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the topology of essential supremum for any sequence of finite-valued measurable function.
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1. Introduction

The property of L7(Q, .7, u; B) will be discussed, here (Q, .7, u) is a o-finite measure space, and
B is a real Banach space. For 1 < p < oo, L?(Q, %, u; B) is a linear space of all 8-valued Bochner L”
integral function with the norm given by the formula

1
IF 0,7 8 = ( L IF(w)ll d,u(w)) :

If p = oo, L¥(Q, % ,u;B) is a linear space of all B-valued essential bounded function with norm
defined by letting

WFll >, .8 = Inf (SUP ||F(w)||53).
Fes weE®
W(E=0
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If B =R, when p € [1, 00], it is known that there exists a sequence of finite-valued simple measurable
function {F,,n > 1} such that
lim |F = Fyllr@.7 ur) = 0,

n—oo

for any F € LP(Q,.Z,u;R) (see [1,2]). If B is a general Banach space, p € [1, o), there exists a
sequence of finite-valued simple measurable function F,, such that

}LIIOlO WF = Fullro,z 8 = 0,

for any F € LP(Q,.#,u;B), and there exists a sequence of countable-valued simple measurable
function F, such that

lim [|F = Fplli~0.7 .8 = 0,
n—oo

for any F € L*(Q, .Z, u; B) (see [3]).

The difference between infinite dimension Banach space $ and R is that the closed ball of R
i1s compact set and the closed ball of 8 is non-compact set (see [4]), which makes the property of
L*(Q, Z, u; B) is very different form L*(Q, .Z, u; R).

Convergence methods of Banach-valued function were defined in serval ways. For example, Zheng
and Cui [5] investigated that /*(X)- evaluation uniform convergence of operator series can be described
completed by the essential bounded subset of /*(X). Here X is a Banach space,

(X)) = {(xj) 1 xj € X, sup ||x]|| < oo} ,
JEN

and [*(X) equip the norm of

11l = sup {|]] -
JEN

Ledén-Saavedra considered unconditionally convergence of a series }; x; in a Banach space. [6]
showed that a series is unconditionally convergent if and only if the series is weakly subseries
convergent with respect to a regular linear summability method. Furthermore, this paper unifies several
versions of the Orlicz-Pettis theorem that incorporate summability methods. [7] give a another version
of the Orlicz-Pettis theorem within the frame of the strong p-Cesaro convergence. [8] unified several
results which characterize when a series is weakly unconditionally Cauchy (wuc) in terms of the
completeness of a convergence space associated with the wuc series. [9] gave a new characterization
of weakly unconditionally Cauchy series and unconditionally convergent series through the strong
p-Cesaro summability is obtained.

In this work, we will present a necessary and sufficient condition for the existence of F, in
L®(Q, 7,u; B) for F € L*(Q,.%,u;B), by constructing a sequence of finite-valued measurable
functions that converge to F in some sense. A counterexample is also discussed to demonstrate
that there exists F € L®(Q,.#,u; B) for which F, cannot converge to F in the norm topology of
L®(Q, %, u; B) for any sequence of finite-valued measurable functions F,.

2. Preliminaries
The following definitions are about Banach-valued measurable function.
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Definition 2.1. [10] If (Q,.%#) is a measurable space, 8 is a Banach space, Q,,--- ,Q, € ¥ are
pairwise disjoined nonempty sets, x;,--- , X, € B, then the map

n

Fw) = ) xllo(w),

i=1
is called finite-valued simple function. And the map

(9]

Fw) = xilo(w),

i=1

is called countable-valued simple function. A map F : Q — $ is called measurable if YA €
PB(B),F-Y(B) € F. F is called strongly measurable if there is a sequence of finite-valued simple
function F, such that Yw € Q,

Iim |IF(w) = Fa(w)lls = 0.

Definition 2.2. [11] Let F : Q — B be a map, for all f € B*, the function f(F(w)) is measurable
function on (Q, .%, u), then F is called weak measurable function on (Q, .7, u).

The following theorem describes the relationship weak and strong measurable.
Theorem 2.1. (Pettis) [11] Let F : Q — B be a map, the following assertions are equivalent:

(1) F is strongly measurable.
(2) F is weakly measurable and F(Q) is almost separable.

By Theorem 2.1, if 8 is separable space, then F is strongly measurable if and only if it’s weakly
measurable.
Then the definition of Bochner L”-space is given as follows.

Definition 2.3. [3,10] Let (Q,.%, 1) be a measure space, and let F : Q — B be a finite-valued simple
function with a form of

n

F(w) = Z xilo, ().

i=1
If 3%, u(€;) < oo, then the Bochner integral of F is defined by

n

fg Fl@)dp(w) = ) xpu(Q).

i=1

And let F : Q — B be a strongly measurable function. If there exists a p € [1, o) such that

fQIIF(w)II% dp(w) < oo,

then F is called LP-integrable on (Q,.%,u). The linear space of all LP-integrable function with the
following seminorm

1

P

1F 0.7 8 = ( fg IF(w)lig dﬂ(w))

AIMS Mathematics Volume 8, Issue 11, 27670-27683.



27673

is denoted by L? (Q, .7, u; B). If the function
w e [|[F(w)llg

is essential bounded, then F' is called essential bounded. The linear space of all essential bounded
function with the following seminorm

1Fllzo(0.5 8 = ess sup {[[F(w)lls : w € Q},

is denoted by L™ (Q, .Z, u; B).

The following theorems show that the collection of finite-valued function is dense in L? (Q, .7, u; B)
if p € [1, 00), and the collection of countable-valued function is dense in L (Q, .%#, u; B).

Theorem 2.2. [3] Let (Q, .7, u) be a measurable space, F : Q — B is a strongly measurable function,
p € [1, 00), then the following statements are the same in meaning:

(1) F € LF (Q, F,; B).
(2) There exists a sequence of finite-valued simple function F, such that
lim [ |IF,(w) - F(w)llz du(w) = 0.
n—oo Q
Theorem 2.3. [3] Let (Q,.%,u) be a measurable space, F : Q — B be a strongly measurable
function, then the following statements are synonymous:

(1) F € L*(Q, 7,1, B).
(2) There exists a sequence of countable-valued simple function F, such that

lim inf (sup [|F,(w) — F(w)llg) =0.
n—oo EeF weE¢

3. Main result

Theorem 3.1. If (Q,.%, 1) is a measure space, and B is a real Banach space, F € L*(Q, .7 ,u; B),
then the following assertions are equivalent:

(1) There exists a sequence of finite-valued simple function F, such that

31_210 IF = Fulli~,7 .8 = 0.

(2) There exists a measurable set Q € .Z such that ,u(fl) =0and F(Q) is a sequential compact set.

Proof. If (1) holds, suppose
1
F—Flli~ 7,0 < —,
IF = Filliso.sum < 5

and
Kn

F, = Z XinﬂEi,,,

i=1
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where {El-n}l.li”1 are pairwise disjoined and Ul.li”l E;,, = Q. By the definition of essential bounded, there

exists E, € .% such that u(E,) = 0 and

1
sup [|Fy(w) = F(w)llg < —.

weE¢

Considering
K ¢
QE U (UElnﬁErCL] .
neN, \i=1

Then u(Q) = 0. Let

K)‘l
weQFc UE,-,ZHE;',
i=1
then there existi =1, --- , K,, such that
1
lxin — F(w)llg < sup [|Fy(w) — F(w)llg < .

weES

Therefore, {xm}li"1 is a 1/n— web of F(Q°). By the arbitrary of n, F Q) isa sequential compact set.

i

If condition (2) is satisfied, then ¥n € N, there exists a finite 1/n— web {x,-,,}fill of F(Q°). Let
~ 1
E;, = {w € Q° : |lxin — F(w)llg < —}-
n

Let E,, = E,,,, and for i > 1, defined by
i-1
Ein = Em\ [U Ejn] .
j=1

Now, let’s define a finite-valued function

Ky
F, = § xin]IE,-,,;
i=1

then
1
IF = Fulli~@,7 18 < sup [|Fn(w) — F(w)llg < .

weQ¥e
By the arbitrary of n, (1) holds. O
From now on, suppose 8 is real Banach space which dual space B* is separable, and (Q, %, u) is
complete measure space. Then 8 is separable. Let { f,},.y, be countably dense subset of 8*. We define

a new convergence.
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Definition 3.1. Let F;,k = 1,2,--- be a sequence of B-valued strongly measurable function on
(Q, .7, u), we say Fy weakly converge to a B-valued function F almost uniformly if there exists E € .%
such that u(E) = 0 and for all weak neighborhood of origin W, there exists N € N, such that Yk > N,

F(w)-Fi(w)eW, VYweE".

We say F; is a almost uniformly weak Cauchy sequence if there exists £ € .# such that u(E) = 0 and
for all weak neighborhood of origin W, there exists N € N, such that Vi, j > N,

Fiw) - Fjw) €W, VYweE".

Theorem 3.2. (1) F weakly converge to F almost uniformly if and only if there exists E € .% such
that u(E) = 0, and for all f € B*, then

lim sup |f(F(w)) - f(F(w))] =

k—oo e e

(2) Fy is a almost uniformly weak Cauchy sequence if and only if there exists E € % such that
U(E) =0, and for all f € B*, then

hm sup sup |f(Fisp(w)) — f(Fu(w))| =

® peN, weE*

Proof. We have just proven (1), and likewise, (2) can be demonstrated. Suppose there exists E € .F
such that u(E) = 0, and for all weak neighborhood of origin W, there exists N € N, such that Vk > N,

F(w) - Fi(w) e W, Vo e E-

Let f € 8%, given m € N, consider the set

sz{xeB:|f(x)|<l}.
m

Then, for N € N, such that Yk > N,
Fw)-Fy(w)eV,, YweeE".

That is |
sup |f(Fir(w)) — f(F(w))| < —.

weE*¢

Let k — oo,
lim sup sup |f(Fi(w)) — f(F(w))| <

1
k—oo  weE* E
By the arbitrary of m,
lim sup | f(Fi(w)) = f(F(w))] =

k—co e e

Suppose there exists E € .% such that u(E) = 0, and for all f € B*, we have

hrn sup |f(Fr(w)) — f(F(w))| =

® weE*
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Given a weak neighborhood of origin W, by the definition of weak topology, there exists g;, -+ ,gu €
$* and € > 0 such that

V={xeB: gl <e -, lgn(x)| <€ CW
Then, fori=1,--- ,m, AN; € N, such that

sup |gi(Fi(w)) = gi(F(w))| <€, ¥n> N,

weE*

Let N = max(Ny,--- ,N,), then Yk > N, we have
Filw)-Fw)eVcW, VweeE"
Therefore, F; weakly converge to F' almost uniformly. O

Theorem 3.3. Let Fi,k = 1,2,--- be a sequence of B-valued strongly measurable function. If Fy
weakly converge to F almost uniformly, then F is strongly measurable.

Proof. By Theorem 2.1, it is sufficient to prove that F is weakly measurable. If F, weakly converge to
F almost uniformly, then there exists E € .# such that u(E) = 0, and Yf € B,

lim sup | f(Fi(w)) — f(F(w))| = 0.

k=00 ,cpe

Therefore, f(Flgc) pointwise converge to f(FIgc). By the arbitrary of f, Flg. is weakly measurable,
thus it is strongly measurable. Because u(E) = 0 and (Q, .#, u) is complete, FI is strongly measurable.
In summary, F = Flg + Flg is measurable. m|

Theorem 3.4. If F weakly converge to F' and F" almost uniformly, then F’' = F",u — a.e..

Proof. If F, weakly converge to F’ and F” almost uniformly, then there exist E’, E” € .% such that
U(E") = u(E”) = 0, and

;}Eg SuEp( |f(Fi(w)) — f(F(w) = /}gg S‘gﬂ |f (Fi(w)) = f(F(w)] = 0.
Then
plweQ: F(w) # F'(w)}) < u(E"VE”) < u(E') + u(E”) = 0.
Therefore, F' = F",u—a.e.. O

Theorem 3.5. Let F, Fy,k = 1,2,--- € L¥(Q, .7, u; B), then F) weakly converge to F almost uniformly
if and only if

(1) supgen, 1Fllzo, 7 3 < o
(2) There exists E € % such that u(E) = 0, and ¥n € N,

lim sup |f,(Fi(w)) = fu(F(w))] = 0.

weE*®
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Proof. Suppose F) weakly converge to F' almost uniformly, since (2) is self-evident, we will focus on
demonstrating (1). By the conditions, there exists a E € .% such that u(E) = 0 and

lim sup | f(Fi(w)) — f(F(w))| = 0.

k—co e e

In addition, we can suppose sup, .. |[|[F(w)|| < oo and sup,, . [|[Fr(w)l| < co(k € N,). Fixed f € 8,
then there exists ky € N, such that for k > kg,

sup |f(Fi(w)) — f(F(w))| < 1.

weE*
For k > ky,
Sup |f(Fr(w))l < sup |f(Fi(w)) = f(F(w))] + Sup |f(F(w))
< 1+fllg sup IF(w)llg < oo.
Therefore,

sup {lf (Fr(w))| : k € Ny, w € E}

SmaX{llfllg* sup [|F1(@)llg -+, Ifllg- sup || Fio(@)]| 5.1+ fllz sup IIF(w)IIB} < oo,
weE* weE*

weE*

By Uniform Boundedness Principle,
sup {||Fi(w)llg : k € N, w € E} < oo,

Thus, sup,qy, 1Fillz~@ 748 < o0. Now we suppose (1) and (2) are true, then there exists a E € F
such that u(E) = 0 and Vn € N,

m sup |fu(Fr(w)) = fu(F(w))| = 0.

i
k—oo yepe

We can assume
M = sup [|[F(w)llg + sup sup [|[Fi(w)llg < oo.

weE* keN, weE®

Fixed f € $B*, then Ve > 0, dny € N, such that
€
1f = tuolls < 337
Then Yk € N, ,Yw € E*,

|f(Fiw)) = f(F(w))
<IFFw)) = fo(FrlD] + o (Fi(@)) = fog (F@)] + 1y (F(@)) = fio(F(@))]
< || = oo || g 1FR@)llg + i (Fi(@)) = fg F@DI + || f = foo || - IF (@)l
<€+ | foo(Fe(@)) = fo(F(w))].
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By the arbitrary of w,

sup |f(Fi(w)) = f(F(w))| < € + sup | fu, (Fi(w)) = fuo (F(w))].

weE*¢ weE¢

Therefore,

lim sup sup |f(Fi(w)) = f(F(w))| < € + limsup sup | f,(Fir(w)) = fao (F(w))] < €,

k—oo  weE€ k—oo  weE€
By the arbitrary of €,
lim sup sup | f(Fi(w)) - f(F(w))| = 0.
k—oo  weE®
Finally, by the arbitrary of f, F; weakly converge to F' almost uniformly O

Theorem 3.6. Suppose F is a B-valued strongly measurable function on (Q,.%,u), then F €
L¥(Q, F,u; B) if and only if there exists a sequence of finite-valued simple function F) such that
F weakly converge to F almost uniformly.

Proof. Suppose F € L*(Q, %, u; B), then there is a E € .% such that u(E) = 0, and

M = sup IF(w)llg < co.

weE*

By Banach-Alaoglu theorem, F(E€) is weak relatively compact sets. Let k € N, and
1 1
VisqxeB:|filx) < el ()] < ol

Then there exist Yk € N, 1 {xl-k}Nk1 C F(E°) such that

i=

(F(w): weE}C U (xz + V).
Let

Ej={we E: F(w) — xy € Vi}.

and E,; = Ey, for i > 1,we can define

i1
Ey = Ey\ [U Ejk] :
et

We can construct a finite-valued measurable function

Ki

F; = Z Xilg, -

i=1

Because Fi(E€) C F(E°),

sup {[IFi(w)llg : w € E,k e N} < M < co.
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For all n € N, for k > n,

sup | fu(Fi(w)) = fu(F(w))] < =

weE*
Therefore,
hm sup | f(Fi(w)) — fu(F(w))| =

k—oo yefpe

By Theorem 3.5, F; weakly converge to F' almost uniformly.
Consider the possibility that a sequence of finite-valued simple function F, that weakly converge to
F almost uniformly, then there exists a E € .% such that u(E) = 0 and Yf € 8%,

lim sup | f(Fi(w)) = f(F(w))| =0

n—0 ek

Then there exists a ky € N, such that

sup |f(Fi,(w)) — f(F(w))| < 1.

weE*

Because Fy, is finite-valued function,
sup |[f(F(w))] < sup |f(Fi,(w)) = f(F())| + sup |f(Fy,(w))|

weE* weE* weE*

<1 +|lfllg sulg) | Fro(@)]| 5 < 0.
wWEE*

By Uniform Boundedness Principle,

sup [IF ()l < oo.
wekE*

Therefore, F € L¥(Q, %, u; B). O
Now we will proof L*(Q, .#, u; B) is complete in the sense of weak convergence almost uniformly.

Theorem 3.7. Let Fi,k = 1,2,--- € L*(Q, .7, u; B) be a almost uniformly weak Cauchy sequence,
then AF € L*(Q, .F, u; B) such that F; weakly converge to F almost uniformly.

Proof Suppose F; € L¥(Q, .Z, u; B) is a almost uniformly weak Cauchy sequence, then there exists a
E € % such that u(E) = 0 and for all k € N,

sup || Fi(w)llg < oo.

weE*¢

And Vf € 8B,
lim sup sup |f(Fpp(w)) — f(Fp(w))| =0

N—= HeN, weE*
Fixed f € 8*, 3k € N, such that Vk > k,
sup | f(Fr(w)) — f(F(w)l < 1.

weE*°

Fori=1,--- ko,
sup |[f(Fiw))| < ||fllg- sup [Fi(w)llg -

weE* weE*
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Therefore,

weE*

sup {|f(Fr(w))| : k € N, w € E} < 1+l max(sup IF1(@)llg .-+ sup || Fr,(@)]| -
weE*°

By Uniform Boundedness Principle, there exists M € (0, o) such that
{Filw): ke N, we E}Cc{xeB:|xllg < M}.

Fixed w € E°, {Fi(w)hay, 1s a bounded sequence, which means it’s a weak relatively compact
sequence. Therefore exists a subsequence {F, k,.(a))}iEN+ and F(w) € B such that F},(w) weakly converge
to F(w). Because {Fi(w)}hqay, is a weak cauchy sequence, Vf € B*,Ve > 0,dK € N, such that
VYm,n > K,

€
|f (Fn(w)) = f(Fy(w))] < 5
Meanwhile, Jiy € N, such that k;, > N and

F(F, (@) = FE@)I < 5,

when k > k;,,

|f(Fir(w)) = f(F()] < |f(Fi(w)) = fi,, F@)] + | f(Fi, () — f(F(w))] < €.
which means F(w) weakly converge to F(w). By Mazur Theorem,
F(w) € o {F(@)hen, € {x € B:|lxllg < M},

where co {F(w)}ien, 1s convex hull of {F(w)}ey, in norm topology of B. Therefore, F is essential
bounded, and

1F |l o@,7 18 < sup [|[F(w)llg < M.
weE*

Finally, F; weakly converge to F' almost uniformly can be show. Fixed f € B, there exists a {F},},4
such that

1
sup | /(Fiy(w)) = f(Fi (@)l < 5.

wEeE*
Then .
FF(@) + D (FFu(@) = f(Fi (@) = FFw)).
i=1
Let j — oo,
= o 1
sup |f(Fi, (@) = f(F@)] < ), sup [f(Fy(@)) = f(Fy @)l < ), 5= 0.
weE* l-:j+1w6 ¢ i=j+1
Ye > 0,dK € N, such that Ym,n > K,
Sup | f(F(@)) = f(F(@))] < 5.
weE*
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Meanwhile, diy € N, such that k;; > N and

sup £ (Fi, (@) = FF@))] < 5.

weE*

Therefore, for k > k; , we have

19>

sup lf(Fi(w)) = f(F(w))| < Sup |f(Fi(w)) = fuo, (F ()| + Sup |f(Fr, (W) = f(F(w))| <e,

which means F; weakly converge to F' almost uniformly. O

Finally, we will provide a counterexample to demonstrate that there exists an F € L*(Q; B) for
which F,, cannot converge to F in the norm topology of L*(Q; B) for any sequence of finite-valued
measurable functions F,,.

Let H = L*([-r,n], Z([-n,x]), 1), where [ is Lebesgue measure. It is obvious that H is real
separable Hilbert space and H’ = H by Riesz Representation Theorem, which means the dual space
of H is separable.

Letn e N,

1 1 1
hg = —, hy,1(x) = —sinnx, hy,(x) = —cosnx, ne€N,.
0 2n-1(X) NE 20(X) NE +

V2r'
Then {h,},ey is the unit orthogonal basis of H, and
W = hllzy =2, Vn #m.

A measure space ([0, 1], A([0, 1]),1) is given. Let C be the Cantor set of [0, 1], and the countable
connected component of C¢ denote by {E, },cy, -

F= i hlE .

n=1

Then F € L*([0, 1], #([0, 1]), [; H), and

F [ 10.11.2q0.17.0:00 = 1.

However, given any zero measure set E, F(E°) = {h,},a, Which means F(E) in not a sequential
compact set. Therefore, any sequence of finite-valued measurable function cannot converge to F in
norm topology of L*([0, 1], A([0, 1]), [; H). Let

k
Fi = holg + Z Bl .
n=1

Then F, are finite-valued measurable functions. Given m € N, for k > m,

sup{,, F(w) — Fi(w))x = sup <hm Z thIE,,(w)> =0,
n=k+1 H

weC* weC*

and /(C) = 0, which means F; weakly converge to F' almost uniformly.
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4. Prospect

In this paper, we give a necessary and sufficient condition for the existence of a sequence of finite-
valued measurable function which converge to F € L*(Q, .#, u; B) in topology of essential supremum
and give a new convergence which makes any F € L*(Q,.#, u; 8) can find sequence of finite-valued
measurable function which converge to F. On this basis, we can raise some valuable problems:

(1) Definition 3.1 and the proof of Theorem 3.2 to Theorem 3.6 depend on the separability of B, if
we can extended the conclusion to the condition that 8* is a general Banach space?

(2) If we can use a topology to convergence defined in Definition 3.1. For example, let f € %*, we
define the seminorm p; by

py(F) = ||f(F)||L°°(Q,.9Z,p;R) .
If we can prove that p,(F) = 0 for all f implies ||Fl|;~q.7 8 = 0, then the the family &7 =

{ prife€ B*} can determine a new topology to characterize the convergence.
(3) Based on (2) and Theorem 3.2, we guess the following assertions are equivalent:

(a) F; weakly converge to F' almost uniformly.
(b) For all f € 8%, we have

lim ([ (Fi) = f(F)lli,5 ux) = 0.

(c) There exists E € .% such that u(E) = 0, and for all f € B*, we have

lim sup |f(Fi(w)) - f(F(w)] = 0.

weE*
Here F,Fi,k=1,2,--- € L*(Q, %, u; B).
5. Conclusions
In the work, a necessary and sufficient condition for the existence of a sequence of finite-valued
measurable function which converge to any given F € L*(Q,.7,u; B) is given. A new convergence
is defined. In this convergence, any F € L¥(Q,.%,u; B) has a sequence of finite-valued measurable
function which converge to F. Finally, a counterexample is also given to show that there exists F €
L*(Q, Z#,u; B) for which F, cannot converge to F in the norm topology of L*(Q,.#, u; B) for any
sequence of finite-valued measurable functions F,,.
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