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Abstract: In this paper, we show that the spectral problem associated to stretching modes in a thin
folded plate can be derived from the three-dimensional eigenvalue problem of linear elasticity through a
rigourous convergence analysis as the thickness of the plate goes to zero. We show, using a nonstandard
asymptotic analysis technique, that each stretching frequency of an elastic thin folded plate is the limit
of a family of high frequencies of the three-dimensional linearized elasticity system in the folded plate,
as the thickness approaches zero.
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1. Introduction

The purpose of this article is to show that the two-dimensional eigenvalue problem associated to
stretching modes of a clamped thin folded plate can be derived from the standard three-dimensional
eigenvalue problem of linear elasticity. This result is obtained using a nonstandard asymptotic analysis
technique introduced in Irago et al. [1,2] to derive the one-dimensional eigenvalue problem governing
the classical equations for torsion and stretching vibrations in thin rods.

Let us cite the most important works that deal with the asymptotic analysis of the eigenvalue
problem in different thin linear elastic structures: Ciarlet and Kessavan [3] in the case of a clamped
plate, Le Dret [4] for a junction between two plates, Bourquin and Ciarlet [S] and Lods [6] for a plate
inserted in a three-dimensional body, Kerdid [7, 8] for a single rod and junction between two rods,
Jumbo and Mulet [9] and Jumbo et al. [10] for thin elastic rod with non-uniform cross-section,
Serpilli and Lenci [11] for laminated beams, Tambaca [12] for curved rods, and Qaudiello et al. [13]
for a thin T-like shaped structure.

These works are concerned with the convergence of low frequency modes of the three-dimensional
linear elasticity and the limit problems obtained are the classical spectral problems associated with the
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flexural displacement of the structure as the thickness of the body goes to zero. However, the techniques
used turned out to be unsuitable for the analysis of the asymptotic behaviour of high frequency modes.
In this work, we study the asymptotic behaviour of high frequency modes in a thin multi-structure when
its thickness goes to zero. We consider an homogeneous isotropic linearly elastic structure consisting
of two plates of thickness € perpendicular to each other. The plates are assumed to be clamped on parts
of the edges of both plates.

The problem of modeling folded plates is a particular case of the more general problem of modeling
elastic multi-structures combining plates and rods that are held together by appropriate junctions. The
central idea to study these problems consists in scaling each part of the elastic structure independently
of the other in such a way that the junction region between the two parts is taken into account in each
of the scaled parts. The scaled displacements are then defined on separate domains, but satisfy some
compatibility relations. Passing to the limit in these relations yield the limit junction conditions that
the limit displacements must satisfy.

The case of low frequency modes in a folded plate was studied in [4]. It has been shown that for
each integer m > 1 the eigenvalues A,,(¢) of the three-dimensional eigenvalue problem converge as
& — 0 to the eigenvalues 4,,(0) of a well posed 2d-2d eigenvalue problem. The associated eigenvectors
converge towards the eigenvectors of the same problem. The limit eigenvectors are of Kirchhoff-Love
type in each plate with no stretching components. They are thus determined by pairs (§21”", l 12””) of
functions of in-plane variables of each plate corresponding to the flexural displacements of the plates.
However, the case of high frequency modes is more complicated. Indeed, if we fix the index m and
we make & tend to zero, all the sequence 1,,(&) = £%4,,(¢) of high frequency modes goes to zero. This
comes from the fact that the high frequency modes are concentrated at infinity when & approaches zero
and cannot be obtained using such a passage to the limit. So, the idea in order to characterize this kind
of frequencies, consists in associating to each integer m > 1, a family of index {{7'}..( that depend on
g and such that {7 — +oc0 as € — 0.

We will thus show that the eigenvalues n (&) of the three-dimensional elasticity problem converge,
as the thickness of the plate goes to zero, towards the eigenfunctions 7,,(0) of a two-dimensional
spectral problem. The associated eigenvectors (1" (), u>% (¢)) converge towards the eigenvectors
(u'(0), u*>™(0)) of the same problem. The limit eigenvectors are of Kirchhoff-Love type in each plate
with no flexural components. That is,

U (0)(x) = (£ (x1, x3), 0, 43" (x1, X3))

and
u™(0)(x) = (0, 3" (X2, X3), &3 (X2, X3)),

where the pairs /' and > correspond to the stretching displacements of the plates and verify the
system of classical equations of stretching vibrations.

2. The three-dimensional problem

Given e € R,0 < £ < 1, we define

Q = {(xeR; 0<x,13<1,0<x, <&}

Q5 {xeR; 0<x,x3<1,0<x <&},
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and we denote by
QF = Q7 U Q5

the open set that is assumed to be the reference configuration of the folded plate under consideration.
We set
w; =0Q] N{x, =0}, wy =09 N{x; =0} (2.1

The folded plate is assumed to be clamped on its boundaries I'{ and I'S defined by
IT=0Q]N{x; =1}, I5=00nN{x,=1}.
We also define the junction region as
JF=QiNQ ={xeQ’ 0<x,x <&}

The material that constitute the plate is assumed to be homogeneous and isotropic with Young’s
modulus E and Poisson’s ratio v, all independent of €. We will also use the Lame’s coefficients A and
u related to E and v by the formulas:

1= vE B E
T U+na-2v FToa+wy

(2.2)

In the sequel, we shall use the repeated index convention, Latin indices take their values in the
set {1, 2,3}, Greek indices with exponent 1 take their values in the set {1, 3} and Greek indices with
exponent 2 take their values in the set {2, 3}.

The eigenvalue problem for the folded plate under consideration consists in finding pairs (1%, u®)
satisfying the classical eigenvalue problem:

—0j0y; =1, -

o) = e, () + 2uef ), in O, (2.3)
u =0, on I'fUTE,

ot =0, on JQN\ITUIT,

where o¢(u®) is the stress tensor, n° is the outer unit normal vector to d€° and e°(u®) is the linearized
strain tensor corresponding to the displacement u®:

W) = = +—. .
i) =3\ 7% * 5 24)
The variational formulation of problem (2.3) is written: Find (1%, u®) € R X V? satisfying
f o (u®)er,(v)dx® = rff uvidx®, v e Ve, (2.5)
QE £
where
Ve={v=()e[H'Q)], v=0 onT¥UTE}. (2.6)

Thanks to Korn inequality and the clamping conditions, the bilinear form
W, V) e VEX Ve b— f o w®)er,(v)dx 2.7
QE
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is V¥-elliptic and then problem (2.5) has a sequence of eigenvalues (7%,),,>; satisfying
O<npism<nmy<--- <y, <
with

lim 7, = +oo,

m—00

associated with a family of eigenfunctions (#*™),,»1, that is
f 0';?].(u‘g”")e‘fj(vs)a’x‘9 = f u;"vidx®, v e Ve,
which can be orthonormalized as

gm. N & _
f u; U dx" = Oy, VYm,n > 1
QE

and which make a basis in both Hilbert spaces V¢ and [L*(Q?)]°.
These eigenvalues are characterized by

1, = min max R°(v°),

wheES veews,

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

where E? is the set of all vector spaces of V® of dimension m and R®(v®) the Rayleigh quotient defined

as

f ‘ a?(v®) : e (v®)dx®

b
f v vedx®
Qé}

R°(V®) = Vv® e VA\{0}.

3. The scaled problems

To switch to a domain which does not depend on &, let us define
Q =0, X=Q

and
=T}, TI,=T).

Then, we introduce the following mapping

¢8291UQZ - Qg,

[N (x1, €x2, Xx3), if xeQ,
(&x1, X2, Xx3), if x e Q.

The junction region is the image by ¢° of the open sets

Jl={xeQ :x <&} and JP={xeQ,:x <&}

(2.13)

(3.1

(3.2)

(3.3)
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We define
V = H} (Q1,R’) X Hf, (Q,,RY) (3.4)

and we associate the scaling operator:

P VE -

Vb (670,05, e71VE) 0 9%, (15, 6715, 6715) 0 ¢°).

We note
v(e) = D°(v°) 3.5

and
V(e) = ©°(V?). 3.6)

V(g) is the set of pairs (v!'(g), v*(g)) € V satisfying the following relations:
evi(e)(ex1, X0, X3) = Vi(e)(x1,8x2, x3),

vé(s)(sxl , X2, X3) svz(s)(xl ,EX2, X3), (3.7
vi(€)(ex), X, X3) V3(€)(x1, £x2, X3).

These relations are called the multidimensional junction relations.
Let us introduce the scaled bilinear forms

bé (u,v) = 2,uea|/31 (u)ealﬂl(v) + Aegig (u)eﬁuﬁ1 »)
+ &7 [Apea (e (v) + Aeqiq ()en(v) + en(i)eq 1,1 ()] (3.8)
+ &4+ 2u)en(wern(v)
and
b2 (u,v) = 2ueqgrp(U)e2p (V) + Aegag2()egp (v)
+ & [due (e (v) + Aleq2p2(wen (v) + e ()eg2,2(v))] (3.9)

+ 5_4(/1 + 2/,()611(”)@1(")‘

Substituting (3.5) in (2.10) we obtain the following scaled variational formulation: Find
(m(€), ut(€), u>"(€)) € R x V(g), such that for all v(g) € V()

+

f bl (u'"(e),v' (e))dx f b2(u*" (&), v*(e))dx
Q Q\J2

(@) | [u"(@vhi(&) + £ 2uy" (€)vy(e)ldx

Q)
+  Nw(E) [ TV () + £77u " (e)vi(e)ldx (3.10)
\J2
where
(&) = 15, (3.11)

and with the normalization condition

fg | [} (@)l (&) + £ uy" (e)uy" (€)]dx + f [123" (&)’ (&) + &1y " (€)1 (£))dx = Sy (3.12)

D\J2
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Finally, we define the space of Kirchhoft-Love on €; as
Vir(Q1) = {v e H'(Q1,R?), en(v) = 0}. (3.13)

Elements of this space are characterized by

{ Vol (%) = Lo (x1,23) = (%2 = )i a(x1, x3), (3.14)

va(x) = H(xy, x3),

where /1 € H'(w;) and ¢, € H*(w;). We define Vi;(£,) by the analogue formulas.
4. Convergence of the high frequencies modes

A first convergence analysis of the three-dimensional linearized elasticity system in a folded thin
plate was done in [4]. It has been shown that the eigenvalues A,,(g) = £72n,,(¢) associated to low
frequencies of the three-dimensional linearized elasticity problem and the corresponding eigenvectors
converge towards the eigenvalues and eigenvectors of the 2d-2d classical spectral problem associated
with the flexural displacements of the folded plate, as the thickness of the plate goes to zero. To study
the convergence of the eigenvalues and eigenvectors associated to high frequencies let us start with the
following lemmas:

Lemma 4.1. There exists an increasing sequence of constants K,, > 0,m > 1, independent of & such
that
(&) < K&, 4.1)

Proof. From Lemma 3.1 in [4] we have, for each integer m > 1,
E7Nn(E) = An(e) < Ky, (4.2)

where K, is a constant independent of € which gives directly (4.1). O

Of course, if we fix the index m and we make ¢ tend to zero, all the sequence of high frequency
modes 1,,(g) goes to zero. So, the idea in order to characterize the limit of high frequency modes
consists in associating to each integer m > 1 the family of indices {{'}..( that depend on & and defined

by
¢ =max{j e N": n;(e) < K,}. 4.3)
It is clear that
lir% = +o0 4.4)
and for € € (0, 1],
Ner(e) < K. 4.5)

The family {£'} varies with m and & and for each € > 0, {{'},,>] 1S an increasing subsequence of positive
integers satisfying {7 > m,Vm > 1 and contains the indices of the modes associated to stretching
vibrations among all the modes {7,,(€)},,>1 of the plate.

To illustrate this idea and show the layout of the family of stretching modes {1 (&)} when m and
€ vary, let us represent the elements of the family {n,,(e,)} where {g,},>; is a decreasing sequence
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converging to 0, in a double-entry table where the elements of the sequences {n,,(&,)}.>1 are arranged
in rows while the elements of the sequences {1,,(€,)},>1 are arranged in columns. Since for eachm > 1
the family {£} },» is increasing, that is £ > &, for n > n’, the elements of the sequence {r. (€,)}n>1
corresponding to the modes associated to the stretching vibrations of the folded plate are arranged
diagonally.

As the modes associated to stretching vibrations are high frequency modes and are concentrated at
infinity when & approaches zero, they can only be reached through such a family of indices:

miey) - g e) oo Mo (E)
ne) - e (£2) -+ Nez (€2)
me) - Net, (€n) T Nen (&n)
) N N
0 a moy - 1Mm(0)

Now, we are able to establish an appropriate bound for the stretching eigenfunctions.

Lemma 4.2. For each m > 1, there exists a constant C,, > 0 independent of €, such that

I " (©) llgary < Coms

I uz,eg(s) lmry < Cn (4.6)
Proof. Let us define the scaled strain tensors "% (&) as

K@) = enp(e),

ki) = & eun" ¥ (), 4.7)

G E) = & en (o)

and the similar for «>% (g).
Taking
v(e) = W% (e), ™% (&)

in (3.10) and using (3.8), (3.9) and (3.12), we obtain

IA

Lo 2.0m
2ullk" (@)l 2,y + 2ullc™ (|2,

f@@%aﬂ%wwf‘mM%&W%Mx
Q

D\J2

776;”(8) < Km-
So, we have
1em
lIk;;* @z < Cins
2,0m
Ik (@) < Cns (4.8)

and consequently

m

R4
llegig (= (ENll2@y < Cs
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Lem
llea2(u s 2y < Cne < Cp, 4.9)
1,em 2
llexa(u s ()llz@) < Cue™ <Cy
and
2,0
llea2g (™ (2 < Coms
2.0m
llea21 (@™ (2 = Cue < Cy, (4.10)
len > @))llzy < Cne® < Cp.

Therefore, inequality (4.6) is obtained using Korn inequality in H{ (Q;;R’) and Hp (Q;R?)
respectively. o

Now, we are able to pass to the limit in the scaled eigenvalues and eigenvectors.

Lemma 4.3. For each m > 1, there exists a subsequence, still denoted & such that

nen(&) = 1,(0) 4.11)

and
" (), u*% (g)) = W""(0),u*"(0)) weakly in V, (4.12)

where
" (0)(x) = L0 (x1, x3) — (X2 = 1/2)000 4, (x1, X3), (4.13)
uy " (0)(x) = £, (x1, X3) (4.14)

and
W (0)(x) = 3" (X2, X3) — (31 = 1/2)0,24 7" (22, x3), (4.15)
;" (0)(x) = 7" (x2, X3) (4.16)

with

@ e H (W)l x [H (w)]
and

(&™) € HA () x HY(w)).
Proof. Convergences (4.11) and (4.12) are deduced from (4.5) and (4.6). From (4.9) we have

en(u"(g)) - 0 strongly in L*(Q)) 4.17)
and since
u; % (€) = u"™(0) weakly in H'(Qy), (4.18)
we have
e (€)) = ep(u'™(0)) weakly in L*(Q)). (4.19)
Thus, e (u'(0)) = 0. Therefore, u'"(0) € Vi, (Q,) and by the same way we show that u*>"(0) €
Vi1(Q,). Consequently, we deduce (4.13)—(4.16) from (3.14). O

As shown in the following lemma, the flexural components of the limit displacements vanish.
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Lemma 4.4. For eachm > 1, if n,,(0) # 0, then
L"=0"=0 (4.20)

and the expressions of the limit displacements are reduced to the following form:

uMO)(xX) = (" (1, X3),0, 407" (x1, x3),

w0)(x) = (0,47 (x2,x3), &5 (X2, X3)) (4.21)
with

Q" 2" € [H) () X [H ()T, (4.22)
where

’)/1 = dw; N{x; =1}, ')’2 = 0w, N {X2 =1}.

Proof. Consider a test-function of the form v(g) = (v!(g), 0) such that
vl(e) = (0,v},0) with v} € D(w,). (4.23)
It is clear that for ¢ sufficiently small, this test-function belongs in V(g) and we have
eap(v'(8) =0, %%w@»:%amg and exn(v'(e)) = 0. (4.24)
Substituting (4.23) and (4.24) in (3.10) and multiplying the equation by &> we have
f> L 2,u/<(1f 25 (&)d, védx = () ., u;’ﬂ; (8)v§dx. (4.25)
i |
Passing to the limit as € — 0, we obtain
&OMvidxdx; =0, Vv € D(w).
wi

Therefore,
;" =0.

In the same way, we can show that
2,m __
;" =0.

Relations (4.21) are obtained by substituting (4.20) in (4.13)—(4.16) and the boundary conditions
in (4.22) are a direct consequence of passing to the limit in the three-dimensional boundary conditions
onIj and I's. O

Let us identify the limit junction condition satisfied by the stretching components of the limit
eigenvectors.

Lemma 4.5. For each integer m > 1 we have the following limit junction condition:
(0, x3) = £37(0, x3). (4.26)
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Proof. To prove (4.26) we use the third relation of the multidimensional junction relations (3.7):

2,0m
Uy (&)(x1, &x2, Xx3).

1 1
2,07
ff%mmmwmm
0 0

1
1 m
f—fiui’ga(8)(X1,x2,x3)dxzdxl-
0o €Jo

1em
U, (&)(exy, x2, x3)

Integrating both sides, we obtain

1 1
m
[ [ e xana
0 0

1 &
1 m
f—f u;’gg(s)(xl,xz,xgdxldxz
0o €Jo

Let us define L e
Lo} Lo
Tiuy ™ (8)(x, x3) = gf uy * (&)(x1, X2, X3)dx;
0
and { e
2,0m 2,0m
Tiuy™* (e)(x1, x3) = ;f uy e (e)(x1, X2, x3)dx;.
0
Since

ub (e) € H'(Q) > H'(0,11; L), Tiut™ (o) € L(wo)

and we have, for each m > 1,

e Lem Lem ) o 1 L Lem )
| Tyuy™ (&) —uy™ (&), 12,y = | . f% (&)(x1, X2, X3)dx1 — u3™* (€)(0, X2, X3) [,
L& 2
< Celluy (@) g, -

Since u;’gg @, = u;”"(O)h)2 in H?(w,) sense, we deduce that

Tiu;™ (e) — uy™(0),, strongly in L*(w).
By the same argument, we show that
e 2,07 2,m . 2
Tyuy " (8) = uy (0)|qu strongly in L (wy).

Now, passing to the limit in the relation

1 1
f T‘fu;’[e (&)dx, = f T‘zsui’fs (&)dx;,
0 0
we obtain | |
fu?©@hwﬂm=fu?©mﬂwﬂm
0 0

which gives by (4.21)
770, x3) = £37(0, x3).

O
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We can now characterize the limit space of stretching displacements as
Ve ={(". M € [H) () X [Ha(w)) : 470, x3) = £57(0, x3)} (4.27)

In order to pass to the limit in the scaled variational formulation, we need the following convergence
result regarding the scaled strain tensors.

Lemma 4.6. For each m > 1, there exists a subsequence, still denoted &, such that

ki (e) = k"(0)  weakly in L*(Q) (4.28)
and
k(&) = k"(0)  weakly in LX), (4.29)
with
K0 = eap @™,
K (0) = epp (™), (4.30)
K(0) = K31(0) = 0 (4.31)
and
Km0) = A (0) (4.32)
2 A+2u a7
KM(0) = A e (0). (4.33)
1 A+2u a*a?
Proof. Convergence (4.28) and (4.29) come from (4.8) and we have from (4.12)
K;’f;fj (&) = eqp(u'(0))  weakly in L3(Q)), (4.34)
K (E) = eqp@(0)  weakly in L(Qy). (4.35)

Using (4.21) we deduce (4.30).
Consider a test-function of the form v(g) = (v!(g), 0) with

vi(e) = (v}, vy, v}) and v} € D(Q). (4.36)

It is clear that for ¢ sufficiently small, this test-function belongs in V(¢).
Choosing v) = 0 and substituting in (3.10), we obtain

£ f [4,u/<;’f;§1 (&)egip w'(e) + K(ll’fgl (&)egip (vl(s))] dx
Q)
+au f Ko7 (&)eqn (v ())dx + el f K (8)eqio (V' (€))dx
Q Q

1

= enp(e) f u' (e dx. (4.37)
Q
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Passing to the limit as € — 0, we obtain
4,uf Ké’l’;(O)(')zvclrldx =0, \lv;l € D(Q),
Q)

which has as unique solution (see [4])

K7 (0) = 0.
In a similar way, we show that
K1(0) = 0.

Choosing v(ll1 = 0, substituting in (3.10) and multiplying the equation by &2, we obtain

P f 2,w<(11’f 2 (&)0vydx + A f K;’fgl (£)0,vydx + (A + 2u) f Kéfé’ (£)0,vidx
Q Q Q)
= () f uy (e)ldx
Q)
and by passing to the limitas € — 0
f | AKL7 () + (A + 2u)k53"(0) | Davidx = 0, ¥vh € D(Q)).
Q
Consequently we have
A" (0) + (A + 2u)k53"(0) = 0,
which gives (4.32). Similarly, we show (4.33). O
Theorem 4.7. The limits 1,,(0), £.1", £25" satisfy, for all (!,,&%,) € V,

a

E E
1+v L] ealﬁl(gl’m)e‘llﬁl(gl)dxld)% + 1+ fa:z eazﬁz(gz’m)ewzﬁz(§2)dx2dX3

Ev
1-v2

= 7,(0) f £l doxydoes + 1,(0) f CHE dxydxs. (4.38)
w] w3

+

E
f ealal(gl’m)eﬁlﬁl(gl)dxld@+1 V2 f ara({P™egp (E2)dXad x5
-V

w1 w2

Proof. Letv = (¢1,,£2,) belong in ‘V;, and (v',1?) the corresponding Kirchhoff-Love displacements:

vix) = (4] (1, x3), 0, 3 (x1, X3)),
{ v(x) = (0, {zz(xz,x3),é’32(x2,x3))_ (4.39)

We construct an approximation (v!(g),v%(g)) of (v!',1?) as

(€100, x3), 865(0, x3), £3(0, x3)), for0<x <eg,
vi(e) ={ (E1Q2(x) — &), x3), 8£2(2(x) — &), x3), £2(2(x1 — &), X3)), for £ < x; < 2e, (4.40)
(€1 (x1, x3), 665(x1, 33), £4 (01, 3), for x; > 2,
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and
(‘gé:]l (O, )C3), ég(o’ X3), é‘:’%(oa Xg)), for 0 < Xy <ég&,
V() =14 (£€]2(xy — €), X3), E2(2(x2 — &), x3), £2(2(x2 — €), X3)), for £ < x, < 2e, (4.41)
(8€](x2, X3), &5 (x2, X3), £3(x2, X3)), for x, > 2e.

We verify that v(g) = (v!(g), v*(g)) belongs in V(g) and satisfies

en(v'(8)) = e11((8)) = 0 (4.42)
and the following properties:
0l(e),vli(e) —» (v, v, strongly in L2(Q),
8_1612(\/1 (8)) - %02557 Strongly in Lz(Ql)a
elen(1(e) — 30:€), strongly in L?(€,),
e len(v'(e)) - 30,8, strongly in L?(€;), (4.43)
g le31(VA(8)) — 105€], strongly in L?(Q,),
aipt (V' (€)) = epp(V'), strongly in L2(Q,),
e (V'(8)) = e, (1?), strongly in L2(Q,).

Passing to the limit in (3.10) when £ — 0 and using convergences (4.28)—(4.33) and (4.43) we obtain

2u f K, (0)eat (E)dxidxs + 24 f K21 (0)eg2p (E)dxadxy
w1 w2
2uAl
A+2u

+

n /1 nm
f K (0)epp (€)dxidxs + f K3 (0)egpe(E9)dxadxs
w1 w2

A+2u
= 7(0) f u'"(0)E} dx dxs + 1,,(0) f 17" (0)E,dx,dxs.

Replacing K(ll’,",;l (0) and Ki’z’zz (0) by their expressions (4.30), we obtain

2u f eaig ({"™eqig (ENdxidxs + 2u f a2 ({™)e o2 (ER)d X2 d x5
w] w2

2ud 2l
¥ 2 fwl atat (£ ()dx1dxs + Afzﬂ fw 2 oo (e (E)dxadxs

+

=1a(0) | V€N dxidas +0,(0) | CF'Endxydxs.

w1 w2

Equation (4.38) is obtained using relations (2.2). O

Proposition 4.8. For each m > 1, the whole family (1(€))s>0 converges as € — 0. In addition, if

n1m(0) is a simple eigenvalue of (4.38), then nem(e) is also a simple eigenvalue of (3.10) for € < &
small enough.

Proof. See [3]. O

AIMS Mathematics Volume 8, Issue 10, 23974-23988.



23987

classical equations of stretching vibrations:

Proposition 4.9. For each m > 1, the limit eigensolutions (1,,(0), "™, >™) verify the system of

E [ 024«11,m azgll,m 2 3l,m ) |
2 +(1- +(1+ =00, in wy,
2 | o T T e T g | T OaT e
o . i (4.44)
R ro A 1
2 1- - 1 =,(005;" i ,
20— " a2 T e T gy | T OGT e
2 1- 1 =1,0)" i ,
2(1-v) | 0x2 =) 0x3 0+ 0x,0x3 (O™ in w,
) ] (4.45)
E o gen o gen]
2 1- 1 = 0, (0)"  in ws,
- " a2 T e T gy | T O e
with the boundary conditions
é’ll’m =0 on 'yl’ (4.46)
&"=0 ony? (4.47)
and the junction relation
£;"(0,x3) = £37(0, x3). (4.48)

Proof. Equations (4.44) and (4.45) are obtained by carefully performing an integration by parts in the
left side of Eq (4.38) while conditions (4.46)—(4.48) are a direct consequence of the characterization of
the elements of V,. O

5. Conclusions

In this work, we proved that the standard spectral problem associated to stretching modes in a linear
elastic folded plate can be derived mathematically from the standard three-dimensional eigenvalue
problem of linear elasticity through a non-standard asymptotic analysis technique. We showed that
each stretching frequency of an elastic thin folded plate is the limit of a family of high frequencies
of the three-dimensional elastic model of the plate, as the thickness approaches zero. The techniques
used can be adapted to study a wide variety of problems of modeling vibrations for thin structures and
junction between different thin structures.
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