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1. Introduction

Without the quadratic restriction, Finsler geometry has many non-Riemannian properties compared
to Riemannian geometry. There are many non-Riemannian quantities in Finsler geometry, such as
the Berwald curvature, the Landsberg curvature, the mean Landsberg curvature and more. A Finsler
metric is called a Berwald metric if its Berwald curvature vanishes, it is called a Landsberg metric
if its Landsberg curvature vanishes, or it is called a weakly Landsberg metric if its mean Landsberg
curvature vanishes. It is a fact that all Berwald metrics are Landsberg metrics, and all Landsberg
metrics are weakly Landsberg metrics. M. Matsumoto showed a list of reduction theorems of certain
Landsberg metrics to Berwald metrics [10]. Afterward, a natural problem arose in Finsler geometry:

The question of whether or not any Landsberg metric is a Berwald metric.
This problem, presented by D. Bao, is called the “unicorn problem” because it is one of the most
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important unsolved problems in Finsler geometry. There are some structures of Berwald metrics
studied by Z. 1. Szab6 [18-20]. While some geometers got other results [2,5,7,11,16,17,21,24,26].
However, the “unicorn problem” is still open. Meanwhile, there is another related problem in Finsler
geometry:

The question of whether or not any weakly Landsberg metric is a Landsberg metric.

Clearly, in the two-dimensional case, any weakly Landsberg metric is a Landsberg metric. Some
rigidity problems are related to weakly Landsberg metrics [3, 6, 15]. T. Aikou studied the weakly
Landsberg spaces, which he referred to as the generalized Landsberg [1]. B. Li and Z. Shen studied
weakly Landsberg (a, 5)-metrics and found that there exists weakly Landsberg metrics, which are not
Landsberg metrics [9]. Thus, it is natural to study more general metrics than ever before. In this paper,
we mainly study the general (@, 5)-metric that was first introduced by C. Yu and H. Zhu [22]. A general
(a, B)-metric is a Finsler metric expressed in the following form,

F = a¢(b2, s), §= é,

a

where ¢(b?, 5) is a C* function, & = +/a; i(x)y'y/ is a Riemannian metric and 8 = bi(x)y' is a 1-form,

b :=||B,llo. Specially, F is the spherically symmetric metric when a = |y| is the Euclidean metric and

B = (x,y) is the Euclidean inner production. It is easy to see that S is closed and conformal to « for all

spherically symmetric metrics, i.e.,

b,‘|j = caij, (11)

where ¢ = c(x) is a C™ scalar function and the subscript “|” denotes the covariant derivative with

respect to the Riemannian metric @«. When ¢ = 0, then g is said to be parallel to @. Some papers

studied general (a, 8)-metrics under this condition [8,22,23,25] and many interesting properties were
found. Thus, it is meaningful to study the problems when £ is closed and conformal to a.

In this paper, we first study weakly Landsberg (a,f)-metrics satisfying (1.1). We make an
assumption that the expression of ¢ = ¢(b?,s) does not depend on n, and this assumption is used
to prove the following theorem. After getting the formula of the mean Landsberg curvature of these
metrics, the following theorem is obtained.

Suppose that the expression of the function ¢ does not depend on the dimension n and B is closed and
conformal to « satisfying (1.1) with ¢ # 0, then F is a weakly Landsberg metric if, and only if, it is a
Landsberg metric.

Theorem 1.1. Let F = a¢(b?,s) be a general («,5)-metric on an n-dimensional manifold (n > 2).

In the above theorem, the expression of ¢ does not depend on n, which means that ¢ is only a
function of b* and s. For instance, it does depend on n if ¢ = n + s, while it does not if ¢ = 1 + 5. Of
course, F is still related to the dimension n when we express F = a¢ in a, 8 and b*. F will change with
the change of dimension, but the variable n will not appear in the expression of ¢ = ¢(b?, 5). Then the
expression of X and H in (2.13) are just functions of »* and s. The dimension n will not be a variable
in their expressions. Then the expression of Berwald curvature and Landsberg curvature do not depend
on 7 in this case. For example, all of the spherically symmetric Finsler metrics satisfy this condition.
This condition is used in getting (3.23) and (3.24) by (3.22) in proving Theorem 1.1 in Section 3.

When ¢ depends on n, we guess Theorem 1.1 is also correct, although we haven’t found a workable
way to prove it. Here ¢ = c¢(x) # 0 is natural because F must be trivial Berwaldian if ¢ = 0 (i.e., 8 is
parallel to ).
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S. Zhou and B. Li proved that the almost regular Landsberg general (a,f)-metric must be
Berwaldian when the dimension n > 3 [25]. However, the two-dimensional case has not been solved.
In Theorem 1.2, we give the equivalent conditions of Berwald metric in the two-dimensional case, then
the expression of ¢ can also be given.

Theorem 1.2. Let F = a¢(b?,s) be an almost regular general (a,B)-metric on a 2-dimensional
manifold. Suppose that B is closed and conformal to « satisfying (1.1) with ¢ # 0. Thus, F is a
Berwald metric if, and only if, ¢ is given by

¢ = creh A0 (1.2)

where

A1) _DP1ey VD2 — 2 4 205(b* + 12) + D23 (2D — 1) + Pey + 207 tcg Nb? — 12 13
BN /- t2{b2t2c1 — (2tcy — b2ty + teg) Vb2 — 2 — 2b2cg(b? — 12) + bz} '

and c¢; = ci(b*), (i = 1,2, ..., 7) are C* functions of b* satisfying the following condition,

N 2
f AL |
o Ob?

{[2s(3b2 — 450y VD2 — §2 + 2s5c4(b* — $2)¥% + b*sPes(b® — 52)

Y 5Cq

(1.4)
+ 2b%cs(b? — %) — b4]c7A(b2, 5) + [2b4sc1 +2(0% + 45%)cy Vb2 — 52

d
+2b%3 Vb2 — 2 + 25%c, Vb2 — 5% + b*sPcs + 2b4sc6]c7 - 2b4s%}.

Two explicit examples of two-dimensional Berwald metrics are given in Section 4 (Examples 4.1
and 4.2).

2. Preliminaries

In this section, some definitions and lemmas needed are introduced. There are most of the notations
[4,14]. A Finsler metric on a manifold M is a function F' : TM — [0, +00), which satisfies

(i) Fis C* on T M\{0};
(i) F(x,dy) = AF(x,y), for any 4 > 0;

(iii) gij(x,y) = 1 (gig; is positive definitely, for any y # 0.

Specially, F is called a Riemannian metric if g;; = g;;(x). F is called a Minkowskian metric if
gij = &ij(y). A class of computable Finsler metrics called (a, 5)-metric is defined by

F=ap(s), s= E, 2.1

o
where ¢ is a C* function, @ = /a;j(x)y'y/ is a Riemannian metric and 8 = b;(x)y’ is a 1-form. When
¢ = 1, F = a is a Riemannian metric. When ¢ = 1 + s, F = a + 8 is a Randers metric [13]. Further,
when ¢ = ¢(b?, s), another class of Finsler metric called general («, 8)-metric can be given as follows

F =a¢(d?,s), s = g (2.2)
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When « = [|y| is the Euclidean metric and 8 = (x,y) is the Euclidean inner production of x and y,
F = ylo(x, %y)) is called a spherically symmetric metric. There are some results on these metrics
[12,23,24]. In this case, (1.1) is always satisfied and ¢ = 1.

By a direct computation, the g;; of F' in (2.2) can be obtained.
8ij = paj + ﬁbibj + ﬁ (b,ayj + bjayi> - sﬁa/yiayj, (23)
where
p=0¢ (b= s$2), p=ddn+($2)", p=(d—5¢2)b2— 56 . (2.4)
In this paper, the subscript “1” means partial derivative with respect to b?, the subscript “2” means

. e . p) d
partial derivative with respect to s, such as ¢, = W‘z’z), ¢y = a—‘f.
The positivity of general (a, 8)-metric can be ensured by the following lemma.

Lemma 2.1. Let M be an n-dimensional manifold [22]. F = a¢(b?, f—i) is a Finsler metric on M for any
Riemannian metric a and 1-form 8 with ||B|l, < bo if and only if ¢ = ¢(b?, 5) is a positive C* function
satisfying
¢ = 5¢2>0, ¢=s¢2+ (b = 57 >0, (2.5)
when n > 3 or
¢ — sy + (b7 — 57)pn > 0,

when n = 2, where s and b are arbitrary numbers with |s| < b < by.
In order to obtain geodesic coeflicients and mean Landsberg curvature of F, the first step is to
compute the inverse of (g;).
g’ = p~a" + nb'b! + fja” By + by + fjay'y), (2.6)
where @’/ = (a;;)™', b’ = d'b;,
¢ = (¢ — s¢2)p2 — sPpP2
¢ — s¢y + (b = s2)ny” Plp — spy + (b* = s’

[s¢ + (b* = 5°)po][(¢ — 5¢2)$> — 5¢21]
¢*[p — sy + (b = sH)¢n2] '
In this paper, the subscript “|”” denotes the covariant derivative with respect to the Riemannian metric
@, such as b;;. In order to simplify the computation, we use the following expression

n=-

f]:

44|”

1 1 S y
rij = E(bilj +Dbji), sij = E(bi\j —bj), roo = ripy'y, s’y = s, (2.7)

v = bjrﬁ, S; = bjsjl-, ro=ry, so=sy, r= aijrj, s = aijsj, r=>br. (2.8)
The spray G = y' -5 — 2G' 6%. of Finsler metric F is a vector field on TM, where G' = G'(x, y) are
called geodesic coefficients (spray coefficients) and defined by

1,
G' = Zg”{[F Lengy" = [F2a), (2.9)

where (g") = (gi))~".
The following lemma gives G’ of general (a, §)-metrics.

AIMS Mathematics Volume 8, Issue 11, 27328-27346.



27332

Lemma 2.2. The geodesic coefficients G' of a general (a, §)-metric F = a¢(b?, ':’—i) [22] are given as
G' =G +Py+Q, (2.10)

where
P= {G)(—ZQ/ASO + 1o + 20°Rr) + aQ(ry + so)}afl,

0 = cyAsiO — &R + 5% + {‘I’(—Za/AsO + oo + 20°Rr) + oIl(ro + so)}bi,

P I G () [ e T %) 3 (35
A= » 0= 2 _ (2 » ¥= 2 _ (2 ’
¢ — s¢» 20[¢ — s¢2 + (b = 5)¢22] 2 = sy + (b = 5%)¢22]
__$ 0= (¢ — s¢2)p12 — 5P1P2 - 261 s¢+ (b7 - 52)¢2H
¢ — sy’ (¢ = 5$2)[p — s¢2 + (b? = s2)p]’ ¢ ¢ '
Here when (1.1) is satisfied, the expression of G’ can be simplified. By (1.1),
rij = caij, si;=0, roo = ca?, sg =0, (2.11)
ri=cby, s;=0, ro=cB, s0=0, r=cb', s=0, r=ch’ (2.12)

Then the geodesic coefficients G’ can be rewritten as

G' =G’ + caXy' + ca’Hb, (2.13)
where
X = ¢2+ 254 HS¢ +(b* — )¢, (2.14)
2¢ ¢
and
P22 — 2(P1 — 5$12) (2.15)

T 20— 5y + (B2 — D]’

Non-Riemannian quantities play an important role in Finsler geometry, such as the Berwald
curvature, the mean Berwald curvature, the Landsberg curvature and the mean Landsberg curvature.
The Berwald curvature of F is a tensor defined by

B:TM®TM®TM — TM,

where

.0 .
B = Bjy7— ®dx/® dx* @ dx! (2.16)

and i
A Finsler metric is called a Berwald metric if and only if B;kl = 0. Obviously, G’ are quadratic in y if
and only if F is a Berwald metric. By the definition of Berwald curvature, S. Zhou and B. Li obtained
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the expression of B"},d [25]. We found there were some typing errors of B.ijkl’

under condition (1.1) can be given by

and the expression of B’
J

. I .
Bljkl = g{(Hz - SHZQ)[hjkhl + ]’lﬂhk + hkll’lj] + szzhjhkhl}bl

c
- a/_5{(X = X)) hjyr + hjiye + iy ;1 + Xoo[hjhiyr + by, + hihgy;]
(2.18)
. C .
+ sXnlhjh; + hjhy + hghj] - X222hjhkhl}yl + 5[()( — sX2)hy + Xoohyhi]6';
c . C .
+ —3[(X - sz)hﬂ + X22hjhl]6;( + —3[(X - SXZ)hjk + Xzzhjhk]aj,
a a
where
hj=ab; - sy;, hj=daay—yy (2.19)
The mean Berwald curvature of F is a tensor which can be defined by
E:TM®TM — R,
where X
1 1 o°G"
Ey=-B"' = —-——«—. 2.20
KT Tk T ) gymyigyk (2.20)
A Finsler metric is called a weakly Berwald metric if and only if B = 0.
The Landsberg curvature of F is a tensor defined by
L:TM®TM®TM — TM,
where
L= Lydx’ ®dx* @ dx' (2.21)
and .
Ly = —EFFyiB;kl. (2.22)
A Finsler metric is called a Landsberg metric if and only if L, = 0.
Based on (2.18), the expression of Lj; is given [25] as follows
ijl = —%{hjhkcl + hthCk + hkhICj + 3Ejl’lk1 + 3Ekhj[ + 3E[]’ljk}, (2.23)
o’
where
Cj = C(}’z{[bZA + s|Hypo + [1 + sA]Xpp + 3AX22}hj, (224)
E; = ca®{[D’A + sI(H = sHy) — [1 + sAlsXa, + A[X = sXa]}h;. (2.25)

The following lemma gives the equivalent conditions of Berwald metric in two-dimensional case.

Lemma 2.3. Let F be a two-dimensional Finsler metric. F is Berwaldian if, and only if, it is
Landsbergian and weakly Berwaldian [14].

The definitions of mean Landsberg curvature and weakly Landsberg metric are given in next section.
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3. Weakly Landsberg general («, 3)-metric

In this section, the expression of J; is given and Theorem 1.1 is proved. The mean Landsberg
curvature is a tensor defined by

J:TM — R,
where
J = J;dx’ (3.1
and
J;i=g"Li. (3.2)

A Finsler metric is called a weakly Landsberg metric if and only if J; = 0. Here we give the formula
of J; directly by (2.6), (2.23) and (3.2).

Lemma 3.1. Let F = a¢(b?, 5) be a general (a, B)-metric on an n-dimensional manifold, then the mean
Landsberg curvature J = J;dx’ is given by

1,02 =)@ = Pm+1|C+ 307 - Pm+n+1|E 33)
J;= =31 e Ih. '
where

C = ca?{[D’A + s]Hoy + [1 + sA1Xon + 3AXp}, (3.4)
E = ca®{[b’A + sI(Hy = sHy) - [1 + sAlsXy + A[X - sX,]}. (3.5)

Proof. By direct contractions, we get
hay* =0, ht=0, Epf=0, Co*=0, (3.6)
Cibt = a(b® - s7)C, Eib* = a(b® - sH)E, hyb* = ahj, hb* = ab® - 5%, (3.7)
Ay = A - 5%, d'hy = Fn-1), dhyh = a*h;. (3.8)

Substituting (2.6) and (2.23) into (3.2) yields

Jy=e 15 {d +nptp' + = (bky’ + blyk) + 2y Y} {mCo+ hibyCr + i C;
+ 3E hy + 3Exh;; + 3Eih )
= 15 (@ + np b} h i Cy + A Cic + Wy C + 3E hy + 3Eh + 3Eih )
= {3a hihuhC + 3nb*b'h iy C + 36" [hjhy + hyhj + hih 1 E (3.9)

+ 300" Uhjhig + by + hih ) E)
-1
= (L@ i + L0 b U + B+ i )

=—{(b2 — @ = sHn+11C + [3(0> — s>y +n + I]E}hj.
203

AIMS Mathematics Volume 8, Issue 11, 27328-27346.



27335

The second equality in the above equation is given by (3.6), and the other equalities are given
by (3.7) and (3.8).

By the above results, (3.3) can be given.

The equivalent conditions of Landsberg metric are given [25]; in this section, the following
conditions will be used in our proof of Theorem 1.1.

Lemma 3.2. Let ¢ = ¢(b?, s) be a positive C™ function [25], then ¢ is a Landsberg metric if, and only
if, the function ¢ = ¢(b*, s) satisfies

1
X—5Xy) = ———, (3.10)
\/bZ — 52
9
H2 - SH22 = (b2 ~ SZ)% , (311)

where ¢, = ¢|(b*) is a C* function of b*.

For the convenience of calculation, we must first prove the following lemma, which will be used in
Theorem 1.1.

Lemma 3.3. Let F = ag¢(b?, g) be a non-Riemannian general (a,f)-metric on an n-dimensional
manifold n > 2, then ¢ is a C* function satisfies

s¢ + (b — 59y # 0, (3.12)

(¢ — s¢2)p2 — s¢ ¢ # 0. (3.13)
Proof. If s¢ + (b* — s*)¢, = 0. Integrating the above equation with respect to s yields

¢251 ~b2_S27

where & = ¢;(b?) is C* function of b>. Unquestionably, F = a¢ is a Riemannian metric. If (¢ —
s$r)dr — s¢ P = 0, then integrating the above equation with respect to s yields

¢ = \/E‘QSZ + 2¢C3,

where &, = &,(b?),¢; = ¢3(b?) are C* functions of b2. Since F = a¢ is a Riemannian metric, this is a
contradiction to the conditions.

Now by Lemmas 3.1-3.3, Theorem 1.1 can be proved.
Proof of Theorem 1.1.

“Necessity” Let
X =X- SXz, I‘_I = H2 - SH22. (314)

Differentiating the first equation of (3.14) with respect to s yields
X2 = —SX22. (315)
Differentiating (3.15) with respect to s yields

X0 = —5X2 — Xoo. (3.16)
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Differentiating the second equation of (3.14) with respect to s yields

H, = —sHy). (3.17)

By rewriting (3.14)—(3.17), we get
5Xon = —Xpp — X0z, 85X = —Xo, X, =X-X, (3.18)
sHy, = -H,, sH» =H,—-H. (3.19)

To get the expression of J; by substituting the above identities into (3.4) and by (3.4) X 52, we get
5*C = —ca’[(2sA — DXz + s(1 + sA) X + s(B*A + s)H,]. (3.20)

The expression of the right hand of Eq (3.4) is a fraction by substituting identities (3.18) and (3.19)
into it, where s is the denominator. According to the rationality of the equation, the denominator is
s # 0, but by definition, s = 0 is reasonable. In fact, the s in the denominator can be eliminated by
the numerator. In order to avoid confusion, here we consider (3.4) xs2, and the result is not affected.
Substituting (3.18) and (3.19) into (3.5) yields

E = ca’[AX + (1 + sA)X, + (O*A + 9)H]. (3.21)
In order to give the proof more conveniently, (3.3) can be rewritten as

=90 = e e -

= ———n—-

T2 a3 2
Based on the assumption that ¢ does not depend on the dimension #, there is no # in the expressions
of C, E and n. By (3.22), J; = 0 is equivalent to

" ;. (3.22)

LER; _ (3.23)
2 a3 '

and

2

It is a fact that « is a Riemannian metric, so @ # 0. By (2.19), if h; = 0, a? can be divided exactly
by By;, it is impossible, thus /; # 0. By (3.21), (3.23) is equivalent to

2 2 2 2 2 _ 2
L=l S)’”gf*[“b iiha] IV (324)

c[AX + (1 + sA)X, + (b*A + s)H] = 0. (3.25)

If ¢ = 0, by (2.23) we obtain Lj; = 0 and Theorem 1.1 is proved.
If ¢ # 0. By Lemma 3.3, we get

_s¢+ (b — ) .
- ¢ — s

b*A + s

0. (3.26)

Then A can be solved from (3.25),

AX + (1 + sA)X,

H=-
b’A + s

(3.27)
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Differentiating (3.27) with respect to s yields

o MR (R 2N+ (L + MR | (D2As + 1) [AX + (1 + sM)X,|

_ 3.28
2 D’A + s (B2A + 5)° 628

By the same reason before (3.25), (3.24) is equivalent to
(67 = ) [@* = s+ 1] C + [34 = s + 1] E =0. (3.29)

Plugging (3.20) and (3.21) into (3.29)xs? yields

c?{[3(0* = s + 11SAX = (b2 = ) [(0* = s + 11 (1 + sA) X
—[(1? - *) (2AD*s - 5As® — b2 —25°)p + 2Abs — 3As’ - B]X, (3.30)
+ 130 = D+ 11(BPA + 5) H = (b2 = ) [(B” = 5 + 11 (DA + 5) sH) = 0.

Plugging (3.27) and (3.28) into (3.30) yields

ca? (A= sAy) (b? - 2) |0 = P + 1] | sX = (B* - sH)X,|

=0. 3.31
b’A +s -31)
By Lemma 2.1,
¢ — s¢»
b= s+ 1= # 0. (3.32)
T s+ (P = e
By Lemma 3.3,
A sA, = (¢ — 5¢2)¢> —ZS¢¢22 £ 0. (3.33)
(¢ = 5¢2)
Meanwhile, by the definition of b and s, we get
b*— s> 0. (3.34)
Hence, (3.31) is equivalent to
c[sX - (b* - s9)X,] = 0. (3.35)
Because ¢ # 0, (3.35) is equivalent to
sX —(b* - sHX, = 0.
Integrating the above equation with respect to s yields
— Cl
X=——, (3.36)
Vp— 2
where ¢; = ¢;(b?) is a C* function of b*. Differentiating (3.36) with respect to s yields
= SCp
Xy = ——. 3.37
2= (337)
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Plugging (3.36) and (3.37) into (3.27) yields
C1

A--—S
B - )3

(3.38)
By Lemma 3.2, F is a Landsberg metric.
“Sufficiency” By definition, all Landsberg metrics are weakly Landsberg metrics.
As spherically symmetric metrics compose a special class in general (@, 5)-metrics and satisfy (1.1).
Thus, the following Corollary 3.4 can be obtained as a special case of Theorem 1.1.

Corollary 3.4. Let F = |y|¢(|x], %) be a spherically symmetric metric on an n-dimensional manifold
(n > 2). Suppose n vanishes in the expression of ¢. Then F is a weakly Landsberg metric if, and only

if, it is a Landsberg metric.

Proof. When F is a spherically symmetric metric, then
rij=0ij, 8ij=0, roo =1 s,=0,

i i
ri=x;, =0, ro=(x,y), s0=0, r=x', s=0.

Obviously, Theorem 1.1 is satisfied in spherically symmetric case.
4. Berwald general (o, 8)-metric

S.Zhou and B. Li studied the Berwald general (@, 5)-metric on an n-dimensional manifold n > 3 and
gave the classification by obtaining the equivalent equations of the Berwald metric when n > 3 [25].
In this section, by Lemma 2.3 and based on the equivalent conditions of the Berwald metric, we get
Lemmas 4.2 and 4.3. From these, we get two equivalent equations in Proposition 4.4, then Theorem 1.2
can be proved.

The following lemma [25] is obtained, which is needed in the proof of Lemma 4.2.

Lemma 4.1. Let F = a¢(b?,s) be a non-Riemannian general («,[)-metric on an n-dimensional
manifold n > 2 [25]. Suppose 1 = I(b*,s) and N = N(b?, s) are arbitrary C* functions, then the
following facts hold:

(i) (n>3) hjhkl’lll + hjkl’llN + hﬂl’lkN + hkll’le =0 lfal’ld Only lfI =0and N =0,
(ii) (n=2) hjlIyl + hyyN + hyyN + hyh;N = 0 if and only if (b* — s*)I + 3N = 0.

Based on Lemma 4.1, in order to prove Proposition 4.4, the Landsberg curvature of the general
(@, B)-metric can be rewritten in two-dimensional case as follows.

Lemma 4.2. Let F = a¢(b?,s) be a non-Riemannian general (a,B)-metric on a two-dimensional
manifold. The Landsberg curvature Lj, can be given as

ijl = — ¢ {]’ljhkhll_+ hjkhZN + hj[hkN + hklth}, (41)

23

where _ . _ _
T=(p—s¢)I +dl, N =(p—s5$)N +aN.
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Proof. Contracting (2.18) with b; and y; respectively yields

. 1 — — — —
Biyb; = g{h il + RN + hyhy N + hygh;N) 4.2)
and !
By = E{h jhudul + hhuN + hyhyN + high N}, (4.3)
where _ B
I = b2H222 + 5Xo0 +3X5, N=X-sX, — S2X22 + bz(Hz - SH22), (44)
T: X222 + SH222, ﬁ = S(H2 - SH22) - SX22. (45)
From F = a¢(b?, s), we get
_ P =50
Fy=( 5 )i + $ab;. (4.6)
By (2.22),
1 C 1 A T
Lju = —§¢[(¢ — S¢2)yi + adrbi] By, = —§¢(¢ — 5¢2)Byyi — 5a¢¢23jklbi- 4.7)

Plugging (4.2) and (4.3) into (4.7) yields

ijl = —%{hjhkhll_-i- hjkth + hﬂhkN + hklth}’

where _ _
I =(p—s¢)]+ ¢, N=(¢—s5¢2)N+hN.

By Lemma 2.3, the mean Berwald curvature is essential in our proof. In the following lemma, we
present it in a two-dimensional case.

Lemma 4.3. Let F = a¢(b?,s) be a non-Riemannian general (a,B)-metric on a two-dimensional
manifold. The mean Berwald curvature B is given by

" é{ (07 — ) Hom + 3K | (7 — ) + 367 — ) (Hy — sHp) +3(X — sX)}hy. (48)

mjk =
Proof. By contracting (2.18) for i and /, we get

c
By = 5{ [(bz — %) Hyy + 2(Hy — sHy) + (n + 1)X22] hhy

(4.9)
+ [(b = S*)(Hy = sHa) + (n + 1)(X = sX)lj}.

When n = 2, we have

mjk —

C
B". = —%{ [(bz — SZ)HZZZ + 2(H2 — SH22) + 3X22] ]’Ljhk
o (4.10)
+ [(* = S*)(Hy — sHa) + 3(X = sX)Ihy),

where
hj=abj—sy;, hy= a’zajk =YYk
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By the assumption that the dimension is two, /;4; can be expressed as follows

_(biyr = by’ (?)? _

hihy = 5 (b* = sH)(y*) deta = (b* = sH)hy,
a
b -b 2(+,1)2
oy = Q22RO 2 iR deta = (52 - P,
a
—(b -b 2,,1,,2
iy = O TPV VY g2 2002 eta = (8 - )
a
By the above expressions,
hihy = (b* — sHh. (4.11)
Therefore, (4.10) is equivalent to
m hisiroo 2 22 22
B!, = ?{ (7 = ) Hys + 3Xn | (0 = %) + 367 = ) (Hy = sHy) + 3(X = sXp)}.  (412)

By Lemmas 2.3, 4.2 and 4.3, two equivalent equations of the Berwald general («, 8)-metric can be
obtained as follows.

Proposition 4.4. Let F = a¢(b?, s) be a non-Riemannian general (a,B)-metric on a 2-dimensional
manifold, then F is a Berwald metric if, and only if, it satisfies

(b* - Sz){3¢2X22 + ¢Xom + [s¢ + (b — Sz)¢2]H222}

(4.13)
+3{ = 5¢Xn + ¢2(X = 5Xy) + [5¢ + (* = §)o](Ha — sHp)} = 0
and
(0> = ) Hoyy + 3o | (B = 57) + 3(6 — *)(Hy — sHan) + 3(X - sX,) = 0. (4.14)
Proof. By Lemma 4.1 and (4.1) in Lemma 4.2 when n = 2, Lj; = 0 if, and only if,
(b* — sHI+3N = 0. (4.15)
Which is equivalent to
(b = )36 X2 + pXom + [5¢ + (* = 5*)p21Hon}
+3{ = 5¢Xo + $2(X — 5X5) + [5¢ + (0° — s )pa(Hy — sH)} = 0. 1o
By (4.11), b*> — s*> # 0 and hj+ 0, we get hjy # 0. By Lemma 4.3, Bij = 0 if, and only if,
|6 = $)Hps + 3K | (b7 = 57) + 3(6” = §”)(Ha — 5Han) + 3(X — 5Xp) = 0. (4.17)

By above results and Lemma 2.3, F is a Berwald metric if, and only if, it satisfies (4.13) and (4.14).
By solving (4.13) and (4.14), ¢ can be given.

Proof of Theorem 1.2.
By Proposition 4.4 and considering (4.13) X (b* — s?) — (4.14) X [s¢ + (b* — s*)¢], we get

PXomr(b* = 52)? = 65 pXo(b* — 5*) = 35 (X — 5X,) = 0. (4.18)
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By (3.18), the above equation can be rewritten as
— 2 — —
X (b2 = 5°) = (b7 = 87) (b* +55°) X, + 357K = 0. (4.19)
Integrating the above equation twice yields

72S2 + Y3

(4.20)

where v, = y2(b?),y3 = y3(b*) are C* functions of b>. By plugging (4.20) into the first equation
of (3.14) and solving X, we get

(&)
X=cis+ ———+c3 Vb? — 52, 4.21)
Vb2 — §2

2 2 2 . . . . .
where ¢; = ¢;(b?),c, = —y2(b?),c3 = M are C* functions of b*. Differentiating (4.21) with
respect to s yields

_ CrS _ c3S
Xo=c + (bZ ~ S2)3/2 R . 4.22)
Differentiating (4.22) with respect to s yields
30 Cy — C38° c3
Xy = > s2)5/2 0 s2)3/2 - T (4.23)
Plugging (3.19), (4.21)—(4.23) into (4.14) yields
N (12 N2 - 6cob*s
3s(b* - s)H = (b —s)H2+m_o. (4.24)
By solving the above equation, we get
- 3c,b?
qg=__ @ (4.25)

(b2 _ s2)3/2 + (b2 _ S2)5/2’

where ¢4 = ¢4(b?) is a C* function of b*. By (4.25) and the second equation of (3.14), H can be solved

as
ot s Bey+ea)s 1

= + —C58
B — 2 AR -2 2

where ¢5 = ¢5(b?), cg = cs(b*) are C™ functions of b?. Differentiating (4.26) with respect to s yields

2 + ¢, (4.26)

Hy=— 3(4cy, +ca) s B (4cy+cy) §42 N 3¢y +cy N (Becy+cy) ;vzz T s, 4.27)
VP2 — 2 P2 -s2)? AR —s2 b(? - s2)Y
By (2.14) and (2.15), we have
20X — ¢y — 25¢) + 2H[s¢ + (b* — s7)¢p2] = 0 (4.28)
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and
2H[$ ~ 5¢2 + (B ~ )] = ¢20 + 2y — s¢12) = 0. (4.29)
Differentiating (4.28) with respect to s yields

202X + 20X, — ¢oy — 201 — 25¢15 + 2Ho[5¢ + (b — s))pa] + 2H[p — sy + (b — s7)pn] = 0. (4.30)
By (4.30) and (4.29), we get
G X + ¢Xy — 2¢1 + Hy[s¢ + (b* — s7),] = 0. (4.31)
By (4.31) x s — (4.28), we get
(sX + sHy(b* — s*) = 2H(D* — s*) + 1}y + {sX» — 2X + s*H, — 2sH}¢ = 0. (4.32)

Plugging (4.21) and (4.22), (4.26) and (4.27) into (4.32) yields

1
ﬁ{bzs%l —25c, Vb2 — §2 + b?sc3 Vb2 — s2 — scq Vb2 — 52 — 2b%ce(b” — 57)
1
2 —_— —
+b }¢2 P VB — 2
+2b%sce Vb2 — 52 = 0,

{bzscl Vb2 — §2 + 2¢5(b* + %) + (2b* — sH)b*cs + s%cy (4.33)

which is equivalent to
Vb2 — sz{b2s2c1 —25¢, Vb2 — §2 + b?sc3 Vb2 — §2 — scq Vb2 — 52 — 2b%ce(b” — 57)
+ bz}( In ¢)2 - {bzscl Vb2 — §2 + 2¢5(b* + 5%) + (2b* — sH)b*cs + s*cq + 2b*sce Vb2 — s2}
=0.

Integrating the above equation, (1.2) is obtained, where ¢; = ¢7(b*) is C* function of b*>. To
prove the sufficiency, by plugging (4.21), (4.26) and (1.2) into (4.28), we get the condition (1.4).
Plugging (4.21) and (4.26) into (2.13) yields

G' =G’ + caXy' + ca*Hb'

3
. CH - (4cr+ca)s
=G, + ccx[cls + ——— +c3 Vb2 — sz]y’ + caz[ -

V2 P VPE — 52 434)
(3C2+C4)S+1 2+ ]bl )
——  +—cs55 +c
pRVpz—g2 2 > 6
:Gg + c® + coyl,
where 4 ) |
. . + .
o = [clﬁ + 3 Vb2 — sz]y’ + [CZTMB Vb — 52 + 505,82 + c6a2]b’, (4.35)
) b2 i_ bi
ri= 20V b)) (4.36)
P2 VP2 — 52
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The following steps are to prove G' are quadratic in y. In fact, in the two-dimensional case, Vb2 — s2
can be simplified. By assumption,

b — s
b (Clzzbl B Cllzbz) b (Clnbz _anb; )— [bi(a'ly + a'?yy) + ba(a'?y; + a**y))]?
Wdeta deta MNdeta deta a?

:(bz)’l — biyy)?

a?deta

Thus,
by, — b
2 = 1bay1 1y2|’ 4.37)
a Vdeta

where deta = a;1a» — (a;»)? is the determinant of a;j. By (4.35) and (4.37),

; caslbayr = biyaly ;e +chlboyr —biy2lB 1, 27,
O =|c)f+ ——p'+ + —c5B” + cea” |b', (4.38)
[ Vdeta ] [ b* Vdeta 2 ]
which are quadratic in y, and then by (4.36) and (4.37), I'! can be expressed as follows
= o yl _ opf b
b _ 2 p2Vp? — 2
@ Vdeta | a@*B(deta)*’? |

:|b2)’1 - bl)’2|y - [(ax2by — anby)by + (a11b2 — anb1)b:]lbryr — bl)’2|b
_2(a"ly; + a'?y;) Vdeta
- |bay1 = D1ys|
&2[bi(a'ly; + a'%y) + by(a'y; + ay))(axnb; — ainb,) Vdeta
- [(a2b1 — ainby)by + (a11hy — anb1)brl|bayr — byys|
_a/zbz[(allyl + a'*yy)(anby — anby) — (ay1 + a?y;)(anbi — ainby)] Vdeta
- [(ax2by — anby)by + (a11b2 — anb1)b:]|bryr — brys|

_ @’b, Vdeta
(axnb) — ainby)by + (ay1by — ainby)b;
a’zbz
b2 \deta

I'? can be given in the same method

—0’2b1
2= - (4.39)
b%Vdeta

Undoubtedly, I' is quadratic in y, and it is proved that G' is quadratic in y. Therefore, F is a Berwald
metric.

As a special class in general («, 8)-metric, for spherically symmetric metric, the following corollary
can be easily proved.
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Corollary 4.5. Let F = |y|¢(|x], Oﬁ’)) be a spherically symmetric metric on a two-dimensional manifold.

Then F is a Berwald metric if, and only if, ¢ is given by (1.2), and c; = c(b*),cy = c»(b?),c3 =
c3(b?), cs = c4(b?), cg = cs(b?), c7 = c7(b?) are C™ functions of b® satisfy (1.4).

Proof. As F is a spherically symmetric metric, we get
ri; = 5ij, Sij = 0, roo = |y|2, 56 =0,

— — _ _ _ i i _
bi=ri=x;, 5i=0, ro=(x,y), 50=0, r=x', s=0.

Therefore, Theorem 1.2 is satisfied in spherically symmetric case. O
Next, by choosing suitable ¢y, ¢;, 3, ¢4, ¢, €7, some explicit examples can be given as follows.

Example 4.1. Letc; =0,¢, =0, c3 =1, ¢4 = b, ¢ = 0 and ¢7 = c7(b*) > 0in (1.3), then

A1) = 2 (4.40)
’ N '
By (1.2), ¢ can be given as
2 b? arctan 2
b=cre (Fizﬂz). (4.41)
By a direct computation,
5 5 217 arctan(ﬁ) 4
¢ — sy + (B> — P = cr€ =31+ bt > 0.
This proves ¢ satisfies Lemma 2.1. Therefore, F = a¢ is a Berwald metric.
Example 4.2. Letc; =0,c, =b% c3=2,¢4 =0, ¢ = 0and ¢; = c7(b*) > 0in (1.3), then
6b*
A’ 1) = —. (4.42)
\/bZ _ t2
By (1.2), ¢ can be given as
6b° arctan( £ )
¢ =cre s/, (4.43)

It is easy to verify that ¢ satisfies Lemma 2.1. Therefore, F' = a¢ is a Berwald metric.
5. Conclusions

In this paper, we firstly get the expression for the mean Landsberg curvature of general («, 8)-metric
under the condition that S is closed and conformal to @. When the expression of the function ¢ does
not depend on n, the equivalent relationship between Landsberg metric and weakly Landsberg metric
is obtained. This is Theorem 1.1. Secondly, we get the expressions of mean Berwald curvature and
Landsberg curvature in two-dimensional case. Base when based on Lemma 2.3, the classification
of two-dimensional Berwald general (a,)-metrics under the condition (1.1) with ¢ # 0. This is
Theorem 1.2. Hence, these results can be used in studying (weakly) Landsberg metrics and Berwald
metrics in future.
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