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Abstract: In this paper, the traveling wave solution of the Fokas system which represents the irregular
pulse propagation in monomode optical fibers is studied by using the complete discriminant system
method of polynomials. Firstly, the Fokas system is simplified into nonlinear ordinary differential
equations by using the traveling wave transformation. Secondly, the Jacobian function solutions, the
trigonometric function solutions, the hyperbolic function solutions and the rational function solution
of Fokas system are obtained by using the complete discriminant system method of polynomials.
Finally, in order to show the propagation of Fokas system in monomode optical fibers, three-
dimensional diagram, two-dimensional diagram, contour plot and density plot of some solutions are
drawn by using Maple software.
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1. Introduction

Nonlinear partial differential equation is a very important branch of the nonlinear science, which
has been called the foreword and hot topic of current scientific development. In theoretical science and
practical application, nonlinear partial differential is used to describe the problems in the fields of
optics, mechanics, communication, control science and biology [1-9]. At present, the main problems
in the study of nonlinear partial differential equations are the existence of solutions, the stability of
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solutions, numerical solutions and exact solutions. With the development of research, especially the
study of exact solutions of nonlinear partial differential equations has important theoretical value and
application value. In the last half century, many important methods for constructing exact solutions of
nonlinear partial differential equations have been proposed, such as the planar dynamic system
method [10], the Jacobi elliptic function method [11], the bilinear transformation method [12], the
complete discriminant system method for polynomials [13], the unified Riccati equation method [14],
the generalized Kudryashov method [15], and so on [16-24].

There is no unified method to obtain the exact solution of nonlinear partial differential equations.
Although predecessors have obtained some analytical solutions with different methods, no scholar has
studied the system with complete discrimination system for polynomial method.

The Fokas system is a very important class of nonlinear partial differential equations. In this
article, we focus on the Fokas system, which is given as follows [25-37]

ip.+rp,. +r =0,
{pt \P, + 1,00 (0

ray — (Pl =0,

where p=p(x,y,t) and g=q(X,y,t) arethe complex functions which stand for the nonlinear
pulse propagation in monomode optical fibers. The parameters I,r,,r, andr, are arbitrary non-zero

constants, which are coefficients of nonlinear terms in Eq (1.1) and reflect different states of optical
solitons.

This paper is arranged as follows. In Section 2, we describe the method of the complete
discrimination system for polynomial method. In Section 3, we substitute traveling wave
transformation into nonlinear ordinary differential equations and obtain the different new single
traveling wave solutions for the Fokas system by complete discrimination system for polynomial
method. At the same time, we draw some images of solutions. In Section 4, the main results are
summarized.

2. Description of the method

First, we consider the following partial differential equations:

{F(U,V,UX,Ut,VX,VpUXXfot’utt"")=O’ (2.1)

G(u,v,u,,u,Vv,,V,,u,,u,,u.,--) =0,

where F and G is polynomial function which is about the partial derivatives of each order of
u(x,t)and v(Xx,t) withrespectto X and t.

Step 1: Taking the traveling wave transformation u(X,t) =u(&),v(x,t) =v(&),& =kx+ct into Eq (2.1),
then the partial differential equation is converted to an ordinary differential equation

F(u,v,u’,v,u",v",--) =0,
)=0

G(u,v,u’,v,u",v",---)=0. (2.2)

Step 2: The above nonlinear ordinary differential equations (2.2) are reduced to the following ordinary
differential form after a series of transformations:
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u)? =u’+du?® +du+d,. 2.3)

The Eq (2.3) can also be written in integral form as:

du

+(E-&) =I\/u3 T d,u? +d1u+d0-

(2.4)

Step 3: Let ¢(u) =u®+d,u” +d,u+d,. According to the complete discriminant system method of

third-order polynomial

3 2
A=-27(P2 g iy g Gy
27 3 3 25
. 25)
D :d — =2 ’
1 1 3

the classification of the solution of the equation can be obtained, and the classification of traveling
wave solution of the Fokas system will be given in the following section.

3. Traveling wave solution of Eq (1.1)

In the current part, we obtain all exact solutions to Eq (1.1) by complete discrimination system
for polynomial method. According to the wave transformation

(X, Y, 1) = ()" WA q(x, y,t) = (1), = X+ y —\t, (3.1)

where A,4,,4,,4, and v are real parameters, and V represents the wave frame speed.

Substituting the above transformation Eq (3.1) into Eq (1.1), we get

{(—v+2rlzl)i¢'—zaw+rlco"—rlﬂfco+r2<o¢=o, 32)
A
Integrating the second equation in (3.2) and ignoring the integral constant, we get
r 2
o) =2 D). (3.3)

I3

Substituting Eq (3.3) into the first equation in (3.2) and setting V=214, we get the following:

, AN
Lo —(@wﬁ)w%:o. (3.4)

3

Multiplying ¢" both sides of the Eq (3.4), then integrating once to get

((/7')2 = 8.4(04 + 82(02 +a,, (3.5)
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nr rA’ . .
where a, =—-%% a, = M a, is the arbitrary constant.
1f n
L _2 L 1
Let o=+ (4a,) o, b =4a,(4a,) °, b, =4a,(4a,) *,n, = (4a,)°n. (3.6)

Equation (3.5) can be expressed as the following:
(@), ) =’ +bo’ +bw. (3.7)

Then we can get the integral expression of Eq (3.7)

+(m —10) = (3.8)

@
) I 2 '

o(o” +bw+Db,)
where 77, is the constant of integration.

Here, we get the F (@) = ®° +bw+b, and A=Db?—4b, In order to solve Eq (3.7), we discuss

the third order polynomial discrimination system in four cases.
Case 1:A=0 andw>0.

When b, <0, the solution of Eq (3.7) is

@,

=2 tanh -2 - ). (39)

%Cothz(%\/g(m—m))- (3.10)

Thus, the classification of all solutions of Eq (3.7) is obtained by the third order polynomial
discrimination system. The exact traveling wave solutions of the Eq (1.1) are obtained by combining
the above solutions and the conditions (3.6) with Eq (3.1), can be expressed as below:

(X, /1) = 1/r”“r+r%)tanh( J 2(%:%) (err“*) (& r4) 74 1)) €I (3 11)

InEq (3.11), p,(X,y,t) isa dark soliton solution, it expresses the energy depression on a certain

intensity background. Figure 1 depict two-dimensional graph, three-dimensional graph, contour plot
and density plot of the solution.

ql(x,y,t)zﬁtanhZ(;J S R G.12)

2 r-1 13
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(a) 3D graph (b) 2D graph

(c) Contour plot (d) Density plot

Figure 1. Module length graphs of Eq (3.12) whenr, =-2,r, =1,r,=-1r, =14 =-1,4,=3, 7, =0.

O I LCRLZOMNE \/ 2% T0A) (2l (2 ) € (313

o0, r, L, nr,

where p, (X, ¥,t),0,(X, y,t), p,(X, ¥,t),0,(X, y,t) are hyperbolic function solutions. Specially, p,(X,Y,t)

is a bright soliton solution.

qz(x,y,t)=%cmh2(;J s+ (2”4) ((2”4) n+1)). (3.14)

2 1 3

When b, >0, the solution of Eq (3.7) is

bl JE _
w, ztan (2 2(771 0))- (3.15)

The exact traveling wave solutions of the Eq (1.1) can be expressed as below:
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p3(X, y,t) _ ’ r (ﬂer':rlﬂi ) tan ( \/2(13 ':: rlﬂ'l ) (2I' r4) ((Zr r4) 77+770)) el(ﬂqx+ﬂgy+ﬂat+ﬂ4)_ (316)

(%, y,0) = -2 tan? <2J2“3+W<2”4) «2”4)n ). G

; . i

In Eq (3.16) and Eq (3.17), py(X,y,t) and Q,(X,Y,t) are trigonometric function solutions.
0,(X, y,t) is a periodic wave solution, and it Shows the periodicity of 0,(X,Y,t) in Figure 2(a), (b).

2501

(c) Contour plot (d) Density plot

Figure 2. Module length graphs of Eq (3.17) when r, =2,r,=1r,=1r, =14 =1,4,="1, 1, =0.

When b, =0, the solution of Eq (3.7) is

4

= 3.18
(771_770)2 ( )

@,
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The exact traveling wave solutions of the Eq (1.1) can be expressed as below:

by =t |-y s 2 g (3.19)
v rr, (2r2r4§ . ’
r, n=+r,
r, 21, 4
q4(x,y.t)=—r(rr“)3 o, ; (3.20)
3 (( ) )’

where p,(X, y,t) is exponential function solution, and ¢, (X, y,t) is rational function solution.
Case2: A=0 and b, =0.

When @>-P and b, <0, the solution of Eq (3.7) is
b, ., 1 b

=—tanh“(=,[=(7,—-n,))—b. 3.21

@ =7 (2,/2(771 7)) by (3.21)

e LN
606—2C0'[h (2\/;(771 7)) —b. (3.22)

The exact traveling wave solutions of the Eq (1.1) can be expressed as below:

ps(x,y,t>=iJ“r3(ﬂg—+W) (tanhz(%JZ(M%) 2ty ((2”4) n+n,))—2) €T (3.23)

2'4 h E 1f

0%y, ) =225 2 JZW ) (2”4) ((2”“)77 e+ 2R (304

2 rl 13 2

274 r;l. rr 13

pa(x,y,ﬂ=i\/‘r3(ﬂg—r+%2)(cothzé\/zw%) (e’ «2”4) n ) ~2) €I (3.05)

2 rZI. rr 2

0%, y.t) =~ 22 cotnz sz ) (250 «2”4) pem)+ 25 (3 )

where P, (X, Y,1),05(X, Y, t), ps(X, y,t) and g (X,Y,t) are hyperbolic function solutions.

When @>-h and b >0, the solution of Eq (3.7) is
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o == 2’ -2 (- 1) - (3.27)

The exact traveling wave solutions of the Eq (1.1) can be expressed as below:

2°4 rl 13

P Jruﬁw“ "G J Aottt (2r r“) (BB gy +2) € (3.08)

ne

0, (x,,) = 255 g (EJ 2% +RA) (200 5 ((2”4)77 )+ 2R o)

2 1 2

where p,(X,y,t) and @,(X,Y,t) are trigonometric function solutions.

Case3: A>0 and by #0. Let u<v<s, there u,v and sare constants satisfying one of them is
zero and two others are the root of F(w)=0.
When u< @<V, we can get the solution of Eq (3.7) is

\S—u
@, = U+ (v—u)sn( > (17, =1, )5 (3.30)
where ¢* = E
S—u
The exact traveling wave solutions of the Eq (1.1) can be expressed as below:
pu(x,¥.1) = \/ ) (s vyt (P Py ) o et (33)
1°3 l
2r,r, 2 NS— 2r
Go(X, Y,1) = —& (S22 ° [ +(v-u)-sn®(——— ) 1+1),0)]. (3.32)
r, nn 2 1A

When @>s, the solution of Eq (3.7) is
_—vesn*(\s—u(m —m,)/2,c)+s

W, = 3.33
’ cn*(vs—u(m, =1,/ 2,¢) 3
The exact traveling wave solutions of the Eq (1.1) can be expressed as below:
N e s 25 ) s
P (X, y ) =% [—(= T 4" \/s ' 2” gl Ay +Ada) (3.34)
v — () 4) n+1,),¢)
3
—V-sn (‘ 2r ) n+1,),C)]+s
(3.0 =~ () 2 G (3.35)
S e Y w/ 2r ' .
P 2 ) 17+1),C)
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Case4: A<O.
When @ >0, similarly we get

@y = 2by ~Jbs, (3.36)

1

1+Cn(boz(771 —1).C)

b
where ¢* = (1—%)/2.

The exact traveling wave solutions of the Eq (1.1) can be expressed as below:

pw(x’ y,t)zi 2\/_(2r r4) [ 2 —2 . +1] .ei(ﬂlx+/12y+jgt+l4)’ (337)
" 1hen((ay (- 4) Y ”4) 7+71,),0)
21T, —2
qlo<x,y,t>———2J_ ( 4) [ n 5 41, (3.38)
"1t en((day(- 4) Y ”4) 7+170),€)

where  Pg(X, Y,1),05(X, Y, t), Po(X, ¥, 1), 0o (X, Y, 1), Po(X, y,t) and 0, (X, y,t) are Jacobian elliptic
function solutions.

4, Conclusions

In this paper, the complete discrimination system of polynomial method has been applied to
construct the single traveling wave solutions of the Fokas system. The Jacobian elliptic function
solutions, the trigonometric function solutions, the hyperbolic function solutions and the rational
function solutions are obtained. The obtained solutions are very rich, which can help physicists
understand the propagation of traveling wave in monomode optical fibers. Furthermore, we have also
depicted two-dimensional graphs, three-dimensional graphs, contour plots and density plots of the
solutions of Fokas system, which explains the state of solitons from different angles.
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