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1. Introduction

Quantum calculus is one of the most fascinating subjects of mathematics. It serves as the bridge
between mathematics and physics. The history of quantum calculus is old but in the past few decades
it experienced rapid development. The concepts of quantum calculus have been used as tools in
different areas of mathematics. For example Sudsutad et al. [13] and Tariboon and Ntouyas [14, 15]
have utilized the concepts of quantum calculus in obtaining the quantum analogues of inequalities
involving convexity. This motivated many researchers and consequently number of new quantum
analogues of classical inequalities have been obtained in the literature. For instance Noor et al. [12]
have obtained new quantum analogues of the Hermite-Hadamard type of inequalities. Du et al. [7]
and Zhang et al. [19] obtained new generalized quantum integral identities and obtained several new
associated quantum analogues of integral inequalities.
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In 2017, Alp and Sarikaya [1] introduced another new definition of g-integral which they called as
«T-integral. They discussed several basic properties pertaining to this so called ,T,-integral and also
obtained new ,T,-analogue of Hermite-Hadamard’s inequality. In another article [2] Alp and Sarikaya
obtained the ,T,-analogues of Ostrowski’s, Young’s, Holder’s and Minkowski’s inequalities. On the
other hand in [10], Kara et al. introduced new quantum integral which is called *T,-integral. The
authors proved also the corresponding Hermite-Hadamard inequalities for *T,-integrals.

Chakarabarti and Jagannathan [5] considered a new generalization of quantum calculus (also
known as g-calculus) which is called as post-quantum calculus (also known as (p, g)-calculus). In
g-calculus, we deal with a g—number with one base g, however, in (p, g)-calculus we have p- and
g-numbers with two independent variables p and ¢g. Kunt et al. [11] derived (p, g)-analogues of
Hermite-Hadamard’s inequality. Since then several new post quantum analogues of classical
inequalities have been obtained in the literature. For example, Chu et al. [6] obtained new
(p,q)—analogues of Ostrowski type of inequalities using new definitions of left-right
(p, g)—derivatives and definite integrals. Yu et al. [18] obtained some new refinements of inequalities
via (p, g)—calculus and also discussed their applications. For some more details and basic properties,
see [16]. For more details see [20—24].

The aim of this paper is to introduce ,T, ,-integrals. We derive new ,T, ,-analogues of certain
classical inequalities. For example, we obtain ,7,,-Young’s inequality, ,T,,-Holder’s inequality,
T p,-Minkowski’s inequality, ,T,,-Ostrowski’s inequality and 7T, ,-Hermite-Hadamard’s inequality
respectively. To the best of our knowledge these results are new in the literature. We hope that the
ideas and techniques of this paper will inspire interested readers working in this field.

2. Preliminaries

In this section, for the sake of completeness, we now recall some basic concepts from quantum and
post quantum calculus.

2.1. g-calculus and some inequalities

In this part, we give some of the necessary explanations and related inequalities regarding
g-calculus. Also, here and further we use the following notation (see [9]):

. 1-¢g® o
(@], = l—qq :1+q+q2+...+q h qe0,1).

In [8], Jackson gave the g-Jackson integral from O to b for 0 < g < 1 as follows:

b
fi(x) dx=(1-q)b ) q"E(bq"), 2.1)
0

=0

provided the sum converges absolutely.
Jackson [8] gave the g-Jackson integral in a generic interval [a, b] as:

b b a

fé(x) d,,x:fi(x) dqx—fi(x) dgx.
0

a 0
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Definition 2.1 ( [14]). Let E : [a,b] — R be a continuous function. Then, the dx;, -definite integral on
la, b] is defined as

f () iy = (1 - q) (b - a)Zq 2(q%b+(1- %) a) = (o - a)f (1 -2)a+ab) dyo. 22)

In [3], Alp et al. proved the following §,5 -Hermite-Hadamard inequalities for convex functions in the
setting of quantum calculus:

Theorem 2.1. Let Z : [a,b] — R be a convex differentiable function on [a,b] and 0 < q < 1. Then
q-Hermite-Hadamard inequalities are as follows:

=(qatb JE@+E®)
~(1+q) b - af (%) Qg l+gqg 2.3)

Definition 2.2 ([14,15]). Let = : J := [a,b] C R — R be an arbitrary function. Then the g—derivative
of = on J at p, is defined

20 1 -
@ - . _(;])Q(;'E ~ q) a)’ 0 #a and D,E(a) = hmeu ©).,

aDqE (@) =

where 0 < g < 1 is a constant.

On the other hand, Bermudo et al. gave the following new definition and related Hermite-Hadamard
type inequalities:
Definition 2.3 ( [4]). Let Z : [a,b] — R be a continuous function. Then, the q°-definite integral on
la, b] is defined as

b

fi(x) bdx=(1-q)(b-a Z 72 (q%a + ~)b):(b—a)fi(ta+(1—@)b) d,0. (2.4)

=0
a

Theorem 2.2 ( [4]). Let Z : [a, b] — R be a convex function on [a,b] and 0 < g < 1. Then, g-Hermite-
Hadamard inequalities are as follows:

a+qgb b _(a)+q_(b)
(1+q) b - af (x) "d,x l+gqg 25

[

2.2. (p,q)-calculus and some inequalities

In this part, we review some fundamental notions and notations of (p, g)-calculus.
The [@], , is said to be (p, g) integers and is expressed as:
p”—q°

(g ===

withO<g<p<1.
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Definition 2.4 ( [16]). The definite (p, q).-integral of mapping = : [a,b] — R on [a, b] is stated as:

j‘E@)mmﬁ=ﬂp—qﬂx—mizéiﬂé@iﬂx+@— 1 }J, (2.6)
a =0

forxela, gb+ (1 —p)aland0<g<p<1.

Definition 2.5 ([16]). Let = : J — R be a continuous function and let x € J and 0 < g < p < 1. Then
the (p, q)-derivative on J of function Z at x is defined as

E(px+ (1 - p)a)) — E(gx + (1 - @)a)

Opg=l) = P-a-a

b

Definition 2.6. From [17], the definite (p, q)’-integral of mapping = : [a, b] — R on [a, b] is stated as:

q° =( 9 q”
p{v+1':'(p{v+1x+ (1 N Pz"u+1)b)’ (27)

b (o)
[ 2@ due=-w-00-0Y
X @=0

forxe|pa+(1-p)b, bland0<g<p<1.

Remark 2.1. It is evident that if we pick p = 1 in (2.6) and (2.7), then the equalities (2.6) and (2.7)
change into (2.2) and (2.4), respectively.

In [11], Kunt et al. proved the following Hermite-Hadamard type inequalities for convex functions
via (p, q), integral:

Theorem 2.3. For a convex mapping = : [a,b] — R which is differentiable on [a, b], the following
inequalities hold for (p, q), integral:

- (ga + pb 1 fq’”(l_p)” = q=(a) + p=(b)
= < = < 2.
( (2,4 ) S pb-a)J, () apgv < (2154 ’ 29

where 0 < g < p < 1.

In [17], Vivas-Cortez et al. proved the following Hermite-Hadamard type inequalities for convex
functions via (p, ¢)” integral:

Theorem 2.4. For a convex mapping = : [a,b] — R which is differentiable on [a, b], the following
inequalities hold for (p, q)" integral:

[

b © g
(pa + qb) - 1 f pE(a) + = () (2.9)
p

< Z(x) bd,x < ,
(21,4 P (b —a) Jpara—pp a (21,4

where 0 < g < p < 1.
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2.3. T,-integrals and related inequalities

In this subsection, we present definitions and properties given by using trapezoids.
Alp and Sarikaya, by using the area of trapezoids, introduced the following generalized quantum
integral which is called ,T,-integral.

Definition 2.7 ([1,2,10]). Let Z : [a, b] — R is continuous function. for x € [a, b]

f ©) dT-—M[(l+q)Zqﬁé(qﬁb+(1—qﬁ’)a)—i(b) .

w=0

Theorem 2.5 (aTq—Hermite—Hadamard). [1,2] Let = : [a,b] — R be a convex continuous function on
[a, b]. Then we have
b _ _
_[(a+b 1 - - E(a)+ZE(b)
= <— | E Ao T T
( > )_b_af @) «d;0 >

In [10], Kara et al. introduced the following generalized quantum integral which is called *T -
integral.

Definition 2.8 ( [10]). Let = : [a, b] — R is continuous function. for x € [a, b),

f <>”dT-—M[(1+ )Zq E(g%a+(1-4%)b)-Z(@)|.

Theorem 2.6 ( Tq-Hermite-Hadamard). [10] Let Z : [a,b] — R be a convex continuous function on
[a, b]. Then we have
b _ _
-fa+b 1 =y 2@+ EZ(D)
= <— | = dogs —-.
( 2 )_b—af © "de<—

3. New definition and some basic properties

First we define ,T, ,-integral.

Definition 3.1. Let Z : I — R be continuous functions, then for 0 < g < p < 1 we have

f 2(0) .07 0

_p-9kx-a
2q

T e

where x € [a,qb + (1 — p)a] .
Remark 3.1. If we take p = 1, then we obtain ,T, integrals.

We now discuss some basic properties of , T, ,-integral.
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Theorem 3.1. For o € R\ {—1}, then

- _ (P +q)(x - a)™+!
04 dT _ )
f @-a 2p [a + 11,

Proof. From the definition of ,T), ,-integrals, we have
f(Q Cl) dqu— (p q)(x a) ( + )Z w+l (pw+l +(1 a pcz]“uﬂ)a_a)
(x + (p - Da )a]
—-|———-a
p

(P q)(x —a) q° ol e [X—a ¢

2q [( +q)z(pw“) (e=a) ( P )]
_ (-9 -ar! <p+q) > (a7 (1)
e i

2q
_ (=" +4")(x - a)““
zpoz(poz+1 _ qoz+1) '

This completes the proof.

Note that if we take p = 1, we have the following result.

Corollary 3.1. For @ € R\ {1}, then

N 5. (1 + qa)(x_ a)(z+1
f(g @)" ;0 2l + 1],

Lemma 3.1. Let p > 1 and (a - 9)}, is (p, q)-binomial, then

g+ ( — Iﬁ)fm—l + ( _ )ﬁ+1
[0t (g _[2le=F) +pla-x
g 0%g@ = 5 =y 0,0 200 + 11, '

Proof. By using (p, g)-binomial formula and Gauss binomial formula

f(a Q)wq Odpqé
w (@-k)(&—-k=1)  k(k=1) _ - T _
= f Z(—l)k(k) p g7 @a" od, 0
pq

0 %o
fxi( 1)k [{j]I’,q! W k(kzl) ek dT _
= - a
o L [k]p,q![fu—k]p,q!p,qp q 7 0a” 0,0
S [&]4! bt K 4
= (-1 — p: q:zad” f 6 od 0
kZ:;J [kl [& — Kl pa
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_ Zwl w]pq whgin win oo (pf 4 g
k=0 klpg'l@ = klpg! 2k + g
_ i ]pq‘ pwq@aﬁ—kw
L 4 10,0115 — K, 2
Replacing k by k — 1
_ ’”Z“( - 1 [w +1],4! p(zﬁ—k+£>(ﬁr—k)q(k-lgk‘z)azﬁ+l—kw
&+ 1-kl,, 2
-1 wi:( 1yt (@14 e s
- = p q g2
2[13 + 14| P =1 [Klp!l +1 - k], ! q'2

w@+1

(& + 1] @kt )EH)  kh-D
+Z( 1)’” pa! e g gk

klp 'l +1—k],,!

X w+1 &
M prq [a(a=Z)" +pa-x
C 2pla + 1], 2ples + 1], '

Example 3.1. Let p > 1 and (1 — @)Zq is (p, q)-binomial, then

& __(p+g
f(l—g) qod = et 1,

Theorem 3.2. Let =, Z, : I — R be continuous functions, then
(1) [1E1@) +E:@)] ud] 0 = [ Ei@) ud] 0+ [, E2(0) o] ,0;
(2) [ aE@) A0 =0 [ E@) .d]0:

(3) WDy [} E@) ol 0 = 2027

Proof. We omit the details of the proof of (1) and (2). For (3), from the definition of an,q—integrals,

we have
. (p—x—a) > 97 = 47 q”
‘[a 2(0) od),0 = T 2q {(p + Q)Z pmld(pmlx"" (1 - pva)a)

=0
= (x +(p— 1)a)]
=)

Taking (p, g)-derivative , we have
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Doy [ 2@ 0
p > 47 =4 q° =
= 2 (p+9) Z P (pml (px+(1-pla)+ (1 - pml)a) - ~(X)]
&=0
q > 47 = (47 q°
"2 (p+ q)z p~+1n(pm1(qX+ (1-¢qa)+ (1 - pml)a)
&=0
= (qx +(p - q)a)]
p
1 © & (& & -
=5 (p+q)z —ﬁE(q—ﬁx+(1 - %)a)—p:(x)
q =P p p
b qiv+1 - qfv+1 qfv+1 = (gx+ (p_q)a
_(p+Q)prv+1:(pﬁ;+1x+ l_pfﬂ+l alt+g= T
=0
=5 (p+q)Zq—ﬁrE(q—ﬁx+(l - %)a)—pi(x)
=P p p
AT q° =(9x+(p—qa
—(p + q)z %.: (q—wx + (1 - —ﬁ)a) q= (—ﬂ
=P p p p
= % (p+q)Z%E(%x+(l - %)a)—pi(x)
=P p p
N ﬁ;‘ i @ _= = x+( - )Cl
-(p+9q) Z q—ﬁn (q—wx + (1 - q—ﬁ)a) +(p+ @ZE(x) + g= (M)}
=P p p p
= _ =[gXx + (p - )a
= 2 |+ D2 - pEC) + gE (u)]
q p
E(x) + = ((qx+(p—q)a))
_ P
2
This completes the proof. O

Theorem 3.3 (Change of variable property). Let = : I — R be a function with0 < g < p < 1, then

P ; 1 b+(1-p)a B 7
[ze+a-paude-— [ z@de
0 a

Proof. From the definition of ,T), ,-integral, we have

P _
f Z@b + (1 - 9a) ol 5
0

= (47 q° =
.:—~b 1——~ -=(
e Sa(Eee ) -20)
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ZE( " (b + (- pa) +( i)a)—i(b)]
£ w+1 w+1
1 gb+(1-p)a
:b—a‘fa\ "—‘(Q) dqu
This completes the proof. O
Theorem 3.4. Let = : I — R be a continuous function with c € (a, x), then

x qE(x) — qE(c) + pE (£H0e) -
f qH(Q) dqu -

p

pE (q6+(i7)—q)a )
2q

Proof. Applying (p, g)-derivative, change of variable and , T, ,-integrals, we have

f aDp,qE(é) ad;,q@
:f pq*—‘(Q) dpqé faquE(é) adgq@

:fxi(péﬂl—p)a)—i(q@+(1—q)a) o
a (p—q@©-a “pa
_f"i(p@+(1—p)a)—E(q@+(1—q)a) do 5
; P -9@-a) “ral
:f"i(p@ﬂl—p)a) dfé_f"i(qéﬂl—q)a)
. P-@@-ay TP,

e
P-p@-a
_f 2(pd + (1 = p)a) 5 "E@ (-9 g
« P-9@-a « p—-q@@-a M
px+(1-p)a = gx+(1-q)a =
E(0) P f Z(0) 7o
= - = < ad - - < - < ad
i: P-p@-a " ), P-@-a) "
fp0+(1—p)a E(@) _

c+(1-q)a i(— ~
i} =(0) _
-~ ad;qQ + f - ~a ,T,,qQ
(p—q@©-a) a (r—q@©-a)
=L -L-5L+1,,

where

(3.1)
px+(1-p)a == _
h- [ @)

T =

= ad) 40
P-—9@—-a) ™
1 = (47 q° -
=—|(p+9 E(—~x+(1——~)a)—p3(x) ,
2q ;0 p7 p”
qx+(1-q)a =(5 }
Iz — f ‘—‘(Q) dT =

P-9@-a) P

1 = (47 q°
=—|(p+9q E(—_x+(1——~)a)—(
2q ;) e p”

= =[(qx+(p-qa
P+ @QE(x) — pE (—)} ,
p
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pc+(1-p)a E(—) _
13 = f —Ql ad[T;,q@
a (P—q@©-a)

) _ qfﬂ qu -

= —= 1 - — — pE
(p+wﬁg; (pwc+( pw)a) PE(C)
qgc+(1-q)a =,

E(0) T -
1, = .d
' f P -D@-a
(P +‘1)Zé(q—ﬁc+ (1 - q—ﬁ,)a) - (p+9E(c) —pé(w)}_

=0 \P P p

Substituting the values of 11, I, I3 and I, in (3.1), we obtain the required result.

1
=

b

1
=2

Theorem 3.5. Let =, =, : I — R be continuous functions with ¢ € (a, x), then
[ 2o+ - panD,p2:0 0
q=1(0)22(0) + pE, (—qur(p_q)a

) = (q@+(p—q)a)
p =2

)4
2q

X

- f 2,q0 + (1 - Qa)uDyg051(@) a1 0.
Proof. Using the definition of (p, g)-derivative, we have

(3.2)
oD 4021(0)Z2(0)

(p =)@ —-a)

= Z1(p0 + (1 = P)a)aD4052(0) + E2(q0 + (1 = @)a)aD40Z1(0).

E1(po + (1 = p)a)Ea(po + (1 = p)a) = Ei(ga + (1 - ga)Ei(ge + (1 - g)a)
Now by taking .7, ,-integrals, we have

f aDp,q@EI (@)EZ(@) ad;qé

f Z1(po + (1 = P)a)aD,405:2(0) Jdb .6 + f E2(gd + (1 = 9)a),D,,40E1(0) a7 0.
Now by making use of Theorem 3.4, we have
f 2,90 + (1 = PA)D,052(@) d! 0

qu(@)EQ(@) + pél (‘I@‘*‘(P—q)a

. ) Z, (qé+(p—q)a>
X
-

X

p
2q

c

E2(gd + (1 = 9)a),D) 051 2) o}, ,0.
This completes the proof.
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Theorem 3.6. Let =, %,
then we have

2005
I — R be continuous functions such that Z,(8) < 2,(9) for all o €[a, b]
for x € la,qb + (1 — p)a]

fa 2, . o < f 2,0 4,2,

Proof. By definition ,T,,, integral, we have

f 2,0 .47 0

_p-9k-a
2q

(p +61)Z

S e (1 o) -3 (e
_ -9k -a)p+q) q”

- (4q q°
2q Zpﬁ+1“:'l(pﬁ+1x+(l - )
&=1
(p Qx—a)p+q) ( )

2q ; p®
_(p—-g@)x—-a)
-

w+1
=0 p "
= f EZ(@) ad;q@'

4. ,T,,~analogues of certain inequalities

T, -Young’s inequality

Theorem 4.1

AIMS Mathematics

In this section, we derive some new , T, -analogues of certain classical inequalities
- L
T

Letab>0andi+l:1witha/>l then

B
1 [ l+ a—1 —1 + -1
ap< L@ D o P
2 [a]p,q [ﬁ]p,q
Proof. Choose g = x*~! functions for @ > 1 with < + é = 1. We draw the graph of g = x*7!.
B a—1 a—1
¢ = faxa—l OdT — (P +q )aa'
0 Z[Q]p,q
b -1 -1
1 F P+
CHr = gryfl dT = —bg
’ fo o 2Bl
According to Figure 1
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ab<c +c

e e L +c1’“)bﬁ

y=f(x)

0 a X

Figure 1. g = x*1.
This completes the proof. O

4.2. ,T,,-Hélder’s inequality

Theorem 4.2. Let + + £ = 1 with @ > 1, then we have

B
b -1 -1 -1 —1
P+ P+ 2 s
Z1(0)E d? + E1lllZ2llg,
fa 21(2)52(0) o4, ,0 = [ 2adye 2Bl 151 1le]1Z21ls
1
— b —_ =\ |7 - r
where [El = ([ 1@ udpa0)
Proof. By taking a = = 1l(ﬁ)' = '”‘ Z(ﬁ)' and using , T, ,- Young Inequality,

121 @) 1E2(0)| 2 +q" ) IE @ N P+ D IE@F
1Eille 182l — 2[elpg 14l 2B1pa 1IZall

Now by taking , 7, ,-integral of the above inequality,

f” IZ1(0)IIZ2(2)] d,,,,@ f P+ ¢ H IR N P+ (T E0F

a Q — a 0
[ NN 2edpy NSl ra 2Blpg  Ja NIEI T
LT ) P D
 2alp, 2By

This completes the proof. O
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4.3. ,T,,Minkowski inequality

Theorem 4.3. Ler 1 + é = 1 with a > 1, then we have

.- P ey Pl D] o
||n1+n2||a=[p R ) TN

2aly, 2[Blpq

1

_ b = T =\"

where [E:l, = (@) o],0)

Proof. From ,T,, Holder’s inequality, we get
121 + Zllg

b
f E1@IIE @) + Z@)" quQ+f 520110 + E2@1" od] 0

1

(pa_l +qa_l) +Qﬂ ) (a—1) ’
S[ 2[aly, zw]pq ](f 21(0) + 20 dpqg)

b . \a ) \a
X[( f =@l ad,f,q@) +( f =@ ad,f,q@)]

(pa—l + q(z—l) s (pﬁ—l + qﬁ—l)
2[alpg 2[Blpq

<|IE; + EzHZ_1 [

] HE e + 1Z2ll]-

Dividing both sides by ||Z; + Z,||*"!,we obtain our required result. o
4.4. T, -Ostrowski inequality

Lemma 4.1. Let Z : [a, b] — R be (p, q)-differentiable function (a, b), then for 0 < g < p < 1, then

1
[qu(x) +p (

gx+(p—qa
2q

-(p-q@E(gb+(p- q)a)]
1 qb+(1-p)a

pb-a
1 X _ ; qb+(1-p)a ) .
B p(b——a) [f p(@ B a)aDp’qE(@) “dp’q@ + f p(@ - b)aDp,qE(@) adp,q@] .

2(g6 + (1 - @)a) A} 6

Proof. Consider the right hand side and making use of Theorem 3.5, we have

1 X
m[f p(©@ — @)D, ,Z(0) dqu+f(pQ+(l—p)a b)oD, ,Z(0) dqu]

1
= b—a[13+l4]’ 4.1)

where

AIMS Mathematics Volume 8, Issue 1, 1995-2017.
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13 = f p(é - a)aDp,qE(é) ad;qé

9@ - DEQ) + (g8 + (p — q)a - pa)E (TL=2) "

2q

- f E(g0 + (1 = q)a)aDp4(@ — a) ade’qé
= — a)= (Hr=9a
_ q(x — a)=(x) + qg(x a)"‘( p )
2q
_ f Z(go + (1 - ¢)a) adf,q@-

Similarly
qb+(1-p)a _ _
I = f D@ - DDy aE@) a0l 5
X

gb+(1-p)a . ;
B f (po + (1 = p)a—(gh + (1 = p)a).Dp,E@) oAl o

_4lgb + (1= p)a—0E) ~p(p-q) (b~ 2 (gh+ (1 - ga) - [qx — a) - p(b — a)| 5 (£-22)

2q
qb+(1-p)a _ )
- f Z(go + (1 - ) o] 0.
By substituting the values of /; and I, in (4.1), we obtain our required result.
Lemma 4.2. Let p > 1 and (a - @)ﬁfq is (p, q)-binomial, then

~ bx @+l o+l

[0 a- oo |1 (a-%) +pa—x
a-— = -

o T Ora e = D, 200 + 1,y

Proof. By using (p, g)-binomial formula and Gauss binomial formula
N\ T =

* 2 w @R@hD) kD) -
[ e
pq

0 k=0
x @ ) [@],! (GRGk=) =D _p = T
= Z(—l) . p* g @oa”"d,0
0 = (k] 4! [T — k], 4! va
@ [@],,! @Rk k) = [ P
= > (=1 — p - q’a "f &" od),0
=0 [k]p,q![w - k]p,q ! g 0
_ i(_l)k [fD’]p’q! P(ﬁ-k}(?—k—l)q@aﬁ_k (pk + qk)xkﬂ
£ [k]pq![E — K, ! 2k + 1],
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z @lpq! @botn weey - (pF+ gh)akt
el po et o (1 D
[k + 1],,q[ — Klpg! 2
Replacing k by k — 1
w+1
_ Z+( l)k 1 w+ 11[,(] k] p(ﬁ—k+£)(ﬁr—k)q(k—l)z(kfz)a{u_'_l_k(pk +2qk)xk
w+l- pq
_1 zi( l)kl [ﬁ]p»q! pi(ﬁikg)(ﬁhk) @ 1~U+l—kx_k
T 2@+ Ll P L (K], \[& + 1 — k]! 72
w+1
ZD' + 1] ! (@—k+D)(@-k)  ktk=1) =~
+ ( l)k 1 — P4 I — Taw-i—l—kxk
Z Kl [& + 1 — k]! 1
X @+l &
g [ala-5) +pa-0
2pl@ + 11,4 2pla + 11,4

Example 4.1. Let p > 1 and (1 — @)gq is (p, q)-binomial, then

[a-og,00=50" 0

2pler +1],,

Theorem 44. Let = : I = [a,b] — R be a (p,q)-differentiable convex function on (a,b) and
Dp,qE(x)| < M for all x € [a, b, then we have

(q x+(p— q)a)
p

|— [qu(x) +p (p—q@E(gb+(p- q)a)]

gb+(1-p)a )
p(b_a)f E(go + (1 - g)a) 1,0

5 2( _ )2
< m((x—a) + T—p(x—a)(b—a)).
oD, 4E(@)| < M
l— [qu(X) + pE (W) (p— = (gb+(p- q)a)]

gb+(1-p)a )
b a)f E(go + (1 - g)a) .00

1 < gb+(1-p)a
Sm[ f PI@ = DDy 2@ 2 + f 1P@ — B)DpgE@)] o0 0

M X ) . gb+(1-p)a )
< o(—a) [L p@—-a ad,,,qQ‘fo p(b—-0) dqu]
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M (x—a)* p*b-a) (x —a)?
_p(b—a)( 2+ > -px—a)(b—-a)+ > )
2 b — 2
< —a) ((x—a)2+¥ —p(x—a)(b—a)).
This completes the proof. O

Theorem 4.5. Let = : I = [a, b]
all x € [a, b], then we have

aDME(x)| is convex for

‘— [q_u) + pB (W) (p— @)= (gb+ (p- q)a)]
qb+(1-p)a
e a)f E(go + (1 - q)a) ,d] 0
1 P+q X 3 (b—a)(x—a)z) =
- —~ 1 b-a)- .D, . E(b
= b—ay (p2[3],,,q T T 2p Dpg= 0
r+¢. 5 b-aGx-a® pPPrg 5 =
+ (2[3—]M(b a) 2 P13, (x—a)y —(b-a) (x—a)|l.Dp,E(a)l|.
, then we have
‘— [qu(X) +p=2 (M) (p-q=E(gh+(p- q)a)]
1 qb+(1-p)a _
oo E(go + (1 = @)a) ,d, 0
1 X b+(1-p)a
< h—a) [f PI@ — Dy E©)] o] o + f 1p@ = D)llaDypZ0) dpqg]

1 X b N _
< Sb—a) [f P(Q—a)[ |a D, ,Z()| o |a pq'—'(a)|:| ad;,,0

gb+(1-p)a _ _ b-0 = T
fx p(b—-0) [TaLsz,qE(bN + Ta|aDp,qE(a)|] adp,q@]

1 gb+(1-p)a _
ST [u ,,q~<b>|( f @ - a)? o] o+ f (b-0)@-a ad,f,q@)+

gb+(1-p)a
+.D pqu(a)l( f ©@-a)b-0) db o+ f (b -0) dpqg)]

PP +q s Pq , (b-a (x—a)z)
a i - ) b - -
(b e [I g =(b )I( mpq(x a)” + 2[3][)"1( a) o
= PP+ q ; b-a)(x-aP p*+¢ 3 5
+|aDp,q'—*(a)| ( 2[3]p’q (b - Cl) - 2p - p2[3]p’q (X - (1) - (b - a) (X - a) s

which proves the required result. O
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Theorem 4.6. Let = : I = [a,b] = R be a (p,
all x € [a, b] with é + 1 =1 then we have

B
(q x+(p- q)a)
p

aDME(x)|ﬁ is convex for

‘— [qu(X) + pE (p-q=(gb+(p- q)a)]

2q

qb+(1-p)a B
Ry a)f E(g0 + (1 - g)a) .4} 0
o ! [(p‘”+q" 1)+(Pﬁ + 4 )]
" (b-a) 2[alpy 2[Blpq

X‘”‘”(%ﬂm+1h)

(wwnpwawﬂuww—m—u—mmpwamqé
2p

gb+(1-p)a (lx
+ f (b-0)" dpqg)

[(pz(b - (1)2 - (X - a)Z) |aDp,qE(b)|ﬁ + (p(b - (1) - (X - a))z |aDp,qE(a)|ﬁ]]ﬁ
2p

Proof. Using Lemma 4.1, modulus property, =2 ﬁ, then

(q x+(p-— q)a)
p

‘— [qu(x) +p (P-qQE(gb+ (p- q)a)]

qb+(1-p)a 7
- E(go + (1 - q)a) ,dT o
P b 2 f (q0 + (1 = q)a) .d, ,0

1 X _ 7 gb+(1-p)a
< m[ f Pl@ - DDy, E@)] dL 0 + f p@ - B)luD, E@)] dpq@}

[(p"“ i) . P+ qﬁ‘l)]
- 2lal,, 2B1pq

(f @-ar, pqg) (f WDy B o pqg)
gb+(1-p)a gb+(1-p)a Y
+( f - 9) adﬁ,q@) ( f luDp s Z@F ad,f,q@)

o (p“‘1+q“‘1)+(p‘*‘1+qﬁ‘l)
“b-a 2[alpy 2[Blpq

(P + g (x — @)\ f o-a - b-5, . - Y
x [( TATERY ke O + LoD E @ | o] 2

b+(1-p)a e[ paepars g, b-5 ) RV
+ (f (b - @)a ad,T;,qé) (f [Q |a P, q-—'(b)lﬁ + b— ilaDp,qE(a)lﬁ] ad;q@)
X X

_ 1 [(p"‘1 +qh P+ q‘*“)]
(b - 61)2 2[a]p,q 2[:8][7,(]
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(@ e -y
2p? [a + 1,4

|
((x ay’
i

1

2
WDy EB)F + ((b - - )|a ,;q_<a>|/f)

X

2p

qb+<1 pa '

+ (b Q)a/ dp q@)

x((P (b—a)2—<x—a)2)

p(b —a)?
2p 2

=0 +( C-ax—ay+ S p) )|a ,,q_(a)vf”
This completes the proof. O

4.5. T, ,-Hermite-Hadamard’s inequality.

We now derive some new variants of classical Hermite-Hadamard’s inequality essentially using
T pg-integrals.

Theorem 4.7. Let = : I = [a, b] — R be a continuous and convex functionon (a,b) with0 < g < p <1,

we have A _ _
_(a+b 1 po+(i=pla _ - =(a) + Z(b)
= < E(x) df x< T2 4.2
Proof. Since Z is a differentiable function at [a, b] then there exist a tangent at “Zi’ € (a, b), tangent line
b b b
(see Figure 2) can be expressed as function Z;(x) = (‘” ) + = (%) (x - %)
y L(x) f(x)
k] T2(¥)
a atb < b x
T1(X)
T3(x)

Figure 2. =,(x) = = (“—;”) + = (“—*b) (x - M).

Since = is convex function on [a, b], then

El(x):E(a+b)+é'(a+b)(x—a+b)§§(x),

2 2

for all x € [a, b]. By Theorem 3.6, we have

pb+(1-pla } pb+(1-pla _
— T — T
f Ei(x) od, x < f E(x) .d, X
a a
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By definiton of ,T, ,-integrals, we have

pb+(1-p)a _
= T
f Ei(x) ,d, x
a

_jW”“W‘;a+b L= [ath a+b\|
- J, B A A e
—f(a+b\ - [a+D\ [rrri-pe b-a
:p(b—a)a( 5 )+:( 2 )L (x—a— > )adgqx
—(a+b
= p(b — a):( > ) 4.3)
This completes the first ineqiality in (4.2).
Also the line connecting the points (a, Z(a)) and (b, Z(b)) is expressed as
} _ Z(b) - E
E(x) < k(x) = E(a) + M(x - a).
b—a
This implies
pb+(1-p)a - _ pb+(1-p)a - E(b) _ E(a) _
f 2(x) ale,’qx < f (:(a) + ﬁ(x — a)) ad;qx
_ Z(b) - = b — a)?
< Eapb— a4 ZO-E@ PO -0
b—a 2
Z(a) + Z(b)
< pb - a)T. 4.4)
This compeletes the proof. O

Theorem 4.8. Let = : I = [a,b] — R be a convex continuous function on (a,b) with0 < g < p < 1,

we have
=(qa+ab\_(b-a)(p-q ., (qa+qb) _ 1 f”““"’)“i(x) o x< Z@FE®)
“\ p+yq 20+q9) ~\p+tq ) plb-aJ, e 2 T

Proof. Since Z is a differentiable function at [a, b] then there exist a tangent at % € (a, b), tangent line

. = b = b b . = - .
can be expressed as function Z,(x) = = (%) + = (%) (x - %). since = is convex function on
[a, b], then

_ _ b _ b b -
Ez(x):a(q“q )+E’(w)(x—qa+q )SE(x), Vx € [a.b].
p+q p+q p+q

Taking T, ,-integrals of the above inequality over [a, b],

pb+(1-p)a _
f 2,() o0 x (4.6)

vhri=pa [ (qa+qb\ =, (qa+ qb ga+qb\\ 7
= 2l )+t = X — adp’q-x
. p+q p+q p+q
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_(qa+qb\ - +gb\ (Pripa b- "
= p(b—a)E(qa 1 )+E,(qa 1 )f (x—a—p—a) ad;qx
pP+q p+q a pP+q ’
_ p(b_a)i(qmqb)_ 5,(qa+qb)p(b—a)2(p—q)
P+q P+q 2(p+q)
pb+(1-p)a _
< f E(x) od] x
Comparing (4.6) and (4.4), we obtain our required result. O

Theorem 4.9. Let = : I = [a,b] — R be a convex continuous function on (a,b) with0 < g < p < 1,
then

z(patab), b-a@-qz (pa+ab) 1 ‘”’*“"’)”f(x) o x< ZOFE®) o
“\ p+gq 2Ap+q9 \p+q ] p-aJ, R 2

= . . . . . b .

Proof. As E is differentiable function on (a, b), so there exist a tangent at % € (a, b), tangent line
. = = b — b b . _ - .

can be expressed as function Z3(x) = = (%) + = (’%) (x — %). since = is convex function on

[a, b], then

_ _ b _ b b -
E3(x):E(pa+q )+E'(M)(x—pa+q )SE(X), Vx € [a,b].
p+q p+q p+q

Taking , T, ,-integrals of the above inequality over [a, b], we have

po+(1-p)a _ .
f 2:(0) o0 x (48)
Poiere _ (pa+gb\ -, (pa+qb pa+gb\ ¢
= El———]|+& X - ady X
a pt+q p+q pt+q ’
_(pa+qb\ - +qb\ (rordra b— r
:p(b—a)E(pa 1 +E,(pa 1 )f (x—a—q—a) ad[T,qx
pP+q pP+q a pP+q ’
=(pa+qb\ = (pa+aqb\(pb-a)’  pb-a)
=pb-a)=E + = —
P+q p+q 2 p+q
_ + gb b — 2(p — _ +ab pb+(1-pla _ B
| L LAY p(b—a)(p q)E, pa+gq Sf 20 .47 x.
ptq 2(p+q) pt+q a P
Comparing (4.8) and (4.4), we obtain our required result. O

Theorem 4.10. Let = : I = [a,b] — R be a convex continuous function on (a,b) with0 < g < p < 1,

we have i) . )
1 poriimpa 7 Z(a) + Z(b)
max{Ni, N>, N3} < m ) 2(x) adp’qx < —
where
-{a+b
]
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N, = i(qa + qb) _b-a)(p-9=, (qa + qb)
pP+q 2(p+q) p+q )
Ni = ;(pa+qb) (b—a)(p—q);,(pawb)
3= = + = .
P+q 2p+9q) p+q
Proof. Combining (4.2), (4.5) and (4.7), we can obtain our required result easily. O

5. Conclusions

We defined new post quantum integrals using trapezoidal strips and discussed their basic
properties. Utilizing these integrals, we have established new (p, g) variants of Young’s, Holder’s,
Minkowski’s, Ostrowski’s and Hermite-Hadamard’s inequalities. It is worth mentioning that by using
these integrals, one can also develop new analogues of Chebychev and, Hermite-Hadamard-Mercer,
Gruss-like inequalities. In future, we will extend the idea for g-fractional and interval analysis to
obtain some new refinements of classical inequalities.
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