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1. Introduction

Differential equations (DEs) are mathematical models used to study phenomena that occur in
nature, where each dependent variable represents a quantity in the modeled phenomenon. Differential
equations made it possible to understand many complex phenomena in our daily lives and play a pivotal
role in many applications in engineering [1-6]. They have become important tools in applied sciences
and technology, used for studying telephone signals, media, conversations and the statistics of online
purchasing. More traditionally, they were used in astronomy to describe the orbits of planets and
the motion of stars [7]. They are also have many applications in biology and the medical sciences.
Recently, differential equations were used to describe the evolution of COVID-19 pandemic [8-10].
By describing those phenomena with variables that symbolize time and place, differential equations
can provide insights about the phenomena’s future.

Differential equations with delays, known as delay differential equations (DDEs), are used to
model systems where time delays play a significant role in the dynamics. They are used to model
phenomenon where the current state of the system depends not only on its current inputs and initial
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conditions, but also on its past inputs or states over a certain time interval. These equations have been
used in ecological models of population dynamics, chemical kinetics of reactions, neurobiology and
neuroscience. By contrast, advanced differential equations (ADEs) are used to describe phenomenon
in which the evolution of the system depends on both present and future time. The possibility of
introducing an advance into the equation to take into account future influence that may actually affect
the present, makes such equations a useful tool in various economic problems, population dynamics
and in mechanical control [11].

The problem of establishing the oscillation criteria for differential equations with deviating
arguments remained a stumbling block for scientists until the appearance of Fite’s paper [12] in 1921.
Since then, the study of oscillation criteria for equations of different orders has become a very active
field [13-17]. For a differential equation, the presence of oscillating solutions typically indicates
the presence of periodic terms or sinusoidal functions in the solution. This can be seen through
trigonometric functions such as sine or cosine. In contrast, non-oscillating solutions generally do
not involve periodic terms or sinusoidal functions. They can take various forms such as exponential
decay, polynomial functions or constant values.

It should be noted that the vast majority of the published paper are concerned with differential
equations with delay, while the equations with advanced arguments did not receive the attention they
deserve. Furthermore, those studies that considered advanced arguments were restricted to second
order differential equations [18-20]. In [21,22] the authors established new oscillation criteria for the
linear second-order advanced differential equation

P O+hWp QW) =0.
Dzurina in [23] investigated the advanced canonical equations of the form
() W+hWpQW) =0
and presented new properties of nonoscillatory solutions. Several papers also studied similar
equations [24-27].

For the third-order delay differential equations (DDEs), the authors in [28-33] studied the following
third-order nonlinear delay differential equation

(0" ©)) +hp*@W)) = 0

and established some results of oscillation in both the canonical and noncanonical cases. In [20,34,35],
different oscillation results for the third-order quasilinear delay differential equation

(06" ©)) + PP QW) = 0

were achieved. Li et al. [36] obtained sufficient conditions for the solution p for the equation
(M 002p' W)) + h(p" QW) =0
to be oscillatory or satisfy lim,_,., p(¢) = 0.
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The oscillation of the following advanced differential equation

(@ (01 @@ YY) +h0p@@ =0, t21>0 (1.1)

was discussed in [37]. The author in [37] obtained some conditions that guarantee that the solutions of
Eq (1.1) are either oscillatory or tend to zero under conditions

fvl._l/”(s)ds<oo, i=1,2

and
Q) >0. (1.2)

The oscillation criteria for the equation
WP W) +h@p QW) =0, t>4>0

were studied by Dzurina and Baculikova [38,39] under conditions f “yle (g)ds = oo and (1.2).
In this paper, we establish some properties of third-order advanced differential equations of the form

(v (p” ()" + fh(t, QW $))ds=0, t > >0. (1.3)

As to our knowledge, the above equation and the advanced differential equations of the third order
in general did not receive the attention of researchers due to the difficulty of obtaining relationships to
reach conditions that guarantee the oscillation of all their solutions.

The obtained results also apply to the following third-order advanced differential equation

d
(v@l” @I p” (L))’ + f R, )o@ p( Q@ s)ds =0, wherea > 0. (1.4)

The purpose of this research is to contribute to the less-developed oscillation theory of third-order
equations with advanced argument. Using the new approach taken in this paper, we present new and
more general results than the previous studies mentioned above. The paper is organized as follows. The
second section presents background results that are necessary to obtain the main results. In Section 3,
Theorems 3.1, 3.3 and 3.4 and Corollaries 3.1 and 3.2 present some conditions that guarantee the
exclusion of positive increasing solutions. Theorem 3.2 guarantees that any nonoscillatory solution to
Eq (1.3), under certain conditions, tends to zero. Examples given in this paper illustrate the significance
of our results and improvements to known oscillation criteria are provided in Section 4.

2. Preliminaries

In this section, we present background definitions and results needed for later sections. Throughout
this paper, we assume the following:

(Hl) h (L, S) eC ([LO’ OO) X [Ca d]’ (Oa OO)) ) Q (L’ S) eC ([LO’ OO) X [C, d]’ (0’ OO)) ,VE C ([LO’ OO), (0’ OO)) ’
Q) =2t>1>0, Q(@,s)=>Qy >0, h(t,s) does not vanish identically and

o1
‘ft; I/I/Q—(S)ds = 00. (21)
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(Hy) f € C@R,R)suchthat pf (p) > 0 for p # 0 and satisfies the following condition:

f(p) /6> p*forallp # 0,

where ¢ > 0 and « is a quotient of odd positive integers.
Note that the conditions in the first line of (H;) ensure that Eq (1.3) has a solution.

Definition 2.1. We say p is a solution of Eq (1.3) if p € C? ([Lp, ), [0, oo)), L, > Lo, with v(p")" €
C! ([Lp, ), [0, 00)) and satisfies Eq (1.3) on [t,, o).

We consider those solutions of Eq (1.3) defined on some half-line [¢,, c0) and satisfying

supflo@| : T <t < o0} >0 forany T > .

Definition 2.2. A solution p of Eq (1.3) is said to be oscillatory if it has arbitrary large zeros on [,, ),
otherwise, it is called nonoscillatory. If all solutions of Eq (1.3) are oscillatory, then Eq (1.3) is said to
be oscillatory.

The next lemma classifies the sign of nonoscillatory solutions.

Lemma 2.1. If p > 0 be a solution of Eq (1.3), then

POOOE WY <0,  pOP >0

and only one of the following cases holds:

pWp' ) < 0, (2.2)
pWp' (1) > 0, eventually. 2.3)

Proof. Let p > 0 be a solution of Eq (1.3), for some ¢ > ¢y. By Eq (1.3), we have
(v (p” (1)) <0, eventually.

This means that the function v (0”")* of fixed sign eventually. If v () (0" (¢t))* < 0, then both p (t) < 0
and p’ (1) < 0 which leads to a contradiction. That is,

v()(p” (1))" >0, eventually.

Thus, p (¢) is of fixed sign for all ¢ large enough, i.e., either Cases (2.2) or (2.3) holds. O
Definition 2.3. We say that Eq (1.3) has property (A) if every positive solutions of Eq (1.3) satisfies

pWp (1) <O0.

Lemma 2.2. If p(¢1) > 0 and p’ (1) is positive increasing, eventually, then

tp(Q,$))—-KoQ@,s)p) 20, Ky (0,1), eventually. 2.4)
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Proof. Since p’(1) is positive increasing, we have

p(Q(@,s5)—p @)

Q(t,5)
f o (s)ds

P, s)—1).

\%

Equivalently,
pQLs) PO
p© PO
Using the fact lim,_,, p(¢t) = oo, there exists a ¢; large enough, such that

Q@,s)—1).

Kop() < p(t)—p(n)=fp’(S)ds

B

') (t—1) <p' (), forany Ky € (0, 1),

IA

1.e.,
Lp' (V) = Ko p().
Substituting in (2.5), we get

p(Q(L’S)) > KO(Q(L9S)_L) +1 > KOQ([,S),
p@) L L

which implies the result.
3. Main results

The current section contains the main results of this work. To ease notations, we set

‘P(L)=(5fooh(L,s)(Q(;’s)) ds and F(L)zftv_l/“(s)ds.

Theorem 3.1. If

1 (o}
liminf — [ T ()P (s)ds > ———,
oo (1) J, (a@+1)

then Eq (1.3) has property (A).
Proof. Let p > 0 be a solution of Eq (1.3) and satisfying Case (2.3). From Eq (1.3), we obtain

(v (" )

IA

—fdéh(L,ﬂ)p"(Q(L,ﬁ))dﬁ

c

IA

=0 p* (Q(t,0)) f h(t,®)do.

Using (2.4), we have

a d
O (" a»“)’s—aK(Q(j’ C)) oo [ nena,

(2.5)

(2.6)

3.1)

(3.2)

(3.3)

(3.4)
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where K = (Kj)®. Define the positive function

v’V
w() = ————.
P ()
That is ! '
WO = — O ) -av©) (" ©) ==
p* () p*(Wp©

Eqations (3.4) and (3.6) imply
vWE' W)Y vOE W) WO

L N 2O IO

< —5K(Q("C)) fh(t,ﬂ)dﬂ—aw(t)p/a).
L c p©

Using that (v (¢t) (0 (¢))*)" < 0, we obtain

’ ‘ 44 (04 a 1
P = f“(V(S)(p (s)M)" e ()

> K@ e )" TQ.

Equation (3.7) yields

3

Q(,0)

@ ~d
w'(L)s—(SK( )fh(L,s)ds—aw“”“(L)r(L).

Integrating from ¢ to oo, we get

wi)>KY(Q)+ wa aw' ™V ()T (s) ds.

L

Equivalently,
>aK Y —— L)y« ds + 1.
kvo K ) TW O\ kv ST
Since w(t) =K ¥ () >0,inf5, w() /KY (@) =4, 1€ [0,00). 1.e,
w (1) 1410 | foo 1+1/a
> a (K —_— I's)¥Y 1.
KXY > a(KQ) YO . (s) (s)ds +

Using Eq (3.2), we obtain

1 (o6}
1' . fK1+l/a_f r \P1+]/a d
imin vO . (s) (s)ds >

1—00 + 1)1+1/a ’
for 0 < K < 1. Thus, there exists a positive i such that
1 00
K“”"—f L)Y (s)ds >n > .
Y J a+1)""

ds > (v (" W)H'" f e () ds

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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Substituting (3.10) in (3.11) yields

w () 1+1/
> AT+ 1.
K¥@ - n(4)
i.e.,
a,(/l1+l/a)
A>anA*Vr 41> — s
(a+1)
Hence, . .
+ a/]l e __— <.
a+l a+l@+)™" a+1
Set i
_ 1+1/a
8 a+1l a+ lx *
This contradicts the fact that g (x) > 0 for all x > 0, which completes the proof. m|

Corollary 3.1. If either

fw Qa;: 2 (flha, ) dﬂ) ds = oo (3.12)

fooly(s)“”“r(s) ds = (3.13)

Lo

or

is satisfied, then Eq (1.3) has property (A).

Proof. Assume that Eq (1.3) satisfies Case (2.3). Similar to the proof of Theorem 3.1, we obtain (3.9),
which contradicts (3.12). Using (3.9) and w(t) — K W¥(¢) > 0, we obtain

w(y) > K(‘P () + K'Hl/e fw PV (9T (s) ds),

t
which contradicts (3.13). O

Theorem 3.2. Assume that Eq (1.3) has property (A). If

1/a

00 00 ) i
ffv_l/"(u)(f (f h(L,ﬁ)dﬁ)ds) du dv = oo, (3.14)

then every nonoscillatory solution p(¢) of Eq (1.3) tends to zero as ¢ — oo.

Proof. Let p be a solution of Eq (1.3) such p(¢) satisfies Case (2.2). Therefore, lim __p(t) =1 > 0. If
[ # 0, then [ is positive, and p(Q (¢, 5)) > [. Integrating (3.3) yields

5f°° (fh(L, ) dﬂ)p"(Q (¢, 5))ds
ol foo (fh(L,ﬂ)dﬂ)dS, (3.15)
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which implies that (3.15) becomes

1

o) d a
o’ () = léi ) (f (f h(,,®) dﬂ) ds) . (3.16)
Ve (L L ¢

By integrating (3.16), we obtain

00 00 Vi 1/a
—p’(L)Zélf vl/“;(u)(f (f h(L,ﬂ)dﬂ)ds) du.

Integrating again from ¢; to co implies

1/a

00 00 00 d
p(Ll)Zélf f W/%(u)(f (f h(L,ﬁ)dﬁ)ds) dudv,

which contradicts (3.14). Thus, lim __p(¢) = 0. |

Definition 3.1. Let Ag(t) = K'Y (1), K € (0,1) and for eachy =0,1,2, ...
Ay () = Ag () + @K f A ($)T (s) ds. (3.17)

Theorem 3.3. If there exists some A, (1) such that

® Q% (4, aK [ T()AY¥(s)ds
f (fdh(t, )] dﬁ) # (e KT 4y )dL = oo for some K € (0, 1), (3.18)
N c L

then Eq (1.3) has property (A).

Proof. Let p > 0 a solution of Eq (1.3) and satisfy Case (2.3). Similar to the proof of Theorem 3.1, we
obtain (3.9). By using (3.9) and definition of Ay(¢), we have w(t) > Ay(¢). Thus,

A ()

Ao () + aK f ) AT ()T (s)ds

IA

Ao () + @K foo wte (T (s)ds < w(0).

By induction, the sequence {Ay (L)};OZO is nondecreasing and w(t) — A, (1) > 0. So, {Ay(L)};O:O tends to
A(1). Let y — oo. By Lebesgue monotone theorem, the equation in (3.17) implies
AW =A4Ap@)+akK f T (s) A"V (5)ds.

Taking into account A(t) — A,(¢) > 0, we obtain

A () < —51{({2(2’ )

a d
) (f h(L,ﬂ)dﬂ)—aKA WAV (OT @, fori>1.
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23808

i.e.,

o LS|QSS/ (SKQQ, ok [ Tl (s
(A b)) < _¥(fh(t, 9) dﬂ) (erhimomon).

L

Integrating from ¢; to ¢, we get
soferomn)

LQQ . d @ U s l/ns s
A(n)—éKf 0 (f h(t,ﬂ)dﬁ)(e KETOR 0w g
G .

a

(e}
IA

IA

which implies that

L QY K ["T()AY*(s)ds A
Kf ) (fha,ﬁ)dﬁ)(e IO ) gy —g‘),
U u c

which contradict the assumption. O
Theorem 3.4. If there exists some A, (1) such that
limsup(f I (s) —F(Ll))ds) A, () > 1, (3.19)
L—00 L

then Eq (1.3) has property (A).

Proof. Let p (1) be a solution of Eq (1.3) and p(¢) > 0 satisfies Case (2.3). By (3.8), since ¢t < Q (s, 5),
we have

o) =vi ()" () f L f e (s) dsdu. (3.20)

Combining (3.5) with (3.20) yields

1 o «
wi) v ()" z (I: I'(s) lﬂ(tl)ds) .

Therefore,
(f Ts)-T () ds) A, () £ (f T(s)-T (1)) ds) w() <1,
I3 3
which contradicts the assumption (3.19). O

Remark 3.1. Note that since the sequence {Ay(L)};":O is increasing, the greater value of y in (3.18)
and (3.19), the better criteria is obtained.

The following result is obtained by letting v = 0 and v = 1 in Theorem 3.4.

Corollary 3.2. If either

AIMS Mathematics Volume 8, Issue 10, 23800-23814.
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d
(f h(L,ﬂ)dﬂ)ds > 1 (3.21)

. a o
lim sup (f ['(s)-T(y) ds) f CL
L1—00 11 L sv

. a 1/a 00
lim sup (f I (s) —F(Ll)ds) (‘I’ () + a( $060 ) f P ()T (s) ds) > 1, (3.22)

1—00 I So+ Py L

or

then Eq (1.3) has property (A).
By summarizing the results of this section, we obtain criteria that ensure that every solution of
Eq (1.3) is either oscillatory or tends to zero.

Theorem 3.5. Assume that Eq (3.14) holds. If one the Egs (3.2), (3.12) or (3.13) is satisfied, then every
solution of Eq (1.3) oscillates or converges to zero.

Theorem 3.6. Assume that Eq (3.14) holds. If there exists some A,(1) such that one of the
Egs (3.18), (3.19), (3.21) or (3.22) is satisfied, then every solution of Eq (1.3) oscillates or converges
to zero.

4. Examples and comments

Example 4.1. Consider the following advanced differential equation

1
(L(p”(t))3),+f §p3(/ls)ds:0, B>0, 1e[l,00), (> 1. 4.1)
0

It is in the form of Eq (1.3) with v () = ¢, f (p) = P2 h(t,s) = %,Q(t, s)=As,a=3,¢c=0,d =1.
Using Eq (3.1) to compute W¥(¢) and I'(¢) with 6 = 1,¢; = 0, we obtain

3 2/3
¥ () = i_T’f and T(0) = 3‘2 .

By Theorem 3.1, Eq (4.1) has property (A) if

HHIHE

By Theorem 3.2, the equation in (3.14) holds. Therefore, every nonoscillatory solution p(¢) of Eq (4.1)
tends to zero as ¢t — oo.

Example 4.2. Consider the advanced differential equation

1
(te” @)) + %,ﬁ (s)ds=0,8>0, 121. (4.2)
o S
Itis in the form of Eq (1.3) with v (1) = ¢, f (0) = p*, h (1, $) = 5,Q(,5) = s,@ = 3,c = 0,d = 1.
Similar to the previous example, we compute ¥(¢) and I'(¢) with 6 = 1,¢; = 0, to obtain
323

Y = L and I'(t) = >

565

AIMS Mathematics Volume 8, Issue 10, 23800-23814.



23810

By Theorem 3.1, Eq (4.2) has property (A) if

() (-

Example 4.3. Consider the equation

, 1
(L2 (0" (L))3) + f §p3 (As)ds =0, B>0,1€[l,0), ¢t >1. (4.3)
0

It is an advanced differential equation in the form of Eq (1.3) with v(1) = 2, f(p) = p>,h(1,5) =
sﬁs, Q,s)=As,a =3,c=0,d = 1. Computing ¥(¢) and I'(¢) with § = 1,¢; = 0, we obtain

/13
¥() = 4B and T() =33
44

By Corollary 3.2, Eq (4.3) has property (A) if

44 1
B> PR 4.4)
since this implies
9 5 9 /3
4—4/1,8>1—41—6/3/1,84, (4.5)

then Eq (3.14) holds. Therefore, by Theorem 3.2, every nonoscillatory solution p(¢) of Eq (4.3) tends
to zero as ¢ — oo.

Example 4.4. Consider the advanced differential equation of the form

1
(" I e W) + f %Ip(sf)l“‘lp(sf):o, (21, (4.6)
0

where 0 < a < a, b, > 0,t > 1. Itis in the form of Eq (1.4) with v(¢) = “,;h (L, s) = :%,Q(L, s) =
st,c=0,d =1.

Computing ¥(¢) and I'(¢) with 6 = 1,¢; = 0, we obtain
(-

1-—

Rl

() =Bs" " at—a-b+ D)7 and T =

QI

Therefore, Eq (4.6) has property (A) if one of the following conditions holds
- 1—a > b — at (by Corollary 3.1) or

1 1
-l-a<b-atand L —a+12-%5+(1-1)b-at (by Corollary 3.2) or
(a—a)(b+a—at-D)*e 7 gplia(qi)+l/e

- l-a<b-at, t-a+1< ﬁ+(é - l)b—atéﬂ =4+2—1 and
(by Theorem 3.1).

AIMS Mathematics Volume 8, Issue 10, 23800-23814.
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5. Conclusions

In this work, we classified the positive solutions of the equation in 1.3 according to the sign of its

derivatives and studied some properties of these solutions. Using these properties, we found different
conditions that ensure that Eq (1.3) satisfies the property (A). We also established condition 3.14 to
guarantee every nonoscillatory solutions tends to zero as ¢ — oo. Finally, we obtained new criteria that
guarantee the solutions of (1.3) are either oscillatory or converge to zero. We hope this work inspire
other researchers to extend the results to the following advanced differential equation:

OO " O))) + f hie,s) fp(Q@,5))ds =0, 21 >0.
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