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1. Introduction and main results

Definition 1.1. If f(r) = L(wt,wat, -+ ,w,t) with §; = w;t, j = 1,2--- ,r, and L(6,,6,,--- ,0,) is 2n
periodic with respect to all #;,, we say a function f is quasi-periodic with frequencies
w = (w1, W, -+ ,Wy). Further, if L@O) @ = (01,05,---,6,)) 1is analytic on
D,=1{0e€C"||Imb| <p,j=1,2,---,r}, wesay f(¢)is analytic quasi-periodic on D,. The norm of f

on D, is defined as || f]|, = sup |L(0)|.
0eD,

Definition 1.2. If p;;(t)(i, j = 1,2 - - - n) are all analytic quasi-periodic on D,, we say a matrix function
P(t) = (pij(t))1<i j<n 18 analytic quasi-periodic on D,,.

Define the norm of the matrix P by || P ||,= max 2. I pij llp- Obviously, [| Pi P> [|,<|| Py Il P llp-
<isn j=1

For simplicity, if the matrix P is constant, denote || P ||=|| P ||,.

For almost periodic Hamiltonian systems, we use notations and definitions of finite spatial
structure [1].
Definition 1.3. Assume 7 is a family of subsets of N and N is a natural number set. If 7 fulfills (i)
UaerA = N; (11) if Ay, Ay € 7, then Ay U A, € 15 (iii) ¢ € T, where ¢ is an empty set, we say (7,[-]) is a
finite spatial structure. Moreover, [-] is called a weight function on 7 if [¢]=0 and [A; UA;|<[A{]+[Az].
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Deﬁnition 1.4. Assume k = (ky, ky,---) € Z%. Define the support of k by suppk = {i | k; # 0}. Denote
k| = Z |k;|. The weight of its support is defined as [k] = inf g, prcaer[Al.

Deﬁnltlon 1.5. If P(1) = ), Pa(f), where P,(?) is a quasi-periodic matrix with frequencies wy = {w;li €
Aer

A}, we say P(t) is an almost periodic matrix with weighted spatial structure (7,[-]). In the context of
integer modulus, frequencies w of Q(t) is the the biggest subset of | wx.
Definition 1.6. Denote P(f) = Z Pa(). Whenm > 0, p > O, [[|Pll,np = Z e"M|PA@, (see [1]) is

defined as a weighted norm of P(t) Clearly, form > 0, p > 0, [|[P(®)l|, < |||P(t)|||0p [Pl p-

If the quasi-periodic equation
x=B@{®)x,x e R", (1.1

by a non-sigular mapping x = (t)y, where ¢(¢)~' and y(¢) are bounded and quasi-periodic, (1.1) can
become

y=Cy
with the matrix C is constant, we call (1.1) is reducible. When the matrix B(?) is periodic, the famous
Floquent theorem tells us by a (double-)periodic transformation, X = B(f)x is reducible. However,for
the quasi-periodic situation it is not true. Under some “full spectrum” conditions, the authors [2]

obtained the quasi-periodic system (1.1) is reducible. For linear systems, the authors in [3] studied the
quasi-periodic system

x=(A+e0()x,xeR", (1.2)
where A is an n X n constant matrix with different eigenvalues A, A,,---,4,. If non-degeneracy
conditions p

—(/_L(S) — Aj(@))e=0 # 0, i # ], (1.3)

and non-resonance conditions | <k, w) V=1+2a - A 1>z Iklf are satisfied, where Vk € Z" \ {0}, Vi, j =
1,2,---,n,ap > 0is asmall constant, 7 > r — 1, ,(e)(i = 1,2,--- ,n) are eigenvalues of A + €0 and
Q is the average of Q(?), for £ € E with the nonempty Cantor subset E, (1.2) is reducible.

In [4], A(e) — A (&) are called degenerate if non-degeneracy conditions (1.3) do not hold. The
authors [4] considered this degenerate case. They proved a similar result under weaker non-degeneracy
conditions .

Previously, the reducibility for analytic quasi-periodic systems were mainly considered. The finitely
smooth case was considered in [5].

In KAM theorems, non-degeneracy conditions are always necessary. But when the hamiltonian
system is two degrees of freedom, a special result [6] is obtained. Without any non-degeneracy
condition, the authors [7] obtained the reducible result for the linear two-dimensional quasi-periodic
system depending on a small parameter analytically. For the case that depends on the small parameter
smoothly, there is a similar result [8]. Without any non-degeneracy condition, the authors [9] obtained
the reducible result for the nonlinear two-dimensional quasi-periodic system. Recently, for the two
dimensional almost periodic system, we also obtain a similar result in [10].

For nonlinear quasi-periodic systems, the authors [11] studied the following system

x=(A+¢eQte))x+egt,e)+ hix,t,e¢), (1.4)
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where the matrix A is constant and & is O(x?). If non-degeneracy conditions and non-resonance
conditions are satisfies, using an analogous way as [3], the system (1.4) is reducible. When the
system (1.4) becomes the hamiltonian system with multiple eigenvalues, we obtain an analogous
result in [12].
In [13], under non-resonance and non-degeneracy conditions, Xu further considered the reducibility
for the almost periodic system.
Motivated by [1,4, 13], here we consider the reducibility for the higher dimensional Hamiltonian
almost periodic system under weaker non-degeneracy conditions, which is called degenerate in [4].
Here non-resonance conditions are presented by so called approximation function. If A : [1, +c0) —
[1,+00), A(1) =1,
log A(¢)
t

“ log A(t
[0 e
1

we say an increasing function A(#) is an approximation function [1]. obviously, when A(?) is an
approximation function, so is A*(z).
Let

NO, 1<t — 0o,

and

(o)

1 1 3y-(v+
[ = supW’ e ™), Yoy =5 inf | [Cen®™™.
>0 00401+ 0n+<0 L

—(v+1)

There exists a sequence 9 > g, > --- > 0, such that ¥, g, = ¢ and Y(o) = 1 T1(C@,)> ™", For the
v=0

v=0

details, see [1].
Suppose w = (w1, ws, - - +) is frequencies of Q(¢), 41, A,, - - - , Ao, are the different eigenvalues of A,
A(?) is an approximation function that fulfills

—_ (1.5)
kezz;o A(IkI)A([k])
For Theorem 1.1 of this paper, non-resonance conditions are
a
|k, ) V=1 =+ A |2 ——————, Yk e Z7\{0}, i,j=1,2,--- ,2n. (1.6)
T AGDACTED !

Since [1], when we choose A(r) which satisfies (1.5) and [A] = 1 + Z log"(1 + |i]) (r > 2), there exists

= (w1, wa, - - - ) [1] which fulfills non-resonance conditions (1.6). The following theorem is the main
result of this paper.

Theorem 1.1. Consider the linear Hamiltonian system

x=(A+e0(t¢e)x, x€R™, (1.7)
where A = diag(Ay, Az, -+ , A2,) is a 2n X 2n constant Hamiltonian matrix with A; # Aj,i # j, 1 <i,j <
2n, and Apy = —A,, p = 1,2,--+ ,n. Suppose a small parameter € € (0, &), Q(t, &) = 3, Oalt,€) is

Aet

Hamiltonian analytic almost periodic in t with frequencies w = (w,w,, ) on D, and analytic in &.
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Assume

(A)) (non-resonance conditions) The frequencies w = (w1, w,, - - - ) satisfies

a
|k, ) VN=1 -2+ A, |> —————— (1.8)
T A(KDA([KD)

for Yk € Z*\{0}, 1 < i, j < 2n, where a > 0 is a small constant.

(A) Let Gj; be the average of qii(t) and Ry = diag(qy1, G2z, » Gonon). Assume when j # i, £(G ii—qii)
satisfies one of the following forms:

ulsll + 0(81‘), ,uzgl2 + 0(812), e ,upsl‘” + 0(81"’),

where pi; # 0,i=1,2,--- ,p, 1 <l <l <---<1,, and o(&) is of order smaller than &' as & — 0.

(A3) There exists m > 0 satisfying |[|Q(t, &)llln, < +00.

Then for & € E, there exists an analytic symplectic almost periodic mapping x = ¢(t, €)y, where
¢(t,e) and Q(t,e) have the same spatial structure and frequencies, such that (1.7) becomes the
Hamiltonian system

V= Ax(e)y, y € RY, (1.9)

where E c (0, &y) is a non-empty Cantor subset of positive Lebesgue measure satisfying meas((0, &) \
E) = o(gy) when gy — 0, and a constant matrix A is Hamiltonian.

Remark 1: We understand the smoothness of the function in & for Cantor set E in the sense of
Whitney [14].

Remark 2: Generally, Q depends on £. Sometimes this dependence is not shown explicitly for
simplicity.

Remark 3: If a is small enough and YA = (4, 4y, -+, Ay,) 1s given, by [1], there exists w € R*
satisfying (1.8).

Remark 4: Now the Hamiltonian system is

x=JS(t,e)x = (A + €0(t, €))x, x € R™",

0 I,
J = ( oo )
Since it is the Hamiltonian system, there exists a symmetric matrix S (¢, €) such that JS(t,&) = A +

eQ(t, &).
Remark 5: In [4], the degenerate case is also the condition (A,). However, it is the quasi-periodic
case for [4] and it is the almost periodic case for this paper.

where

2. The lemmas

To prove Theorem 1.1, in this section we formulate some lemmas which will be used in the next
section. Below ¢ > 0 indacate a constant.

Lemma 2.1. Suppose D(t) and G(t) are almost periodic matrices with the same spatial structure and
frequencies. If ||D®)||lnps IIGOlllmp < +o0, then DG is also an almost periodic matrix with the same
spatial structure and frequencies as D and G. Furthermore, |||DGl|lnp < [IDlln,pll|Gllm.p-
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The proof can be seen in [13]. |
To solve the transformation equation, we give the following lemma.

Lemma 2.2. Consider the equation
P =AP - PA + Q(1), 2.1

where A = diag(Ay, A, -+, A2), |4 — Ayl = pu with a constant u > 0,1 #+ m, 1 < I,m < 2n, and
Aisn = =i, 1 <0 < n. Suppose Q(t) = (qij(D)1<ij<on = 2, Oa(D) is analytic Hamiltonian almost

Aert
periodic in t with frequencies w = (w1, ws,--+) on D, with finite spatial structure (7,[-]). Suppose
gi=0,i=1,2,---,2n, where g;; is the average of q;(t) in t. Assume

(04
| (k) V=1 = 4, + A |2 DETED (2.2)

([k])’

for Yk € Z=\{0}, 1 < i,j < 2n. Then there exists a unique analytic Hamiltonian almost periodic

solution P(t) with the same frequencies and spatial structure as Q(t), and ||| P|||m-mnp-p < mlllQlllm o

LD 1Ol + 1162, where To) = sup(A¥ (D), 0 < it < m, 0 < p < p.

>0

e ZE Mm-mp—p <

Proof. Now we need solve the equation

PA:APA—PAA+QA, (23)
Let
Or =D, dl= ). qle® VT,
suppkCA
Py —(p Z pAkeucw)Fz
SuppkCA

Comparing the coefficients of (2.3), it follows p'\ , = 0; or else,

Ly
Pl = 9 Ak .
M k) VT = 4+ A,
Then we have 5 "
A (ke
Py < >, ————N(KDllg}ll,-
suppkCA @
So 5
cI'(P)A°([AD)
12alp < SO g, (2.4)
Denote P = ), P,. Since (2.4), it follows

Aet

—m)[A
1P lm—0-5 :Z [IPAll-pe ™ ™A

Aert
Z CF(p)A3( D

Aer

I On Il €™M
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T'(p)I'
C ©) (m)z Il Oa ”p oAl

Aer

F I
) (")|||Q|||mp

. dp'l (e)
Let us estimate || 8% |l—mp—5 - Moreover, % =0, and

A e ce) Ny dqil (e

- for |i — j| + k| # 0.
de (<k, w> V-1-2;+ )0

Then it follows

op cA°(k])e ™" A3(Jkfye 7 dq'l
le—2llp < D (- —AKDIIgl, + ————A(kDlle—2 1))

de suppkCA
z(p)AﬁqA]an il + ||8‘9“1A||p)
So 7
”88;;”/3 5 < ing)A%[A])(nQAnp +lle anAup>
Then
|||s |||m s AZHS&HP A
—; w(nmnp 122t
S&AZE;GIQAII,) (9QA||p) A
%(IIIQIIIM [T

Moreover, by A and Q are Hamiltonian, it follows Q = JQ; and A = JA,, where Q; and A, are
symmetric. Denote P; = J~! P. Below we prove P; is symmetric. (2.1) becomes

PJ :AJJPJ—P/JAJ+QJ. (25)
(2.5) becomes
PH" =AJ(P)" = (PDTIJA; + Q.
By the solution of (2.5) is unique, it follows (P;) = (P,)!. So P is Hamiltonian. O

The following lemma is used for the estimate of the measure.
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Lemma 2.3. Assume

(04
k, —y|> ———, Yk e Z™\{0},
k@) =x = Zapagy: TRes Mo

where y € R. Let@ < 5, 0 # 0, and

o
0 = {5 € (0, 50) | KKk, wy — (x + oe? + £g(g))| > MUDANE)

Vk # 0},

where g € Z* and A(t) is an approximation function that fulfills (1.5). Suppose g(e) fulfills |g’(¢)| < ¢
for g € (0, &), and g(e) — 0 when € — 0. If gy is small enough, it follows

meas((0, &) \ O) < —~g‘f“.

Proof. Denote ¢(€) = (k,w) — (y + 0e? + £g(¢)) and fix k # 0. Let

@
Ik = {8 (S (0, 8*) | |()D(8)| < m}
We first consider the case &7 < m Ife? < m, it follows |oe? + £lg(g)| < m. So
o a
lp(e)l = > — T
A(IkI)A([k]) " 2A(KDA(TKD) T A3(IKDA3([K])
Thus, we only consider the case e(q) >el > m. So
1 4|o|el
< 7l (2.6)
A(kDA([kD) @
For ¢, sufficiently small, we get
o | @
I—( N> =ty — 2.7)
2° BA(lkDA([k])eo
By (2.6) and (2.7), we have
meas(ly) < 2a SA(IDA([k])eo
k) S
A3 (kA3 ([k]) @
_ léas 4ole] 1
@ a  A(KDA(K])
Then since (1.5), it follows
meas((0, g9)\0) < Z meas(/;)
keZ°°
< —&o&l
k;, A<|k|>A(
ca
< q+1.
o o0
O

The following lemma is used for the convergance of KAM iteration.
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Lemma 2.4. ( [11]) A sequence {n,} satisfies
M < 72V, Vv 20,
where 1, are all positive real numbers, 1 < z <2 andy > 0. It follows that
m < [G27) 7ol
This Lemma is used for the convergence of KAM iteration. O

3. Proof of Theorem 1.1

KAM-step. At v-th step, consider the Hamiltonian system
X, = (Av + 82‘, Qv(ta 8))xv’ v>0, (31)

where Ay = A, Qp = 0, A, = diag(4}, 4,--- , 43 ), |4 — /ljl >u>0,i# j,1<1i,j<2n, Ay, = -4,
1 <d < n,and Q, is almost periodic on D, .

Let O, = (q:‘)j_)lsi,jSZn R, = dlag(q‘{p q;Za' e ,CIEH,Z,,), Ry = diag(%l,%z,' e ’q2n,2n)- Denote the
average of R, by R, = diag(q},, g3, » G5, ,,)- Hamiltonian system (3.1) becomes

% = (A + €2 0)(t,8)x,, (3.2)

where A,,) = A, + &R, = diag(}*', 5", --- , ) and Q, = Q, - R,.
We now make the symplectic mapping x, = ¢~ »®x,,, to (3.2) to obtain

_2 )y ~ . 2v
xv+1 = (6 “ PV(AV+1 + 82) Qv - ‘LJ\ZVPv)e‘8 Pv

2v Vo 2v d 2v
+e " P Pe” MO - (e ) EREY (3.3)
Expand ¢ * and ¢ P into ¢ » = [ + &P, + B, and e* © = [ — £ P, + B,, where B, =
2v 2 2v 3 g 2v 2 2v 3
%+%+--- and B, = %—%+--- . (3.3) becomes

xv+l = ((I - 82"Pv + Ev)(Av+l + 82VFQVV - 82VPV)(I + SZVPV + Bv)
v Vo v d v
+ e_gz PV(82 Pveg2 Pr— E(egz PV(I))))XVH
= (Av+1 + 82"§V - 82vPv + 82VAv+va - SZVPVA\H-I + Qf;l))xv+l’ (34)

where

Q1(;1) = _SZVHPV(QV - Pv) + 82v+1(§v - Pv)Pv - 82v+1Pv(Av+l + 82" év - SZVPV)
P, =& Py(Av +8 Q,— & P)B, + (A1 +&” 0, — £ P,)B,

~ v~ Vo 2v L Vo 2v d o
+ B (A +E70, - P)e® P e PP Pt P - d_teg )

AIMS Mathematics Volume 8, Issue 1, 2296-2307.
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We want to have that
Qv _Pv +Av+1Pv_PvAv+1 = 0,

that is,
Pv =A, P, —PA 1+ Q. (3.5)

Clearly, A, and év are Hamiltonian. Since Lemma 2.2, if

<kw>VI;M“+M“_——ﬁi—— 3.6
| CrLT B S Ay (36)

for Vk € Z*\{0}, where 1 < i, j < 2n, @,y = ﬁ, for the Eq (3.5), we find an unique analytic almost
periodic Hamiltonian solution P,(f) with frequencies w, and

L' (m)I'(py)
NPl p-p, £ ——————1Qvlllm,
v+1

oP, 2(5rA(%) 90,
Ml _*S— ol s )s 3.7
llle 5% [ — 2 NGl o, + llle—— 58 i, 0.) (3.7)

where ['(p) = sup(A*(r)e™"), 0 < i, < m,, 0 < p, < py.
>0
Now (3.4) is changed to the Hamiltonian system

St = At + 87 Quar (1, ) %11, (3.8)

where szvinH = oM.
Since Q, — P, = P,A,;1 — A, P,, it follows
" 01 = O =~ PP A1 — Avi P) + & (PA et — At PP,
— & P (A1 + € PLA 1 — € A PP,
— & Py(Av1 + & P,Ayyy — & Ayt P)B,
+ (A +& PA, —& A, P)B,
+ BAvs + & P Ay — 85 A P P

v Vo v d v
+e#W§g£ﬂ—Efﬂ) (3.9)

Under the symplectic mapping x, = e P "X,+1, Hamiltonian system (3.1) becomes Hamiltonian
system (3.8).
KAM iteration. Let us prove the convergence of KAM iteration when v — oo. At v-th step, define

Qyy1 = (v+1)2’p0 /3’ my = ﬁl mv \I 0 ﬁv \l 0 Z mv - m Z pv - 2,0’ myy = nm, — ﬁ’lv, Pv+l = pv_ﬁv-
Let|[[ -l = Il - lllm, ,- Since Lemma A.1 of [1] there exists a constant H > 0, which satisfies

L'(m,)(5y), F2( D2 V) <HO. (3.10)

By (3.7) and (3.9), if |||g* P, |||, < %, it follows

()T (5,)
1Quiller < @65 12,

v+1

AIMS Mathematics Volume 8, Issue 1, 2296-2307.
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an 4("1\ ) 4(P\ ) Qv
|||86—+1”|v+1 < —(IIIQVIIIV +lle ||| ). (3.11)
€ v+1
Denote 1, = |||O,lll, + |||8aa%|||v. Since (3.10) and (3.11), there exists 1 < z < 2 satisfying 7,1 <
(¥2")7* n?. Since Lemma 2.4, it follows n, < M* with a constant M > 0. Thus,
90,
Oyl |||8 ”lv <M. (3.12)
If0 < Me < 1, by (3.12) , it follows that
lim &> Q, = 0.
By (3.2) , it follows that
Av1 — Al < c” QI < (eM)*.
When 0 < Me < 1, A, is convergent as v — co. Denote
IimA, = A..
By (3.7), (3.10) and (3.12), we have
P < ¢ (3.13)

Thus, there exists a symplectic mapping x = ¢(t, €)y, such that Hamiltonian system (1.7) becomes
Hamiltonian system (1.9).
Estimate of measure. Below let us prove if g is sufficiently small, for most € € (0, &), non-
resonance conditions N " -
| (ko w)y V=1 =A% + A > AT (3.14)
hold, where 0 # k € Z*,v=0,1,2--- ;and i, j = 1,2,--- ,2n. Denote

Ayt

Evi=le € Oe0) | [o)V=1=24"+ 4 |2 i,

Yk e Z7\{0}, i,j=1,2,---,2n}.

If i = j, since (1.8), (3.14) holds. So we merely need prove for most € € (0, &),

(02| . .
| (k, w) V=1 = 2+ 2! > Samasagy L
N V(1) M

Without generality, since (A,), we assume
A=A == i+ e + o), i # . (3.15)

There exists an integer N > 0 satisfy
2V < <2 (3.16)

So after N + 2 KAM steps, by (3.12), we have
D e A N (O (3.17)

AIMS Mathematics Volume 8, Issue 1, 2296-2307.
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where |f'(e)| < ¢, f() — 0 when ¢ — 0, and the integer > N + 2. Moreover, for previous N + 1
KAM steps, by (3.15), we have

A=A = ;= i+ o’ + o(e), (3.18)

where s = 1,2,--- ,N + 1,0 < g < [; is an integer, and o # 0 is a constant. Now substitute (3.18)
(s =N + 1)into (3.17), by (3.16), we have

=i =2;— A +oe? + 'K(e), (3.19)

where |K'(¢)| < ¢, K(¢) = 0as € — 0. By (3.18), (3.19), (A;), and Lemma 2.3, it follows

1
meas((0, &) \ Eve) < 1)283“. (3.20)

Denote E = N Eve1. By (3.20), it follows that
meas((0,80) \ ) < )" meas((0, ) \ Eva1)
v=0

(o)

Z c 1 8q+1 _ C8q+1
(v+120 0

v=0

So when g is sufficiently small, non-resonance conditions (3.14) hold for most € € (0, &).
We prove Theorem 1.1 completely. m|
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