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1. Introduction

Plate problems have been broadly explored by mathematicians and other scientists. These types
of problems have a lot of applications in different areas of science and engineering, such as elasticity,
material engineering, mechanical engineering, nuclear physics and optics. In linear elasticity theory,
one of the equations widely used in the construction of engineering equipment is based on the plate
equation:

Py — YAy + BA*u+L, =0, inQ, t >0, (1.1)
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where ¥y > 0, and L, denotes some dissipative mechanism. This plate equation corresponds to the
model formulated by G. Kirchhoff. In the absence of the rotational inertia y = 0, the model is known
as the Euler-Bernoulli plate. These two models have different characteristics: While one is hyperbolic,
the other is elliptic. When these equations are dissipative by the same mechanism, the asymptotic
behavior of their solutions differs. For example, if L, = u,, under appropriate boundary conditions, the
Euler-Bernoulli model decays exponentially while the Kirchhoff model does not. An exhaustive study
of the asymptotic behavior of these models with different dissipative mechanisms can be found in J. E.
Lagnese’s book [1]. We start off by reviewing some works related to the quasi-linear wave equation
and plate equation. Cavalcanti et al. [2] considered the following equation:

lu P uy; — Auy — Au—yAu, =0, in Q, t >0, (1.2)

and proved the global existence of weak solutions and uniform decay rates of the energy in the
presence of a strong damping of the form —Au, acting as the domain and assuming that the relaxation
function decays exponentially. Messaoudi and Tatar [3] studied (1.2), but without a strong damping
(y = 0). They showed that the memory term is enough to stabilize the solution. Han and Wang [4],
for (y = 0), investigated the general decay result of the energy of (1.2) with nonlinear damping.
In [5], Liu investigated (1.2) with weakly nonlinear time-dependent dissipation and source terms, and
he established explicit and general energy decay rate results without imposing any restrictive growth
assumption on the damping term at the origin. For the quasi-linear plate equations, we mention the
work of Al-Gharabli et al. [6] where they studied the well-posedness and asymptotic stability for a
quasi-linear viscoelastic plate equation with a logarithmic nonlinearity. Recently, Al-Mahdi [7] studied
the same problem as in Al-Gharabli et al. [6], but with infinite memory. With the imposition of a
minimal condition on the relaxation function, he obtained an explicit and general decay rate result for
the energy. In [8], Kakumani and Yadav considered a plate equation with infinite memory, nonlinear
damping, and logarithmic source. They proved the explicit and general decay rate of the solution.

For the damped wave equation, Chen and Xu [9] considered the following wave equation with the
logarithmic source term:

Uy — Au+ A*u— w(Auy + Auy) + " 'u, = ulnlul, inQ, t> 0, (1.3)

where Q C R*(n > 1) is a bounded domain with smooth boundary 0Q, w € {0, 1}, and r > 1. Based on
the potential well method, they constructed several conditions to prove the global existence or infinite
time blow-up with subcritical initial energy. They also used the scaling technique to extend these
results to the critical initial energy. Moreover, they surrounded the blow-up at arbitrarily high initial
energy. Lian et al. [10] considered the following fourth-order nonlinear wave equations:

Uy — Au+ A’u + Z o () — Aug + g u, = f(u), inQ, t>0, (1.4)
i=1

where Q C R'(n >
function f(«) and the function o;(i = 1, ..., n) satisfy some specific conditions. They proved the local
solution by using the fix point theory. Then, by constructing the potential well structure frame, they
established the global existence, asymptotic behavior and blow-up of solutions for the subcritical initial

energy and critical initial energy, respectively. In addition, they proved the blow-up in a finite time of

1) is a bounded domain with smooth boundary dQ2, and r > 1. The nonlinear

AIMS Mathematics Volume 8, Issue 11, 27439-27459.



27441

solutions for the arbitrarily positive initial energy case. For the single plate equation with nonlinear
damping and a logarithmic source term, Gongwei [11] considered the following:

uy + Au+ " 2w, = [ufP2ulnulff, inQ, >0, (1.5)

where O € R"(n > 1) is a bounded domain with smooth boundary Q2 and £ is a positive real number.
The constant exponents m > 2 and p satisfies:

2(n - 2)
4

2 < ifn>5,and2 < p < 40, if n < 4. (1.6)
He established the local existence, global existence, and decay estimate of the solution at subcritical
initial energy. He also proved that the solution with negative initial energy experiences a blow-up in a
finite time under suitable conditions. Moreover, he proved the blow-up in a finite time of solution at
the arbitrarily high initial energy when m = 2. For the wave equation with weak and strong damping
terms and the logarithmic source term, Lian and Xu [12] considered the following:

Uy — Au— w (Auy + Auy) + pu, = ulnlul, in Q, t > 0, (1.7)

where O € R"(n > 1) is a bounded domain with smooth boundary 0Q, w > 0, and > —wA; where
A; being the first eigenvalue of the operator —A under homogeneous Dirichlet boundary conditions.
By using the contraction mapping principle and the potential well, they proved the local existence,
global existence, energy decay and, infinite time blow-up of the solution with three different levels of
initial energy. For the Kirchhoff plate equation, Liua et al. [13] considered the following viscoelastic
Kirchhoft-like plate equation:

!
uy — Auyy + Au — f g(t— A% u(s)ds — Apu+u, — Au; = [ul'u, in Q, >0, (1.8)
0

where Q C R" is a bounded domain with smooth boundary 6Q2, A ,u = div (|Vu|"‘2Vu), and the kernel g
and the growth exponents p, g satisfy some specific conditions. The authors proved the local existence
and uniqueness of the solution by linearization and the contraction mapping principle. Then, they
established the global existence of solution with subcritical and critical initial energy by applying
the potential well theory. Moreover, they proved the asymptotic behavior of the global solution with
positive initial energy strictly below the depth of potential well. We also refer the reader to the recent

work in [14] for more existence, stability, and blow-up results of semilinear hyperbolic equations.
For the stability of coupled quasi-linear systems, we referred to [15] and [16]. In [17], Hajjej
considered the following coupled system of quasi-linear viscoelastic Kirchhoff plate equations:
{m,m, — Ay + Au+ [} gi(t = )A’u(s)ds + fi(u,2) =0, in€Q, >0, (19)

2Pz = Azw + A2 + [ ga(t = HA%2(5)ds + fo(u,2) =0,  inQ, 1> 0.

He established the existence of local weak solutions by the Faedo-Galerkin approach and, by using the
perturbed energy method, he proved a general decay rate of the energy for a wide class of relaxation
functions.
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In what follows, we will present some previously studied results that motivated this work. For
example, for the decoupled Kirchhoff equation , we point out the work of Oquendo and Astudillo [18]
where the authors studied the asymptotic behavior of the solutions of the equation:

Uy — yAuy, + BA*u + f g(HAu(t — s)ds =0, inQ, 1> 0, (1.10)
0

where the kernel decreases exponentially. Using the semigroup theory, they have shown that the
solutions decay exponentially when 6 = 1 and decay polynomially when 6 < 1 . They also showed
that these decay rates are optimal. For a wider class of kernels, recently Al-Mahdi [19] considered
this equation for § = 1 with g satisfying some convexity inequalities. Using multiplier methods, it
was proved that the solutions decay in a general way depending on the decay of the kernel. In relation
to stability results for problems with short memory, we noticed that the solutions present asymptotic
behavior similar to those with long memory [20-24]. We refer to the work of Rivera and Naso [25]
for (1.10) with v = 0. Regarding indirectly dissipative coupled systems, it is well known that the study
of this kind of systems started with Russell [26]. He introduced a general framework for evolution
systems with indirect damping mechanisms. Later, Alabau et al. [27] studied a general framework
for the stabilization of weakly coupled wave equations dissipative indirectly by frictional dampings.
She showed that the solutions do not decay exponentially, but explicit polynomial decay rates were
obtained. Recently, studies on asymptotic behavior of wave-plate interactions were developed by
Tebou et al. [28]. He studied the stability for two systems where the dissipation acted only in one
equation as follows:

Uy — YAuy + Nu+az+u, =0, inQ, t>0, (1.11)
Ze—Az+au =0, inQ, t>0 '
and
Uy — yAu, + A’u+ az =0, ?n Q, >0, (L12)
w—ANz+au+z,=0, inQ, >0,

It was proved that the solutions of both systems have a polynomial decay. Concerning viscoelastic
systems, we cited the work of Guesmia [29, 30], [31] and the references therein. Recently, Tyszka
et al. [32] considered the following coupled Kirchhoft and Euler-Bernoulli plates:

{plutt — YAuy + B1A%u + fooo §1 (A" u(t — s)ds + a(u—2) =0, inQ, >0, (1.13)

022 + BoN>7 + fooo 22(5)A*%z(t — $)ds + a(u —7) = 0, inQ, >0,

and they established explicit decay rates that depend on the fractional exponents of the memory. They
concluded that the memory effects in the Euler-Bernoulli equation dissipate the system more slowly
than memory effects in the Kirchhoff equation.

1.1. Our problem

Motivated by all the above works, in this paper, we are interested in the asymptotic behavior of
the coupled system of Kirchhoff and the Euler-Bernoulli models. These models are governed by the
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following equations:

Oilty — YAy + B1A* u + u + a(u — 2)* — 61Au, = kulnlul, inQ, t>0,

022y + BNz + 7 — a(u — 2)* + 62lz|" Pz, = kzIn 2, inQ, t>0, (P)
u( ) =z(,n=5%=%=0, on 9Q,1 > 0,
(©(0),z(0)) = (uo, 20), (u:(0), 2,(0)) = (u1,z1), in Q,

where vy is the rotational inertia coefficient, for (i = 1,2) p; and B; are the mass densities and the
flexural rigidity coeflicients, respectively. The constants « is the coupling coefficient and we assume
all the considered coeflicients in the system are positive. Here, Q is a bounded and regular domain
of R?, with the smooth boundary Q. The vector v is the unit outer normal to dQ, w(x) and v(x)
are the variable-exponents and the constant « is a small positive real number satisfying some specific
conditions. The initial data u, zo,u; and z; lie in appropriate Hilbert space. The symbol A is the
Laplacian operator.

Model (P) describes the interaction of Kirchhoft and the Euler-Bernoulli plates and the extensional
vibrations of thin rods [33]. Each one of these two plates are clamped along the boundary 0Q. The
analysis of stability issues for plate models is more challenging due to free boundary conditions and
the presence of variable-exponents nonlinearity and the logarithmic source terms. Moreover, in our
case, the source term competes with the dissipation induced by the variable-exponents dampings. The
strong damping term in the Kirchhoff equation (-6Au;) is introduced to treat the problems arising from
the rotational inertia term (—yAu,,) in the same Kirchhoff equation.

As would be expected, nonlinearities enabled the detection of some obscure events. The distribution
form was altered by a logarithmic expression; it minimized sample skewness and, in some situations,
data skewness. Since most of the behaviors of some models in real-life applications are nonlinear,
the nonlinearity can be used to explain why torsional oscillation occurs. If we used logarithmic
nonlinearity, the oscillation’s amplitude would also decrease.

In addition, the considered system (P) has nonlinear dissipations induced by the variable-exponents
dampings. Equations with nonstandard growth conditions occur in the mathematical modeling of
various physical phenomena, such as the flows of electro-rheological fluids or fluids with temperature-
dependent viscosity, nonlinear viscoelasticity, processes of filtration through a porous media and the
image processing [34]. Therefore, it will be very interesting to study this interaction.

1.2. Our objectives

We studied the asymptotic behavior of solutions of the dissipative coupled system (P) where we
had interaction between a Kirchhoff plate and an Euler-Bernoulli plate. The Kirchhoff equation was
dissipated by a strong damping mechanism, while the Euler-Bernoulli equation was dissipated by
a nonlinear weak damping mechanism of variable-exponent type. We investigated the interactions
between Kirchhoff and Euler-Bernoulli plates and the level of the effectiveness of the damping
mechanism on the two equations and, we studied the competition between the nonlinear source terms
and the damping mechanisms.

To this end, we started using the potential well technique to prove the global existence of the
solutions of the system (P). Then, we applied the energy method (multiplier method) combined with
logarithmic Sobolev inequality to establish the stability results. We showed that the solutions of the
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system (P) decay to zero sometimes exponentially and other times polynomially based on the value
of the exponents of the weaker damping. We derived explicit decay rates that depend on the variable-
exponents of the dissipative mechanisms.

2. Preliminaries

In this section, we present some materials needed in the proof of our results. We used the standard
Lebesgue space L*(Q) and the Sobolev space H3(Q) with their usual scalar products and norms.
Throughout this paper, ¢ is used to denote a generic positive constant, and we shall assume the
following hypotheses:

(A;) : The variable exponent v : Q- [1, o0) is a continuous function such that

vy = essinf,eqV(Xx), Vv 1= esssup, oV(X)

and 1 < v; < v(x) < v, < c0. Moreover, the variable function v satisfies the log-Holder continuity
condition; that is, for any 6 with 0 < ¢ < 1, there exists a constant A > 0 such that,

v(x) —v(y)| < , forall x,y € Q, with |x —y| <. 2.1

“log |x -yl

(A,) : The constant k in (P) satisfies 0 < k < kp, where «( is the unique solution of the equation
f(ko) = 0 such that
2 2
fi5) = || EE e

CpS

is a continuous and decreasing function on (0, c0), with

wlw

]ir(r)1+ f(s) =coand lim f(s) = —e
Here, § = min{f,, 8,} and c,, is the smallest positive number satisfying
IVull3 < c,llAull3, Yu e Hy(Q), (2.2)

and |||l = [l.llz2q)-
Remark 2.1. The Assumption (A,) is needed only for the local existence.

The system (P) has a unique solution:
u € LR HH(Q) N HF}(Q)) N WH(R*; HI(Q)) N W*(R*; LA(Q)).
We state, without proof, the following standard existence and regularity result. It can be proved
by using the Faedo-Galerkin method and Banach fixed point theorem, as well as by following the

procedure by M. Cavalcanti [2] and the recent paper by Al-Mahdi et al. [35].
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Proposition 2.1. Let (uy,u,) € HS(Q) x L2(Q) be given. Assume that (A;) — (A>) hold, then problem
(P) has a unique global (weak) solution

u,z € C(R*; H3(Q)) N C'(RY; LA(Q)).

u, € L((0,T); L*(Q)), z € L¥((0, T); L* () N L'(Q x (0, T)).

Moreover, if
(1o, u1) € (H*(E) N Hj(Q)) x Hj(Q),

then the solution satisfies
u € L (H*(Q) N H3(Q)) N WH(RY; H3(Q)) N W (R*; L*(Q)).

Lemma 2.1. [36,37] (Logarithmic Sobolev inequality) Let u be any function in Hé (Q)and a > 0 be
any number. Then,

1 a?
f u? Infuldx < =|lull5 In||ull; + —||Vull; = (1 + Ina)|ull;. (2.3)
Q 2 271'

Corollary 2.1. Let u be any function in H3(Q) and a be any positive real number. Then
2 1o ) | Od 2 2
u” Infuldx < 5”””2 In ||ull; + 2—||Au||2 — (1 + Ina)llull;. (2.4)
Q T

Proof. The proof of Corollary (2.1) can be established by using (2.2) and Corollary (2.3). O

We define the energy functional E(¢) associated to system (P) as follows:

K+2

1 1
E(0) = 5|oilllh + pallals] + 5 [Bi1Aul + Ballazl] + == [l + el

+ %lqu,ll% + % fg (u—2)’dx — g fg W In [uldx — g fQ 21n|zldx.

By multiplying the two equations in (P) by u, and z,, respectively, integrating over €2, using integration
by parts and using the fact that

(2.5)

d d
EgLuzlnluldx:nguutlnluldx+Ztgfﬂlfdx, (2.6)

we added the results together, and get

d
—E() = -6, f \Vu,[*dx — 6, f lz"Vdx < 0. (2.7)
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3. Global existence

In this section, we state and prove a global existence result using the potential wells corresponding
to the Logarithmic nonlinearity. For this purpose, we define the following functionals

1
Jw.2) = S[1B18ull + BolIAdE] - 5 f

Q

+2
o nfuldx — © f 2Infeldx + [l + 1B 3.
2 Jo 4

I(u.2) = [BillAull + BallAlE] - & f

u* In uldx — K f 2 In [zldx + [[lul} + ll213]. (3.2)
Q Q

Remark 3.1. (1) From the above definitions, it is clear that

J(u.2) = —1<u 2+ 3 [l + 1B, (3.3)

E(t) = (plnutn2 +pallal) + ZIVul + I 2) + 5 fg (u—2)’dx. (3.4)
(2) According to the Logarithmic Sobolev inequality, J(u, z) and I(u, z) are well defined.
We define the potential well (stable set) as
W = {(u,2) € Hy(Q) x Hy(Q), 1(u,z) > 0} U {(0,0)}.
The potential well depth is defined by

0<d= 1nf {sup J(pu, pz) : (u,z) € H}(Q) x H}(Q), ||Aull, # 0 and ||Az]|, # 0}, (3.5)

(u,z) p=0

and the well-known Nehari-manifold

={(u,2) : (u,2) € Hj(Q) x Hy(Q) : I(u,2) = 0,]|Aull, # 0 and [|Az]|, # 0}. (3.6)
Proceeding as in [38,39], one has
0<d= 1r)1f J(u, 7). (3.7
uz eN

Lemma 3.1. For any (u,z) € H;(Q) x Hy(Q), |lull, # 0 and |zll, # 0. If ¢(p) := J(pu, pz), then we have

>0,0<p<p,
I(pu, pz) = p¢'(p){=0, p = p*,
<0, p* < p < +oo,
where
BillAull; + BallAzll; - fQ u? In |uldx — fQZ2 In |z|“dx
k(5 + Nlz113)

where o (will be defined in the proof) is a positive constant that depends on the value of the positive
constant K.

P = eXp[ o,
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Proof.
1 1
$(p) = J(pu, pz) = 51 (BullAul} + BallAzlB) — 5 p? f u® In ul*dx + f In|z*dx
2 2 Q Q
K+2 «k
+p2( el |p|) (a3 + 112113

Taking common factors reduces to

1
¢(p)=§p2 [ﬁlllAu||§+ﬁzllAZII§—fuzlnlulkdx—fzzlnlzlkdX]
Q Q

1 K+2
+3p° [( 5 —K1n|p|)(||u||%+||z||§)].

F
Since ||u|l; # 0 and ||z]l, # O, then, we have
J (pu, pz)
pu.p) = LD = gy ()
p
= p* (BullAul} + BallAzB) - p ( f u? In ful*dx + f ZIn |z|"dx)
Q Q
+ p* (1 =« |pl) (13 + 112153)

The above derivative calculated using the following derivative

dF [kp

T = |3+ e wnlpl = | (1 + 1) = (0~ kpinlph (1l + EIE).

Now, solving ¢’(p) = 0 with dividing both sides by p*k (IIuII% + ||z||§), we get

) BullAul3 + BallAzl3 — [ u? Infuldx — [ z*In |z|*dx
p =exp PR 0,
«(|[u 2 +112113)

and o = ex. Since ||ull, # 0 and ||z||, # 0, then we can prove that lim,0 ¢(p) = 0, and lim,, ., ¢(p) =
—oo. Thus, we can find p > 0 (small enough) such that ¢(py). This means that J(pu) is increasing on
0 < p < p* and decreasing on p* < p < oo and takes the maximum at p = p*. In other words, there
exists a unique p* € (0, o) such that I(p*u) = 0 and so, we have the desired result.

Lemma 3.2. Let (u,2) € HAQ) x HAQ) and if 0 < Julla. Ilcll, < €5 | 2. Therefore, (u.2) 2 0,
where f = min{S,5,}.

Proof. Using the Logarithmic Sobolev inequality (2.1), for any a > 0, we have

I(u,z):,81||Au||§+ﬁzIIAZII§—fu21n|ulkdx—fzzlnlzlkdx+[||u||§+||z||§]
Q Q

> (51~

LTI 2 2 K2 2 2 2
- Ellullzln llull5 + k(1 + Ina)|lzll; — EIIZIIZ In|lz]l5 + [Ilullz + IIZIIZ]-

c,Ka* ¢ Ka*
- )||AM||% + ( ) — pz )IIAzH% + k(1 + Ina)||ull; (3.8)
s Vs
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Takinga < /?L: in (3.8) where 8 = min{8;, 5,}, we obtain

2
1,2) = [1 + K[l +1n —ﬁ”] _X 1n||u||§] a2 +
CpK 2

2
1+K(1+ln —ﬁ”)—flnnzng]nzng. (3.9)
CpK 2

Now, to calculate the potential well depth d, we have

_ * ®_N 1 * * K(p*)2 2 2
sup J(pu, po)} = J(p" 1, p'2) = S1(p"u ') + === lully + Izl
P20 , (3.10)
k(p*)
= <[l + 1l
A combination of (3.9) and Lemma (3.1) gives us
26 K
0=1p*u,p'z) = 1+K[1+ln p ] —In||p”* u||2 IIp* u||2
CpK 2

(3.11)

lp*zll3.

2
+1+K(1+1n ﬂ) K inllp 2l

% zﬁﬂ (k+1) ﬁﬂ 2(K+])
Pl > | 2Ze S = (Rl > e (3.12)
CpK CpK
« 2 7T (k+1) 7r 2(k+1)
Pl 2 |22 = (PR = 2R, (3.13)
CpK CpK

From, (3.12) and (3.13), we find

[\)

Therefore, we must have

and

(D) *)? 2t1
P[0l + 18] = 22 = 2 [l + 1] = e (3.14)

CpK 2c,

Hence, from (3.10) and (3.14), we conclude that the potential well depth d satisfies

a> Pr o (3.15)
2c,
where f = min{8,, 8,}. In addition, if O < ||ull,, ||zl. < e zﬁ" , then

2r

2
1+K[1 +1In Kz]— glnlluH% >0and 1 +K[1 +1In ﬂ]— glnHle% 2

Cp cpk

which gives I(u,z) > 0. O
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Lemma 3.3. Let (ug, 1), (z0,21) € Hé(Q) x L2(Q) such that 0 < E(0) < d and I(ugy,zo) > 0. Then any
solution of (P), (u,z) € W.

Proof. Let T be the maximal existence time of a weak solution of (i, 7). From (2.7) and (3.4), we have
forany r € [0, T),

1 a
2 3
1

=2

a
< (101||Ml||2 +pz||Zl||2) + %HVMHZ + 3 f(uo — 20)°dx + J(ug, 70) < d.
Q

(prllad? + pallzdP) + 21V + f (u = 2P dx + J(u, 2)
Q

(3.16)

Then we claim that (u(¢),z(¢)) € ‘W for all + € [0,T). If not, then there is a t;, € (0, T) such that
I(u(ty), z(ty)) < 0. Using the continuity of /(u(?), z(¢)) in t, we deduce that there exists a ¢, € (0, 7T) such
that 7(u(t.), z(t.)) = 0. Then, using the definition of d in (3.5) gives

d < Ju(t,),z(t,) < E(u(t,),z(t,)) < E0) < d,
which is a contradiction. O

4. Technical lemmas

In this section, we state and prove the following lemmas.

Lemma 4.1. Assume that (A; — Ay) hold and let (uo, zo), (u1,21) € H}(Q) X LX(Q). Then, the functional
is defined by

L(t) = NE(®) + py f

Q

uu,dx + p, f 7z,dx + yf Vu-Vudx 4.1)
Q Q

satisfies, along the solutions of (P),

L~E, 4.2)
and

—9E(t) + p, [, Z2dx, Vi 22

—9E(t) + p, ﬁgztzdx —cE'(t) —cE°(DE'(t), 1<v, <2 4.3

L'(t) < {

where ® = f]_—_vi > 0.

Proof. We prove (4.3),, and the proof of the (4.3); is straightforward. To prove (4.3),, we differentiate
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L(?) and use integrations by parts, to get

L'(f) = —N6, f \Vu,*dx — N6, f |z dx
Q o)
+ 01 f utzdx + f u[ —ﬁlAzu + yAu,; —u— a(u — z)2 + 01Au; + kuln Iul]dx
Q Q
+ 02 f gdx+ f 2| = B’z — 2+ a(u - 2 = 6)ll" Pz, + Kz In 2] |dx

+7f|vuz| dx+yfVu Vu,dx
Q

=jﬂmW+mmt) bf@m#+mmawx
2 2 v(-)
f dx — f dx — af(u—z) dx — N(Szflz,l dx
+ 7f |Vu,|*dx + 0% f Vu - Vu,dx + )/f ulu,dx + 6f ulAu,dx
Q Q Q Q
-6, f 2z "%z, dx + k f u? In |uldx + k f ZInlzldx — N§, f [Vu,[*dx.
Q Q Q Q

Integration by part leads

(4.4)

Mﬂifmwﬁmmﬂw—f@MW+MMﬂw
Q Q

—fuzdx—fzzdx—af(u—z)3dx—N62fIZ,IV(')dx
Q Q Q Q
+y f \Vu,[?dx — 6 f Vu - Vu,dx — N6, f \Vu,[dx
Q Q Q
—62fz|ztlv(')_2z,dx+/<fu2 ln|u|dx+/<fz21n |zldx.
Q Q Q

(4.5)

Since u € Hj(Q), we have

f u'dx < c, f [Vul’dx < c,” f |Aul*dx
Q Q Q

f urdx < c, f \Vu,[*dx,

Q Q

where ¢, is the Poincare constant. Using this estimate and Young’s inequility, Eq (4.5) becomes for a

and
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positive constant &£ > 0
L'(t) < p, f ledx — (B1 - &c,) f \AulPdx — B> f |Az|*dx
Q Q Q
- f wdx — fzzdx — N6, f 1z, Vdx
Q Q Q
+ Kf u? In |uldx + Kfzz In |z|ldx — af(u —2)%dx
Q Q Q

62
-5 f 2z Oz, dx - (Nél -y —c,— —)f |Vu,|dx.
Q de) Jo

Using (2.7) and the Logarthmic Sobolev inequality, (4.6) becomes

L) < pzf Iz Pdx — @ f(u —2)%dx
Q Q
2 2
(B - o0 - 2 [ 1~ (g - 52 [ incpax
27T Q 27T 0

_ (1 _ gln lull2 + k(1 + In a)) lull2 - (1 _ g In izl + (1 + In a)) 12l

62
-0 f 2z O 2z,dx - (N61 -y —Cp— —) f |V, [dx.
Q de | Jo

L

(4.6)

4.7)

Now, we start following [40] for estimating the integrals I, in (4.7) as follows:

{12 < Ac)? fQ |Az)>dx + fgch(x)lztlv(x)dx Vi >2, @5

vi—1
L < 26,7 [ [AzPdx + [ cay(DlalWdx + (fg cﬂz(x)lz,l"(x)dx) Tl<y <2,

where the positive constants A,,c come from Young’s inequality and c, is the Poincare constant.
Inserting the above two estimates in (4.7) we get

52
L'(t) < pzf |lzPdx — f(u —2)%dx — (N(Sl -y =cCp— —)f |Vu,|>dx
Q Q de) Ja

a2c K CZZC K
—(ﬁl —&c, — 27: ) fg |Au|2dx—(ﬂ2—/lch2— 2; ) fg |Az[>dx

4.9)
- (1 - gln 2 + k(1 + In a)) 2 - (1 - g I + x(1 + In a)) 12l
V|—1
— [N, = c] f |z Odx + cA, ( f IZzIV(X)dx) :
Q Q
where c is a positive constant that depends on A, and
~ L 1<vi<2
Ar= { 0, v;>2. (4.10)
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Recall that we selected earlier a < ,/ ~ where 8 = min{8;, 8,} which makes Y| := 3,

Ty =06, — azif'( > 0. After that, we Chose €= T and A, = W' Finally, we selected N large enough
P P

so that N6, — ¢, N6| —y — ¢, — % > (. Recalling (2.7) with these choices leads to

L't < po f e Pdx - a f (4= 2’dx = cE'(1)
Q Q

T T _ vi—1
S f |Aufdx — —= f |Az2dx — ¢ f I12,"Odx + cA, ( f Iz,IV(x)dx) (4.11)
2 Q 2 Q Q Q

_ (1 - gln lull2 + k(1 + lna)) a2 - (1 - gln 122 + k(1 + In a)) I2I2.

Now, assume further that 0 < E(0) < €T < d, where

£ = maxid) = DX A0, (4.12)

2¢,,

and 0 < 7 < 1 will be carefully selected later (see (4.17)). Combining (2.5), (2.7), and (4.12), we have

242
In [lull} < ln(%E(r)) < ln(%E(O)) < ln(%é’r) < ln(M). (4.13)

KCp
Now, we select a such that
Inlull5 — 2(1 +1na) <0 = In|jull; < Ina® + 2Ine = In|jul5 < Ina*e’. (4.14)

This means that we need ||ull3 < a”¢*. From, (4.13), we select a such that

2tBre: 2
B 2 and recall a< 4|2, (4.15)
KC, Cok

e%,/zﬁm <a< ,/2—”. (4.16)
KCp CpK

To estimate 7, it is clear that from (4.16), we have

2,8m' 2n
\ / . /cpk \/_el/K <1, (4.17)

where 8 = min{f;, 8,}. With these choices, we have guaranteed that

which means a must satisfy

1 - glnnung +«(1+Ina)>0and 1 - §1n||z||§ +«(1 +1Ina) > 0.
Then, (4.11) becomes for some positive constant c,
L'(t) < —cE(t) = cE'(t) + p [ 22dx + cAi(— E'(1)"™". (4.18)
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Using Young’s inequality with { = Vll—_l and * = 2—1_1/1 on this term E°(r)( — E'())”"”", then for any
g > 0, we have .
E°()(- E'1)"™ < eE™1(1) + c.( - E'().

2—V1
V]—]

Multiplying both sides of the last inequality by E~® where ® = gives us

(= E'®)"™" < eE@) + c.E°(0)( - E'(1).
Inserting these estimates in the last term in (4.18), we have
L'(t) < —(c — e)E(t) + p, fyzfdx + nglE_G(t)( - E'(1)). (4.19)

Therefore, the estimate (4.3) is established. On the other hand, if needed, we can choose N even larger
sothat L ~ E. O

Lemma 4.2. Assume that (Ay) holds. If vi > 2, then

[ Z¥dx < —cE'(1), ifva =2, (4.20)
fvzfdx < —cE'(t) + c(—E’(t))% , ifvy>2. 4.21)
Proof. The proof can be found in [40]. O

5. Decay estimates

We present and prove our results on the decay in this section.

Theorem S5.1. Under the assumptions (A;) and (A,), the energy functional (2.5) satisfies, for some
positive constants Ay, 01 and for any t > 0,

E() < e, ifvi=v, =v(x) =2, (5.1)

and

E() < if v, > 2 and vy > 2. (5.2)

@+ )
Proof. To prove (5.1), we impose Lemma 4.2 in (4.3), and use the equivalence properties £ ~ E to get

L (t) < —cL () + c(—E'(1)).

This gives us

L) <L)

where £, = L + cE ~ E. Integrating the last estimate over the interval (0, #) and using the equivalence
properties L, L ~ E, the proof of (5.1) is completed.
Now, we prove the estimate in (5.2). For this, we impose Lemma 4.2 in (4.3), to obtain

L) < —cL@t)+ (E'(0))% + M E°()( - E'(1)).
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vy—2
2

The following result obtained by multiplying the last equation by E* where @ = > 0, and

. —_ n(1-2)-2
noting that  — © = o > 0,

E°L (1) < —cE°L () + E* (=E'(1)) + cAy (—E'(1)).

This reduces to
2
L)< —cE' L)+ E(-E'@®)",

where £, = E°L + ¢cAE ~ E. With the use of the Young inequality on the last term, we get for € > 0
L(t) < —cE L() + eE77 + ¢, (—E(2)).
Taking & small enough, the above estimate becomes:
L(1) < —cE“*' (1), V>0, (5.3)

where £, = L; + cE ~ E. Integration over (0, t) and using E ~ £, gives us

C
Ef)< —2— V>0, 5.4
() PENIE (5.4)

where o = V22_2 > 0. O

Theorem 5.2. Under the assumptions (A;) and (A,), the energy functional (2.5) satisfies, for a positive
constant Cy and 1 < v| < 2, the following estimate:

EO<Ci(0+D%,t>0, v, =2, (5.5)

where © = fl__"i > 0.

Proof. To prove (5.5), we impose Lemma (4.2) in (4.3), to have
L' (1) < =cE (1) + ¢ (=E'(1)) + ¢ (=E'(1)) + ¢\ E°(1)(=E' (1)), (5.6)

where © = % > (. Therefore, Eq (5.6) becomes

L1 (1) < —CE () + cA E®(1)(~E' (1)), (5.7)
where £, = L + cE ~ E. The following is obtained by multiplying (5.7) by E®,
E®(1) L) (1) < —cE®*\(t) — cA E' (1),

which leads to
L, (1) < —cE°*(1)
for £, = E“L) + ¢cAE ~ E. Then, we get the following decay estimate:

1

1 ]
E®t)<C [m] , Vi>0. (5.8)

This completes the proof of (5.5). O
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Theorem 5.3. Under the assumptions (Ay) and (A,), the energy functional (2.5) satisfies for a positive
constant Cy, 1 < vy <2 and v, > 2 the following estimate:

Ci

E@) < t>0. (5.9)

(t+ 1)(0%2),

Proof. To prove (5.9), we use Lemma 4.2 in (4.3), to obtain

L(1) < —CE (1) + ¢ (~E'(8) 2 — cA E"9(0)E'(1).

vy—2

Multiplying by E® for @ = &

positive constant &,

> 0, noting that @ — ® > 0 and Young’s inequality, we obtain for a

E*L (1) < —cE™ (f) + 6E22 + ¢y (—E'(1)).

vo—2
2

Using a = and E ~ L, the above equation reduced to
E°L (1) < — (¢ — ¢o) E*™' L (1) + ¢y (—E' (D).
Taking & small enough, the above estimate becomes:

L) < —cE*"'\(r), Vt>0, (5.10)

where L, = E“L + cKlE ~ E.
Integration over (0, 7) and using the fact £ ~ £,, gives

C
E()< —=2—,V1t>0, 5.11
0 < (5.11)
where o = VZT_Z > (. So, the proof of (5.9) is completed. O

6. Concluding remarks

We considered a coupled system of plate equations. We investigated the interaction of Kirchhoff
and the Euler-Bernoulli plates. Kirchhoff equation is dissipated by a strong damping mechanism while
the Euler-Bernoulli equation is dissipated by a weak damping mechanism of variable-exponent type.
We noticed the following:

e The system (P) decays exponentially when v(x) = 2 and polynomially when 1 < v; <2 orv; > 2.

e We found that decay rates depend on the weak damping of variable-exponent type.

e The strong damping term in the Kirchhoff equation (—6Au,) is introduced to treat the problems
arising from the rotational inertia term (—yAu,,) in the same Kirchhoff equation and we can obtain
the same decay results if we replace this strong damping by a memory damping fot g(t—s)A"(s)ds
where the memory function g satisfies g’(s) < —g(s).

e We can obtain the same decay results if we replace the coupling term a(u — z) by auz? and azu?.

e The flexural rigidity coefficients §3; play a role in the analysis and they can control the well depth
d either stretching or shrinking while the mass densities coefficients do not play any role.

AIMS Mathematics Volume 8, Issue 11, 27439-27459.
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e The constant x on the source terms plays a role in the existence and stability. It also affects the
well depth d.

e In our system (P), the single term u in the Kirchhoff equation and z in the Euler-Bernoulli equation
play important roles in the existence and the stability as well.

e [t is an interesting problem if one can investigate the coupling the system (P) where the coupling
is on the logarithmic source terms such as if the source terms were «z In || and «u In |z,].

e [t is an interesting problem if one can investigate the coupling system (P) where the damping is
the logarithmic function such as if the dampings were —u, In |u,| and —z,In |z,].
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