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Abstract: Rough set theory is a method of information processing for database systems. The
neutrosophic matrix is a generalization of the fuzzy matrix, especially in handling indeterminacy
situations. The concept of matrix theory and its energy in the neutrosophic environment help to
determine the value of the uncertain matrix. In this paper, we correlate the rough set theory with
the neutrosophic matrix theory to introduce the rough neutrosophic matrix (RNM). In this structure,
lower and upper approximation neutrosophic matrices are used to deal with uncertain situations. We
demonstrate that the given matrix plays a different role in decision-making situations and defined
the proposed matrix’s determinant, adjoint, algebraic properties and operations. Finally, derived the
ranking function for a rough neutrosophic matrix’s energy. The new multi-criteria decision-making
(MCDM) approach was presented with the ranking formula, which was utilized to rank the alternatives,
and numerical examples were provided to show how the proposed matrix and its energy could be
applied to an MCDM problem.
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1. Introduction

Zadeh [1] initially introduced fuzzy sets, fuzzy membership functions, and fuzzy logic in 1965.
Pawlak [2, 3] first proposed the concept of a rough set in 1982. Its idea is the upper and lower
approximations of a set, a pair of sets that approximate sets. In this case, those approximations are
based on the equivalence relation. He connects the fuzzy set concept with the rough set concept in
1985. The concepts of fuzzy rough sets and rough set approaches for imperfect information systems
were introduced in 1990 and 1998, respectively [4, 5]. Smarandache [6, 7] introduced the
neutrosophic set in 1998. He developed the ideas of neutrosophic sets and logic to address the
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problem of indeterminacy specifically. Additionally, he developed single, interval, and multi-valued
neutrosophic sets, as well as hesitant and dual hesitant neutrosophic sets.

Neutrosophic set and rough set theory will both be effective strategies for dealing with partial,
ambiguous, uncertain, and inaccurate data. In 2014, the rough neutrosophic set was first proposed by
Broumi et al. [8]. In this study, they described the basic neutrosophic sets and how they function. The
interval valued neutrosophic rough set was subsequently proposed in 2015 [9]. The same year,
Mondal and Pramanik [10] demonstrated a crude grey relational analysis-based approach for
neutrosophic MADM. This study defines the rough neutrosophic decision matrix and applies it to the
resolution of an MCDM problem. A rough neutrosophic field was the subject of several different
proposals in 2017 [11, 12]. They investigated MCDM in rough single-valued neutrosophic sets, rough
neutrosophic multisets, and rough neutrosophic sets with coefficient correlation. The innovative
multi-granulation neutrosophic rough set over single-valued and its applications were discussed by
Boetal. [13] in 2018. The same year, a rough neutrosophic set was employed in medical diagnostics
by Samuel and Narmadhagnanam [14] The use of medical diagnostics to determine the patient’s care
is covered in this paper. Zhang et al. [15] released a paper with work on medical conditions focusing
on single-valued neutrosophic indeterminate rough multisets in two universes. Pi-distance of rough
neutrosophic sets for medical diagnosis was published in 2019 by Samuel et al. [16]. The goal of the
research is to use a rough neutrosophic set to assess the patient’s condition and establish a casual link
between the sickness and their symptoms. The concepts of neutrosophic single-valued rough sets,
neutrosophic soft sets with rough set theory and incorporating topology [17, 18] will be developed
further in 2021. As a result, the rough set is significant in each area of the neutrosophic field. In 2022,
Subha et al. [19] introduce the idea of rough neutrosophic sets in rings. Additionally, they
demonstrate that the upper and lower approximations of the neutrosophic subring and its examples.

Michael G. Thomason introduced the concept of fuzzy matrice theory in 1977. It can be used in
a variety of situations. The matrix approach is well known to provide an extra benefit in resolving
the issue. In 2002, Pal et al. [20] created specifically intuitionistic fuzzy matrices. Furthermore, it
is challenging to assess the worth of membership and non-membership at some stage. Fuzzy and
neutrosophic relational maps were introduced in 2004 by Kandasamy and Smarandache [21]. They
also incorporated square neutrosophic matrices into this. They developed the neutrosophic matrix and
related algebraic operations in 2014 [22]. The neutrosophic square matrix algebraic creativity was
published by Abobala et al. [23] in 2021. This paper presents the algebraic functions of neutrosophic
matrices, and this work presents the requirements of the inverse of a square neutrosophic matrix using
its determinant. To address many uncertainty-related issues, the complex neutrosophic matrix, a novel
idea, is introduced by Poonia and Bajaj [24] in 2021. They have offered several algebraic operations
based on the suggested matrix, including addition, union, subtraction, and many others that will be
useful for developing essential ideas. The multi-valued neutrosophic matrix was presented by Martina
and Deepa [25] in 2021. In this, the operations and properties of the proposed matrix were discussed,
and they created the linguistic variable for that matrix, which was then applied in the neutrosophic
simplified TOPSIS method.

In 2009, Christi DiStefano et al. proposed the concept of matrix energy. They came up with the
formula for the energy of the matrix. A generalization of the energy of a graph is the energy of a
matrix. Bravoa et al. [26] presented a study titled “Energy of Matrixes” in 2017 and defined several
theorems regarding matrix energy in addition to upper and lower bounds. In 2013, Vijayabalaji and
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Balaji [27] introduced the concept of rough matrix theory in the decision-making field. Neutrosophic
soft metric matrices are introduced, and various operations on such matrices are defined by
Khan et al. [28] in 2021. Also, they create an approach using neutrosophic soft metric matrices and
use it to solve a problem with decision-making. A novel fuzzy neutrosophic soft complement matrix,
the trace, and some essential functions of the fuzzy neutrosophic soft matrix are presented by
SheebaMaybell and Shanmugapriya [29] in 2022. They examine a few concepts and attributes of
fuzzy neutrosophic soft matrices. The energy concept was then applied to the rough neutrosophic
matrix [30] in 2022. This paper defines the energy of a rough neutrosophic matrix and applies it to a
multi-criteria decision-making problem.

The rough matrix in a fuzzy environment applies to solving decision-making problems. In this
case, the MCDM problem of ranking the alternatives underperformed in indeterminate situations.
When we use a neutrosophic matrix in a rough structure, it will handle the uncertain area of ranking
the alternatives. As a result, matrix theory is a frequently used notion in the neutrosophic field, and
the concept of energy is also widely developed in matrix theory. In the neutrosophic environment,
there is no study involving the matrix energy. So, we concentrate on the neutrosophic matrix and its
energy, especially in the rough matrix theory where we apply the neutrosophic context. The main
contribution of this paper is to create a rough neutrosophic matrix and build a ranking formula for a
rough neutrosophic set, which was applied to the new MCDM method to evaluate the alternatives and
provide a good result. At this stage, the results will be more valuable than the earlier study.

We provide the rough neutrosophic matrix’s determinant, adjoint, operations and algebraic
properties in Sections 3 and 4. The ranking functions of the rough neutrosophic set were derived in
Section 5. The novel multi-criteria decision-making method for a rough neutrosophic matrix was
given in Section 6. It was numerically illustrated in Section 7 by a multi-criteria problem. The
comparative results were presented in Section 8. Finally, the results and conclusion were given.

2. Basic definitions

Definition 1. Rough set [2].

Let U be the universal set and R be an equivalence relation on U. The collection of all equivalence
classes of U under R is called an approximation space and it is defined as A= UJR.

Let X be a subset of U. Let A(X) and A(X) be lower and upper approximation of X in A, which are
denoted as follows:

AX)={ae€ U :[alg C X},
AX)={acU:[algn X # 0},

where [a]g denotes the equivalence class of R containing an element a.
The pair A(X) = (A(X), A(X)) is called the rough set of X in A.

Definition 2. Neutrosophic set [21].
Let U be the universal set and a be an element in U. The degree of truth, indeterminacy and falsity
membership functions are denoted by T, Is and Fs. Then the neutrosophic set S can be defined as

S ={a, Ts(a), Is(a), Fs(a) : a € U)},
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where
0< Ts(a) + Is(a) + FS(CI) <3

and Ty is the truth membership function, Is is the indeterminacy membership function, Fy is the false
membership function, every function lies between [0,1] in U.

Definition 3. Rough neutrosophic set [8].

Let U be the universal set and a be an element in U. Let R be an equivalence relation on U and S
be the neutrosophic set in U with truth membership function T, indeterminacy function Is and false
membership function Fs. The lower and upper approximations of S in U/R is denoted by N(S) and
N(S) and they are defined as follows:

N(S) = {<a, TN(S)((I), IE(S)(a), Fﬂ(g)(a)> :be [a]R,a € U} ,

N(S) = {<a Ty (@ Iy (@), Fiys (@) = b € [alg,a € U},

where
Tysya) = /\ Ts(D) TN(S)(CZ) = \/] Ts(b)
belalg belalg
Ini)(a) = , \[/J Is(b) | Ijs)(a) = /\J Is(b)
clalg belalg
FN(S)(a) - \/ FS(b) FN(S)((Z) - /\ FS(b)
bE a]R bE[a]R
where
0< TE(S)(CZ) + IN(S)(a) + FN(S)(CZ) <3
and

0 < Tys)(a@) + Iys)(a) + Frsy(a) < 3,
where )\ means “min” and \/ means “max” and Ts(a), Is(a) and Fs(a) are truth, indeterminacy, false
membership function of a on neutrosophic set S. Therefore, N(S) and N(S) are two neutrosophic sets
in U. The pair (N(S ), N(S)) is called the rough neutrosophic set in U/R.
IfFN(S) = N(S) for any a € U, then S is called definable neutrosophic set.

Definition 4. Rough matrix [27].
We can define a rough matrix Ry = [r;;] of order m X n as follows

ri Frpo ... Fip

1) rn ... Iy
Ry = [rij] =1 . . . B

Fmi ¥Ywm2 -+ Tmn

where, each r;j € uR. pf is rough membership function.

Definition 5. Neutrosophic matrix [22].
A neutrosophic matrix P of order m X n is defined as

P= [(Ti,-,,, Lijp, F ijp>]mxm
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where, T;,, 1;j, and F;j, are called truth, indeterminacy and false membership of ij" in P, which
satisfying the condition
0< Tijp + Iijp + Fijp < 3.

For simplicity, we write [P;jluxn, Where,
Pij = (Tijps Lijps Fijp) -

Definition 6. Energy of neutrosophic matrix [30].

The neutrosophic matrix can be expressed by three matrices, the first matrix includes the entries a;;
as truth membership values, the second matrix includes the entries b;; as indeterminacy membership
values, and the third matrix includes the entries c;; as false membership values. It is denoted as

P(N) = (P(T;)), P(I)), P(F )

and aij € P(T,'j), b,‘j S P(I,/) and Cij € P(F,j)
Then the neutrosophic matrix’s energy is defined as

E[P(N)] = (ELP(T )], ELP(I;))], ELP(F))])
= <Z|/1i - /-1/l| ) Z|§i - /1§| ; Z|77i - #n|> ;
i=1 i=1 i=1

where A; is the truth matrix eigenvalues, (; is the indeterminacy matrix eigenvalues, and n; is the
false matrix eigenvalues, where (i = 1,2,--- ,n), pa, py and p, are the mean values of A;, {; and n;
respectively.

3. Rough neutrosophic matrix and its operations

In this section, we present rough neutrosophic matrix, its determinant, adjoint and its operations.

Definition 7. Rough neutrosophic matrix.
A rough neutrosophic matrix is defined as D = <Qij(S ), D;ii(S )) with order of m X n. where D;isa

lower approximation and D; ; IS a upper approximation of the neutrosophic set S. It can be expressed
as

D =(D,($),Dij($)) = ((L-,,(S),z,.‘,(S), F(8)).(Ti(8).T:(S). Fii(S >)> :

mXxn

where, L.J.(S )1 l.j(S )and F l.j(S ) are ij" values of truth, indeterminacy and false membership matrices

of lower approximation and T; i(S), I i(§) and F; #(S) are ij™ values of truth, indeterminacy and false
membership matrices of upper approximation of rough neutrosophic matrix D, which statisfy the
conditions

0<T (S)+L;(S)+F,;S)<3,
0<Ti(S)+1;j(S)+ Fij(S) < 3.
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Example 1. Let we define the rough neutrosophic matrix D with order of 4 X 2.

((0.2,0.5,0.2),(0.3,0.4,0.8)) {(0.1,0.3,0.4),(0.5,0.6,0.7))
((0.3,0.4,0.7),(0.5,0.3,0.7)) {(0.1,0.2,0.5),(0.3,0.2,0.7))
((0.2,0.6,0.9),(0.7,0.3,0.1)) {(0.3,0.5,0.6),(0.9,0.3,0.5)|"
((0.5,0.7,0.9),(0.1,0.2,0.4))  ((0.4,0.5,0.1),(0.2,0.3,0.4))

Definition 8. Determinant of rough neutrosophic matrix.
The determinant of RNM D of order n X n denoted by det(D) or|D| and it is defined as

|D| = Z {(allcr(l)('x) ﬁl (1)( ) 7’1 (1)( ))’ T ’(gno'(")(x)’éna(n)(x)’ Zna(n)(x))}

€S,

= > @iy Brot X F 101y » @) By (9 V(D)

D =

€S,
= Z 1—[< lO'(l), lO'(l) >
€S, i=1

where, i = 1,2,--+ ,n,
Doty = Lig( B, (Y, ()
and 3
dioiy = 5i(r(i)(x),,3[g(,~)(x),7,'0(,')(75)-
Where every element of x belongs to D and S, denotes the symmetric group of all permutations of
{1,2,--- ,n}

Definition 9. Adjoint of RNM.
The adjoint of RNM D of order n X n is denoted by adj D. It is denoted by A;; = |Dj,- ,
transpose of D. It can be written by

F —T —=I —F
Z rl to'(t)’ ta'(t)’dt(r(t)) dm'(t)’dm'(t)’dm'(t) ’

ges,. inj ten;

Ji

where S, is the set of all permutations of nj over n; and n; = {1,2,--- ,n}.
Example 2. Let define the rough neutrosophic matrix D with order of 2 X 2.

D= ((0.2,0.5,0.2),(0.3,0.4,0.8)) ((0.1,0.3,0.4),(0.5,0.6,0.7))
~ [€(0.3,0.4,0.7),(0.5,0.3,0.7))  {(0.1,0.2,0.5),(0.3,0.2,0.7))|’

|D| = [(0.2,0.5,0.2),(0.3,0.4,0.8)].[(0.1,0.2,0.5), (0.3,0.2,0.7)]
+[(0.3,0.4,0.7),(0.5,0.3,0.7)].[(0.1,0.3,0.4), (0.5,0.6,0.7)]
= (min{0.2, 0.1}, max{0.5, 0.2}, max{0.2,0.5}) , (min{0.3, 0.3}, max{0.4,0.2}, max{0.8,0.7})
+ (min{0.3, 0.1}, max{0.4, 0.3}, max{0.7,0.4}) , (min{0.5, 0.5}, max{0.3, 0.6}, max{0.7,0.7})
=1[(0.1,0.5,0.5),(0.3,0.4,0.8)] + [(0.1,0.4,0.7),(0.5,0.6,0.7)]
= (max{0.1,0.1}, min{0.5, 0.4}, min{0.5,0.7}) , (max{0.3, 0.5}, min{0.4, 0.6}, min{0.8, 0.7})
=1(0.1,0.4,0.5),(0.5,0.4,0.7)],

adjD =|D;| = 1(0.1,0.4,0.5),(0.5,0.4,0.7)].
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3.1. Algebaric operations of rough neutrosophic matrix

Let D and C be two rough neutrosophic matrices that are denoted by
S 0 R 1

and

[(C C C ) (Clja Cl]7 cl])]mxm
then,
(i) Addition

D + C = (max{d], ¢!}, min{d, c] }, min{d,, c[}) (max{d cly, min{d,,, ¢}, min(d,,, }).

Zij ij° ij°

(i1) Multiplication
D.C = (min{diTj,Q?j},max{dfj,gfj},max{dF 5}) (mzn{d”, c;ih max{du, cl i) max{du,c }).

(iii) Subraction

D-C=({d,-c/)id,-c

Sij i ij ij ij ij ij
T . T T =T =T T
roT_ c_z’l.j, 1fgil.j 2 Cp» =T T dij, 1fdl-j > Cijs
a,—¢. = . ij—Cij =
Yo 7Y 10, otherwise, 70, otherwise,
d, itd > ; d. ifd. >¢
d _ o =50 i = Gij 4 _d =% ij = Cijs
a,—¢. = . ij ~Cij = )
ey 0, otherwise, / ! 0, otherwise,
4, ifdf < cF d,, itd,
dF _ CF _ )=y Cij Lijp —F —EF _ ij 1 < CU’
e = . 13 l
vy 0, otherwise, oy 0, otherw1se.

(iv) Element wise addition

D@ C = (id], + ¢l - ) Ad el Adhch)) (1 + 2, - ) ) ) 2 )

=i l] 1 lJ —tj =t ijrrij Lty Yty

(v) Element wise multiplication

DOC = (idl il tdl + ¢l = dby el + cf = dbch)) (10,200, + T = Ay E) d + T - 2.

—ij l] —ij lj =ij t] ij*~ij
(vi) Scalar multiplication

F

D = <({1 = (1= ). (0= =y ), {Eij}*)>.
(vii) Power of matrix
D= (1) (1= (= Dy 1= (1= db)), ([ 0= (=i (1= (=1,
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(viii) Average

—ij = =ij tj oy
27 2 72 27 2 72

e <d.T.+c. d o+l dl+ch ] d,+c d,+¢, ;ﬁ+zfj>

(ix) Complement of D
c_ T 1 gF\ (7 5 =F
b= <(‘—li4/’ - C—Zi.i’c—lij) ’ (dij’ I =dy. du)> :
(x) Transpose of D

Ji? =ji’

o) = (&) (3.,
4. Algebaric properties of rough neutrosophic matrix

In this section, we present the algebaric properties of rough neutrosophic matrix, which are
commutative and associative property, identity property, distributive property, properties of transpose
and determinant of rough neutrosophic matrix.

Proposition 1. If B, C and D are three rough neutrosophic matrices of same order, then it satisfies the
following properties

Commutativity Associativity,
(i) D+C = C+D, (i) (D+C)+B=D+(C+B),
(ii) D.C=C.D, (ii) (D.C).B=D.(C.B),

(iilDeC=Ce®D, (ii)(DoC)®B=D&(C®B),
(ivyDoC=CoD, (iv)(DOC)®oB=Do(COB).

Proof. Let
T I F
D =[(d.d.d5). @y, d, )
and
= [(c] el el @ 3 Tl
Commutativity:

@O D+C= (max{QiTj,giTj}, min{c_lfj,gfj}, min{gg,gg}) (max{d c; .}, min{d cl ne mm{dF cf,}) ,

l/’ l]’ 1]°

C+D= (max{gl.Tj,giTj},min{gfj,c_ifj},min{gg,c_lg}) (max{ctj,d 1, mm{cu,d ¥ mm{cl],d })
so D+C = C+D. Similarly we can prove the other commutative properties (i1)—(iv).
Associativity:

(i) (D+C)+ B = [ (maxid], ], mzn{dllj i) mintds 6 ), (max(d,, ch), min(d, ), min(d,,, <)) |

VAR Y] ij

+ (bT b’ bF) . b .)

lj’ l_/’

—ij>=ij’ —=ij’=ij’ —ij>=ij’ ij>ijr iy ij> =ij Cijh 'J’ ij

(max{dT ¢t bl ) mintd!, ¢!, b}, minldl, . bF}) (max{d &by min(d e b })
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D+(C+B)=(d],d.d), (du,d, " Efj) + | (maxicl, bl minic!., bl ), min{cl, bT)).

=ij> Zij
(max{c b }mln{c b }mm{c b. })]

ij>7ij ij>7ij ij>ij

(max{dT ¢ bl mintd!, ¢!, b} minldl, . bF}) (max{d & b min(d e b })

—ij>=ij’ —ij>=ij’ =ij>=ij’ ij>~ij iy ij> ~ij Yijh ll’ ij
so (D+C)+B=D+(C+B). Similarly we can prove the other associative properties (i1)—(iv). O

Proposition 2. Let D be a rough neutrosophic matrix. Then it satisfies the following identity property.

()D+1,=1,+D =D,
(i) D.I,, = I,.D = D.

Proof. (1) Let I, be the additive identity which is the zero rough neutrosophic matrix. It is denoted by
I, =40,1,1),(0,1, 1)),

D + 1, = (maxid’,, 0}, min{d!, 1), min{d", 1)), Qnaxai 0}, min(d., 1}, min{d., 10

lj’ lj’ lj’

I + D = (max(0, db),min{1, dL), min{1,dL)) , (max(0,d), min{1,d ), mint1, ).

soD+1,=1,+D =D.
(i1) Let ,, be the multiplicative identity which is the unit rough neutrosophic matrix. It is denoted
by I, = {(1,0,0),(1,0,0)),

D%:@M%ﬁth%Hmm@&W(mmimwmm umm%JW

1] lj’

1,.D = (min{O, QiTJ.},max{l,c_ifj.},max{l,df}.}) (mm{O d, } max{1, d ihs max{l,afj}),

so D.I,, = I,,.D = D. Hence it satisfies the identity property. O

Proposition 3. Let B, C and D be three rough neutrosophic matrices, then it satisfies the following
distributive properties:

(i) D.(C+B)=D.C +D.B,
(D+C).B=D.B+C.B.

@)yDo(C®»B)=DOC®DOB,
DaeC)0B=D6Ba&COB.

Proof. Let us assume the elements of D, C and B matrices

di;>cl>bl, d.>c>bi, d>cl>bl,

d;; >blj, d{-> >b dF4>_’<>BI.F.

C+B=I(c,cl,ch). (@c ‘F>] (NN ,])]

l]’ lj’

l_]’

C+B-= [(max{g,,éi‘},mi”{gij’ Qij},min{gij, Qij}) (max{c

= [« 8! bE). @ By )

b }mm{c,j,b }mm{c,j,b })]

lj’

AIMS Mathematics Volume 8, Issue 10, 24132-24152.
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D.C+B) =@, d.d). @, d)]| (. bl bF). @B, 5],

ij>=ij ij>7ij ij>7ij

DA(C + B) = [ (minld?,, "), maxtd., b }, max(d", bT}) (mm{d &y, max(d.,, b}, max{d. b, })]

—T
T dF) @ dy.dy)l.

l

D.C = (mm dT max{d’ } max{dF 5}) (mm{dl],cl]} max{dlj,c 3, max{dlj, ,J})]
lj’
DB= (mm (. b, max{d’ ) maxldl, b))  (min(d,, by), max(d,, By max(d,. b)) |
F
®.d.d"), (B, d,.d;))
T I gl . GF F =T 5 A =F =F
D.C+D.B= (maxc b mln{d d; }mm{c_ll.j,c_lij}) (max{c],blj} min{d;;, d;;}, min{d;; dij})]

[
[
=
[
= (. d.,.d). (] d,.d, .)],
[
= |5,
[
=<

. d ). @ ddy).

l]’

so D.(C+B) = D.C+D.B, and also it satifies (D+C).B = D.B+C.B.
Similarly we can prove the (ii) DO(C®B)=DoCe®DOB, (D®C)0B=D60B®CO6OB. 0O

Proposition 4. Let D and C be two rough neutrosophic matrices, tr(D) and tr(C) be the transpose of
RNM D and C respectively and det(D) and det(C) be the determinant of RNM D and C respectively.
Then it satisfies the following:

@G)D+D =D,
(ii) tr(D) = tr(tr(D)),
(iii) tr(D + C) = tr(D) + tr(C),
tr(D.C) = tr(C).tr(D),
(vi) det(D + C) = det(D) + det(C),

det(D.C) = det(D).det(C).
Proof.

() D=, d.d"). @ d,.d,))|

l]’ lj’ l]’

D +D = (maxd’,d") mm{d’ d' ), mintd", d")), (max{d d. ), min{d.;, d.}, min(d;,, d, })

[(dT d).db). (d,J, " ,J)]

014, 4,) (1,3,7)]

(D) = [ (d%, ', %), (_],,21},3;)],
tr(tr(D)) = [(dT d.d), (_,J,Zl,'j,E,-Fj)],

tr(tr(D)) =
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(iti) Let we take the elements of D and C are

dT>c dl >c dF>c

and
-7 —F
d;; > cl], d > cl], d;; > ¢
D+C= [(max d c mln{d clj} mm{dF cf;}),(max{gz,cT} mm{allj,cl} mzn{c_lg,EZ})],
D+C=|@.c.ch, (du, ).
tr(D +C) = [(d]Tl,c;,c ). (@ e ),
(D) = (. &' d). (. d . d)|.
ir(C) = (. . ). @ 2. ).
tr(D) + tr(C) = [(max (d”. c mm{dl } mm{dF gi}) (max{d]Tl,EJTl} mm{dﬂ,cﬂ} min{c_z’;,ffi})]
[%”w)%ﬁfq
so tr(D+C) = tr(D)+tr(C) and also tr(D.C) = tr(C).tr(D).
Similarly we can prove the (iv). O

Hence the rough neutrosophic matrices satisfies all the properties.

5. Ranking methods for rough neutrosophic matrix’s energy

In this section, we provide some ranking measures for the energy of rough neutrosophic matrix.
The presented formula are helps to rank the matrix.

Definition 10. Energy of rough neutrosophic matrix [30].
Let B
D(N) = (D(N,(S)). D(N{(S)))

be the square rough neutrosophic matrix with the order n X n, where, D(N l.j(S )) and D(N; i(S)) are a
lower and upper approximation of the neutrosophic set S.
This matrix can be separated by six matrices, the first three matrices belong to a lower

approximation that includes the elements a;; lgl.j, Cii another three matrices belong to the upper
approximation that includes the elements a;;, Ei j» Cij. where a;; a;j are truth membership values, lgij,

b;;j are indeterminacy membership values and C;jp Cij are false membership values. The matrix can be
written as

D(N) = (D(N, (5)), D(N{(S)))
= ((D(T($)). DU,(S)), D(F, (S))), (D(T(S)), DTi(S)), DFi(S ).
where the elements, a,; € D(T;(S)), b, € DU (S)), ¢;; € D(F,(S)), @j € D(Tif(S)), bij € DU(S)),
and ¢;; € D(F(S)).
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Then the rough neutrosophic matrix’s energy defined as

E[D(N)] = (EID(T (SN, EIDU (S N1, EID(E (S M), (ELD(T31(S NI, ELDT;1(S D], ELD(F (S ))]),

o100 = Sa -l S - S -l S S -l S
i=1 i=1 i=1 i=1 i=1 i=1

where, A, { andn_are the truth, indeterminacy, and false eigenvalues of lower approximation matrices
) —i

and A, Zi, 7; are the truth, indeterminacy, and false eigenvalues of upper approximation matrices.

Has es My 3> M7 and i are mean values of the eigen values 4, £, 1, A Zi and n; respectively.
Example 3. Let D be a square rough neutrosophic matrix with order 2 X 2.
D= ((0.2,0.5,0.2),(0.3,0.4,0.8)) ((0.1,0.3,0.4),(0.5,0.6,0.7))
~1{(0.3,0.4,0.7),(0.5,0.3,0.7))  {(0.1,0.2,0.5),(0.3,0.2,0.7))|’

02 0.1 0.5 0.3 02 0.4
[0.3 0.1]’ D(L'f')_lOA 0.2]’ D(E,-,-)—[O_7 0.5]’

= 0.3 05 - 04 0.6 — 0.8 0.7
DTy = [0.5 o.al’ bl = [0.3 0.2]’ D) = [0.7 0.71‘
The eigen values of truth lower matrix A; = 0.3303,-0.0303 and mean p,, = 0.15. The energy of

D(T,) = 0.3606. Similarly find other matrices.
So E[D] = [(0.3606,0.7550,1.1),(1,0.8718,1.4036)].

D(T,) =

—ij

Definition 11. Score function and accuracy function.

Let S = (Ts(a), Is(a), Fs(a)) be a neutrosophic set in universal set U and every element a € U.
Then the score function [31] of neutrosophic set is defined by

1+ Ts(a)—2Is(a) - Fs(a)
> .

os(a) =
The accuracy function [32] of neutrosophic set is defined by
ts(a) = Ts(a) - 2Is(a) — Fs(a).

From this existing formula we defined the score function and accuracy function for rough

neutrosophic set.
Let

NGS) = ((Ty@ Lys (@) @) (Toes (@), Trs (@), Foes (@)

Then the score function of rough neutrosophic set is defined by

1\ 1+ Ty (@) = 2Ly6,(@) = F (@) + 1+ Tiyesy(@) = 2L sy(@) = Fes)(@)
onesH(a) = (5) )
2+ Tys)(a) + Tnis)(@) = 2[Ly5)(@ + Inis)(@)] = [F 5 (@) + Fiysy(@)]

. (5.1)

4
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The accuracy function of rough neutrosophic set is defined by

1 — - —
Tnes)(@) = (5) (ZN(S)(G) — 2y (@) = Fy oy (@) + Ts)(@) = 2nesH(a) - FN(S)(a))

Ty @ + Twis)(@) = 205 (@) + Inis) (@] = [E (@) + Fves)(@)] 52
= > . .

6. The multi-criteria decision-making method using the ranking of rough neutrosophic
matrix’s energy

This section addresses a method for choosing the best option among several alternatives using the
energy of rough neutrosophic matrix. Over x criteria, consider the set of r alternatives. There are a
group of y experts who evaluated the alternatives. So we set F' = {F, F,--- F,}, C = {C{,Cy,---C,}
and experts (EX) = {EX;, EX,,--- EX,}.

Step 1: Each expert provided the weighted values of m criteria as well as the rating values for each
alternative on each criterion. We use a matrix to represent each alternate rating and weight value.

Assume the expert ratings for x criteria as a matrix with order x X y for the weight of criteria W.

EX, EX, e EX,
Ci ((viL,vinwn) Vi, Viz, W12) ... Uly, Viy, W1y
Cy |(var, Va1, w21) (U, Va2, w22) U2y, Vay, Wy
Cx <le’ Vxls wxl) <Ux2’ V2, wx2> s <ny’ Vxys wxy>

Assume the expert ratings for alternative A, as a matrix with order y X x for the alternative A;.

C, C, o C,
EXy (i, vi,win) (M2, Vizswiz) oo Uix, Vi Wix)
EX, |(ua1,va1, wai) (U2, Va2, Waa) ... (Uay, Vox, Woy)
EXy <My19 Vyl, Wy1> <uy2’ Vy2, Wy2> o <uyx’ Vyxs Wyx>

Step 2: Determine the weights of experts. Let EXy, EX>, - - - , EX, be the experts, they have individuals
weights. Take
EX; =(a1,b1,c1), EX> ={az,by,¢2),- -, EX, = <ayaby’ Cy>-

Step 3: Define the matrix with a rough neutrosophic set for criteria and alternatives. A rough
neutrosophic matrix for criteria is created to express the connection between each criterion and the
weight of experts.

W(CEX)) = [(min(al ,un1), max(by,vi1), max(cy, wi1)), (max(a, viy), min(by, v1), min(cy, wy; ))]

= <(211,1_/11,Q11),(1_111,1711,511)>,
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EX . EX,
Cl (1_1119211’211)7 (Ellavllaall) s (1_/1y, Zly’ Qly)’ (Ulya ‘_/lya aly)
W — CZ (1_121,221,Q21), (DZIaT/Zl’aZl) (yzy, ZZy’ 92)7)’ (Ely’ 1_/2” aZy)

Cx <(2x1,1_/x1,9x1), (l_jxl’vxlaaxl)> ... <(2xy, ny, Qxy)’ (Exy, ‘_/xy, axy)>

A rough neutrosophic matrix for alternatives is created to express the connection between each

criterion and alternatives.
Fi(EX,Cy) = (min(vy1, ui), max(viy, vip), max(wi, wir)), (max(uyy, uyp), min(vyy, vi), min(wig, wip))

= <(2119X“,mu)9 (ﬁll’vll9wll)> )

Fy

C e C,
EXI (211"—}11’&11)’ (ﬁll’vll’wll) .. (thx’mlx)’(ﬁlx’le’wlx)
— EX2 (2217 221’ 221)7 (ﬁ2l9v21’W21) (HZJC’ sz’ HZX)’ (ﬁZX’ v2)(5 WZX)

EXy <(Zyl > Xyl s Ey] )7 (ﬁyl > vyl s Wyl )> o <(Zyx’ ny’ myx)’ (ﬁyxa ‘_/yx, Wyx)>

Step 4: Change the non-square matrix toward a square matrix in this stage. The above matrix W is
separated by six matrices that are a lower three and upper three approximations of truth, indeterminacy
and false matrix are denoted by (W(Zij), W(L.J.), W(F l.];)) and (_W(Ti j),_W(I ij), W(Fjj)). Similarly, F;
matrix expressed as (F (L.j), Fil.), F, (El.j)) and (F(T;j), F1(l;j), Fi1(Fij)).

=

Uy, uvy, ... uy,
uv,, Uv,, ... WU
uv,, Uby, Lo
Fi (Zij)yxx * W(Zij)xxy = Fi (Z) =
uv_, uv Uy
—yl —2 — Jyxy

Step 5: Calculate the matrix’s energy using the notion of energy of a rough neutrosophic matrix. For
one alternative, we obtained six energies for the lower three and upper three approximations of truth,
indeterminacy, and false matrix.

E(F) = ((EUF\(D)L ELF(DL ELF(EN). (ELF((DL, ELF (D), ELF (FY]) ).

Step 6: Repeat this procedure for k possible alternatives. Approximate neutrosophic matrix energies
of E[F4], E[F-],--- , E[F,] were obtained for each alternative.

Step 7: Determine the values of the score function and accuracy function for ranking the rough
neutrosophic energy values by Eqs (5.1) and (5.2).
Finally, we rank the alternatives in descending order by these values.

7. Numerical examples

For example, we take the problem of selecting a good factory in a particular area that is good in all
criteria. We take 8 factories as alternatives (Fy, F», F3, F4, F'5, F, F'7, F'g), the criteria are:
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C, - Safety and security of workers,

C, - Environment,

C; - Use of products.

The problem is evaluated by a group of 4 decision makers (EX;, EX,, EX5, EX4) who are experts
in factory management in that area. Table 1 shows the linguistic variables for neutrosophic numbers

which help experts to evaluate the alternatives.

Table 1. Linguistic variables for neutrosophic numbers.

S. No Linguistic variable (Code) Neutrosophic numbers
1 Very Bad- VB (0.1,0.9,1)

2 Bad - B (0.3,0.7,0.75)

3 Medium - M (0.5,0.5,0.5)

4 Good - G (0.8,0.3,0.25)

5 Very Good - VG (1,0.1,0)

Step 1: The ratings of weights of criteria and alternatives are given by the experts. It is shown in

Tables 2 and 3.

Table 2. Weights of criteria.

Criteria EX, EX, EX; EX,
C G VG G M
C G VG M G
Cs M G VG B
Table 3. Ratings for each alternative.
Factories Experts Cj C, C; Factories Experts C C, C3
EX, G M G EX, M VG G
F, EX, VG G M F;s EX, G B G
EX; G M B EX; G VG G
EX, M M G EX, B M M
EX; G G G EX, G G VG
F> EX, M G M Fg EX, M B G
EX; B G M EX; VB B M
EX, M VB G EX, G M VG
EX, M G G EX, B M VB
Fs EX, VB B M F EX> M G M
EX; G VG G EX; VG B G
EX, VG G B EXy G M M
EX, G G B EX, G B M
F4 EX, VG B M Fg EX, VG G G
EX; G M M EX; M G M
EX, G VG B EX, B VG G

AIMS Mathematics
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Step 2: The weights of experts:
EX, =VG =(1,0.1,0), EX; =G =(0.8,0.3,0.25),

EX; =G =(0.8,0.3,0.25), EX, =M =(0.5,0.5,0.5).

Step 3: By the above values determine the rough neutrosophic matrix for criteria and alternatives. A
rough neutrosophic matrix for criteria is created to express the connection between each criterion and
the weight of experts. It is shown in Table 4. A rough neutrosophic matrix for alternatives is created to
express the connection between each criterion and alternatives. It is shown in Table 5.

Table 4. Rough neutrosophic matrix for criteria.

Criteria EX, EX;

C, {(0.8,0.3,0.25),(1,0.1,0)) {(0.8,0.3,0.25),(1,0.1,0))

C {(0.8,0.3,0.25),(1,0.1,0)) {(0.8,0.3,0.25),(1,0.1, 0))

Cs {(0.5,0.5,0.5),(1,0.1,0)) {(0.8,0.3,0.25),(0.8,0.3,0.25))
Criteria EX; EX,

C {(0.8,0.3,0.25),(0.8,0.3,0.25)) {(0.5,0.5,0.5),(0.5,0.5,0.5))
C {(0.5,0.5,0.5),(0.8,0.3,0.25)) {(0.5,0.5,0.5),(0.8,0.3,0.25))
Cs {(0.8,0.3,0.25),(1,0.1,0)) {(0.3,0.7,0.75),(0.5,0.5,0.5))

Table 5. Rough neutrosophic matrix for alternative.

F C 6}

EX, ((0.8,0.3,0.25), (0.8,0.3,0.25)) ((05,0.5,0.5), (0.8,0.3,0.25))
EX, ((1,0.1,0), (1,0.1,0)) ((0.8,0.3,0.25),(1,0.1,0))
EX; {(0.8,0.3,0.25),(0.8,0.3,0.25)) {(0.5,0.5,0.5),(0.5,0.5,0.5))
EXy {(0.5,0.5,0.5),(0.5,0.5,0.5)) {(0.5,0.5,0.5),(0.8,0.3,0.25))
F G

EX; {(0.5,0.5,0.5),(0.8,0.3,0.25))

EX, {(0.5,0.5,0.5),(0.8,0.3,0.25))

EX; {(0.3,0.7,0.75), (1, 0.1, 0))

EX, ((03,0.7,0.75), (0.8,0.3,0.25))

Step 4: Multiplying the truth lower matrices of alternative and weights of criteria

(1)(8) 82 82 0.8 0.8 0.8 05
FI(Z) = Fl(zij)yxx * W(Zij)XXy = 08 05 03 «10.8 0.8 0.5 0.5],
05 05 03 0.5 0.8 0.8 03

1.29 1.44 1.29 0.80
1.69 1.84 1.60 1.05
1.19 1.28 1.13 0.74|°
095 1.04 0.89 0.59

F(T) =
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A; =4.8712,-0.0324, 0.0113 and 0. Energy of truth lower approximation matrix = 7.3173.

Step 5: We determine the energy of lower and upper approximation of truth, indeterminacy and false
matrices.

Energy of
Fy =1[(7.3173,3.4893,3.3375), (12.3286, 1.2554, 0.8043)].

Similaly we find the energy for every alternatives.

Step 6: Energy values for each alternative.

F, =[(6.3293,3.9318 , 3.8498), ( 12.7576, 1.2032, 0.7652)],
F3 =[(6.0865, 3.5045 , 3.2391), ( 12.8080, 1.2251, 0.7675)],
Fq=1[(7.1963, 3.3538, 3.1291), (11.8958, 1.2829, 0.7936)],
Fs =1[(7.0609, 3.4929, 3.3041), (13.0764, 1.2774, 0.9186)],
Fe =[(5.8110, 3.8487, 3.6749), ( 13.0672, 0.9653, 0.5098)],
F7 =[(6.0898, 3.8056, 3.6584), (11.9034, 1.2723, 0.7651)],
Fg =[(7.3234, 3.4354, 3.2567), ( 12.5012, 1.1168, 0.6461)].

Step 7: Determine the values of the score function and accuracy function for rough neutrosophic
matrix energy values. The score function and accuracy function of F is calculated by using Eqgs (5.1)
and (5.2). In the same way, other alternatives are calculated.

) 2 +7.3173 +12.3286 — 2(3.4893 + 1.2554) — (3.3375 + 0.8043)
Score functionof F = 1 ,

o(Fy) =2.0037,
7.3173 +12.3286 — 2(3.4893 + 1.2554) — (3.3375 + 0.8043)
2 b

Accuracy functionof F =

7(F;) = 3.0074.

The ranking order is as follows Fg > Fs > F; > Fy > F3 > Fg¢ > F, > F;. In Table 6, it was
displayed. Alternative 8 is best to compare to others. So Factory 8 is selected as a good factory in that
area. Figure 1 shows the bar chart of both the score function and accuracy function of each alternative
which represents by MATLAB.

Table 6. Ranking of alternatives.

Factories Score funtion Accuracy function Ranking
F, 2.0037 3.0074 3
F, 1.5504 2.1009 7
F3 1.8572 2.7143 5
Fy 1.9740 2.9480 4
Fs 2.0935 3.1869 2
Fe¢ 1.7664 2.5328 6
F7 1.3535 1.7069 8
Fg 2.2043 3.4087 1
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Values

8. Comparative results
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25

05T

I Score Function
I Accuracy Function

3

Alternatives (Factories)

4

5

6

X8
Y 3.409

X8
Y 2.204

Figure 1. Barchat of ranking.

In a existing MCDM methods TOPSIS stay an good role with taken decision. So we solve our
taken problem with neutrosophic numbers by neutrosophic simplified-TOPSIS method [25]. We got
the same ranking order when the problem is solve by TOPSIS method. The final ranking formula for

TOPSIS method given below

where, N* is max ideal solution and N~ is min ideal solution.

R=——,
N+t + N~

N-

The final ranking values and order and the proposed method ranking values and order are displayed
in Table 7. This comparison of results proves that the proposed method is accurate and that the ranking
will remain the same. The ranking order of both results: Fg > Fs5 > F; > Fy > F3 > Fg > F, > F;.

Table 7. Comparative results.

TOPSIS result Proposed method result
Factories N* N~ R Order o(F) 7(F) Order
F 0.072 0.383 0.8418 3 2.0037 3.0074 3
Fs 0.378 0.077 0.1692 7 1.5504 2.1009 7
F; 0.31 0.145 0.3187 5 1.8572 2.7143 5
Fy 0.204 0.251 0.5516 4 1.9740 2.9480 4
Fs 0.049 0.406 0.8923 2 2.0935 3.1869 2
Fg 0.368 0.087 0.1912 6 1.7664 2.5328 6
Fy 0.446 0.009 0.0198 8 1.3535 1.7069 8
Fg 0.009 0.446 0.9802 1 2.2043 3.4087 1
AIMS Mathematics Volume 8, Issue 10, 24132-24152.
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9. Conclusions

The combination of the rough matrix and the neutrosophic matrix is used to deal with uncertain
situations in multi-criteria decision-making problems. This paper achieves good results with the
proposed method by using the rough neutrosophic matrix and ranking formula in the MCDM
environment. The properties and operations of rough neutrosophic matrices were proven. The
problem is solved using the energy of a rough neutrosophic matrix; the problem is about selecting the
best factory in a particular area that satisfies some criteria set by the experts. As a result, factory 8 is
chosen as a good factory. The outcome of the problem is represented by the MATLAB figure. The
outcome was compared with the TOPSIS approach. The ranking will remain the same. Furthermore,
we will extend the concept of a rough neutrosophic matrix and its energy to other types of rough
matrices, such as interval-valued and multi-valued rough neutrosophic matrices.
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