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1. Introduction and main results

The classical Fermat’s last theorem that equation x" + y" = 1 has no non-trivial rational solutions,
when n > 3, had been proved by Wiles in [1]. Considering x,y in x" + y" = 1 as elements in function
fields, we arrive at looking equations that may be called Fermat type functional equations

f@"+g@" =1 (1.1)

In 1966, Gross [2] proved the Fermat type functional equation (1.1) has no transcendental meromorphic
solutions when n > 4. If n = 2, then Eq (1.1) has the entire solutions f(z) = sin(h(z)) and g(z) =
cos(h(z)), where h(z) is any entire function, and no other solutions exist [3]. Baker [4] and Yang [5]
also obtained some related results on Fermat type functional equation.

In recent years, the analogue of Fermat type equations inspired numerous investigations.
Particularly, some authors have gotten a number of interesting results by considering that g(z) has
a special relationship with f(z) [6,7]. For example, Liu et al. [6] considered the difference equation

f@+ fz+ o) =1, (1.2)
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and obtained the following result:

Theorem 1.1. (see [6], Theorem 1.1) The transcendental entire solutions with finite order of Eq (1.2)
4k + D

must satisfy f(z) = sin(Az + B), where B is a constant and A = >
c

, k is an integer.

Later on, considering a generalization of Eq (1.2) as

f@7+ P@*fz+¢) = 0), (1.3)

where P(z), O(z) are non-zero polynomials, Liu and Yang obtained a result (see [8], Theorem 2.1),
which is an improvement of Theorem A. Closely related to difference expressions are g-difference
expressions, where the usual shift f(z + ¢) of a meromorphic function will be replaced by the g-shift
f(gz). Liu and Cao [9] considered the entire solutions of Fermat type g-difference equations

f@* + P2’ f(g2)* = 0, (14)
where P(z), Q(z) are non-zero polynomials and |g| = 1. They showed the following theorem:

Theorem 1.2. (see [9], Theorem 2.6) If Eq (1.4) admits a transcendental entire solution of finite order,
then P(z) must be a constant P. This solution can be written as

01(2)e"® + Qx(z)e @
2

f@) =
satisfying one of the following conditions:

(1) q satisfies p(qz) = p(z) and Q1(z) — iPQ1(gz) = 0, 02(2) + iPQ1(gz) = 0, P*Q(¢*2) = O(z);
(2) g satisfies p(qz)+p(z) = 2ao, and iPQ,(qz)e*® = —Q,(2), iPOx(qz) = Q1(2)e*®, P*Q(q°2) = O(2),
e8 =1, where Q(z) = Q1(2)Q2(z) and p(z) is a non-constant polynomial.

Liu and Yang [7] in 2016 studied the existence and the forms of solutions of some quadratic
trinomial functional equations and obtained some precise properties on the meromorphic solutions
of the following equations

@ +2af@f @+ (@) =1 (1.5)
and

@ +2af@fz+e) + flz+e) = 1. (1.6)

If @ # £1,0, then Eq (1.5) has no transcendental meromorphic solutions (see [7], Theorem 1.3) and
the finite order transcendental entire functions of Eq (1.6) must be of order equal to one (see [7],
Theorem 1.4).

Recently, Luo et al. [10] investigated the transcendental entire solutions with finite order of the
quadratic trinomial difference equation

[+ +2af@f(z+0) + f(2) = 5, (1.7)
and differential difference equation
[+ +2af+of @)+ [(2) = e, (1.8)

where ?(# 0, 1), ¢ are constants and g(z) is a polynomial.
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Theorem 1.3. (see [10], Theorem 2.1) Let a* # 0,1, c(# 0) € C and g be a polynomial. If the
difference equation (1.7) admits a transcendental entire solution f(z) of finite order, then g(z) must be
of the form g(z) = az + b, where a,b € C.

In the above results, Nevanlinna theory of meromorphic functions [11, 12] and its difference
counterparts [13, 14] play a critical role. For related results, we refer the reader to [15-23] and the
references therein.

Motivated by the above equations and results, we investigate the existence and forms of entire
solutions of the following two quadratic trinomial g-difference differential equations

f(q2) +2af(2)f(gz) + f(2)* = &5, (1.9)

where @? # 0, 1 and g # 0, =1 are complex numbers, and g(z) is a polynomial.

f(q2) +2af'(2)f(q2) + ' (2)* = &89, (1.10)

where @? # 0, 1 and ¢ # 0, 1 are complex numbers, and g(z) is a polynomial.
Below, for convenience, let

1 1 1 1
= + and A, = - .
2Vl+a 2iVl -« 2Vl +a 2Vl -«

Theorem 1.4. If Eq (1.9) admits a transcendental entire solution f(z) with finite order, then g(z) must
satisfy deg(g(z)) > 2 and q**#¢@ = 1. Furthermore,

A,

(1.11)

V2 e
2Vi+a)

We give an example to show that the result of Theorem 1.4 is precise as follows:

fl@) ==

3
Example 1.1. f(z) = i%a‘e*7 is a transcendental entire solution of

1 \/5 ’ 1 \/§ 2 _ 2
f((—E . Toz) L afQ)f (<—§ . 7z>z] P =

Here, g(2) =2, g = —3 + %gi, a=2A = _\56_3 and A, = _\Eﬂ.

Corollary 1.1. Ifdeg(g(z)) < 2, then Eq (1.9) has no transcendental entire solution of f(z) with finite
order.

Corollary 1.2. If|q| # 1, then Eq (1.9) has no transcendental entire solution of f(z) with finite order.

Theorem 1.5. If Eq (1.10) admits a transcendental entire solution f(z) with finite order, then g(z) = f3,
q=-1and
\/_

2
f@) = 2—t(A1€tZ+y' — Ape™ ),

where t, y1,y,, 8 € C satisfying S =y, +y, and t = =i.
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We give an example to show that the result of Theorem 1.5 is precise as follows:

Example 1.2. f(z) = ‘z—ff(%e"z“‘”’ - %e"z) is a transcendental entire solution of
[P +4F@Qf (-2 + /(@) = €™
Here, g(z) =Ini, g =-1, a =2 A, = % and A, = %.

Corollary 1.3. Ifdeg(g(z)) > 1, then Eq (1.10) has no transcendental entire solution of f(z) with finite
order.

Corollary 1.4. If g # 0,1, then Eq (1.10) has no transcendental entire solution of f(z) with finite
order.

2. Some lemmas

Lemma 2.1. [12] Let fi(z), j = 1,2,3 be meromorphic functions and f,(z) is not a constant. If

3
D=1,
j=1

and

3 3
> N(r, fl) +2 ) NG, f) <A+ 0T, rel,
j=1

j=1 J

where A < 1, T(r) = max,<;«3{T'(r, f;)} and I represents a set of r € (0, co) with infinite linear measure.
Then, f, =1or f; = 1.

Lemma 2.2. [12]If f(2), gj(z)(1 £ j < n,n > 2) are entire functions satisfying
(1) ey fi@esi) = 0;

(2) The orders of f; are less than that of e"@~8® for 1 < j<n, 1 <h<k<n
Then fi(z) =0for1 < j<n.

Lemma 2.3. [12] Let p(z) be a nonzero polynomial with degree n. If p(qz) — p(2) is a constant, then
q" = 1 and p(qz) = p(2). If p(qz) + p(2) is a constant, then " = —1 and p(qz) + p(z) = 2ay, where a
is the constant term of p(z).

3. Proof of Theorem 1.4

Let f(z) be a transcendental entire solution with finite order of Eq (1.9). Denote

f@r:55m+vnm¢ﬂﬁ>:§%m—vx

where p, v are entire functions. It can be deduced from Eq (1.9) that

(1+a)pd + (1 —a)? =89, (3.1)
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From Eq (3.1), we have

8(@)

8% 8@
e

ez

e

The above equation leads to

(Vl+ap+,\/l—av](\/l+a,u_,\/l—a/v)

2 I— o) I— = 1. (3.2)
e ez ez e

Vi+au

8(2)

Vi-av

8@

Vi+au

8@

i

We observe that both +1 and —1 lg(j"’ have no zeros. Combining Eq (3.2) with

e 2 e 2 e 2 e 2
the Hadamard factorization theorem, there exists a polynomial p(z) such that

1 1- V1 + V1 -
\/ :(;)aﬂ + l \/ 8(2) d = ep(Z) and g(z)aﬂ - l 8@) s = e_p(Z)' (33)
e 2 e 2 e 2 e 2
Set
z (2)
712 = ) + £ and 32(0) = —pla) + 2. (3.4)
It follows from Eq (3.3) that
V1@ 4 en@) V1@ _ on@)
HE e T aivica
+a ivl -«
This leads to | | © © o o
Y1) 4 o722 Y12 _ ,72(2
f@) = —=(+») = —(e — s )
1 .
= _(Ale%(z) +A2672(Z))
V2
and
1 1 (@ 4 er@ eV @ _ (@)
Mg = —FWu-v)=— — - —
] .
— _(AZeYI(Z) +A1672(Z)),
V2
where A and A, are defined as Eq (1.11).
It follows from Eq (3.5) that
1
f(gqz) = %(Alem(qz) +A2672(4Z)). (3.7)

Since a® # 0,1, we have that both A; and A, are nonzero constants. Combining with Egs (3.6)

and (3.7), we have

V1@ 72(q0) 4 ’ﬂ e?2D72(q2) _ ‘ﬁ V1@ 72q0) — 1. (3.8)

Ay Ay
Case 1. y,(z) — v2(gz) is a non-constant polynomial. Using Lemma 2.1 in Eq (3.8), we have

’ﬂ eyz(z)—yz(qz) =1or — ﬂew(qz)—yz(qz) =1.
A; Ay
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If j\‘—ie”@‘”(‘m = 1, then y,(2) — ¥2(gz) is a constant. By Lemma 2.3, ¥,(z) — v2(qz) = 0. Thus, we
have ﬁ—; = 1, which contradicts with @ # 0, 1.
If —ﬁ—;ey'(qZ)‘VZ(qZ) = 1, then it follows from Eq (3.8) that ¢71@=72@) = —ﬁ—;. In view of Eq (3.4), we
get that
—éezf’(‘m = | and e = —ﬂ.
2 Ay
It is easy to get that p(z) is a constant and 2‘—? = f\—;. This leads to A7 = A, which contradicts with
a’#0,1.
Case 2. y(2) — v2(qz) is a constant. Let k = y(z) — v2(gz), k € C. Then, y,(gz) = y1(z) — «. In view
of Eq (3.4), 2p(z) = ¥1(z) — v2(z). Equation (3.8) reduces to
Ar K K ,—2p(2) 2p(qz)
— (= 1) + e = 9, 3.9)
Ay
Case 2.1. « = y,(z) — y2(gz) = 0. From Eq (3.9) we have ¢*P@+P@) = 1 which gives that
p(2) + p(qz) = 0. It follows from Eq (3.4) that

1 1
0= p)+ plgz) = 5(71 (2) = y2(2) + ¥1(q2) — v2(q2)) = 5(—72(2) +v1(q2)).

Further, we have y,(z) = ¥1(¢°2) and ¥»(z) = ¥2(¢*z). Recall that f(z) is transcendental, then from
Eq (3.5) we have that y(z) and y,(z) cannot be constant at the same time. By the assumption that
q # 0,+1, we get a contradiction.

Case 2.2. « = y,(z) — ¥2(gz) # 0. Using the Nevanlinna second fundamental theorem for e?/%?,
we have

+ 8 (r, ")

— _ 1 . 1
T(r, %) < N(r, @) + N [r, — | + V|,
e2r(qz) e2r(az) — %(eK -1
I

—( 1
<N (r, _e2p(z)) + 8 (r, &) = S (r, 279,

which shows that p(gz) is a constant.

We claim that g(z) is a polynomial. If g(z) is a constant, then by combining with p(gz) as a constant
and Eq (3.4), we have both y,(z) and y,(z) are constants. From Eq (3.5), we have f(z) is a constant,
which contradicts with f(z) is transcendental.

Thus, deg(g(z)) > 1. Set p(z) = n, where n € C. Then, it follows from Eqs (3.4) and (3.8) that

A @-2(42) A
2y LS o4 e, 3.10
(e Az)e Aze ( )

If g(z) — g(gz) is a non-constant polynomial, then by using Lemma 2.2 in Eq (3.10), we have
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It gives A? = AZ, which contradicts with @? # 0, 1. Thus, g(z) — g(gz) is a constant.

Further, by Lemma 2.3, we obtain g(z) — g(gz) = 0 and ¢%¢®¢@ = 1. Since ¢ # =+1, then
deg(g(z)) # 1,2. Combining with deg(g(z)) > 1, we have deg(g(z)) > 2. Moreover, Eq (3.10)
reduces to

A A
2n + 21 =14+ — 1 277
“ T4, A,°
Thus, we have % -1= (i; - 1) e, Since A; # A,, then 4 4 — 1 # 0. Hence, we have e? = 1. It gives

el =+1,ie., e’? = +1.
From Egs (3.4) and (3.5), we have

V2(A1eP@ + Are @) w0 +£V2(A; + A)) ©
_— e .

f(Z) = 5 e? = >
And together with Eq (1.11), we obtain
2 8,
f =i
2(V1I + @)

We completed the proof of Theorem 1.4.
4. Proof of Theorem 1.5

Let f(z) be a transcendental entire solution with finite order of Eq (1.10). Using the same argument
as in the proof of Theorem 1.4, we have

1
f’(Z) = %(Ale%(z) +A2672(Z)) 4.1)
and ,
flgz) = $(A2€y'@ +Ae”?). 4.2)
In view of Egs (4.1) and (4.2), it follows that
f (qz) = _(Alew(qz) +A eyz(qz)) — _(Azyl(z)em(z) +A1’y (Z)eyz(z))
V2 Vag
This leads to ,
%@ 1 @-720a0) 4 iyé(z)eyz(@—yz(qz) _A @720 — 1 4.3)
q qAs Ay

Case 1. y,(qz2) — v2(qz) is a constant. From Eq (3.4), we have y,(gz) — v2(q2) = 2p(gz). Thus, p(z)
is a constant. Let ¢ = ¢”@, where ¢ € C\{0}.

Furthermore, we have deg(g(z)) > 1. Otherwise, from Eq (3.4), we have that both y,(z) and
v2(z) are constants. It follows from Eq (4.1) that f'(z) is a constant, which conflicts with f(z) being
transcendental.

Combining with Eqgs (3.4) and (4.3), we get that

L2 8 (Z) 2(2)-g(g2) g(q ) A]
—+ =1+ —0 4.4
( qu) 2 A’ 4
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If g(z) — g(gz) is a non-constant polynomial, then by using Lemma 2.2 in Eq (4.4), we get that
(tz + Ay ) g'(2) _

q A,
1+2L2=0.
A

0,
2 (4.5)

The second equation of (4.5) gives that (> = —ﬁ—f. Substituting this into the first equation of (4.5), we

have
(—Az N A )8'(2) _

0.
qgAr  qAy] 2

Since deg(g(z)) > 1 and g # 0, 1, then we have _A—Af + fx_; = 0. It gives that AT = A7, which contradicts
with @? # 0, 1.
If g(2) — g(gz) is a constant, by Lemma 2.3, we have g(z) — g(¢z) = 0 and ¢#¢@ = 1. Since ¢ # 1,
then deg(g(z)) # 1. Note that deg(g(z)) > 1, then deg(g(z)) > 2.
Equation (4.4) reduces to )
L A1 g @ A,
( + ) > = 1+ A—ZL .

g qA,

2

A A
This implies that L 71 =0and 1+ A—ltz = 0. Similar to the above, we also have A7 = A3, which is
q 4ga2 2
a contradiction.

Case 2. y,(gz) — y2(gz) is a non-constant polynomial. Since y,(gz) — v2(gz) = 2p(gz), then we have
p(z) is a non-constant polynomial.

Next, we show that y|(z) # 0 and y,(z) £ 0. From Eq (4.3), it is easy to get that y¥{(z) = 0 and
¥5(z) = 0 cannot hold at the same time.

If ¥/ (z) = 0 and y;(2) # 0O, then Eq (4.3) reduces to

Ai yé(z)en@_”(qz) _ ’ﬂ @19 — 1.

gA; A,

Using the Nevanlinna second fundamental theorem for €712 we have that

Y1(qD)-72042) « N (7 o?1@D=72092) L N
T(re )< N(re )+ N (r, eyl(qz)—yz(qz))

+ N r, 1 +S(r, evl(qz)—yz(qZ))

N@-n(a) 4 =2
A

1
<N|r, + S(l’, e)’l(qz)—yz(qz))

A
— ) (2)er2Dr2q2)
gAy"?

=S(r eyl(qz)—yz(qz))
which is a contradiction.
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Similarly, if y{(z) # 0 and ¥,(z) = 0, we also get a contradiction.
Then, by using Lemma 2.1 in Eq (4.3), we have
Y1(2)
q

Case 2.1. If %yé(z)en(z*mql) = 1, it implies that y}(z) is a nonzero constant, and y,(z) — y2(qz) is
a constant.

By Lemma 2.3, we have y,(z) — y2(gz) = 0 and ¢%€”2@ = 1. Since g # 1, then deg(y»(z)) # 1,
which contradicts with y}(z) being a nonzero constant.

Case 2.2. If “y‘T(Z)e”(Z)‘”(qZ) = 1, then from Eq (4.3) we have

@10 = | or Al 72 (Z)eyz(z)—n(qz) =1
2

75(2)
q
The above two equations give that y,(z) — ¥2(qz) and y»(z) — ¥1(qz) are constants. Moreover, we also
have that y(z)(i = 1, 2) are nonzero constants, i.e., deg(yi(z)) = 1( = 1,2).
Set

2@ @) — 1 4.6)

m = 71(2) — y2(qz) and nx = ¥2(z) — y1(q2),
where 11,1, € C.
In view of Eq (3.4), we have

{ZP(Z) +2p(qz2) = [71(2) = y2(g2)] = [v2(2) — vi(q2)] = m1 — 12, @)

8(z) — 8(qz) = [71(2) = y2(q2)] + [v2(2) — v1(q2)] = m1 + o
By Lemma 2.3, we get that g9?® = —1 and ¢%&¢@ = 1. Since g # 1, then deg(g(z)) # 1.

We now show that deg(g(z)) = 0. If deg(g(z)) = 2, by combining with deg(y;(z)) = 1 and Eq (3.4),
then we have deg(p(z)) = deg(g(z)). Therefore, qi8P@ = gd%e6@) = 1  which contradicts with
g%’ = —1. Hence, we have g(z) = 8, where 8 € C.

Recall that degy;(z) = 1(i = 1, 2). It follows from Eq (3.4) that y,(2) + y2(z) = g(z) = 5.

Set

Y1(2) = tz + y1 and y»(2) = —1z + y», (4.8)
where t € C\{0}, y1,y, € C such that 8 = y; + y,.

It follows from Egs (3.4) and (4.8) that p(z) = tz + ¥52. And together with ¢*#?© = —1, then we
have g = —1.

By substituting ¢ = —1 and Eq (4.8) into @em@‘”(q@ = 1 and Eq (4.6), we obtain

—te”'™? = 1 and te”? ™" =1,

respectively. It gives that t = +i.
Furthermore, substituting Eq (4.8) into Eq (4.1), we have

1
F1@) = A€+ A,

\/_

Integration of the above equation gives that

2
0 Linn e,

We completed the proof of Theorem 1.5.
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5. Conclusions

In this paper, we showed that the explicit forms for entire solutions of two certain types of Fermat-
type g-difference differential equations. In addition, we have given specific examples to illustrate our
results.
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