
http://www.aimspress.com/journal/Math

AIMS Mathematics, 8(1): 2062–2082.
DOI: 10.3934/math.2023106
Received: 12 September 2022
Revised: 30 September 2022
Accepted: 10 October 2022
Published: 27 October 2022

Research article

On Cerone’s and Bellman’s generalization of Steffensen’s integral inequality
via conformable sense

Mohammed S. El-Khatib1, Atta A. K. Abu Hany1, Mohammed M. Matar1, Manar A. Alqudah2

and Thabet Abdeljawad3,4,*

1 Department of Mathematics, Al-Azhar University-Gaza, Gaza Strip, State of Palestine
2 Department Mathematical Sciences, Faculty of Sciences, Princess Nourah Bint Abdulrahman

University, P. O. Box 84428, Riyadh 11671, Saudi Arabia
3 Department of Mathematics and Sciences, Prince Sultan University, P. O. Box 66833, Riyadh

11586, Saudi Arabia
4 Department of Medical Research, China Medical University, Taichung 40402, Taiwan

* Correspondence: Email: tabdeljawad@psu.edu.sa.

Abstract: By making use of the conformable integrals, we establish some new results on Cerone’s
and Bellman’s generalization of Steffensen’s integral inequality. In fact, we provide a variety of
generalizations of Steffensen’s integral inequality by using conformable calculus.

Keywords: conformable derivative and integral; convex functions; Steffensen’s, Cerone’s, Belman’s,
Hayashi’s and Jensen’s inequalities
Mathematics Subject Classification: 26D15, 26A33

1. Introduction

Fractional calculus is considered an attractive part of mathematical analysis due to its extensive
application in a large range of fields [13–20, 22].

Recently, Khalil et al. [10], Katugampola [7], and Abdeljawad [12] defined novel well-behaved and
simple like-wise fractional derivatives, referred to as the conformable derivatives, depending on the
basic limit the definition of the derivative.

These derivatives seem to be similar in properties to the classical derivatives which makes them
attractive for scientists to do research in many fields. Applications using conformable derivatives were
spreading into fractional differential equations [21], inequalities [1–3, 8, 9], and other disciplines.

The integral inequality which compares the integrals (areas) over a whole interval and the integrals
over a subset of this interval was established by J. F. Steffensen in 1918 (see [5]). Namely, if a and
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b are real numbers such that a < b, f and g are integrable functions from [a, b] into R such that f is
monotone decreasing and for every x ∈ [a, b], 0 ≤ g(x) ≤ 1. Then∫ b

b−λ
f (t) dt ≤

∫ b

a
f (t) g (t) dt ≤

∫ a+λ

a
f (t) dt, (1.1)

where λ =
∫ b

a
g (t) dt.

Bellman and other authors (see [11]) obtained some generalizations from Steffensen’s inequality in
Lp space. Whereas, Cerone [6] developed some generalizations of Steffensen’s inequality which are
dependent on a subinterval of the original interval. On the other hand, Mitrinovic et al. [4] obtained
many integral inequalities related to Steffensen’s inequality and Hayashi’s inequality.

The convex and concave functions behaviors play an effective role in establishing a considerable
number of useful inequalities (see the monograph [11] and references therein).

Recently, some authors have considered many generalizations of the Steffensen’s inequality. For
example, Abu Hany et al. [1–3] investigated many properties and extensions of Cerone’s
generalization of Steffensen’s inequality as well as Hardy-Hilbert’s type integral inequalities.
Whereas, Sarikaya et al. [9] established some generalizations of Steffensen’s type inequalities using
the conformable integral.

In addition, Anderson et al. [8] have introduced Steffensen’s inequality in the sense of conformable
derivative and obtained some interested generalizations on these inequalities.

Motivated by these ideas, we investigate some new results concerning Cerone and Bellman’s
generalizations of Steffensen’s inequality in the conformable sense. The article can be summarized as
follows:

In section 2, we introduce some preliminaries of conformable derivative and basic inequalities. The
Cerone’s generalization of Steffensens’ inequality via conformable integrals are discussed in section
3. The conformable mean is used in a connection with Steffensens’ inequality in section 4. The last
section is devoted to the results concerning the Bellman’s generalization of Steffensens inequality using
convex and concave functions.

2. Preliminaries

Some preliminary notes about conformable integral and derivative is recalled in this section. In
addition, we introduce the basic inequalities that are related to Steffensens’ inequality and facts about
convex and concave functions.

Definition 2.1. [10, 12] The conformable derivative of order α ∈ (0, 1] of a function f : [0,∞) → R
is defined by

Dα( f )(t) = lim
ε→0

f (t + εt1−α) − f (t)
ε

, t > 0,

and
Dα( f )(0) = lim

t→ 0+
Dα( f )(t).

If this limit exists, then f is said to be α-differentiable on [0,∞) .
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Definition 2.2. [10, 12] The conformable integral of order α ∈ R of a real-valued function f defined
on (a, t] is given by

Iαa ( f ) (t) =

∫ t

a

f (x)
x1−α dx,

provided that this improper Riemann integral exists.

Definition 2.3. [10, 12] Let α ∈ (0, 1] and 0 ≤ a < b. A function f : [a, b] → R is α-conformable
integrable on [a, b] if the integral ∫ b

a
f (t) dα t :=

∫ b

a
f (t) tα−1 dt,

exists and finite.

Now, we introduce some basic inequalities in a connection of Steffensens’ inequality.

Lemma 2.4. [9] Let α ∈ (0, 1] , a, b ∈ R with 0 ≤ a < b, and g, h : [a, b] → R, be α- integrable
functions such that 0 ≤ g ≤ h. If

λα =
(b − a)∫ b

a
h (t) dαt

∫ b

a
g (t) dαt, (2.1)

then λα ∈ [0, b − a] and ∫ b

b−λα
h(t)dαt ≤

∫ b

a
g (t) dαt ≤

∫ a+λα

a
h(t)dαt. (2.2)

This result generalizes that one obtained by Anderson et al. [8]. The next result is the conformable
version of Hayashi’s inequality which is a generalization of (2.2).

Theorem 2.5. [9] Let α ∈ (0, 1] , and a, b ∈ R with 0 ≤ a < b. Let f , g, h : [a, b] → R, be
α-conformable integrable functions, such that 0 ≤ g ≤ h.

(i) If f is non-negative and monotone decreasing, then∫ b

b−λα
h(t) f (t) dαt ≤

∫ b

a
f (t) g (t) dαt ≤

∫ a+λα

a
h(t) f (t) dαt, (2.3)

where λα is given by (2.1).
(ii) If f is non-positive and non-decreasing, then the inequalities in (2.3) are reversed.

Remark 2.6. If h = 1 in (2.3), the result is reduced to the conformable version of Steffensen’s inequality
(1.1).

Lemma 2.7. Let α ∈ (0, 1] and f , g : [a , b] → R, be α-conformable integrable functions on [a, b] ,
such that f be nonnegative and monotone decreasing and 0 ≤ g (t) ≤ 1. If 0 ≤ γ ≤ b − a, then∫ b

b−γ
f (t)dαt +

∫ b−γ

a

[
f (t) − f (b)

]
g(t)dαt (2.4)

≤

∫ b

a
f (t)dαt −

[
(b − γ)α − aα

α

]
f (b).
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Proof. It is obvious, since ∫ b

b−γ
f (t)dαt +

∫ b−γ

a

[
f (t) − f (b)

]
g(t)dαt

≤

∫ b

b−γ
f (t)dαt +

∫ b−γ

a
f (t)dαt − f (b)

∫ b−γ

a
dαt

≤

∫ b

a
f (t)dαt −

[
(b − γ)α − aα

α

]
f (b) .

This finishes the proof. �

Remark 2.8. If α = 1, we get the result as in [2].

Definition 2.9. A function ϕ is called convex if

ϕ(tx + (1 − t)y) ≤ tϕ(x) + (1 − t)ϕ(y),

for t ∈ [0, 1], x, y ∈ [a, b]. If the inequality reverse, then ϕ is a concave function.

Remark 2.10. The Jensen’s inequality for a convex function ϕ is given as

ϕ

(∫ b

a
f (t) dα t

)
≤

∫ b

a
ϕ ( f (t)) dαt,

for any α-conformable integrable function f . The inequality is reversed if the function ϕ is concave. As
example of a convex function is ϕ(x) = xp, p ≥ 1, x ≥ 0, and it is concave if 0 < p ≤ 1. In these two
cases, the Jensen’s inequalities are given respectively(∫ b

a
f (t) dα t

)p

≤

∫ b

a
( f (t))p dαt, p ≥ 1,

and ∫ b

a
( f (t))p dαt ≤

(∫ b

a
f (t) dα t

)p

, 0 < p ≤ 1.

The Cerone’s generalization of Steffensens’ inequality is given by the next result.

Lemma 2.11. [6] Let f , g : [a , b] → R, be integrable functions on [a, b] . Further, let [c, d] ⊆ [a, b]
such that

∫ b

a
g(t) dt = d − c. Then∫ d

c
f (t) dt −

∫ b

a
f (t)g (t) dt

=

∫ c

a

[
f (d) − f (t)

]
g(t) dt +

∫ d

c

[
f (t) − f (d)

] [
1 − g(t)

]
dt

+

∫ b

d

[
f (d) − f (t)

]
g(t) dt,

and ∫ b

a
f (t)g (t) dt −

∫ d

c
f (t) dt
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=

∫ c

a

[
f (t) − f (c)

]
g(t) dt +

∫ d

c

[
f (c) − f (t)

] [
1 − g(t)

]
dt

+

∫ b

d

[
f (t) − f (c)

]
g(t) dt.

The Bellman’s generalization of Steffensen’s inequality is given by the next result.

Theorem 2.12. [11] Assume that f ∈ Lp[a, b], p > 1, is nonnegative monotone decreasing, and g is
nonnegative in [a, b], such that

∫ b

a
(g(t))q dt ≤ 1, q =

p
p−1 . Then

a+η∫
a

( f (t))p dt ≥


b∫

a

f (t)g(t)dt


p

,

where η =

 b∫
a

g(t)dt
p

.

3. Cerone’s generalization of Steffensen’s inequality via α-conformable integrable functions

In this section, we introduce the α-conformable version of Cerone’s generalization of Steffensen’s
inequality [6]. Namely, we extend the ideas of Steffensen’s inequality to finite number of subintervals
of [a, b] .

Lemma 3.1. Let α ∈ (0, 1] and f , g : [a , b] → R, be α-conformable integrable functions on [a, b] .
Further, let [c, d] ⊆ [a, b] such that α

∫ b

a
g(t) dαt = dα − cα. Then∫ d

c
f (t) dαt −

∫ b

a
f (t)g (t) dαt (3.1)

=

∫ c

a

[
f (d) − f (t)

]
g(t) dαt +

∫ d

c

[
f (t) − f (d)

] [
1 − g(t)

]
dαt

+

∫ b

d

[
f (d) − f (t)

]
g(t) dαt,

and ∫ b

a
f (t)g (t) dαt −

∫ d

c
f (t) dαt (3.2)

=

∫ c

a

[
f (t) − f (c)

]
g(t) dαt +

∫ d

c

[
f (c) − f (t)

] [
1 − g(t)

]
dαt

+

∫ b

d

[
f (t) − f (c)

]
g(t) dαt.

Proof. Let a ≤ c < d ≤ b, and

λd,b
c,a =

∫ d

c
f (t) dαt −

∫ b

a
f (t)g (t) dαt. (3.3)
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Then

λd,b
c,a =

∫ d

c

[
1 − g(t)

]
f (t) dαt −

[∫ c

a
f (t)g(t) dαt +

∫ b

d
f (t)g(t) dαt

]
=

∫ d

c

[
1 − g(t)

] [
f (t) − f (d)

]
dαt + f (d)

∫ d

c

[
1 − g(t)

]
dαt

+

∫ c

a

[
f (d) − f (t)

]
g(t) dαt − f (d)

∫ c

a
g(t) dαt

+

∫ b

d

[
f (d) − f (t)

]
g(t)dαt − f (d)

∫ b

d
g(t) dαt.

The identity (3.1) is readily obtained on noting that

f (d)
[∫ d

c
dαt −

∫ b

a
g(t) dαt

]
= 0.

Similar arguments can be applied to obtain (3.2) using (3.1) and (3.3). This finishes the proof. �

Remark 3.2. If α = 1, we obtain a result as in [6]. Furthermore, if a = d, and α = 1, then the result
agrees with the obtained by Mitrinovic [4].

Theorem 3.3. Let α ∈ (0, 1] and f , g : [a , b]→ R, b > a ≥ 0, be α-conformable integrable functions
on [a, b] , and f be monotone decreasing. Further, let 0 ≤ g (t) ≤ 1 and [ci, di] ⊆ [a, b] such that
α
∫ b

a
g(t) dαt = dαi − cαi , i = 1, 2. Then∫ d2

c2

f (t) dαt − µ
2
≤

∫ b

a
f (t)g(t) dαt ≤

∫ d1

c1

f (t) dαt + µ1, (3.4)

where

µ1 =

∫ c1

a

[
f (t) − f (d1)

]
g(t) dαt ≥ 0,

and

µ
2

=

∫ b

d2

[
f (c2) − f (t)

]
g(t) dαt ≥ 0.

Proof. It is obvious that µ1, and µ
2

are nonnegative. In accordance with (3.1), we obtain

∫ d1

c1

f (t) dαt −
∫ b

a
f (t)g (t) dαt +

∫ c1

a

[
f (t) − f (d1)

]
g (t) dαt

=

∫ d1

c1

[
f (t) − f (d1)

] [
1 − g (t)

]
dαt +

∫ b

d1

[
f (d1) − f (t)

]
g (t) dαt ≥ 0.

Hence ∫ b

a
f (t) g (t) dαt ≤

∫ d1

c1

f (t) dαt +

∫ c1

a

[
f (t) − f (d1)

]
g (t) dαt,
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and thus, the right inequality of (3.4) is valid. Now, using (3.2), we get∫ b

a
f (t)g (t) dαt −

∫ d2

c2

f (t) dαt +

∫ b

d2

[
f (c2) − f (t)

]
g (t) dαt

=

∫ d2

c2

[
f (c2) − f (t)

] [
1 − g (t)

]
dαt +

∫ c2

a

[
f (t) − f (c2)

]
g (t) dαt ≥ 0.

Thus ∫ b

a
f (t)g (t) dαt ≥

∫ d2

c2

f (t)dαt −
∫ b

d2

[
f (c2) − f (t)

]
g (t) dαt,

giving the left inequality of (3.4). This finishes the proof. �

Remark 3.4. The following special cases are easily obtained:

(i) If g(t) = 0, the inequality (3.4) reduces to −µ ≤ 0 ≤ µ, and if g(t) = 1, the inequality (3.4) reduces

to
∫ b

a
f (t) dαt ≤

∫ b

a
f (t)dαt ≤

∫ b

a
f (t) dαt, where µ = µ = 0, d2 = d1 = b, and a = c1 = c2.

(ii) Put α = 1, d2 = b and c1 = a in Theorem 3.3, then µ = µ = 0, c2 = b −
∫ b

a
g(t) dt, and d1 = a+∫ b

a
g(t) dt, we get the original Steffensen’s inequality (1.1).

(iii) We can obtain many copies of (3.4) such as∫ d1

c1

f (t) dαt − µ
1
≤

∫ b

a
f (t)g(t) dαt ≤

∫ d2

c2

f (t) dαt + µ2,

and ∫ d1

c1

f (t) dαt +

∫ d2

c2

f (t) dαt −
(
µ

1
+ µ

2

)
≤ 2

∫ b

a
f (t)g(t) dαt ≤

∫ d1

c1

f (t) dαt +

∫ d2

c2

f (t) dαt +
(
µ1 + µ2

)
.

Theorem 3.5. Let the conditions of Theorem 3.3 hold. Then∫ b

c2

f (t) dαt −
(
bα − d2

α

α

)
f (c2) ≤

∫ b

a
f (t)g (t) dαt ≤

∫ d1

a
f (t)dαt −

(c1
α − aα)
α

f (d1). (3.5)

Proof. The result of Theorem 2.7 and the fact that 0 ≤ g (t) ≤ 1, give

µ =

∫ b

d2

[
f (c2) − f (t)

]
g(t) dαt

≤

∫ b

d2

[
f (c2) − f (t)

]
dαt

=

(
bα − dα2
α

)
f (c2) −

∫ b

d2

f (t)dαt.
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Hence ∫ d2

c2

f (t)dαt − µ ≥

∫ d2

c2

f (t)dαt +

∫ b

d2

f (t)dαt −
(
bα − dα2
α

)
f (c2)

=

∫ b

c2

f (t)dαt −
(
bα − dα2
α

)
f (c2).

The left inequality of (3.5) follows. Similarly, we obtain

0 ≤ µ =

∫ c1

a

[
f (t) − f (d1)

]
g(t) dαt ≤

∫ c1

a
f (t)dαt −

(
cα1 − aα

α

)
f (d1),

which leads to ∫ d1

c1

f (t) dαt + µ ≤

∫ d1

a
f (t)g (t) dαt −

(
cα1 − aα

α

)
f (d1).

Hence the right inequality follows. This finishes the proof. �

Remark 3.6. The following special cases are followed directly:

(i) If α = 1, we get the same result as in [6].

(ii) If we take α = 1, c1 = a, and d2 = b, then d1 = a +
∫ b

a
g(t) dt and c2 = b −

∫ b

a
g(t) dt. Thus (3.5)

reduces to the original Steffensen’s inequality (1.1).

A generalization of Theorem 3.3, with n subintervals are given in the next result. Actually, one can
obtain many copies of the next bounds.

Theorem 3.7. Let α ∈ (0, 1] and f , g : [a , b] → R, be α-conformable integrable functions on [a, b]
such that f is nonnegative and monotone decreasing and 0 ≤ g (t) ≤ 1. If [ci, di] ⊆ [a, b], such that
α
∫ b

a
g(t) dαt = dαi − cαi , i = 1 , 2, . . . , n. Then

n∑
i=1

∫ di

ci

f (t) dαt − µ
n
≤ n

∫ b

a
f (t)g(t) dαt ≤

n∑
i=1

∫ di

ci

f (t) dαt+µn, (3.6)

where

µn =

n∑
i=1

∫ ci

a

[
f (t) − f (di)

]
g(t) dαt ≥ 0,

and

µ
n

=

n∑
i=1

∫ b

di

[
f (ci) − f (t)

]
g(t) dαt ≥ 0.

Proof. It is obvious that µn and µ
n

are nonnegative. Let

λdi,b
ci,a =

∫ di

ci

f (t) dαt −
∫ b

a
f (t)g (t) dαt,

i = 1, 2, ..., n. In accordance with (3.1), we obtain
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λdi,b
ci,a+

∫ ci

a

[
f (t) − f (di)

]
g(t)dαt

=

∫ di

ci

[
f (t) − f (di)

] [
1 − g(t)

]
dαt +

∫ b

di

[
f (di) − f (t)

]
g(t) dαt ≥ 0.

Then, we obtain
n∑

i=1

∫ di

ci

f (t) dαt − n
∫ b

a
f (t)g(t) dαt +

n∑
i=1

∫ ci

a

[
f (t) − f (di)

]
g(t)dαt ≥ 0.

Hence, the right side of (3.6) follows. Similar arguments can be applied as in (3.2) to obtain∫ b

a
f (t)g (t) dαt −

∫ di

ci

f (t) dαt +

∫ b

di

[
f (ci) − f (t)

]
g(t) dαt

=

∫ ci

a

[
f (t) − f (ci)

]
g(t) dαt +

∫ di

ci

[
f (ci) − f (t)

] [
1 − g(t)

]
dαt ≥ 0,

for i = 1, 2, ..., n. It follows that

n
∫ b

a
f (t)g(t) dαt −

n∑
i=1

∫ di

ci

f (t) dαt +

n∑
i=1

∫ b

di

[
f (ci) − f (t)

]
g(t) dαt ≥ 0.

Hence, the left side inequality of (3.6) follows. This finishes the proof. �

Lemma 3.8. Let the conditions of Theorem 3.7 hold. Then

n∑
i=1

∫ b

ci

f (t) dαt −
n∑

i=1

[
bα − di

α

α

]
f (ci)

≤ n
∫ b

a
f (t)g(t) dαt ≤

n∑
i=i

∫ di

a
f (t) dαt −

n∑
i=1

[
ci
α − aα

α

]
f (di) . (3.7)

Proof. In virtue of Theorem 2.11 and the fact that 0 ≤ g (t) ≤ 1, we deduce that

0 ≤ µ
n

=

n∑
i=1

∫ b

di

[
f (ci) − f (t)

]
g(t) dαt

≤

n∑
i=1

∫ b

di

[
f (ci) − f (t)

]
dαt =

n∑
i=1

(
bα − di

α

α

)
f (ci) −

n∑
i=1

∫ b

di

f (t)dαt,

which by (3.6) leads to

n
∫ b

a
f (t)g(t)dαt

≥

n∑
i=1

∫ di

ci

f (t)dαt − µ
n
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≥

n∑
i=1

∫ b

di

f (t)dαt +

n∑
i=1

∫ di

ci

f (t)dαt −
n∑

i=1

(
bα − di

α

α

)
f (ci)

=

n∑
i=1

∫ b

ci

f (t)dαt −
n∑

i=1

(
bα − di

α

α

)
f (ci).

Thus, the left inequality of (3.7) follows. Similarly, we can obtain

n
∫ b

a
f (t)g(t) dαt

≤

n∑
i=1

∫ di

ci

f (t) dαt+µn

≤

n∑
i=i

∫ di

a
f (t) dαt −

n∑
i=1

[
ci
α − aα

α

]
f (di) ,

which gives the right inequality of (3.7). This finishes the proof. �

4. Steffensen’s inequalities via the α-conformable integral mean

The idea of the α-conformable integral mean of f over a subinterval [c, d] ⊆ [a, b] is introduced
in this section. The α-conformable integral mean of the function f over [c , d] is defined as [8]

µα( f ; c, d) =
α

dα − cα

∫ d

c
f (t) dαt.

The classical integral mean of f over [c , d] is µ1( f ; c, d) = 1
d−c

∫ d

c
f (t) dt.

The first result on the α-conformable integral mean of f over the [c, d] is given next.

Lemma 4.1. Assume that

(B1) f : [a , b]→ R is differentiable,

(B2) g : [a , b]→ R is α- conformable integrable function on [a, b] , α ∈ (0, 1], and

(B3) G (t) =
∫

g(t) dαt is α- conformable integrable function on [a, b] ,

(B4) [c, d] ⊆ [a, b], such that α
∫ b

a
g(t) dαt = dα − cα. Then∫ b

a
f (t)g (t) dαt −

∫ d

c
f (t) dαt

= ( f (b) − µα( f ; c, d)) (G (b) −G(a)) −
∫ b

a
(G(t) −G (a)) d f (t), (4.1)
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∫ d

c
f (t) dαt −

∫ b

a
f (t)g (t) dαt

= (µα( f ; c, d) − f (a)) (G (b) −G(a)) +

∫ b

a
(G(t) −G(b)) d f (t), (4.2)

and ∫ b

a
f (t) dαt −

∫ d

c
f (t)g (t) dαt

=

[∫ c

a

f (t)
G (b) −G(a)

dαt +

∫ b

d

f (t)
G (b) −G(a)

dαt − f (d)
]

G(d)

+

[
f (c) −

∫ c

a

f (t)
G (b) −G(a)

dαt −
∫ b

d

f (t)
G (b) −G(a)

dαt
]

G(c)

+

∫ d

c
G(t)d f (t) + µα( f ; c, d) (G (b) −G(a)) .

Proof. It is obvious that G (b)−G(a) =
∫ b

a
g(t) dαt , 0, and α (G (b) −G(a)) = α

∫ b

a
g(t) dαt = dα − cα.

Define

L :=
∫ b

a
f (t)g (t) dαt −

∫ d

c
f (t) dαt.

Then, L can be rewritten as

L =

∫ b

a
f (t)g (t) dαt −

α

(dα − cα)

∫ b

a
g(t) dαt

∫ d

c
f (t) dαt

=

∫ b

a
g (t)

[
f (t) − µα( f ; c, d)

]
dαt.

Integration by parts gives

L =
[
f (b) − µα( f ; c, d)

]
G(b) −

[
f (a) − µα( f ; c, d)

]
G(a)

−

∫ b

a
G(t)d

[
f (t) − µα( f ; c, d)

]
= f (b)G(b) − f (a)G(a) − µα( f ; c, d) (G (b) −G(a))

−

∫ b

a
G(t)d f (t)

= ( f (b) − µα( f ; c, d)) (G (b) −G(a)) −
∫ b

a
(G(t) −G (a)) d f (t).

The second identity is readily obtained by using the fact∫ d

c
f (t) dαt −

∫ b

a
f (t)g (t) dαt = −L.
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For the last identity, let

U :=
∫ d

c
f (t)g (t) dαt −

∫ b

a
f (t) dαt,

then

U =

∫ d

c

[
f (t) −

α

(dα − cα)

∫ c

a
f (t) dαt −

α

(dα − cα)

∫ b

d
f (t) dαt

]
g (t) dαt

−
µα( f ; c, d) (dα − cα)

α
.

Integration by parts gives

U =

[
f (d) −

α

(dα − cα)

∫ c

a
f (t) dαt −

α

(dα − cα)

∫ b

d
f (t) dαt

]
G(d)

−

[
f (c) −

α

(dα − cα)

∫ c

a
f (t) dαt −

α

(dα − cα)

∫ b

d
f (t) dαt

]
G(c)

−

∫ d

c
G(t)d f (t) −

µα( f ; c, d) (dα − cα)
α

.

This finishes the proof. �

Theorem 4.2. Assume that (B1)-(B3) hold, and

(B5) [ci, di] ⊆ [a, b] such that α
∫ b

a
g(t) dαt = dαi − cαi , i = 1 , 2. Then

∫ d2

c2

f (t) dαt − (G(b) −G (a)) (µα( f ; c2, d2) − f (b)) (4.3)

≤

∫ b

a
f (t)g(t) dαt ≤

∫ d1

c1

f (t) dαt + (G(b) −G (a)) ( f (a) − µα( f ; c1, d1)) ,

and ∫ d1

c1

f (t) dαt +

∫ d2

c2

f (t) dαt

− (G(b) −G (a)) (µα( f ; c1, d1) + µα( f ; c2, d2) − 2 f (b))

≤ 2
∫ b

a
f (t)g(t) dαt ≤

∫ d1

c1

f (t) dαt +

∫ d2

c2

f (t) dαt

+ (G(b) −G (a)) (2 f (a) − µα( f ; c1, d1) − µα( f ; c2, d2)) ,

which are equivalent to

f (b) (G (b) −G(a)) ≤
∫ b

a
f (x)g(x) dαx ≤ f (a) (G(b) −G (a)) . (4.4)
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Proof. The hypotheses indicate that ∫ b

a
(G(t) −G (a)) d f (t) ≤ 0,

and ∫ b

a
(G(t) −G(b)) d f (t) ≥ 0.

Therefore, using (4.1) and the identity α (G (b) −G(a)) = dαi − cαi , i = 1, 2, we obtain∫ b

a
f (t)g (t) dαt ≥

∫ di

ci

f (t) dαt + ( f (b) − µα( f ; ci, di)) (G(b) −G (a))

=

∫ di

ci

f (t) dαt + (G(b) −G (a)) f (b)

−
α (G (b) −G(a))

dαi − cαi

∫ di

ci

f (t) dαt

= f (b) (G (b) −G(a)) .

Thus, the left inequalities are obtained. Similarly, from (4.2), we obtain∫ b

a
f (t)g (t) dαt ≤

∫ di

ci

f (t) dαt + (G(b) −G (a)) ( f (a) − µα( f ; ci, di))

=

∫ di

ci

f (t) dαt −
α (G (b) −G(a))

dαi − cαi

∫ di

ci

f (t) dαt + f (a) (G(b) −G (a))

= f (a) (G(b) −G (a)) .

Hence, the right inequalities are obtained. This finishes the proof. �

The inequality (4.4) can be obtained directly by using the facts that f (b) = inf{ f (t) : t ∈ [a, b]},
f (a) = sup{ f (t) : t ∈ [a, b]}, and

∫ b

a
g(x) dαx = G(b) −G (a) , by which we obtain(

inf
x∈[a, b]

f (x)
) ∫ b

a
g(x) dαx ≤

∫ b

a
f (x)g(x) dαx ≤

(
sup

x∈[a, b]
f (x)

) ∫ b

a
g(x) dαx.

If g(t) ≥ 0 on [a, b], then we can obtain (4.4) by noting that∫ b

a
g(t)

[
f (t) − f (b)

]
dαt ≥ 0,

and ∫ b

a
g(t)

[
f (a) − f (t)

]
dαx ≥ 0.

An extension to Theorem 4.2 is given in the next result.
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Theorem 4.3. Assume that (B1)–(B3), and (B5) hold. If G is monotone increasing, then

m∑
k=1

∫ dik

cik

f (t) dαt − (G(b) −G (a))

 m∑
k=1

µα( f ; cik , dik) − m f (b)

 (4.5)

≤ m
∫ b

a
f (t)g(t) dαt

≤

m∑
k=1

∫ dik

cik

f (t) dαt + (G(b) −G (a))

m f (a) −
m∑

k=1

µα( f ; cik , dik)

 ,
or

1
m1

m1∑
k=1

∫ dik

cik

f (t) dαt −
1

m1
(G(b) −G (a))

 m1∑
k=1

µα( f ; cik , dik) − m1 f (b)

 (4.6)

≤

∫ b

a
f (t)g(t) dαt

≤
1

m2

m2∑
k=1

∫ d jk

c jk

f (t) dαt +
1

m2
(G(b) −G (a))

m2 f (a) −
m2∑
k=1

µα( f ; c jk , d jk)

 ,
where {i1, i2, ..., im1}, and { j1, j2, ..., jm2} are subsets of {1, 2, ..., n}. Moreover, both of the inequalities
(4.5) and (4.6) are equivalent to

f (b) (G(b) −G (a)) ≤
∫ b

a
f (t)g(t) dαt ≤ f (a) (G(b) −G (a)) .

Proof. In virtue of (4.3), we obtain∫ di

ci

f (t) dαt − (G(b) −G (a)) (µα( f ; ci, di) − f (b)) (4.7)

≤

∫ b

a
f (t)g(t) dαt

≤

∫ d j

c j

f (t) dαt + (G(b) −G (a))
(

f (a) − µα( f ; c j, d j)
)
,

for all i, j = 1, 2, ..., n. If i = j, we take the summation over any subset {i1, i2, ..., im},m ≤ n, of
{1, 2, ..., n}, then

m∑
k=1

∫ dik

cik

f (t) dαt − (G(b) −G (a))

 m∑
k=1

µα( f ; cik , dik) − m f (b)


≤ m

∫ b

a
f (t)g(t) dαt

≤

m∑
k=1

∫ dik

cik

f (t) dαt + (G(b) −G (a))

m f (a) −
m∑

k=1

µα( f ; cik , dik)

 ,
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which establishes the inequality (4.5). In the case that i , j in (4.7), we take the summations over the
two different subsets {i1, i2, ..., im1}, and { j1, j2, ..., jm2}, we obtain

1
m1

m1∑
k=1

∫ dik

cik

f (t) dαt −
1

m1
(G(b) −G (a))

 m1∑
k=1

µα( f ; cik , dik) − m1 f (b)


≤

∫ b

a
f (t)g(t) dαt

≤
1

m2

m2∑
k=1

∫ d jk

c jk

f (t) dαt +
1

m2
(G(b) −G (a))

m2 f (a) −
m2∑
k=1

µα( f ; c jk , d jk)

 .
This establishes the inequality (4.6). The inequality (4.6) is also true if the subsets {i1, i2, ..., im1},

and { j1, j2, ..., jm2} are intersected. Therefore, the inequality (4.6) can be restricted to the inequality
(4.5). Now, using the identity α (G (b) −G(a)) = dαik − cαik , we obtain

m1∑
k=1

µα( f ; cik , dik) =

m1∑
k=1

α

dαik − cαik

∫ dik

cik

f (t) dαt =
1

(G (b) −G(a))

m1∑
k=1

∫ dik

cik

f (t) dαt.

Hence, the general inequality (4.6) can be reduced to

f (b) ≤

∫ b

a
f (t)g(t) dαt

G(b) −G (a)
≤ f (a).

This finishes the proof. �

5. Bellman’s generalization of Steffensen’s inequality via α-conformable integral

Consider the space Lp
α[a, b] of all Lebesque α−conformable integrable functions f over [a, b] such

that
b∫

a
| f (t)|pdαt < ∞. The dual space of Lp

α[a, b] is Lq
α[a, b], where q =

p
1−p (For more details see [12]).

The theoretical results of this section depends mainly on the property of convexity or concavity of a
function ϕ that is used on Belman’s generalization of Steffensen’s inequality in terms of conformable
integrals.

The first result is concerning with a generalization of Steffensen’s inequality using convex function.

Theorem 5.1. Assume that

(i) f is nonnegative monotone decreasing and α−conformable integrable on [a, b] , α ∈ (0, 1],

(ii) g is nonnegative α−conformable integrable on [a, b], and 0 ≤ g < A,

(iii) ϕ is nonnegative continuous on [0,∞) and monotone increasing such that ϕ(0) = 0,

(iv) B, η are real numbers such that 0 ≤ B ≤ A−1, and B
b∫

a
g(t)dαt ≤ min

{
(a+η)α−aα

α
, AB

(
bα−aα
α

)}
. Then

a+η∫
a

(ϕ ◦ f )(t)dαt ≥ B

b∫
a

(ϕ ◦ f )(t)g(t)dαt. (5.1)
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Particularly, if f ∈ Lp
α[a, b], p > 1, then

a+η∫
a

( f (t))p dαt ≥
1

Ap+1

(
α

bα − aα

)p−1


b∫
a

f (t)g(t)dαt


p

. (5.2)

Proof. It is obvious that the composite function ϕ ◦ f is monotone decreasing on [a, b]. Furthermore,

0 ≤ Bg(t) ≤ 1, B
b∫

a
g(t)dαt ≤ (a+η)α−aα

α
, and then 0 ≤ η ≤ b − a. We obtain

a+η∫
a

(ϕ ◦ f ) (t)dαt − B

b∫
a

(ϕ ◦ f ) (t)g(t)dαt

=

a+η∫
a

(ϕ ◦ f ) (t)dαt − B

a+η∫
a

(ϕ ◦ f ) (t)g(t)dαt − B

b∫
a+η

(ϕ ◦ f ) (t)g(t)dαt

=

a+η∫
a

(ϕ ◦ f ) (t) (1 − Bg(t)) dαt − B

b∫
a+η

(ϕ ◦ f ) (t)g(t)dαt

≥ (ϕ ◦ f ) (a + η)


a+η∫
a

(1 − Bg(t)) dαt − B

b∫
a+η

g(t)dαt


= (ϕ ◦ f ) (a + η)

 (a + η)α − aα

α
− B

b∫
a

g(t)dαt

 ≥ 0.

This leads to the inequality (5.1). In particular, if ϕ(x) = xp, and B = 1
Ap+1

 α
bα−aα

b∫
a

(g(t))q dαt
p−1

,

where q = 1 + qp−1, then, the hypotheses are satisfied. In this case, we deduce

a+η∫
a

( f (t))p dαt ≥
1

Ap+1

 α

bα − aα

b∫
a

(g(t))q dαt


p−1 b∫

a

( f (t))p g(t)dαt. (5.3)

Since, f ∈ Lp
α[a, b], and g ∈ Lq

α[a, b]. Thus, by Holder’s inequality, we have
b∫

a

f (t)g(t)dαt


p

≤


b∫

a

(g(t))q dαt


p
q


b∫
a

( f (t))p dαt

 .
This with inequality (5.3), we obtain (5.2). This finishes the proof. �

Remark 5.2. The classical identity can be obtained, when α = 1 = A = B, and η =

 b∫
a

g(t)dt
p

.
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The next shows that we still obtain the concerning result using a degreasing ϕ function.

Lemma 5.3. Assume that

(i) f is nonnegative monotone increasing and α−conformable integrable on [a, b] , α ∈ (0, 1],

(ii) g is nonnegative α−conformable integrable on [a, b], and 0 ≤ g < A,

(iii) ϕ is strictly positive continuous on (0, 1) and monotone decreasing such that ϕ(1) = 0,

(iv) η is a real number such that ηϕ(p) ≤ A−1, t ∈ [a, b] , and

ηϕ(p)

b∫
a

g(t)dαt ≤ min
{

(a + η)α − aα

α
, Aηϕ(p)

(
bα − aα

α

)}
.

Then
a+η∫
a

(ϕ ◦ f )(t)dαt ≥ ηϕ(p)

b∫
a

(ϕ ◦ f )(t)g(t)dαt.

Particularly, we have
a+η∫
a

dαt
f (t)
≥ η

1
p−1

b∫
a

g(t)
f (t)

dαt.

Proof. The first inequality can be established similar as the proof of Theorem 5.1 with B = ηϕ(p). The
second can be obtained, if we put ϕ(p) = 1

p − 1, p ∈ (0, 1]. Then Aη
1
p−1
≤ 1, and we obtain

a+η∫
a

(
1

f (t)
− 1

)
dαt ≥ η

1
p−1

b∫
a

(
1

f (t)
− 1

)
g(t)dαt.

Simplifying and using the condition η
1
p−1

b∫
a

g(t)dαt ≤ (a+η)α−aα

α
, we obtain

a+η∫
a

dαt
f (t)

+ η
1
p−1

b∫
a

g(t)dαt ≥ η
1
p−1

b∫
a

g(t)dαt + η
1
p−1

b∫
a

g(t)
f (t)

dαt.

This finishes the proof. �

The next result indicates the role of concave function in the Steffensen’s like inequalities.

Theorem 5.4. Assume that

(i) f is nonnegative monotone increasing and α−conformable integrable on [a, b] ,

(ii) g is nonnegative α−conformable integrable on [a, b], and 0 ≤ g < A,

(iii) ϕ is nonnegative, continuous, monotone increasing, and concave on [0,∞) such that ϕ(0) = 0,
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(iv) η ≥ 1 is real number such that η1− 1
p g(t) ≤ 1, p ≥ 1, and (a + η)α − aα ≤ αη1− 1

p

b∫
a

g(t)dαt. Then

a+η∫
a

(ϕ ◦ f ) (t)dαt ≤ ϕ

η1− 1
p

b∫
a

f (t)g(t)dαt

 .
Particularly, for 0 ≤ q ≤ 1, we have

a+η∫
a

( f (t))q dαt ≤ ηq− q
p


b∫

a

f (t)g(t)dαt


q

.

Proof. The subadditivity of the concave function and Jensen’s inequality lead to

a+η∫
a

(ϕ ◦ f ) (t)dαt − ϕ

η1− 1
p

b∫
a

f (t)g(t)dαt


≤

a+η∫
a

(ϕ ◦ f ) (t)dαt − ηϕ

η− 1
p

b∫
a

f (t)g(t)dαt


≤

a+η∫
a

(ϕ ◦ f ) (t)dαt − η1− 1
p


b∫

a

(ϕ ◦ f ) (t)g(t)dαt


=

a+η∫
a

(ϕ ◦ f ) (t)
(
1 − η1− 1

p g(t)
)

dαt − η1− 1
p

b∫
a+η

(ϕ ◦ f ) (t)g(t)dαt

≤ (ϕ ◦ f ) (a + η)


a+η∫
a

(
1 − η1− 1

p g(t)
)

dαt − η1− 1
p

b∫
a+η

g(t)dαt


= (ϕ ◦ f ) (a + η)

 (a + η)α − aα

α
− η1− 1

p

b∫
a

g(t)dαt

 ≤ 0.

Thus, the first result follows. The second is obtained by assuming ϕ(x) = xq, x ≥ 0, q ∈ [0, 1]. This
finishes the proof. �

The next shows that we still obtain the concerning result using a degreasing f function.

Theorem 5.5. Assume that

(i) f is nonnegative monotone decreasing α−conformable integrable on [a, b] ,

(ii) g is nonnegative α−conformable integrable on [a, b], and 0 ≤ g < A,

(iii) ϕ is nonnegative, continuous, and monotone increasing on [0,∞) such that ϕ(0) = 0,
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(iv) h is nonnegative α−conformable integrable on [a, b] , and η is a real number such that h(t) ≥

η−
1
pϕ(η

1
p )g(t), p ≥ 1, and η

1
p

a+η∫
a

h(t)dαt ≥ ϕ(η
1
p )

b∫
a

g(t)dαt. Then

a+η∫
a

(ϕ ◦ f ) (t)h(t)dαt ≥ η−
1
pϕ(η

1
p )

b∫
a

(ϕ ◦ f ) (t)g(t)dαt.

Proof. The hypotheses of the theorem lead to
a+η∫
a

(ϕ ◦ f ) (t)h(t)dαt − η−
1
pϕ(η

1
p )

b∫
a

(ϕ ◦ f ) (t)g(t)dαt

=

a+η∫
a

(ϕ ◦ f ) (t)
(
h(t) − η−

1
pϕ(η

1
p )g(t)

)
dαt − η−

1
pϕ(η

1
p )

b∫
a+η

(ϕ ◦ f ) (t)g(t)dαt

≥ (ϕ ◦ f ) (a + η)


a+η∫
a

(
h(t) − η−

1
pϕ(η

1
p )g(t)

)
dαt − η−

1
pϕ(η

1
p )

b∫
a+η

g(t)dαt


= (ϕ ◦ f ) (a + η)


a+η∫
a

h(t)dαt − η−
1
pϕ(η

1
p )

b∫
a

g(t)dαt

 ≥ 0.

This finishes the proof. �

6. Conclusions

In the context of this paper, we introduced a new α-conformable version of Steffensen’s inequality
and we developed the ideas of Cerone and Bellman’s generalizations of Steffensen’s inequality by
using the conformable integral. We obtained some new results regarding these generalizations. In
addition, we proved some new results of the conformable integral mean, which is related to
Steffensens’ inequality. The applications of these inequalities may be helpful for proving the
existence and uniqueness of the solution of some fractional differential models, as well as important
tools of the comparative analysis. Future research can aim to generalize these ideas on other
inequalities and use very recent local and nonlocal fractional derivatives.
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