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Abstract: In this paper, we study global behavior of the following max-type system of difference
equations of the second order with four variables and period-two parameters

X, = max {An, f—‘;},
Wn—1

Y, = max {Bn, ==Lt
2l nef0,1,2,-0),

Xn—1
Wp2 )’

Z, = max {Cn,

— Yn-1
w, = max {D,,, :},

where A,,B,,C,,D, € (0,+c0) are periodic sequences with period 2 and the initial values
X_iyV_isZixw_; € (0,+00) (1 < i < 2). We show that if min{AyC,, ByD;,ACy, BiDy} < 1, then
this system has unbounded solutions. Also, if min{A,C, BoDy,ACy, BiDy} > 1, then every solution
of this system is eventually periodic with period 4.
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1. Introduction

The purpose of this paper is to study the global behavior of the following max-type system of
difference equations of the second order with four variables and period-two parameters

X, = max {An Z”—“},

> Yn-2
Yo = max {B,, 2L},
o2y neNg={0,1,2,---}, (1.1)
Z, = max {Cn, W—‘_lz ,

where A,,B,,C,,D, € R" = (0,+00) are periodic sequences with period 2 and the initial values
X_i,Voinz-isw_; € R* (1 < i < 2). To do this we will use some methods and ideas which stems
from [1,2]. For a more complex variant of the method, see [3]. A solution {(x,, Yu, Zn, Wa)}i2", of (1.1)
is called an eventually periodic solution with period 7T if there exists m € N such that (x,, y,, z,, w,) =
(Xps7s YnaT» ZnaTs Wnar) holds for all n > m.

When x, =y,andz, =w,and Ay = A; = By=By =aand Cy = C; = Dy = D; =3, (1.1) reduces
to following max-type system of difference equations

X, = max {a/, )Zc_i;} N 12
- = max {,3, o n € No. (1.2)

-2 )’
Fotiades and Papaschinopoulos in [4] investigated the global behavior of (1.2) and showed that every
positive solution of (1.2) is eventually periodic.

When x, =z, and y, = w, and A, = C, and B, = D,, (1.1) reduces to following max-type system
of difference equations

X, = max {A,,, n-l },
o n € Ny. (1.3)
yn = max {Bn7 y::; 9
Su et al. in [5] investigated the periodicity of (1.3) and showed that every solution of (1.3) is eventually
periodic.

In 2020, Su et al. [6] studied the global behavior of positive solutions of the following max-type
system of difference equations

Xn— } =
n=s n N1 )
{ )n—r}

{ X, = max {A, 2ot

where A, B € R*.
In 2015, Yazlik et al. [7] studied the periodicity of positive solutions of the max-type system of
difference equations

X, = max{)ﬁjfl,min{l, yﬁl}}, neNy (1.4)
yn:max{yn%l,min{l ! }, ’

? Xn-1

where p € R* and obtained in an elegant way the general solution of (1.4).
In 2016, Sun and Xi [8], inspired by the research in [5], studied the following more general system

Xy = max{ﬁ,min{l, yf_r}}’ neN, (1.5)
Vo = max{y,%m,min{l 4 }}, ’

2
Xn—t
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where p,g € R*, m,r,t € N = {1,2,---} and the initial conditions x_;,y_; € R* (1 < i < s) with
s = max{m, r, t} and showed that every positive solution of (1.5) is eventually periodic with period 2m.

In [9], Stevié studied the boundedness character and global attractivity of the following symmetric
max-type system of difference equations

where B, p € R* and the initial conditions x_;,y_; € R* (1 <i < 2).

In 2014, motivated by results in [9], Stevi€ [10] further study the behavior of the following max-type
system of difference equations

X, = max {B, z:”:“ },
-2
Vp = maX{B, i’}:‘ }, n € No, (1.6)

E—Z

'xnfl
Z, = max {B, ,—}

yn72

where B, p € R* and the initial conditions x_;,y_;,z_; € R" (1 < i < 2), and showed that system (1.6)
is permanent when p € (0, 4).

For more many results for global behavior, eventual periodicity and the boundedness character of
positive solutions of max-type difference equations and systems, please readers refer to [11-30] and
the related references therein.

2. Main results and proofs

In this section, we study the global behavior of system (1.1). For any n > —1, write

Xon = Ao X,
Yon = Bon Yy,
20 = Cony,
wa, = Dy, W,

Xon+l = A2n+1X,'1,
Yons1 = Boyi1 Y,
Zns1 = Con1 2,
Wonsl1 = D2n+lWy,,-
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Then, (1.1) reduces to the following system

,
X, :max{l,%}’
;

Y, :max{l,%}’
z :max{l,#ﬁm}’
W, = max {1, e},

A1 X, n € No. =y
VA :maX{l,Wn‘;f;l}’
W, = max (1, 2,
X,; = maX{l,f#ﬁ% ’
Y = max{l, % ’

n—1

From (2.1) we see that it suffices to consider the global behavior of positive solutions of the following
system

u, = max{l by },

> aAU,_;
— BVn—l
U, = max {1, T },
a, n € Ny, (2.2)
V, = max{l, DBV )
AU,
V, = max {1, v },

where a,b,A, B € R*, the initial conditions u_, U_y,v_;,V_; € R*. If (u,,U,,v,,V,,a,A,b,B) =
(X, Y0, Z,, W, Ag, Boyy Con—1, Dan—1), then (2.2) is the first four equations of (2.1). If (u,, U,, vy,
Vaw,a,A,b,B) = (Z,,W,,, X, Y,,Cap, D2y, Asy_1, Bay—1), then (2.2) is the next four equations of (2.1). In
the following without loss of generality we assume a < A and b < B. Let {(u,, Uy, v,, Vo)) | be a
positive solution of (2.2).

Proposition 2.1. If ab < 1, then there exists a solution {(u,, Uy, v,, V,)} o, of (2.2) such that u, =
v, = 1 forany n > -1 and lim,,_,., U,, = lim,_,, V,, = 0.

aA

PrOQf. Let U1 =v_1 = 1 and U—l = V—l = max{ﬁ, 2

, 75} + 1. Then, from (2.2) we have

bv_
Ug = max{l, aAlel} =1,
_ BV_, | _ BV,
Uy = rnax{l, aAu,l} ===,
— auo —
Vo = max{l, bBVq} =1,
= AU | _ Vo
Vo = max{l, vail} ==,
and
— bvy | _ _b | _
U = max{l, aAUO} = max{l, Bv,l} =1,
_ BVo | _ BV_i| _ BV,
Uy = maX{l’ aAuo} - maX{l’ aAab} ~ aAab’
_ au| _ aab _
Vv = max{l, vao} = max{l, va_l} =1,
= AU | _ Vo | - Vo
V, = max{l, bBV()} = max{l, (ab)2} = e
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Suppose that for some k € N, we have

Uy = 1,
_ BV,
Uk ~ aA(ab)k’
Vi = 1,
V_1
Vk (ab)k+1

Then,

Uy, = Max {1 24U

airy) = m
ka}:

Ui = max{l

ax {1, i
{ BV, }_ BV,
Vgl = max{l “”“'} max{l “(“b)m} =1,

aAu, > aA(ab)* | T aA(ab)kt!?
> bBV, > bBV_
_ AUjq1 V_1 _ Vo
Vier = max {1, 5} = max {1, gisis} = gt

By mathematical induction, we can obtain the conclusion of Proposition 2.1. The proof is complete.
Now, we assume that ab > 1. Then, from (2.2) it follows that

u, :max{l, by }

aAU,—q
U, = max{l Cﬁ“;’l !
! . n € No. (2.3)
Vn = max{l’ BBV, * ABU, Vi 1}
— A Vn 1
Vn = max {1’ bBanl ’ abunflvnfl ?
Lemma 2.1. The following statements hold:
(1) For any n € Ny,
Up, Uy, Vi, V, €1, +00). (2.4)
(2) If ab > 1, then for any k e Nand n > k + 2,
_ b bvy
Up = max {1’ @AU, 1> GAGABY U, Up 2V 2 UrVe }
— B BV}
U, = max {1’ aAup_1° aA(ab)" ™ N u,_juy_pvp_p--upvi J? (2.5)
_ a Vi :
Vn = max{l’ PBV,r” @By Uy Vo1 UrVe )’

Vi
> DBVt (ab)" Kty vy ugvi

V., —max{l
(3) If ab > 1, then for any k e Nand n > k + 4,

1 <v, vy,

1<V, <2V, 2.6)
b b .

1 < uy <max{l, Guy2, Zopeerh

B :
1< Un < max{l, ZU”_Z’ W}.

Proof. (1) It follows from (2.2).
(2) Since AB > ab > 1, it follows from (2.2) and (2.3) that forany k € Nand n > k + 2,

u, = max {1, aZv—{Z_l}
b a V-2
= max {1, WAUS max{l’ bBV,_,’ ABUn-2Vn—2”
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= max{l b bvi-2 }
a "aAU,_," ABaAU,_1U,_,V,_»
b b a Vn-3
= 1, ’ 19 s
max{ aAU, " ABaAU, U,V max{ bBV, | ABUn_3Vn_3}}

= max{l b bvns }

- "aAU,_," (AB2aAU, U, 2V, 2U,3V,_3

= max{l b Gl }

- "aAU,-," aA(ABY" U, Uy Vs - UV

In a similar way, also we can obtain the other three formulas.
(3) By (2.5) one has that forany k € Nand n > k + 2,

b
aAUy_1’
B

U, =

U, >

= aAu, .’

a
Vn Z gy
V. >

A4
n = hBV,,,l ?

from which and (2.4) it follows that for any n > k + 4,

b by,
1< u, < max{l, letn 2, W}
1 < U < maX{ n 2 aA(ab)y*- l}
1§vn§max{1 “‘”2 s Ve 2}—\1,, 2,

ISVHSmaxlAV“ } A‘z”

The proof is complete.
Proposition 2.2. If ab = AB = 1, then {(u,, U,,v,, V}))}2° | is eventually periodic with period 2.
Proof. By the assumption we see a = A and b = B. By (2.5) we see that forany k € Nandn > k + 2,

= A L}
Up = Max {1’ Un—31 ’ n—lUn—%Vn—Z"'Uka ’
U :max{l’b_’ L},
Up—1 " Up—1Up—2Vp-2" ULV (2.7)
Vi
- maX{l’ Vi 1’ =1 Va1 U Vi )?
V, = max {1 #}
Vn— l Up—1Vn-1""UrVk
(1) If a = b = 1, then it follows from (2.7) and (2.4) that for any n > k + 4,
— Vi Vi —
Un = max{l, Un—lUn—ZVn—Z"'Uka} < max {1’ n—ZUn—3Vn—3"'Uka} = Un-1
Vi
= —_r <
Un max{l’ Un—1Un-2Vn—2- Uk} — Un-1, (2.8)

— Vi
Vn = max{l’ Un_lvn_r-ka} < Va1,

v,
Vn = max {1’ Mn—lvn—ll{'"ukvk} S Vn_l.
We claim that v, = 1 forany n > 6 or V,, = 1 for any n > 6. Indeed, if v, > 1 for some n > 6 and
V,, > 1 for some m > 6, then
Vi Vi

VY, = >1, V, = > 1,
Ut Vi - U1V Un-1Vm-1 """ UIV]
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which implies
Vi

\%
1> 1
Un—lvn—l e Ul Vl Un-1Vm-1 """ UIV]

=V,v, > 1.

A contradiction.
If v, = 1 for any n > 6, then by (2.8) we see u,, = 1 for any n > 10, which implies U, = V,, = V.

If V, = 1 for any n > 6, then by (2.8) we see U, = 1 for any n > 10, which implies v,, = u, = vy.
Then, {(u,, Uy, vn, V,)}:27, is eventually periodic with period 2.
(2) If a < 1 < b, then it follows from (2.7) that for any n > k + 4,
_ b3 b3y
Un max{l’ Upr® Unt Un 2Vnkz Um}
U, = max {1 iR L
Un—1 ;'4;1 1Un-2Vn-2"""UkVk (29)
vn = max 1, Un—lvn—li'"Uka S Vl’l—l’

V, = max{l, L} < V..

Up—1Vn—1"" UKV

It is easy to verify v, = 1 foranyn > 6 or V, = 1 for any n > 6.
If V, = v, = 1 eventually, then by (2.9) we have

Vi
1> [ ARIAT eventually,
1 > ——*—— eventually.
Up—1Vn-1"""UiVk
Since U, > 2~ and u, > 2 we see
Up— U
= o Ty o) = max {1 )
U, = max {1, U Uil sV 7 OiT: = max {1, 2 U, < u,_, eventually,
U, = max{l, A L} = max{l, } < U,_, eventually,
Up—1 ~ Up—1Up—2Vn-2"""UkVk Up—1

which implies
Upo > Uy = max{ 1, 7= } > max{l, ﬁ;} = u,_, eventually,
1—2 eventually.

U,»>U,= max{l l”—_l} > max{l,%3 =
If V, > 1 = v, eventually, then by (2.9) we have

Un-1Vn-1-
Vi > 1 eventually.

Up—1Vn—1"""UkVk

{ 1> v—km eventually,
Vi,

Thus,
U, = max{l A L} = max{l } < u,_, eventuall
n * Ut U Ung Vo Uk * U n-2 Y,
U, = max {1, L L} = max {1, L} < U,-, eventually,
Up—1" Up—1Up-2Vn-2"" ULV Up—1Up-2Vp—2 Uk VE

which implies
{ Uy > Uy = max{l, T } > max{l, Ub—:} = u,_, eventually,

U, = 1 eventually or b3 Vi eventually.

If V, = 1 < v, eventually, then by (2.9) we have U,_, = U, eventually and u, = u,_; eventually.

AIMS Mathematics Volume 8, Issue 10, 23941-23952.
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By the above we see that {(u,, U,,v,, V,,)}'Z | is eventually periodic with period 2.
(3) If b < 1 < a, then for any k € N and n > k+2,

b3k } <u
* Una Un g Voo UV ) = n=1>
b’V
U, = max{l, —"} <U,.,
Up—1Up-2Vn-2 UL VK
Vi
> Vo1 * Uno1 Va1 UiV
) V,
V, = max {1, -, k

n=1" Un—1Vp-1-UVk J

U, = max{l
(2.10)

Vy —max{l

It is easy to verify u, = 1 forany n > 3 or U, = 1 for any n > 3.
If u, = U, = 1 eventually, then

b3k
12> ——v 7w Ve TRV eventually,
1> b Vi eventually.
Up—1Up—2Vp—2""" ULV

Thus, by (2.6) we have

3 3
{ Vpo =V, = max{l, e m} = max{l, 4 } > v,_, eventually,

V., >V, = max {1 P #} = max {1, v“}nli}l > V,_, eventually.

P Vpo1? Up— Va1 Uk VE

n—

If u, = 1 < U, eventually, then

v
1> [ A eventually,
1 < bV, = U, eventually.

Un—1 Un-2Vn-2"""UkVk

Thus,
3 3
— a: Vi —
Vpp 2V, = maf {1, Vo —Unflvnfl---Uka} = max{ - 1} > v,_, eventually,
V, = max {1, S | — } = max {1, S/ S— } = 1 eventually or V; eventually.
Vn—1"~ Up—1Vn-1""ULVk Up—1Vn—1"" UV

If u, > 1 = U, eventually, then we have V, = V,_, eventually and v, = 1 eventually or v, =
v eventually.

By the above we see that {(u,, Uy, v,, V,)} 2 | is eventually periodic with period 2.
Proposition 2.3. If ab = 1 < AB, then {(u,,, Up,vn, V)12 | is eventually periodic with period 2.

Proof. Note that U, > z— and V,, > ;77— Bv -. By (2.5) we see that there exists N € N such that for any
n>N,
2
U, = max{l, fﬁ} < Uy,
_ B BY,
U, = max {1’ aAuy-1’° aAun—lunfﬂfn—T"uka}’

(2.11)

— 1 dz <
vn = max >BV,_ | — Vn—Za
V, = max {1 A Vi }

> bBvp-1” tp—1Vp1ugvi )"

It is easy to verify thatu, = 1 foranyn >N+ 1orv, =1foranyn > N + 1.
If u, = v, = 1 eventually, then by (2.11) we see that U, = U,_; eventually and V,, = V,_; eventually.
If upsi0, > 1 = v, eventually for some M € N, then by (2.11) and (2.4) we see that

AIMS Mathematics Volume 8, Issue 10, 23941-23952.
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u = 2 5 1eventuall
M+2n = AU Y,

BV
AAUM+2nUM+20-1V M +2n—1"" Uk Vk

B B
Upr4on+1 = max {1, SUmron-1, } > 3+ Upyon-1 eventually,

2
v, = max {1, % 1} = 1 eventually,
_ A Vi
V. = max{l, BBy un_lvn_lmum} < V,_; eventually.

By (2.11) we see that U, is bounded, which implies B = b.

BVy
<
If Upion-1 < AAUM 20 UM+2n-1VM+2n—-1"" Uk Vk eventually, then
BV,
Upsons1 = < Uprs2n-1 eventually.

AAUM 2 UM 420-1V M 4201 " * * URVk
Thus, Uprione1 = Uprion—1 eventually and upsi0, = upr10,-2 eventually. Otherwise, we have Ujppi0,41 =

Uprion-1 eventually and uys.0, = upi0,-2 eventually. Thus, V, = V,_; = max{l, %} eventually since
lim,_, o un_]vn‘fﬁ = 0. By (2.2) it follows U2, = Upron—n eventually and w001 = Upgion-1

eventually.

If vigs2n > 1 = u, eventually for some M € N, then we may show that {(u,, U,,v,, V,)}'Z | is
eventually periodic with period 2. The proof is complete.
Proposition 2.4. If ab > 1, then {(u,, Uy, v,, V)27 is eventually periodic with period 2.

Proof. By (2.5) we see that there exists N € N such that for any n > N,

U, = max{l b },

> aAU, 1
U, = max{l, aAfH , (2.12)
vy = maX{l’bsfﬁ}’
V, = max{l, benfl}-

If a < A, then forn > 2k + N with k € N,

v, = maX{l, bB?/n_l} < max{l, %vn_z} <---< max{l,(%)kvn_zk},
which implies v, = 1 eventually and V,, = max {1, %} eventually.
If a = A, then
Vv, = max {1, TEV 71} < v, eventually,
V, = max {1, th 71} < V,_, eventually.
Which implies

A

— a a —
{ Va_p =V, = max {1, —van_l} > max {1, —van_3} = v, eventually,
> bBvy-3

Voo 2V, = max{l A } > max{l } = V,_, eventually.

> bBvy_1
Thus, V,, v, are eventually periodic with period 2. In a similar way, we also may show that U,, u, are
eventually periodic with period 2. The proof is complete.
From (2.1), (2.2), Proposition 2.1, Proposition 2.2, Proposition 2.3 and Proposition 2.4 one has the
following theorem.

Theorem 2.1. (1) If min{A(C,, BoD,A,Cy, BiDy} < 1, then system (1.1) has unbounded solutions.
(2) If min{AoC,, BoD;1,ACy, B1Dy} > 1, then every solution of system (1.1) is eventually periodic
with period 4.
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3. Conclusions

In this paper, we study the eventual periodicity of max-type system of difference equations of the
second order with four variables and period-two parameters (1.1) and obtain characteristic conditions
of the coeflicients under which every positive solution of (1.1) is eventually periodic or not. For further
research, we plan to study the eventual periodicity of more general max-type system of difference
equations by the proof methods used in this paper.
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