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1. Introduction

In this study, we consider elliptic systems in directional homogenization of the following form:

D.fi(x) in Q

{ Dy (AP (x)Dyul(x) : 2 (L1)
on

e (x)

for1 <a,f<nand 1 <i,j < mwithm > 1, where the nonhomogeneous term F = {f!} is given by
a matrix-valued function. Here, Q is a bounded domain in R” with n > 2 and 0 < € < 1. Especially,
in order to treat directional homogenization we define the coeflicients A€ = {AZ.B “Yfor 0 < € < 1 from

A = {AP), A;’jﬁ : R* - R, to be as follows:

ij

A;;ﬁ(x) :A;’jﬁ’](x) and A;.’f’e(x',x") :A;;ﬂ (x',x—) (1.2)
€
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where x = (X', x”), ' = (x1,--- ,x) € Rland x” = (X1, , X,) € R" with 0 < [ < n. In addition, we
assume the following periodicity condition on {AZ.B (x)}:

AP, X +7) = AP, X)) (W, x) e R R e 2, (1.3)

The coefficients are assumed to have uniform ellipticity and uniform boundedness. In other words, we
assume that there exist positive constants v and L such that

vie < AP (0gg] and Al sggmon < L, (1.4)

for every matrix £ € R™ and for almost every x € R". We note that since if / = n, we do not need to
treat homogenization and if / = 0, our problem is periodic homogenization, throughout this research in
order to consider directional homogenzition we assume that 1 </ <n — 1.

In this paper, we consider the weak solution u, = (ui, e, ul) € Hé(Q, R™) to (1.1) which satisfies

fg AP DgulDo¢'dx = fg fiD pidx, No=(@',...,¢™) € Hy(QR™). (1.5)
Here we note that if F € L>(Q, R™), the weak solution u, € Hé (Q, R™) exists and satisfies the estimate

IDuellr20) < cllFllr2)- (1.6)

where the constant ¢ does not depend on €, by the Lax-Milgram lemma.

Now, we introduce some basic facts for directional homogenization; see for details in [2, 16]. The
matrix of correctors y = {Xf{(x’, x”)}, with1l <i,j<mand/+ 1 < a < n, is the weak solution to the
following cell problem:

-D, (Agﬁ ', x”)Dﬁ)dk(x', x”)) DAY (X', x")

Joup G XX =0 (17
)(f/k(x’, x") is Z"! periodic,
which satisfies the following estimate :
1D x (', x”)“LZ([o,l]H) <c(v,L,m,n,l). (1.8)
Let
AP = f (AP 2 + A (&, XDy (8, X)) dx”. (1.9)
[0’1]n—1

Then the linear elliptic system given by

{Da (A IDpg(0) = Dafyx) i 2 (1.10)

U (x) 0 on 0Q

is the homogenized problem of (1.1), whose weak solution u, of (1.10) is the weak limit of the weak
solution u, in Hy(Q,R™) as € — 0.

Regularity theories for elliptic equations in homogenization are widely studied for partial
differential equations; see [1,3-5, 11, 15-18, 20, 23, 27] and the references therein. Among these,
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under the settings, our goal is to obtain global uniform Calderén-Zygmund estimates, that is, we would
like to prove that if F' € LP(QQ,R™), then the L” norm of Du, is controlled by the L” norm of F and
is independent of €. The authors proved the Calderén-Zygmund theory for (1.1) under the condition
of periodic homogenization in [3]. Recently, the authors of [15, 16] gave several different interior
regularity results for directional homogenization. Given these viewpoints, here, we consider the global
estimates in directional homogenization.

For homogenization problems, we want to derive estimates which are independent of 0 < € <
1. Since our desired result includes the case e = 1 for (1.1) when there is no homogenization, our
research relies on the conditions that the L? regularity theory for the gradient is established; see [6-9,
14,22]. Thus, we prove the global Calderén-Zygmund theory for (1.1) subject to periodic directional
homogenization under the conditions of Definitions 2.2 and 2.3 described in Section 2. In fact, in view
of the condition for the coefficients of the regularity theory for (1.1) with € = 1 in this literature, we
may consider some weaker assuptions than Definition 2.2 but in that case, we can only obtain some
local results instead of the global regularity; see Remark 2.8.

To prove our result, we use a perturbation argument based on localization which includes scaling,
translation and rotation. In fact, even though in (1.1) with (1.2) the direction of homogenization
is globally fixed so that the direction is changed under rotation, the condition of the coeflicients
in Definition 2.2 below is invariant under rotation. This makes our method suitable for directional
homogenization. Also, for directional homogenization, when we solve our problem, there are
some differences between the x’-direction which is not involved with homogenization and the x”-
direction for homogenization. The former gives macroscopic properties in the x’-direction and the
latter represents microscopic oscillation in the x”-direction. With this observation, we can apply
estimates from the case without homogenization; see [6,7] for x” and results corresponding to periodic
homogenization in [3] for x” in our proof; see details in Lemma 3.3.

This paper is organized as follows. In Section 2, we introduce some notations and definitions and
announce our result as Theorem 2.6. In Section 3, we show our key lemma, Lemma 3.3, and then
finally give the proof of the result.

2. Assumptions and main result

We start this section with some notations and definitions.

Notations 2.1. (1) An open ball in R" with a center y with radius r > 0 is defined to be
B.(y)={xeR":|x—y|l <r}.

If the center is the origin, we denote B.(0) by B,. Similarly, fory = (y',y") € Rl x R"™, an open
ball in R" with the center y' with radius r > 0 is defined to be

B(y)={x eR : |x¥' —y| <1},
an open ball in R"™ with the center y” with radius r > 0 is defined to be
B/(y')={x" e R ¥ —y"| <1},
and if the center is the origin, y = (0’,0"), then we denote B.(0') C R! by B, and B/(0") c R"!
by B!

AIMS Mathematics Volume 8, Issue 11, 27643-27658.



27646

(2) The integral average of g € L'(U) over the bounded domain U in R" is denoted by

_ 1
Zy = fug(aodx: o fU g

When U = U’ x U” c R x R, we denote the integral average over U’ C R! by

g(x)dx’

1
g..(x") = f (x)dx' =
Su U’g 'l Jur

and we denote the integral average over U” c R" by

- ’ ’’ 1 ’’
gy (X)) = f g(x)dx" = — g(x)dx".
" |U | U/I

(3) BY = B, {x, > 0}, T, = B, N [x, = 0}
(4) Qp(y) = Bp(y) nQ, Qp = Qp(o): 3pr()’) = Bp(y) N 0%, anp = anp(O)

For our global regularity result we assume that the coefficient A enjoys the small bounded mean
oscillation (BMO) condition which is a generalization of the vanishing mean oscillation (VMO)
condition. The following is the precise definition that is to be used throughout this paper.

Definition 2.2. We say that A;’f is (6, R)-vanishing if
- P

af _ A8 2
A - A | dx <

sup supf
0<r<R yeR" B,(y)

Additionally, we consider the domain Q is a Reifenberg domain; see [26], which is an extension of
Lipschitz domains with small Lipschitz constants. The definition is as follows:

Definition 2.3. Let Q be a bounded domain in R". We say that Q is (6, R)-Reifenberg flat if for every
x € 0Q and every r € (0, R), there exists a coordinate system {y,,...,y,} that is dependent on r and x
so that x = 0 in this coordinate system and

B,N{y,>or}cB,NQCB,N{y,>—0r}. 2.1)

Similar to Definition 2.2, we can define Af.’jﬁ as (0, R)-vanishing with respect to x’ if

A;‘Y].ﬂ(x,, x/l) _ A(YB (x//)

2
2
@] dx <o (22)

sup sup f
0<r<R 4 ,y”)ERlXR”_I B.(y")XB) (y"")

and A?f 1s (0, R)-vanishing with respect to x" if

AP X)) =AY ()

2
2
(X dx <8, (2.3)

sup sup f
0<r<R 4 ,y”)ERlXR”*l B.(Y)XB) (y'")
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Remark 2.4. We can see that A?jﬁ being (0, R)-vanishing is equivalent to the condition that Afj’.’j is
(0, R)-vanishing with respect to x' and x" in the following sense. From direct computations by using
the properties of averages, if A;ﬁ is (0, R)-vanishing with respect to x' and x"”, then Az.ﬁ is (c10,R)-

vanishign; conversely if Af‘jﬁ is (0, R)-vanishing, then AZ.ﬁ is (czd, \/%R)—vanishing with respect to x’ and

2IB.XB" B . . . 7 /
218, <5y Bl From this equivalence, we consider the (8, R)-vanishing

1By |ByxBy|"
condition instead of the (6, R)-vanishing conditions with respect to x' and x"" throughout this paper

since the (0, R)-vanishing condition has a rotational invariant property.

x" where ¢; = and ¢, =

Remark 2.5. We give some comments on Definitions 2.2 and 2.3. First of all, by the scaling invariant
property of our problem (1.1), the value of R in the definitions of both coefficients and domains can
be 1 or any other constants greater than 1. For this reason R > 1 is to be selected for our purpose. In
addition, the constant ¢ to be determined is also invariant under this scaling.

For (2.1), with Q being a Reifenberg flat domain, it is known that 6 < 6. for some constant 6, =
8.(n). We note that 6, = 5.(n) < 27! < %for n > 2; see [28]. From this, we can assume that § < %
throughout this paper. Moreover, even though the Reifenberg flatness condition given by (2.1) does not
mean any smoothness on the boundary, this gives the following measure density condition:

|&®|<(2JSG% (2.4)

B.y)nel ~\1- 7

for everyy € 0Q and r € (0, R). This will be used in our L* approach since (2.4) implies the p-capacity
condition with p = 2; see [25, Section 2.2.3], which makes us apply the higher integrability result
in [21] to our method.

Now let us state the global estimate of this paper.

Theorem 2.6. Suppose that F € LP(Q,R™) for some 2 < p < oo. Then there exists a small positive
constant 8y = 0o(v, L,m,n, p) such that if AZ'.B is (6,336)-vanishing and Q is (6, 336)-Reifenberg flat
with 6 < 0y, then for the weak solution u. € Hé (Q,R™) to (1.1), we have

Du, € L’(Q,R™) (2.5)

with the estimate
I1Duel|r@y < cllFllLr@)s (2.6)

where the positive constant ¢ = c(|Q|, v, L, m, n, p) is independent of €.

Remark 2.7. Since (1.6) comes from the Lax-Milgram lemma, Theorem 2.6 holds for p = 2 without
any assumptions. After the estimate (2.6) is obtained for 2 < p < oo, the estimate (2.6) for the case
when 1 < p < 2 follows by a duality argument if the weak solution uc € Hy(Q,R™) to (1.1) satisfies
that Du, € LP(Q,R™) for some 1 < p < 2.

Remark 2.8. In view of the regularity results [6,9, 14,22], just for interior estimates or local boundary
estimates we can give weaker conditions than those of Theorem 2.6. The weaker conditions are that
Azﬁ is (0, R)-vanishing of codimension 1 in [4] for interior cases and (Ag.ﬁ ,Q) is (6, R)-vanishing of

codimension 1 in [6, 19] for boundary cases. Both conditions allow Afjﬁ to be merely measurable
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for one variable, while they have small BMO seminorms for the other variables in some appropriate
coordinates. Second, Q is to be a (6, R) Reifenberg flat domain.

In fact, for the interior case, our argument in this paper can be applied to the interior version
for Theorem 2.6 when the coefficients A;’f are (0, R)-vanishing of codimension 1. Especially, for the
interior case with | = n — 1, in view of [6, 12] the interior estimate corresponding to Theorem 2.6 is
obtained without considering homogenization since we can regard the direction of homogenization as
just a measurable direction.

On the other hand, for the boundary case we cannot consider in general (Az.ﬁ ,Q) to be (6,R)-
vanishing of codimension 1 because of consistency between the coefficients of homogenization and
the domain even though the global regularity result holds under this condition when there is no
homogenization; see [6]. From this observation, with the same idea in this research, we can obtain a
local boundary estimate at the point x, € 02 whose normal direction is only related to x"' in the sense
of Definition 2.3 under the condition that (AZ.ﬁ , Q) is (0, R)-vanishing of codimension 1.

3. Global gradient estimate

To establish our global gradient estimate, we first introduce some tools for the proof of Theorem 2.6.
Our method is based on the Hardy-Littlewood maximal function.

First, let us recall the Hardy-Littlewood maximal function and its basic properties. If we suppose
that g is a locally integrable function on R”, then the Hardy-Littlewood maximal function is given by

(Mg)(x) = Srl:op 1B ()| Jg,x)

lg(¥)ldy.

If g is defined only on a bounded subset of R", then we define
Mg = Mg,

where g is the zero extension of g from the bounded set to R”. This maximal function satisfies the
conditions of the weak 1-1 estimate and the strong p-p estimates. Also, we define the restricted
maximal function

Myg = M(gly)

where 1 is the characteristic function of U C R”.

Our goal in this article is to show the L? integrability of Du.. For this, we would like to use a sum
of certain estimates for super-level sets. The next lemma gives a relation between the integration and
summation of super-level sets.

Lemma 3.1. [10] Assume that g is a nonnegative, measurable function defined on the bounded domain
Q cR" and let 8 > 0 and A > 1 be constants. Then for 0 < g < oo, we have
gELIQ) == §=) 1*|lreQ:g) > <o
=1
and 1
ES < 1Igllfaiq) < c(Ql+S). (3.1)

The positive constant ¢ depends only on 6, A and q.
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The following lemma is the Vitali-type covering lemma for our proof. Here, we note that because
of the scaling invariant property of 6 and R in Definition 2.3 for Reifenberg flat domains, we only need
to consider R = 1 in the next lemma.

Lemma 3.2. [7,29] Assume that C and D are measurable sets with C C D C Q and Q being (9, 1)-
Reifenberg flat. Also, assume that there exists a small n > 0 such that

IC| < nlBi| (3.2)
and that for each x € Q and r € (0, 1] with |C N B,(x)| > n|B,(x)|, we have
B.(x)NQ c D. (3.3)

Then
10 \"
<|— D|. 4
|C|_(1_5)n| | (3.4)

The next one is the main lemma in our argument. This shows the second condition of Lemma 3.2
under our settings. In the following argument, we would like to refer [13,24] to help the readers.

Lemma 3.3. Let 2 < p < oo. Suppose that u. € H(l)(Q, R™) is the weak solution to (1.1). Then there
exists a universal constant n = n(v, L,m,n, p) so that a small 6 = 6(v,L,m,n, p) > 0 is selected such
that ifA?jﬁ is (0,336)-vanishing, Q is (6,336)-Reifenberg flat, and for all y € Q and every 0 < p < 1,
B,(y) satisfies

[{x e Qs MADuP) > N2} 0 B3| > n[BL) (3.5)
where
80" 1
- Py —
( 7 ) N'n X (3.6)
then the following holds:
QN B,y C {xeQ: M(Dul) > 1}u {x €Q: M(FP) > &} (3.7)

Proof. We prove this by contradiction. We assume that (3.5) holds but (3.7) is false. Then there is a
point y; € QN B,(y) such that

1 f 2 1 2 2
|Du?dx <1 and f \Fldx < & (3.8)
[B-ODl Ja,0) 1B-ol Ja,on)

for all » > 0. Under these conditions, there are two cases that we need to consider. One is Bi4,(y) C Q,
which is an interior case, and the other is Bi4,(y) ¢ €, which is a boundary case. Since the proof for
the interior case is eventually the same as that of the boundary case, here, we prove this lemma for the
boundary case.

Now we consider the case that By4,(y) ¢ €. Then we assume that since Q is (6, 336)-Reifenberg flat
there exists an appropriate coordinate system, after suitable rotation and translation, so that

B14p(y) NQC Bzgp nQ (39)
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and
B;36p C 9336,0 C B336p N {x, > —6726}. (310)

Then from (3.8) we see that

B 1
f \DuPdx < 1Bo72p (1) f |DuPdx < 2" (3.11)
336¢ 6720(V1)

|B336p |B33spl  [Bs72pl
and ! Boop 0l 1
|FPdx < =222 |FPdx < 262, (3.12)
1B336pl Jss, 1B3sopl  1Bs720 Jagm,o1)
Now we consider the following rescaled maps:
~ (ZSPZ) o F(28pz) rapf.e apf,e
it(z) = F(z) = , A7 (2) = A7 (28pz) (3.13)
280\ V2r / /
1
forze Qp = KQ%P Then we see that ii, is a weak solution to the following:
0
~QB’E “’j — ~i 1 a
Do (A7 @DsiD) = Dufy@ in O (3.14)
I/tle(Z) = 0 on 8W912
with
Bi, € Q5 € B N {z, > =246}, (3.15)
1 1 -
— f \Dii*dz <1, —— f |F*dz < 6° (3.16)
|B]2| Q]z |B12| f‘212

and A is (6, 12)-vanishing.
Under these settings, it suffices to consider the following case:

Z//
afﬁE(Z) (IﬂE(Z Z )_ Zﬁ(z , . )

This is because the (6, 12)-vanishing condition, which is a small BMO condition, is invariant under
rotation for the coefficients, even though the direction of homogenization for our problem (1.1) is
changed under rotation.

Next, we let w, € H'(Q,,, R"™) be the weak solution to the following:

a/ﬁ € _ . ~
Do(A] @Dp@) = 0 in (3.17)
WE(Z) = MIE(Z) on 8!211.
Then since @i — W, € H}(Qy1,R™) is the weak solution to
rap.e ~] ~j _ 2 . ~
Do (A7 @D (02 = #2) = Dufyd) in Qu, (3.18)
i(z)—-wi(z) = 0 on 0Q,
a standard L? estimate follows from (3.18) and (3.16)
1
— f \Dii, — DWePdz < —— |F|2dz < c6” (3.19)
|Bi1l Ja,, |Bi1]
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for some positive constant ¢ = ¢(v, L, m, n). In addition, since our domain satisfies the measure density
condition which implies the p-capacity condition with p = 2 according to Remark 2.5, from (3.16)
and (3.17) there exists positive constants oy and ¢ = ¢(v, L, m, n) such that

( f |DWE|2+‘”dz) <c. (3.20)
ol

For the sake of our perturbation argument, by using the notation given by (2.2), we now let /. €
H'(Qs, R™) be the weak solution to

Qﬂ € ’” _ . a
i (z) = Wi.z) on 0Qs.
Then W, — h, € Hé(fz5, R™) is the weak solution to
Da(ﬁf’.ﬁ’f (Z)Dp(Wi(z) — hi(z ): —Da(( APe(5) — AP< (" ) Dy z) in Q
7PN ~ ) () = A7, () Dylca) : 52
wo(z)—h(z)= 0 on 0Qs.
From this, (1.4), Remark 2.4 and (3.20), we compute
D, — DhfPdz < - Lf pe) - AP | 1w
1Bs| f |Bs| L
1 ,B 7 2 22—1
<l R/ AT @) - Al () dz]
[lBS X B5| fB:’XB”ﬁfllo 7 B
91
2+0
a/,B € rap.e 1"
() —A (Z") dz)
(lBlol f o /B
for some constant ¢ = ¢(v, L, m, n) and hence
|Dw€ DhPdz < c6%. (3.23)

IBs|
Now we note that since our desired ¢ has an upper bound by Remark 2.5 we have from (3.23) that

such h, satisfies

IDh Pdz < c
1Bs

for some constant ¢ = ¢(v, L, m,n) and snmlar to We

1
2%0,
( WWMQ <o (3.24)
Q

for some constant ¢ = ¢(v, L,m,n). Thus according to [18, Lemma 3.4] for any x > 0 there exists a
small 6 = 6(v, L, m,n), which depends only on the given structure conditions, such that there exists a
weak solution ¥, € H'(Bf,R™) to

{m(?ﬂm%uﬁ 0 in B (3.25)

Pz = 0 on Ty
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satisfying
— | IDV(2)Pdz<c (3.26)
|Bal Jp:
for some constant ¢ = ¢(v, L, m,n) and
1 7 ~ 12 2
— |Dhe — Dv|"dz < k. (3.27)
|Bal Js;
Moreover, since A€ (z”) is independent of z and A" () = A" (Z—), we can extend our
i B5 L B5 t B5 €

_ Bz -
; p@ = A7, (). For this
reason, we can apply the result [3,27] for periodic homogenization to (3.25); then, we obtain for any
2 < g < oo, that there exists d = 6(v, L, m, n, g) such that

coefficient Agﬁ ’EB, () for the z’-variable to the z-variable, that is, Ag.ﬁ’e
5

Db, € LY(BY)

with the estimate

Sc( |D\76|2dz) .
B;

1

q

( |D\75|qdz)
B;

for some constant ¢ = c¢(v, L, m, n, q) independent of €. Especially, by taking ¢ = p + 1 we have that
there exists 0 = 6(v, L, m, n, p) so that

( f |D\7€|p+ldz) s(:( f IDT/EIZdz) (3.28)
B} B;

where the constant ¢ = ¢(v, L, m, n, p) is independent of €.
Considering u, as the zero extension outside of the domain Q, we assert that if Ny > 1, then

{z€Q : M(IDit*) > N} C {z € Q, : Mp,(|Dii[*) > N?}. (3.29)

For this, we denote z; = ;Tlp andletzy € {z€ Q; : Mg, (|Dit*) < Nf}. If r < 2, we have that B,(z9) C B;

and hence
1

|Br| B, (z0)

Ditc*dz < My, (IDiic)(z0) < N}

If » > 2, since z; € B,(z9) C B;,(z1), we obtain the following from (3.8) and (3.13)

1 Byl 1
f \DiPdz < B2 Dt Pdz < 1 < N2,
|Br| B,(20) |Br| |BZr| By (z1)

Thus, we prove (3.29) by showing that zo € {z € Q; : M(IDii]*) < N?}.
Now, we let V. be the zero extension of ¥, from Bj to By, and we let

N* = Nj2"
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where N; > 1 is to be determined. Then from (3.29) we compute the following:

—|{x € Q : M(IDu*) > N*} n B,(y)|

1B,
| |I{x € Qag, : M(IDuf’) > N*)|
28" A ~ 12 2
lBlll{Z € Q : M(IDiic|”) > N1}l
< |2381"||{z € Oy : My (DiP) > N2
< |2Bgln| iz € Q, : Mg, (4|Dit, — DW* + 4D, — Dh* + 4Dh, — DV.[* + 4DV.*) > N7}
n B N2
< B {Z € Q : Mp,(|Dii, — DWe| ) > E}

|Bi|

28"
+

|Bi|

28" ~ _ N}
+ {z € Q : Mg, (IDV.]») > 1—61}
I

2
N
16

2
1
16

28" ~ N
+ 7€ Qy : Mg, (|IDWe — Dh.? )> —
~ N
{z e Q: MB3(|Dh - DV > }

|B1]
= I] +12+I3+ 4

For I, we use (3.19); then,

2

c co
I Dii, — Dw *dz < —
'S NB| f | | N?

for some constant ¢ = c(v, L, m, n).
Applying (3.23), we see that

71
2+0

c
Dw, — Dh.|*dz <
N?|By| f IDie .
for some constant ¢ = ¢(v, L, m, n).

For any « > 0, if 6 > 0 is small enough to satisfy (3.24), then (3.24) and (3.27) yield

L<

c 1 1 N
L<—|— | |Dh.-DV. dz+ — IDhglzdz)
TN [|Bl| fB; B)|

Q3\B;

for some constant ¢ = c¢(v, L, m, n).

(3.30)

(3.31)

(3.32)
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Finally, for 6 > 0 in (3.32), from (3.28), we estimate I, as

p+l

c S c s c
I, < N‘leBll . Dy P dz < Nl B;leel dz < N (3.33)
for some constant ¢ = c¢(v, L, m, n, p).
By the estimates from (3.30) to (3.33), we see with (3.6) that
1
ml{x € Q: M(IDu.*) > N*} 0 B,(y)|
0
<L+L+L+1,
< L(K2+52+5231)+ ¢
N2 Np+1
_ 21 2 ) 91 1
=nlcenr [k + 0"+ 0% | +cnr ).
for some constant ¢ = c(v, L, m, n, p). Now we choose 7 satisfying
1
0<cen< §; (3.34)
then N is given by (3.6). Next, we take « > 0 so that
2 1
O<cnr k< 3 (3.35)

Finally, we can select 6 > 0 for such « > 0 in (3.35) which makes (3.26) and (3.27) possible so that
0<eni! (52 ; 523.) < % (3.36)
Therefore from (3.34) to (3.36), we obtain
]

B {x € Q: M(IDu ) > N}y n B,y <7
0

which contradicts (3.5). This completes the proof.
]

Proof of Theorem 2.6. Fix any p € (2,00) and let u, € Hé(Q, R™) be the weak solution to (1.1). We

assume that F € LP(Q,R™), Agﬁ is (0,336)-vanishing and Q is (6, 336)-Reifenberg flat, and we let

n and N be constants in Lemma 3.3. Additionally, we let §; be the constant 6 = 6(v, L, m,n, p) in

Lemma 3.3 and we denote ¢ by the constants given by the known quantities such as |€2|, v, L, m, nand p.
We now suppose that

IF|lr2) < 60 (3.37)

U F

by the normalization where the constant 690 = 0y(v, L, m,n, p) is to be

1 and -
' s lIF 22 s lIF 22
determined. Then, we want to show first that

||M(|Due|2)”2%(g) < ¢+ CllF ) (3.38)
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To prove (3.37), we write
C ={xeQ: M(Du) > N*}

and
D= {x € Q: M(Dul?) > 1} UlxeQ: M(FP) > 52}.

By the weak 1-1 estimate and the L’-estimate, we see that if ||F .2 < 02, then we can take 0, =
0,(v, L, m, n) such that

c6?
IC| < % f \DuPdx < % f [FPdx < 5 < 7Bl (3.39)
Q Q

Now we let
0o = min{dy, 02, 0.}

which depends only on v, L, m,n and p where 9, = 6.(n) in Remark 2.5.
For any 0 < ¢y, this verifies the first condition of Lemma 3.2. Moreover, the second condition of
Lemma 3.2 follows from Lemma 3.3. Thus we apply Lemma 3.2 for such ¢, to see that

ICl < mIDl < 1 ‘{x e Q: M(IDu.P) > 1}| - |{x eQ: M(FP) > 53}' (3.40)

B 10 n < @ n
m=\71_ 5o T\
since 6y < 6, < g; see Remark 2.5.

By an iteration from (3.40), we have

where

{x e @ MaDuP) > N*| <t [{x € @ : MDu) > 1)|

3.41
" Zk: '73 ‘{x €Q: M(FI) > 5(2)N2(k—i>}‘ . (3.41)

i=1

Applying Lemma 3.1 to (3.41) for
g=M(Dul), A=N*, 6=1, and g = g,

we obtain

P
MDD, <c [|Q| £ > N
L2(Q)

k>1

{x € Q: M(Dul?) > NZk}|]

< c[l + ) Ny Hx € Q: M(Du) > 1”]

k>1

+ CZ N"P Zk: 773 Hx e Q: M(|F|2) > 5(2)N2(k—i)}‘
i=1

k>1
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Then S is estimated as follows:

S, < c[l +19 Z(N”m)k).

k>1

Also, S, is computed as follows:

S>

IA

c; NP Z 77"1 Hx e Q: M(FP) > 5%N2(k—i)}‘
= CZ (Nl’nl)iZ(Np)k—i |{x cQ - M(|F|2) > 6(2)N2(k_l~)}'

i>1 k>i

AFN 0
c Z (NPmy) 6—”
0

i>1

IA

IA

¢ Y (N IFIL, -

i>1
Therefore, we have ,
IIM(IDu€|2)||z%(Q) <S1+S5,<c+ c||F||ip(Q) (3.42)

since NP1, = N? (%)n n < NP (87—0)n n = 1 from (3.6). Now, from the estimate (3.42) we renormalize
our problem returning to the original function to find that

IA

clFN q, + clIFl

L2(Q)

p
2N112 p
IM(IDuc| )Ing(Q) Q)

Q" HFIE, o + ClIFI?
LP(Q) Lr(Q)*

IA

Finally, the strong p-p estimate yields
Du Du <c Du < AFI ppon-
ellLrQ) € Lg( ) € Lg( ) Lr(Q)

This completes the proof.

4. Conclusions

The proof of this paper is based on a perturbation argument in the main lemma, Lemma 3.3. Under
this argument for directional homegenization, in the proof of Lemma 3.3 we can compare the original

coeflicients A;’jﬁ “(z,7") with Afj’.’j ’63' () by using the small BMO condition to derive (3.23) and then
5

we can apply the result in [3] to (3.25) since we can consider (3.25) as homogenization for whole
variables. For these reasons, we can derive Theorem 2.6 for directional homogenization.
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