consider
the case where (K) holds and the proof is similar if (K3) holds.
First note that J,(0) = O for any 4 > 0. For every p > 0, define

T, o={veX: f (Vv + VOIG' (v)1Pdx = p?).
RN

Since the function j];@\N (IVv]> + V(x)[G~'(v)]?)dx is continuous on X, 2, is a closed subset in X which
disconnects the space X.

AIMS Mathematics Volume 8, Issue 11, 27684-27711.
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(1) There exists Ay, po, @y > 0 such that Jy(v) > @y > 0 for any A € (0, Ap), v € Z,,. Indeed, for every
o > 0, by (K;), we have

f K(x0)|G™' (v)Pdx < ess sup|—| f V@IG™ ()Pdx
RN

N V(X)
xeR
< ess sup |K ») o
xeRN ( )
for any v € X,. Moreover, by K(x) € L*(RM), (g6) and Sobolev embedding, we conclude that
—1g 322" 2 o
f Kx)|G™ (v)| dx < ess sup |K(x)| |—v|” dx
RN xeRN RN 8oo
< ess sup IKIm— ([ [VvPd)* (3.4)
xeRN goo RN

< ess sup |K(x)|(vl—)2*p2*

xeRN 00

for any v € X,. Thus, by (Fy)—(F>), (3.3) and (3.4), we obtain for any & > 0, there exists C; > 0 such
that

f KXFG'(v)dx<e f K)IG'v)dx + C. f KX)|G')[** dx

< gess sup | |p + C.ess sup IK(x)I(vl—)
xRN V(x) XxeRN 8o

forany v € Z,.
In addition, according to Lemma 2.3, (g,) and (g3), we deduce that

WIG W) dx < vl G WIIT < vk p™ (3.6)
RN 5T 511
and

fR WG 0IPdx < v ™ (3.7)

forany v € X,.
Thus, by (Hy), (H;), (3.6) and (3.7), it follows that

W(x)HG ' (v)dx < b WG () dx + by f WG ()| dx
RN

RN T1 JRN T2

(3.8)
by . b,
< — 1 T1 + T2 T2
<7 Vive, P - —Vi,P
forany v € Z,.
Choose gy > 0 such that ess sup, .z~ |%|so < % By (3.5) and (3.8), we conclude that
L) > pz(— — ess sup IV( )|80 Csyess sup |K(x)|(vi— 2222 - 1v;¢,1p + z%pm)
xeRN xeRN 8 )
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forany 4> 0,p0>0,veX,.
Choose pg > 0 such that

1 K(x) 2 5 s
— —ess sup gy — Cgess sup [K(x)|(vi—)  p >0
2 XxeRN | V(x) | ’ XxeRN 8 0
and set e @] PR
1 po(z €SS SUP,crny V(x) €0 CSOCSS SUP,erw |K(x)|(V1 gm) Py )
0-= T T T T > U,
2LV P0 + BV
2
oy 1 K(x) 2 5 ey
g := — (= —esssup |——=|gg — Cg €8s sup |K(x)|(vi— > 0.
0:=7(3 xeR‘3|V(x)|° pess sup K (DI 05 )
Then,
1 K(x) 2 5 el by 2
J,(v) = p2(= —ess su g0 — C, ess sup |[K(X)|(vi—=)? p> 2) = A(—V_pll + =y2_p"»
2(v) p0(2 xeRg’lv(x)| 0 0 xeR]?\’l ( )l( lgoo) Po ) (Tl W,T]pO 7 W,‘rpo
>
>0

for any A € (0, 49), v € Z,,.
(2) For any A € (0, 4y), there exists e € X such that

(IVel* + V(0)IG ™ (e)*)dx > po

RN
and J,(e) < 0. To this end, for any 4 € (0, 4p), fixed v € X is a nonnegative smooth function with
m(suppv) > 0, where

suppv = {x € R¥v(x) # 0}
is the support of v. We prove J,(tv) < 0if t > 0 and fRN (IV(@)I> + V(x)|G~1(tv)]*)dx is large enough.
Suppose by contradiction that there exists a sequence {,} C R* such that

f (V) + V()IG (t,v)]P)dx — oo asn — oo
RN
and J,(t,v) > 0 for all n € N. By (g3), we know
1l f (Vv + V() )dx > f (V@ + VLG 1) )dx,
RN RN

which means that 7, — +oo. Set w = ﬁ Noticing that K(x), W(x) > 0, Yx € R", by (H,), (F,) and
(g3) we get

|w|*dx. (3.9)

Jatyv) oy f K(X)F(G’l(th)) G~ &)t
suppv

0 -
: Jov (V@) + VOOIG ) P)dx — 2 G @&l )P

Since #,v(x) — +o00 as n — +oo, for x € suppv, it follows from (gy¢), K(x) > 0, (Fy), (F3) and Fatou’s

lemma that . | A
F(G- _
f K0 (G @) G @)l
suppv

|wdx — +o0

G &It @)
as n — +oo, which is a contradiction by inequality (3.9).
The proof is ended. O
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We now show the boundedness of the Cerami sequence.

Lemma 3.3. Assume that (go), (V1), (Wo)—-(W>), (Hy), (H,) and (F4) hold, then any (Ce)., sequence of
J, is bounded in X for any A € (0, Ay).

Proof. Let {v,} be the corresponding (Ce)., sequence for J,. Denote w, = G '(v,)g(G~'(v,)). Then, it
follows from (1.7) that

(J)(v), w,) <(1 + B) f Vv, Pdx + f V()G (v,)lPdx
RN RN (3.10)

- f Kx)f(G™' )G (v)dx = A f WG (v)G ™ (vy)dx.
RN RN

By (1.7) and (gs), we get
Vw,| < 2|Vv,| and |w,| < 2|v,|.

Hence, w, € X and ||w,|| < 4||v,||, which gives

KI2vn)s 0l < Jy(a)(1 + 4lval)) = 0,(1). (3.11)

Therefore, taking into account (Hy), (Hy), (Wy), (F4), (3.10) and (3.11), we conclude that

1
cy+ On(l) ZJ/l(vn) - _<J:1(vn)’ wn>
1 +ﬁ

SLELL |Vv,,|2dx+(———) [ vere-wrax (3.12)

RN

Wi(x )[—IG VI + 2|G_ (V)| ]dx

RN

Hence, combining with (Wy)—(W>), Lemma 2.3, (3.12) and (g,), we deduce that for any A > 0,

(% — 1%8)‘1’(%) <cp+ ﬂf W(X)[IQIG‘l(vn)ITl + @IG‘I(vn)I”]dx +0,(1)

W‘rl 2V W‘rz

Abv
<o+ —G W)l +
T T2

—— NG ™ + 04(1)

T1
ble,‘I'l
<c,+

N Ab,v2 .
Pt + — 22w, F 1 o,(1).
T )

Since 71, 1, € (1,2), {Y(v,)} is bounded in X, by Remark 2.1 we obtain that {v,} is bounded in X. O
4. Proofs of main theorems

Under the hypotheses of Lemmas 3.2 and 3.3, for any fixed 4 € (0, 4), let {v,} be the (Ce),,
sequence for J,. Then, by Lemma 3.3 we know that {v,} is bounded in X. Thus, there exists a
subsequence still denoted by {v,}, and v € X such that

v, = vin X, v, =» vin L (R")forany s € [1,2")and v, — va.e., onR", 4.1)

loc
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and there is L > 0 such that

Vv, |*dx + f V(X)lv,l’dx < L and f v, dx < L, ¥Yn € N. (4.2)
RN RN RN

We conclude this section showing that the weak limit v is a positive solution to (1.1).

Lemma 4.1. Assume that (go), (Wo)—(W>), (Hy), (H;) hold and {v,} is a (Ce)., sequence for J, given
by Lemmas 3.2 and 3.3. Then, the following statements hold:

lim W(x)H(G " (v,))dx = f W(x)H(G ™' (v))dx, 4.3)
n—+oo R RN
: MG ') h(G™'(v)
nl_l)l;l'loo - W(X)m@dx = o W(X)mQDdX, for any ¢ € X, (44)
lim [ WG ()G (vi)dx = f WG ()G (v)dx, (4.5)
n—+oo Jpn RN
: h(G™ (v)) _ h(G~(v))
n1—1>rPoo - W(x)mvndx = - W(X)m\}dx. (46)

Proof. First, we give the proof of (4.3). Since 71, 75 € (1,2), from (Wy)—(W,) and Lemma 2.3, we
have

fW(x)IvnITldx%f W()v|" dx andf W(x)lvandeﬁf W(x)v|?dx. 4.7)
RV RV RN RN

Then, given € > 0, there is r > 0 such that

f W(x)|v,|"'dx < & and f W(x)|va|?dx <& forall neN, (4.8)
B B
where B¢ := {x € R" : |x| > r}, which together with (Hy), (H,) and (g3) yields that

W(X)H(G '(v))dx <b— W(X)IG (vn)IT‘dX+b— WIG™ (v,)|™dx

ZBC

<—f W(x)lvnlﬁdx+— W(x)lv,,szdx

<(— + —)3
T T2

for any n € N.
Moreover, for each fixed r > 0, it is easy to verify that

lim W)H(G ™ (vy))dx = W(x)H(G™ ' (v))dx,

n=+0 JB,(0) B,(0)

where B,(0) = {x € R" : |x] < r}. This completes the proof of (4.3). O
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Proof. Now we are going to prove (4.4). Noticing (4.7), given € > 0, there is r > 0 such that

f Wy, dx < &7 and W)y, |[2dx < e27 forall neN. (4.9)
B BS
By (Hy), (H}), (W), (g2), (g3) and Holder’s inequality, we obtain that
WG (vy)) G~ (v, IGT (v}
W)~ x| <b f W = pldx + b f W) =N dx
|f 2 G v)” | <b g G T ) T e Gy

<b, f W)W, eldx + by f W), pldx
By By (4.10)

T1-1
<bi( [ W) ([ Welend)T
B¢ By

-1 1
+ba( | W)val?dx) = (| W(x)lgl?dx)™
BS BS
forany n € N, ¢ € X. Since 71,7, € (1,2), Lemma 2.3 implies that fBC W(x)|gl"'dx < oo and
f . W(x)|g|"dx < co. Thus, combining with (4.9) and (4.10), we conclude that

| G~ (vn)

. W(x)—g(G_l(vn))cpdx| < Cie

for any ¢ € X, where C; = bill¢llwr, + ballollwe, -
Moreover, for each fixed r > 0, it is easy to verify that

, WG~ (va)) hG™'(»)
lim W(X)—————=¢dx = W(x)————=¢dx for an €X.
e Jno G T S G0 rY
This completes the proof of (4.4). O

Repeating the similar arguments used in the proofs of (4.3) and (4.4), we can obtain that (4.5)
and (4.6) hold.

Lemma 4.2. Assume that (V,K) € K, (go), (Fo)—(F>) hold and {v,} is a (Ce)., sequence for J, given
by Lemmas 3.2 and 3.3. Then, the following statements hold:

lim K(X)F(G '(vy))dx = f K(X)F(G™'(v))dx, 4.11)
n—+0o JpN RN
. fG'v)) F(G'(»)
nl_l)IPOO . K(X)mQDdX = LN K(x)mgodx for all (RS X, 4.12)
lim K(x)f(G 'va))G (v)dx = f K@) f(G )G (v)dx, (4.13)
: f(G‘l(vn)) f(G™ 1(v))
1 K K 4.14
N P T I R Prrea T e (19
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Proof. (1) We begin the proof of (4.11) by assuming that (K;) holds. By (Fy)—(F,), we obtain that
there exists C, > 0O such that

F(G™'(5)) < CIG7 (s)]* + CoIG(s)[** forall s € R,

which together with (F)—(F>), (g3) and (g¢) yields that, for any fixed g € (2,2"), given € > 0 there
exists 0 < 59 < §71 such that

|F(G‘1<s)>|<2|G ") + 2*|G—1<s>|22"+)aso,sl]<|@|)(cz|6—1(s)|2+CQ|G‘1(s)|”")
. 1 .
;IG () + |G‘1(S)|22 +)([so,s.](|9|)cz(|solq_2 + 51 HIG T (s)4 (4.15)
2%
Se(z (Z/ng"i) )(Isl* + |s]? )+C2(| | S+ s P )8l

for all s € R, where 6 = G~!(s).
In addition, by K(x), V(x) > 0 for all x € R, (K>) and K(x) € L*(R"), we obtain that there exists
C; > 0 such that

f (K(x)|s]> + K(x)|s]* )dx < f (ess sup | |V(x)|s|2 + ess sup |K()c)||s|2 )dx
RV RN xeRV V( )
(4.16)
<G; f (VlsP> + IsI )dx
RN
for any s € RY.
Furthermore, noticing g € (2,2*), then from Proposition 2.1 we have
f K)|v,|%dx — Kx)W|%dx as n — +oo, 4.17)
RV RN
which gives that there is » > 0 such that
f Klvldx < —————— ¥ne. (4.18)
B Coigm + 1172779

Therefore, combining with (4.2), (4.15), (4.16) and (4.18), we conclude that

2%
| f K(x)F(G™(v,))dx| <a(3 Al O /Zg;) ) f (K)v,? + K(x)v,* )dx
+ Cy( +s127) | Kx)v,l%dx
|s |q 2 B
,
Sa(%+ (z/zg;) )Cs fR (VO + )
+ Co(—— + /27 | K(x)lval7dx
|sol92 B
CiL  (2/g.)*
<5 (/2g2*) CiL+ e
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forall n € N.
Now, if (K3) holds, by (Fy)—-(F,), we obtain there exists Cy4 > 0 such that

F(G™(5) < GG ()" + ClGT (9,

which together with (F)—(F>), (g3) and (ge) yields that, given € € (0, 1), there exists 0 < sy < s7 such
that

F(G™'(s)) < (frlG‘l(s)r" + %IG‘I(S)I”* + X551 1OD(CAGT ()T + C4lG™ (5))

g, o g . g e o
<G (o)l + 551G " + X0 1(1DCa(1 + |51~ DIG ™ ()]
—|s|” + e—2—

< = I8P+ Cal + 15127 )lsl”
1 o o (2/ 00)2* *
< (= + Cy+ Cilsi 28l + o252
o 22

for any s € R.
Furthermore, noticing o € (2,2"), by Proposition 2.1 we have

f KX)W,|"dx — f K(x)|”dx as n — +oo, (4.20)
RV RY
which gives that there is r > 0 such that
f K)val7dx < - VneN. “.21)
BS i Cy+ Cyls1]*

Therefore, by (4.2), (4.19), (4.21), K(x) > 0 for all x € RY and K € L*(R"), we obtain that

1 . 2/800)% .
KX)F(G ' (v))dx < (— + Cy4 + Cyls1]P ™) f K(X)v,|”dx + s(/ng*) f K(x)|v,* dx
o B B

(2/8 *) ess sup |K(x)| [v,|* dx
22 xeRN B¢

By

1 *

< (= +Cy+ Cols1* ™) f KX)v,|7dx + €
g B

< C58

for any n € N, where

C5:(1+

-
(2/8200) ess sup |[K(x)|L).

£
2 XxeRN

Furthermore, for each fixed r > 0, it is easy to verify that

lim K(X)F(G™'(v,))dx = f K(x)F(G™'(v))dx.

n=+ JB,(0) B,.(0)

This completes the proof of (4.11).
(2) We begin the proof of (4.12) if (K>) holds. By (F)—(F,), we have that there is C¢ > 0 such that

f(G(s) _ - 1G (s N G (9!

2G(5) 6g(G_1(s)) 6 2(G-1(s)) for all s € R,
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which together with (Fy)—(F>), (g2), (g3), (g6¢) and (gg) yields that, for any fixed g € (2,2%), given
g € (0, 1) there exists 0 < 59 < s such that

f(G7(5) < e G~ ()l +8|G‘1(S)|22* '
8(G7(s) ~ (G () 8(G~()

< elG (s)|+sg G~ ()P 2+C(

+ Xiso. sl]<|e|>cﬁ( + 51 OIG ()"

I"2

5 + s IGT (s)1! (4.22)

< e(1+(2/g)" sl + s 1)+Cﬁ( + [y 22 ) s]7!

I” 2
for any s € R.

On the other hand, noticing g € (2,2"), by (4.17) we have there is r > 0 such that
g

f Kx)|v,|%dx < - —, VneN. (4.23)
B Coligm + |s1[2%-9)

Thus, taking into account (K>), K(x), V(x) > 0 for all x € RY, K(x) € L*(R"), (4.22) and Holder’s
inequality, we obtain that, for any ¢ € X,

G(v, * g
| [ KZEED ] <a1 + /g [ KCobalildx + [ Ko lela)
c 8(G~'(vn)) B B

+[s1279) f K)Wal” " Jldx
B

v

+ C6(

| s0l9~2

<e(l +(2/8=)")( f ess supI@IVquanxﬁ( f K(lgPdx)® (4.24)
B

xeRN

+ess sup [K()[( |vn|2 dx) = ( f o dx)™ ]

xERN

+ C(,(

|So|q_2 + |s1|22 X fB K@) T ( fB KWlpl'dx)?
for any n € N. Moreover, for any ¢ € X, by Proposition 2.1, (K;) and Sobolev embedding, we have

K(x)|pl?dx < +00, K(x)lgolzdx < ess sup | | f V(X)lgl*dx < +oo
RN xeRN V( )

and

2% 2%
lpl” dx < willgll” < +oo,
RN

respectively. Thus, it follows from (4.2), (4.23) and (4.24) that

G (v,
o

where

C7 = (1 +(2/8x)")[(ess sup | |)L2||90|| + ess sup IK(ILF lell-] + llellx.qg-
xRN V( ) XxeRN
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Now, if (K3) holds, by (Fy)—(F,) we obtain there exists Cg > 0 such that

fG 6D _ 8|G-1<s>|f’-1 .\ 8|G-1(s)|22"-l
g(G(s)) ~ " g(G(s) g(G™\(s) ’
which together with (Fy)—(F>), (g3), (g¢) and (gg) yields that, given & € (0, 1) there exists 0 < sy < s}
such that
G—l s G—l B o—1 G—l s 22%—1 G—l B o—1 G—l s 22%—1
T TR T G e G gy
<IGT' (7" + £(1/8)GT (P 77 + X150, (1ODCs (1 + 51~ IG ()7
< (1+Cs+ Cslsi > ™Isl™" + 8(2/gw) IsI” ™

)
(4.25)

for any s € R. Furthermore, from (V, K) € K and Proposition 2.1, we infer that there is » > 0 such that

g
K®)|v,|7dx < —, VYn e N, 4.26
js:g (ol (1 + Cg + Cglsy |2 =0)71 (20

Combining with Holder’s inequality, (4.2), (4.25), (4.26), K(x), V(x) > O for all x € RY, K(x) € L*(R")
and Proposition 2.1, it follows that

Gl . . . * *_
| f LGl (14 €+ s f KWl pldx + 62/ g0 f K(olv,* ™ pldx
N TCRITM 5

B

* o-1 1
<(1 + Cg + Cgls _”)(f. K@)val7dx) = (| K(x)lel"dx)”

B¢
+£(2/8)  ess sup [IKI( | [val® dx) = |</>| dx)”
xRN B¢
<C98,

where _
|
Cy = ll¢llkr + (2/8)* L™ llgllo-ess sup [K(x)|

X€RN
forall o € X, n € N.
Moreover, for each fixed r > 0, it is easy to verify that

| FG ) f FG0)
1 K(x)———=pdx = K(x ed
A so X e o P = ), o K ey P

This completes the proof of (4.12)
Repeating the similar arguments used in the proof of (4.11) and (4.12), we obtain that (4.13)
and (4.14) hold. O

Lemma 4.3. Assume that (V,K) € K, (g0), (V1), (Wo)—(W,), (Fo)—(F>), (Hy), (Hy) hold and {v,} is a
(Ce)., sequence for J, given by Lemmas 3.2 and 3.3. Then, the following statements hold:
(i) For each € > O there exists ry > 1, such that for any r > r

lim sup f (V> + V()G ' (v))dx < 3 + D, 4.27)
e

n—+00
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lim su (Vv > + V(x)ﬂv )dx < (3 + e (4.28)
n—)+oop B, " g(G_l(Vn)) " '
and
lim VOIG (vy)lPdx = f V(X)IG ' (v)|dx, (4.29)
n—+e JpN RN
. G~ (va) _ G'(v)
nl—1>I-Poo o V(x)mvndx = ‘L;N V(X)m\/dx. (430)

(ii) The weak limit v of {v,} is a critical point for the function J, on X.
(iii) The weak limit v is a nontrivial critical point of J, and J,(v) = c,. Moreover, the function J,
satisfies the Cerami condition on X.

Proof. (1) For r > 1, we choose a cut-off function = , € C;’(By;) such that
n=1inB;, n=0inB,, 0<n<l1 4.31)
and

2
Vil < = forall xeRY. (4.32)
r

As {v,} is bounded in X, the sequence {nw,} where w, = G~'(v,)g(G'(v,)) is also bounded in X.
Hence, from (3.11) we have

KTi(V), nwa)l = 0a(1),
that is

| g _g10,,G ) . oG g
fR S T Gy iVl + fR VLG )P

= - f VnVv,w,dx + f KX) (G v)G (v,)ndx (4.33)
RN RN

+ f /lW(x)h(G_l(vn))G_l(vn)ndx + 0,(1).
RN
Then, by (go), (Fo), (Hp), (4.31) and (4.33) we infer that

(V> + VOIG™ () P)ndx <o,(1) + f IVallVv,llw,ldx
B

B

, f KWSG )G mdx (434)
B

+ f AWOWG ' v,)G (v, ndx
By

forany r > 1.
By (4.2), (4.32), (g5) and Holder’s inequality, we obtain

4
f Vol Vv,llw,ldx < — f IVv,llv,ldx
B r Jir<ixi<2r)

4 SN 5 . 1
<=( | IVvldx)*( val“dx)>? (4.35)
r Jry {r<ix<2r}
4 1
<L v,lPdx)
r {r<ixl<2r)
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for any » > 1, n € N. Noticing that v, — vin L?*(B,, \ B,) and |B,, \ B,| < |B,,| = wy(2r)" for any fixed
r > 1, then (4.35) follows that

4 i
lim sup f IVIIIVVllwnldx < ~L3( WPdx)?
n—+co  JB; r (r<ix<2r)
4 1 o L* 1
< =L ( VI dx)¥| By, \ B,|¥, (4.36)
r {(r<lx<2r)
1 L 9 1
< 8L2wy ( V| dx)™
{r<|x|<2r}

for any r > 1. Furthermore, for any & > 0 there exists r; > 1, and for any r > ry
1 * L
8LI W ( VdnT <e. (4.37)
{r<|x|<2r}
Therefore, combining with (4.36) and (4.37), we have that for any r > ry,

lim supf IVnlIVv,llw,ldx < e. (4.38)
B

n—-+oo

In addition, according to the (4.5) and (4.13), we infer that there is r, > 1 such that

f AWOWG ' v)G (v,)ndx < f AW (G (v,))G ' (v,)dx < e, foranyne N  (4.39)
.

.
¢ B

and

f Kx) (G '(v)G  (v)ndx < f Kx)f(G'(vy))G ' (vy)dx < &, foranyne N (4.40)
B¢ B¢

r r

for any r > r,.
Set ry = max{ry, r,}. Then, taking into account (4.34), (4.38), (4.39) and (4.40), we know that (4.27)
1s valid.
Noticing (gs), we know that |V— < |G_1(Vn)

for any n € N. Then, (4.27) implies that (4.28)

&G~ 1(vn))
holds.
Moreover, the limit (4.27) gives that
lim sup f V)IG ' (v)lPdx < 3 + s (4.41)
n—o0 B¢

2r

for any r > ry and consequently,
f V(@G Pdx < B + e (4.42)
B
for any r > ry. Since v, — v in L*(B,,(0)) for any fixed r € (0, +o0), then by (g3) and the continuity of
V(x), using the Lebesgue dominated convergence theorem we know that

lim V()G (v,)Pdx = f V()G (v)|*dx. (4.43)

n=+00 JB,,(0) B,(0)
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Then, (4.41)—(4.43) yield that

lim sup | f VOG0l = IGT 0)IP]dx| < 23 + Ve

n—+oo R

and, hence, (4.29) holds. Similarly, it follows from (4.28) that (4.30) holds.
(i) It is clear that

-1 -1
\/V(x)w — \/V(x)m ae., x e RY

8(G1(vy(x))) 8(G~1(v(x)))

as n — +oo. Noting that | \/V(x)g%} is bounded in L*(RV) and VvV € L*(RN) for any ¢ € X,
we have that

G '(v,(x)) G '(v(x))
V) —— 22 V() ————
(x)g(G‘l(vn(x))) (x)g(G‘l(V(x)))

in L*(RY), as n — +oo and, hence, the following equality holds

lim V(| G ') G
n—+oo Jpn (G (vu(x)  8(G'(v(x))

Furthermore, since v, — v in D"*(R") and ¢ € D"*(RV), we have

Jedx =0, forany ¢ € X. (4.44)

f Vv,Vodx — VvVedx, for any ¢ € X. (4.45)
RN RN

Thus, by (4.4), (4.12), (4.44) and (4.45), we deduce that
M (J30n),9) = AL ), Y g € X,

Thus, J'(v) = 0, which implies that (ii) holds.
(iii)) We have proved that J/(v) = 0. Now, we show that v # 0. Suppose that v = 0; because {v,} is a
(Ce)., sequence, according to (3.2), we know

G0,
o = [ 1wnfare | veo— f( ),

F(G'(vy) f NG~ 1(vn)) (4.46)
- | kx vdx—14 | W
fRN (x )g(G (v n)) G g(G™ (v n))

— 0.
Moreover, by (4.5), (4.13) and (4.30),we get

-1
im [ V-2

————,dx =0,
n—+eo Jov o 8(GTH(va))

lim WG (v,)G ' (v,)dx =0

n—+oo RN

and
lim KX) (G )G (v)dx =0
n—+oo

RN
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Then, it follows from (4.46) that
f Vv, [Pdx — 0 asn — +oo.
RN
In addition, from (4.3), (4.11) and (4.29), we have

lim VX)IG™ (v,)lPdx = 0,
N

n—+oo R

lim W(x)HG ' (v,))dx =0

ntoo Jg
and
lim K(X)F(G'(v,))dx = 0.
nstoo
Hence,

Ja(va) =% f Ianlde+% f VOIG™ (v,)dx — f K(X)F(G™ (vy))dx
RN RN RN

-1 | WMHG(v,)dx — 0,

RN

which is a contradiction to J;(v,) — ¢; > ay > 0. Therefore, v # 0.
Now, we show that Jy(v) = c,. By (J{(vn),vs) = 0,(1), passing to the limit in the following

expression
G '(v,) F(G™' ()
2 - — _ _—
LN |Vv,|“dx = LN V(x)g(G‘l(v,,))v"dx + fRN K(x) 2Gn) vadx

WG~ (v)
+ A [RN W(x)mvndx + 0,(1)

and using (4.6), (4.14) and (4.30) together with (J/(v), v) = 0, we obtain that
lim IVv,|>dx = f |Vv|2dx. (4.47)
n—+oo RN RN
By (4.3), (4.11), (4.29) and (4.47), we conclude that
1 1
L) = = f Vv, lPdx + = f V()G (v,)IPdx
2 RN 2 RN
- f K(X)F(G™(v,))dx — A f W(x)H(G ™ (v,))dx
RN ]RN

— Ja(v),

which results that J,(v) = c,.
To show that the function J, satisfies the Cerami condition, we verify that [lv, — v|| — 0. By
Remark 2.1, we have

v, —vIF <P, —v) + [P, —v)]* 7,
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where
W(v, —v) = f (Vs = WP + VIG™ (v, = )P Jdx.
RN

Combining with (g9), (4.41) and (4.42), we obtain that given € > 0

lim sup f V(x)[G™ (v, — v)]*dx < limsup f AVOIG (vl + G ()P 1dx
n—+o0o B n—+oo Bgr (448)

<83+ Ve

c
2r

for any r > ry. Furthermore, noticing v, — v in L?*(B,,) for any fixed r > 0, by (g3) we infer that

0 < lim f V)[G (v, = v)]’dx < lim V(x)|v, — v[*dx = 0,
n—+o0o B, n—+oo Bo,
implying that
lim f V(X)[G ' (v, — v)]Pdx = 0. (4.49)

n—+oo
By,

Thus, (4.48) and (4.49) lead to

lim f V()[G (v, — v)]?dx = 0,
n—+o0o RN

which together with (4.47) yields that ¥(v, — v) — 0. Then, [|v, — v|| — 0 holds, implying that J,
satisfies the Cerami condition. O

Proof of Theorem 1.1. Combining all the results above, we get that for every 4 € (0,1y), (2.4)
possesses a nontrivial solution v. Furthermore, letting v= = max{-v, 0}, by J(v) = 0, (Fy) and (W)),
we have that

G—l
JyW),v7) = fR ) Vv + V(x)g(G_—l((Vv)))v-]dx = 0.
Since G™'(v)y~ > 0, V(x) > 0 and g(G~'(v)) > 0, we have that
_ G'» _
2 = —_— =
| [VvPdx=0and fR V@ ey de=0.

Thus, v~ = 0 a.e., x € R". Therefore, v is a positive solution to (2.4); that is, u = G~!(v) is a positive
solution to (1.1).
Now, we prove Proposition 1.2. At first we show the following lemma.
SetS,={veX:|yl=rland B, ={ve X : |V <r}

Lemma 4.4. Assume that (V,K) € K where (K;) holds and (go), (V1), (Wo)-(Wa), (F(), (F1), (F>),
(Fy), (H))—(H}) hold. Then, there exists ry,a;, A; > 0 such that Jﬂlsrl > ay and i%f J,(v) < 0 for any

A€ (0, 4)).

Proof. Noticing Remark 2.1, we have

YY) > £l = [PO)I1F? = EVIP = |IvII* forallv € X. (4.50)
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Choose &; > 0 such that

1 & K(x)
=_a 20
2 2RIV

By (F), (F1), (F2), (Hp), (H), (Wo)=(W2), (K3), K(x) € L*(R"), K(x),V(x) > 0 for all x € RY,
(86), (4.50) and Lemma 2.3, we obtain there exists C,, > 0 such that

J(v) zl f |vv|2dx+l f V(x)IG_l(v)Izdx—ﬂ f K(x)IG_l(v)Izdx— f KOG v)** dx
2 RN 2 RN 2 RN

22+
—A@ f W(x)|G—1(v)|’3dx

>(_—g—es sup| |)‘I’(v)—ess sup |K(x)|(—)2 Ca f WP dx — /1— f W)|G™' )| dx
2 XeRN V() xeRN
£ (4.51)
— — Zesssu 2 |WIF) - ess sup |K(x v—2 Corp i 3” &
> -5 XERpIV( )|>(§|| ) XERp| (I ZZME = A
=(= — Zlegs IvI[> = ———es u + ess sup |K(x)|(v —) Ce, VI
=5~ e s g e - G Sup |+ e sup KO0 S50
b; . :
- A—SVV;T3||v|| :

foranyve X, 4> 0.
Consider

& 2Cop o
Li(t) = (— - 5ess feR]?V | Vix )|)§ > —ess felﬂlg |—| + ess jel]lRp IK(x)I(vlg:) 7o —)t

for t > 0. Obviously, there exists 7; > 0 such that m%x Li(t) = l1(r;)) £ Ay > 0. Then, it follows
1>
from (4.51) that

b
Jiv) = A -2 3v€f,, r;* forany ves,,1>0. (4.52)
T
Set
P

and a; = %, and it follows from (4.52) that
bs T T
Jov) > A - /ll—vV;T3r13 >a; >0 forany 1€ (0,4)), veS,,.
T3 ?

On the other hand, (4.51) implies that J,(v) is bounded blow in 8B,, for any 4 > 0. Taking ¢ € X
and ¢ # 0, by (g4), (H}) and (W;) and combining the Lebesgue dominated convergence theorem and
Sobolev embedding theorem we have

foy WOOHG (tp)dx H(G(19)) G~ (1)
i = lim [ W)=
-0 IE w0 Jo GGl gl

lpl™dx = C’f W(x)|e"dx > 0.
RN

Then, there exists 6 > 0 forany 0 < ¢ < 9,

C [, Wx)lel2d
W(O)H(G ™ (1¢))dx > Jer (;)"’”' s
RN

(4.53)
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Then, by (F(), K(x) > 0 for all x € RY, (g3) and (4.53), we obtain that

Ja(tso)éé f IV(t<P)|2dX+% f V)IG™ (t@)Pdx — 4 f W(x)H(G™ (19))dx
RN RN RN

C [, Wl dx @9

2

2
<=( f IVel*dx + f V(x)lgldx) — AT
2 RN RN

forany 0 <t <6, 4> 0. Since 73 € (1,2), there exists small # > 0 such that t¢ € B,, and J,(tp) <0
for any A > 0. Therefore, we complete the proof of this lemma. i

Proof of Proposition 1.2. By Lemma 4.4 and Ekeland’s variational principle [12], we infer that, for

any A € (0, A,), there is a minimizing sequence {v,} C Brl of the infimum ¢y = ie%f J,(v) < 0, such that
veB;,

1
co < Ja(vp) <o+ — (4.55)
n

and
1 _
Ja(p) = Ja(vy) = =llg = v,ll, forall ¢ € B,,. (4.56)
n

First, we claim that ||v,|| < r; for large n € N. Otherwise, we may assume that ||v,|| = r;. Up to a
subsequence, by Lemma 4.4 we get J,(v,) > a; > 0, which and (4.55) imply that 0 > ¢y > a; > 0,
which is a contradiction. In general, we suppose that ||v,|| < r; for all n € N. Next, we will show that
Ji(vy) = 0in X*. For any n € N and ¢ € X with [|¢|]| = 1, we choose sufficiently small 6, > O such that
[V, + to|| < ry forall 0 < ¢ < 6,,. It follows from (4.56) that

JiVn + 1) — J1(v,) 5 1 (4.57)

t n
Letting t — 0%, we get
, 1
2, ) 2 ——
n
for any n € N. Similarly, replacing ¢ with —¢ in the above arguments, we have

1
n

for any n € N. Therefore, we conclude that, for all ¢ € X with
llell = 1, (J7(vy), ) = 0asn — oo.

Thus, we obtain that J;(v,) — ¢o and J/(v,) — 0 as n — oco. Noticing that ||v,|| < i, we get that {v,} is
a (Ce),, sequence for J,;(v) in X, and there exists v, € B,, such that v, — v, in X. Using the same type
of arguments in Lemmas 4.1-4.3, we obtain that v, is a critical point for J,(v) in X satisfying v.. # 0
and J,(v.) = ¢o < O.

Next, we investigate the existence of ground state solutions for (1.1). For any 4 € (0, 4,), define

S={veX:J)\(v)y=0,v#0} and M, = ingjﬂ(v).
VE
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Clearly, § is nonempty and My < 0. For all v € §, set
@ =G"'(Mg(G™ ().

Then, we deduce from (1.7), K(x) > 0 for all x € RY, (F4), (H}), (H}), (g2), (Wo)~(W>) and Lemma 2.3
that for any 4 € (0, 4,),

1
Ja(v) =J,(v) = ;(JQ(V), @)
1 +,B

z(l— ) f |Vv|2dx+(l—l) f V(x)[G—l(v)]de—A@ f WG ()| dx

2 R
11 + : (4.58)
z(—— —) f VG~ (v)|2dx+(———) f V)[G'W))Pdx — a— f WG ()| dx
>«———wG<m2 3“|w<mw

WT3

Consider the function

+B

1 1 b
b(t) = (5 - —)F = A=V
2

3 WT3

for t > 0. Since 73 € (1, 2), for any fixed 4 € (0, 4,) there exists #, > 0 such that

—00 < ml&l L) = L) <0.
>

Then, it follows from (4.58) that J,(v) > I;(t,) > —oo for any v € S, which implies M, > —oo. Letting
{v,} € S be a minimizing sequence of M, such that J,(v,) — M, set

=G (v)g(G™ (v)).

Since v, € S for any n € N, then (J(v,),@,) = 0 for any n € N. Repeating the ideas explored in
the proof of Lemma 3.3, we have that {v,} is bounded in X. Thus, {v,} is a (Ce) s, sequence and there
exists v* € X such that v, — v* in X. Using the same type of arguments in Lemmas 4.1-4.3, we obtain
that v* is a critical point for J,(v) satisfying v* # 0 and J,(v*) = M, < 0. Thus, v* is a ground state
solution of (2.4). This ends the proof of Proposition 1.2.

5. Conclusions

By using the variational method, this paper studies a kind of generalized quasilinear Schrodinger
equation with concave-convex nonlinearities and potentials vanishing at infinity. We use the mountain
pass theorem to prove that this problem has a positive solution. In addition, the existence of a ground
state solution is also proved by Ekeland’s variational principle. To the best of our knowledge, few
works in this case seem to have appeared in the literature.
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