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1. Introduction and preliminaries

The linear complementarity problem LCP(A, g) has a wide range of applications in the contact
problems, the optimal stopping, the free boundary problem for journal bearing, and the network
equilibrium problems, etc, for more details see [1-3]. The LCP(A, g) is to find a vector x € R" satisfying

x =0, Ax+qg>0, (Ax+q)Tx=0, (1.1)

where g € R" and A = (a;;) € R™". As we all know that a matrix A = (a;;) € R™" is called an P-matrix
if all its principal minors are positive [4], and that the LCP(A, g) has a unique solution for any g € R"
if and only if A is an P-matrix [2]. In [5], Chen and Xiang presented the following error bound of the
LCP(A, g) when A is an P-matrix:

[l = xlle < max [|(I = D + DAY lollr(x)lleo,
del0,1]"

where x* is the solution of the LCP(A, ¢q), r(x) = min{x, Ax + g}, D = diag(d,, --- ,d,) (0 <d; < 1),
and the min operator r(x) denotes the componentwise minimum of two vectors.
The upper bound of the dn[l()aﬁ (I — D + DA)™!||, is related with the special structure of the matrix
€[0,1]"

A which is involved in the LCP(A, g), for details, see [7-9] and references therein. B-matrices which
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are introduced in [4] is a subclass of P-matrices. M. Garcia-Esnaola and J.M. Pena in [7] presented the
upper bound of the drr[l(?])% (I — D + DA)™!||, when A is an B-matrix.
€[0,1]"

Definition 1. [4, Definition 2.1]. A matrix A = (a;;) € R™" is called an B-matrix if for any i, j € N =

{1,2,---,n},
>aw >0, —<Z ay) > aij,  j#i.

keN keN
Theorem 1. [7, Theorem 2.2]. Let A = (a;;) € R™" be an B-matrix with the form A = B + C, where

aj —ry - -1} SR
B" = (b)) = : : LC= v 0], (1.2)
anl_r; ann_r; I’; I’;
and r{ = max{0, a;;|j # i}, then
max ([ - D + DAY Yl <« —— 1 (1.3)
de[0,1]" * = min{8, 1}’ '
where,B = min{ﬁi} and,B,- = bii - Z |b,j|
iEN j#i

In 2016, Li et al. improved the previous bound (3) as show below.

Theorem 2. [8, Theorem 4]. Let A = (a;;) € R™" be an B-matrix with the form A = B* + C, where
B" = (b;j) is expressed as (2). Then

n i-1 n
n-—1 1
max [[(I =D+ DA) lo < ) ———— (1 e b .kl)’ (14
de[0,1]" ; mln{ﬂi, 1} D ﬁ] k=j+1 !
3 Iy
where B; = bj; — Z |bijlli(B™), l(B") = max{]_ = }and
el k<i<n |biil
i-1 1 &
1‘[(1 ey |b,k|)— Lifi=1.
j=1 Bj k=j+1

In the same year, Li et al. also derived the error bounds for linear complementarity problems of
weakly chained diagonally dominant B-matrix, this bound holds for the case that weakly chained
diagonally dominant B-matrix is an B-matrix. the error bound as follows.

Theorem 3. [9, Theorem 2]. Let A = (a;;) € R™" be an B-matrix with the form A = B* + C, where
Bt = (b;j) is expressed as (2). Then

n _1 i—1 b
max [/ = D + DA) 'l < Z (”f [1 4), (15)
del0.1] min{B;, 1} i B;
where B; = by — 3 |b;j| > 0 and n =1ifi=I
Jj=i+1 j=1 ﬂ
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Next, we will continue to research the upper bound of the dn[l(% l(I — D+ DA)™"||., when the matrix
<[0,1]"
A is an B-matrix based on the bound of the infinity norm of the inverse of strictly diagonally dominant
M-matrices. We first recall some related definitions.

Definition 2. [4, Corollary 2.7]. A matrix A = (a;;) € R™" is called an Z-matrix if a;; < 0 for any i # j.

Definition 3. [6, Corollary 3]. A matrix A = (a;;) € R™" is called a strictly diagonally dominant
(S DD) matrix if for any i, j € N = {1,2,--- ,n},

n

@il > ri(A) = > layjl.

J=1, j#i

Definition 4. [6, Corollary 4]. A matrix A = (a;;) € R™" is called an M-matrix if A is an Z-matrix and
Al >0.

For convenience, we employ the following notations throughout the paper. Let A = (a;;) €
R™ i, j,k,m,n € N,i # j, denote

n

2 laijl 2 laijl
JEN, j#i J=itl
di=————, uj=——oH
a; aii
.. = ]z ‘/l )
laj;| — Z |a/k|
k# j,i
lail
= - . m=23,,n,
.2 -1
(lajl = 5 jajeyrr? Y
k#j,i
rfm) =max{r"”}, m=1,2,---,n,
gz
lal + 3 lagglrr® -
(m) J#k,i k .
i,m=1,2,---,n
ki M <2> (m) ’ ’ 0
|ax | o
gl + 3 laplrr? -
m _ k#ji
qj,' - ’
|ajj|
C]Em) = max{q(:")} g™ = max{ E )} m=1,2,---,n.
J#EI J m<isn

2. Main results

In this part, we first give some lemmas which will be used later, then a new upper bound of the

dn[loaf( | ({ = D+ DA)™" || when A is an B-matrix will be derived.
€
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Lemma 1. [10, Theorem 5]. Let A = (a;;) € R™" be an S DD M-matrix. Then

n i—1
1 1
| A7 o< max{ - + ]
B IO P 0 ﬂ (1- u,q(’))
ai Z |alj|q]'1 =2 ~aj; Z |alj|q]l =
j=2 Jj=i+l
M (i) i-1
A ) @
ap — 2, |alj|q§-1) =2 ta; — Z Ia,,lqﬁ? = &
j=2 j=i+l
h n B dH !
where [| ————— an _
(1 — ujq(])) (1 -u q(]))
Lemma 2. [9, Lemma 4]. Let 6§ > 0 and n > 0. Then for any x € [0, 1],
1 1
< , 2.2
l1—-x+6x min{6, 1} 2.2)
and nx n
— < - 2.3
1—-x+6x 6 2.3)

Lemma 3. [9, Lemma 5]. Let A = (a;;) € R™" and a;; > Z lai|(Vi € N). Then for any x; € [0, 1],

k=i+1
1 —x; + ax; aii
" < . : (2.4)
= xi+auxi— 2 laglxi  aiz— 3 lawl
k=i+1 k=i+1

Lemma 4. [7, Theorem 2.2]. Let P = (p1, p2,-+- . pn) e, e=(1,1,---, 1), p1,p2,--- , pu = 0, then
| +P)" losn—1.

Theorem 4. Let A = (a;j) € R™ be an B-matrix with the form A = B* + C, where B* = (b;;) is
expressed as (2). Then

maX (I = D+ DAY Y|o <

de[0,
b.
n—1 +Z n—1 5 +1|Jk|
fmax min{t;, 1} min{¢;, 1} ’
Jj=1 f
(n — 1)g"(B") (n— 1)6](’)(B+) bjj
iy 2.5
min{t, 1} " ; min{z;, 1} n 2.5)
where t; = b;; — Z Ib,qu(')(B+), 1= Z b iklg"(BY).
J=i+l k=j+1

Proof. Let Ap =1 — D + DA. Then

Ap=1-D+DA=1-D+D(B"+C)=B,+Cp,
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where Bf, = I — D + DB* and Cp = DC. By Theorem 2.2 in [7], we can get that B}, is an S DD
D y g D

M-matrix with positive diagonal elements, by Lemma 4, then
1A o<l (I + (B Co) ™! llooll (BD) ™ llo< (2= D) Il (Bp) ™" o -
Next, we will give an upper bound for || (B}))™" |l. By Lemma 1, we have

I (Bp)™ [l
1

max{ +
1 —dy +byd - z Ib1jld14')(B})

i—1

1 1 ()
i=2 L1 —d; + byd; - § |bijld; q(’)(B j= 1 —u;(Bj, )CI (B, )|

j=i+l

q'"(B})

+
1 —dy +byd, - z |byjld1q'y (BY)

| ——r [l |
i=2 L1 —d; + byd; - Z Ibljldq(’)(B j= 1 —u;(By, )q(/)(B)

]l+

By Lemma 2, we can easily deduce the following results for any i, j, k,m,n € N,

b,d b'i
e ve b b el ALE
l=d;+bjd;j— X buld; - 2 |bjl
k¢j,i ¢]1
/OBy = |bjild; — <l
1—d;+byd— Y |buld, il
( j T 0jjd; Z | jkl )max{l—d +bjjd Z_|bjk|dj}
j,l
2 - b
(1Dl = 2 1b I)ma {—]}
=TT EAY
k#ji

By (13)—(15), we have

rD(B}) = max{ rP B} < max{ K BH) = (B,

17 (B) = max(r(Bp)} = 1, (B = max{r5(BY) = 1.
J#FI
By analogy, we can get that for any m > 2,

(m) _ (m)y _
rp =max{r;} =1,
J#I

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

2.11)

(2.12)

(2.13)
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therefore
(1)(B )r(2)(B ) (M)(B ) < r(l)(B+)r(2)(B+)- X rl(m)(B+) (214)
Because of
brildy + 3 1bijldir V(B2 (B - 1™ (B)
d(m)(B )_ J#ki (215)
(1 = di + budor"(By)r? (By) -~ r{" (B)
and 1) (2) (m)
bl + zk bijlrV(BHFP(BY) -+ ™ (B*)
d™(B*) = S (2.16)
bialri (BHP (B*) - 1" (BY)
By (20), (21) and Lemma 2, we get
biildi + 3 |bijldir V(B (BE) - - ™ (B)
(1) (2) (m) (m) JEK
(Bp)yrP(By) -+ r"™(Bp)d!"(Bp) =
(1 = dy + bidy)
bl + 3 bl V(BHF(BE) - 1 (B})
< J#k,i
D]
bl + 3 by (BORP(BY) - - r™(BY)
< £k,
bl
= rVBHYP(BY) - r(BHI(BY). (2.17)
By (22) and Lemma 2, we have
|bjild,; + z bidd, rD(BHFIP(BY) - 1B (B)
(m)
B =
(Bp) = ~d;+bjd,
bl + 3 |b,k|r<“<B+>r<2><B+> r"(BHd!" (B*)
< k# j,i
1]
=4’ (B"). (2.18)
By (23), we have
q\" (B}) = max{ 45" (Bh)} < max{q (B =q"(B*), m=1,2,--- ,n,
g™ (Bp) = max{q\" (B})} < max({g "(BY)} = q"™(BY), m=1,2,--- ,n
By Lemmas 2 and 3, we obtain
1 1
<
= d;+bud;— 3, |byj\d; 4} (By)  min{b; 5 1biflg';) (B*), 1}
J=itl Jj=i+l
1
(2.19)

< e . 1
= min{z;, 1)
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b;ild;
ui(B}) ]%' i

- u(By)q"(By)

l —d; + byd; - Z |bijldiq (Bp,)

J=i+1
2 |bijl
Jj=i+1
bll_ Z |btjlq(l)(B+)
Jj=i+1
> Iy
S s (2.20)
L
and
1 1 —d; + b;d,
1 — ui(B3)q"(B, n :
BIOBE) 1 g+ by - 3 Iy (B)
J=i+
bi;
bii Z 1bijlg""(B*)
Jj=i+l
bi;
=2 (2.21)
L
By (24)—(26), we have
1 n 1 i—1 kzl|bﬂc|
BH) < —_ s )
Cr maX{min{tl,l} Z;[min{z 1}];1 0 ]
)¢ p+ (1) +y il
q(B") (BY) b
A L = 7 =3, 2.22
min{r, 1} ;[mln{tl,l}j iy (2.22)

Therefore, (10) holds from (11) and (27).

Theorem 5. Let A = (a;j) € R™ be an B-matrix with the form A = B* + C, where B* = (b;;) is
expressed as (2). Then

n—1 <
max{min{tl,l} +Z

— MR+ n
(n—1gq (B)+

i=2
1

min{z;, 1}

(n— 1)q(l)(3+) bjj
min({z;, 1} n ]}

n-1 1
< _ 1+ = b
Z min(g;, 1) L ( | ”")

j=1 B; k=j+1
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—1
< ( n—1 ]—[ ) (2.23)
i= j=1 .I

min /3, ,

where f5; and ,E, are defined as (4), (5).

Proof. Since B* = (b;;) is an S DD matrix with positive diagonal elements, by Theorem 6 in [10], we
have _
q)/(B") < 4"(B*) < li(B*) < 1. (2.24)

Ez’ = bii — Zn: |bijl, ,Bi =b; — Zn: |bij|li(B+),

Notice that

Jj=i+l Jj=i+l
t; = bi Z|b,,|q<’><B+> [ =bj— Z bilg” (B,
Jj=i+l k=j+1
then O(B* . . |
"B
(B < ———<———)\ (2.25)
mm{t,,l} mln{t 1} min{8, 1}  min{B, 1}
k_z_llbjkl k_lebjkl
SARREN JulAds <tz Z bl (2.26)
I Bi Bj & j+1
Z |bjlg'”(B*) + Z bl (B*)
1 1
Z bl (B*)
— 142
1
Z 1B, 227)
J k=j+1
and

1+—Z|b,k| Z|b,k| (ﬁ, Zum) (2.28)

J k=j+1 ] k=j+1 k=j+1
By (30)—(33), we can obtain (28).
Theoretical analysis shows that the new upper bound (10) of the dn[l(% l(I = D + DA)7!||, when the
€[0,1]"

matrix A is an B-matrix is better than bounds (4) and (5) which all be provided by Li in [8,9]. Next, we
further illustrate the effectiveness of the result through numerical example.
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Example 1. Consider the family of B-matrices in [8]:

1.5 0.5 04 05

o_| 01 1707 06
=1 08 -01-4 18 07|

k+1

0 07 08 1.8

where k > 1. Then A; = B; + Cy, where

1 0 -01 O
B — -0.8 1 0 -0.1
71 0 -01%4-08 1 0.1
-0.8 -0.1 0 1
By Theorem 1, we have
_1 4-1
max || (I =D+ DAy)" o< ———5—— = 30(k + 1),
de[0,1]* min{B, 1}

it is obvious to see that 30(k+1) — +oo, when k — +c0. bound (3) in Theorem 1 can be arbitrarily large.

By Theorem 2, we have

L 2.97(90k + 91)(190k + 192) + 6.24(100k + 101)?
I =D+ DA o< ,
ax II € o | 0.09(90% + 91)2

when k =1,

max || (I = D+ DAY ™" |lo< 14.1044,
de[0,1]4

when k = 2,

max || (I = D + DA;)™" ||o< 14.1079.
de[0,1]4

By Theorem 3, foreachk € N = {1,2,--- ,n}, we have

max || (I = D + DAy)™" [lo< 15.2675.
de[O,l]4

By Theorem 4, we have

26.73k +23.7 27(k + 1)(89.1k +79.3
max || (I = D+ DAY [lu< *23.79 (k+ D@91k +79.3)
e 82k +828 ' (8.838k + 8.846)(81.09k + 82.07)
243(k + Ok + 8)9k +10) 243(k + 1)%(9k + 8)(9%k + 10)
0.9911(k + 2)(81.09% + 82.07)%  (81.09%% + 82.07)2(0.919K2 + 2.838k + 1.92)’

whenk =1,

max || (I = D + DAY ™" |le< 10.2779,
de[O,l]4

when k = 2,

max || (I = D + DAy)™" [|o< 10.9614.
d€[0,1]4

The numerical example above further illustrate that the bound (10) in Theorem 4 is better than those
bounds in Theorems 1-3.
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3. Conclusions

In this paper, we present a new upper bound for dn[loaﬁ I — D + DA)'|l. when A is an
<[0,1]"

B-matrix, theoretical analysis and numerical example illustrate that the new estimation improves the
bounds obtained in [7-9].
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