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1. Introduction

Switched systems consist of switched signals and subsystems. Over the past decades, much
research has been carried out on switched systems because of the widespread existence of such
systems, such as power systems and control systems, in real life [1, 2]. This form also allows these
systems to represent more realistic situations when modelling systems. In some publications, singular
systems are sometimes known as systems with generalized variables, systems of general state
spaces [3], etc. A system with multiple subsystems, where at least one of the subsystems is singular,
is called a switched singular system [4]. When studying singular switched systems, the distinction
between dealing with standard switched systems and dealing with singular switched systems is the
importance of paying attention to the compatibility of the system states before and after the switching
moment. If the conditions that a switched system has only one solution are to be satisfied, they must
be regular and impulse-free and should be met for each subsystem [3, 6].
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The study of stability is always an important topic. Current research has more often studied the
Lyapunov asymptotic stability of systems, that is, the dynamic behavior of systems in an infinite time
interval [7]. For the study of stability, scholars have used the Lyapunov function to solve the
exponential stability problem of some continuous systems [8, 9], the state decomposition method to
solve the stability problem of some discrete systems [10-12] and multiple Lyapunov functions to give
sufficient criteria for the exponential stability of some stochastic systems [6, 13, 14]. In nonlinear
systems, finite-time stability (FTS) is possible with an arbitrary switched law, and conditions for
availability of dynamic characteristics like stability, attraction, invariance, and boundedness were
formulated in terms of the common Lyapunov functions or multiple homomorphisms [15].

In practice, however, it is often important to investigate a system’s transient performance across
short time intervals. In general, if the overshoot is too large, then this control system is not applicable
in many practical engineering applications, so it becomes necessary to study the FTS of the system.
When the starting value of a system deviates by a certain margin from the equilibrium point, the FTS
may be understood as the state of systems during a specified time interval. In recent years, FTS has
received increasing attention from scholars at home and abroad, and many research results have been
achieved [16]. To ensure the FTS of a system, different control methods have been proposed by
domestic and foreign scholars for different systems, among which the method of average residence
time is widely utilized [17-19]. Furthermore, Ma et al. studied the finite-time feedback control issue
of linear systems controlled by the switched law that has a time-varying delay and parametrically
limited external perturbations using an event-triggered mechanism [20], but they did not address
singular systems. However, the method of averaging the residence time also has some limitations, so
there is a need to find other methods in the study of FTS. For example, using finite-time escape
functions [21], the average impulse interval (AIl) method [22], state space partitioning to construct
switched laws [23, 24] and an event-triggered mechanism [25], the system studied in this paper does
not contain a time-delay term.

Recently, the advantages of event-triggered mechanisms have been gradually recognized by
scholars [26-28]. Furthermore, the idea of constructing switched laws using a division of the state
space was applied for the first time to singular switched systems with time-varying delays, which
makes the determination of state switched easy [23, 24]. Real-time feedback adds considerable
computational burden to a system. In an event-triggered control structure, a new control mission can
only be completed when an external event is satisfied. Given an external event, a defined
event-triggered mechanism is generated, and data collection is not performed at a fixed time, as in
traditional periodic collection methods. At the moment of sampling, the control input to the system
changes instantaneously. As a consequence, the time required for control mission runs and
sensor-controller communication frequency may be greatly lowered while still providing good
closed-loop performance.

In the literature, event-triggered mechanisms have not been applied to time-varying delay singular
switched systems. In this process, the construction of the V-function directly affects the ease of
judging the system’s admissibility conditions and is a necessary consideration when considering
singular systems, and therefore the construction of the V-function has some degree of limitation. In
summary, the previous studies [20, 23, 25] had issues that have not been considered, including
variable time lag terms and singular systems. In the literature [29], singular systems with time-delay
terms are considered, but there is no switched and no perturbation in the system. This motivates us to
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carry out the present work, and this paper considers both of these issues. Therefore, our contributions
are given as follows: (1) The control method for the FTS of singular switched systems with
time-varying delay and perturbations is investigated. (2) Sufficient requirements are also presented for
meeting the finite-time stable H.,-performance index 7.

In this paper, finite-time stabilization of continuously singular switched systems that have a time-
varying delay and an issue of state feedback control are explored. First, the conditions for the existence
of unique solutions of continuously singular switched systems are discussed, and the definitions of
compatible switched and finite-time stabilization of normal delay singular switched systems are given.
Second, sufficient conditions for FT'S with perturbation cases are given using the L-K function and
state-space decomposition methods. Finally, sufficient conditions for satisfying the finite-time stable
H,, performance index 7y are given. Ultimately, the applicability of the theory is verified by numerical
arithmetic examples.

2. Preliminary

N and R* stand for the set of all natural numbers and the set of positive real numbers, R”
represents the set of all column vectors with n real components, where ||x|| = VxTx. R™" is the set of
all real n X n matrices, I, is a unit matrix of order r, AT is the transpose of A, ||A|| = VA,.(ATA) and
Amax(ATA) denotes the maximum eigenvalue of the matrix ATA. C([a,b],R") denotes all of the
continuous functions satisfying [a,b] — R", A > 0 means A is a semipositive definite matrix, and > 0
means a matrix is a positive definite matrix. In the same way, A > B means A — B > 0. r (E) stands for
rank (E).

On the basis of the literature [20, 23, 25, 29], we have added time-delay terms and perturbation
terms and have written the system as a more general switched singular system; then, the following
class of delay continuously singular switched systems is considered:

Ex(t) = Agx(t) + Dyx(t — 7(2)) + Bow(?) + Foru (1),
2(t) = Vox(t) + Now(2), (2.1
x(t) = (1), 1 € [-72,0],

where system state x(f) € R”, control input u(r) € R? is a piecewise constant vector, and control
output z(¢) € R”. The disturbance w(r) € R™, ¢ € [0, +00), is a continuous function caused by external
circumstances. 7(¢) is the time-varying delay. The complexity of studying singular systems is largely
a consequence of the fact that not every initial state ¢(¢) has a solution [3]. Here, ¢(¢) € C([a, b],R") is
a compatible initial condition. The switched signal o-(x(?)) : R* —» M = {1,2,..., p} is a segmented
constant value function, which is dependent on the system’s state and takes values in the finite set M =
{1,..., p}. Define o(x(r)) = 1. A; € R™" B, € R*" D, € R*" F; € RV, € R N, € RP*P(l € M)
are constant matrices.

Some assumptions are given.

(Al) E € R™" is a singular matrix E satisfying r(E) < n.

(A2) For all ¢ € [0, T] satisfying

wi(Ow(t) < d,

where d > 0,T > 0.
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(A3) 7(¢) satisfies 0 < 71 < 7(t) < 1, and 7(t) < p < 1, where 11, 7, and p are constants, and 7(¢)
represents the derivative of 7(¢).

To design a proper controller, some necessary definitions, lemmas and assumptions are given as
follows.

Definition 1. [30] For any two matrices E,A € R™", if we can find a constant scalar a € C such that
det(aE+A) # 0 or for s € C polynomials det(sE — A) # 0, we say that the matrix pair (E, A) is regular.

Definition 2. [29, 31] For any two matrices E,A € R™", the matrix pair (E,A) is impulse-free if
deg(det(sk — A)) = r(E).

Remark 1. Sometimes the term “quite regular” is used instead of “impulse-free”. The regularity is
satisfied for any general system described by differential equations. However, for singular systems,
regularity is not necessarily satisfied. If a singular system is irregular, it means that the system may not
be unique; and if a singular system is regular, as shown in reference [32], it means that the solution
of the system is either unique or infinite, which is caused by impulses. In this case, a nonimpulsive
singular system does not have an infinite solution. Therefore, a regular and impulse-free system is the
basic requirement to ensure the existence and uniqueness of the solution.

Definition 3. [29] If the requirement of matrix pair (E, A)) is regular, we say the singular system (2.1)
that has a time delay is regular.

Definition 4. [33] The system is impulse-free if the requirement that there is no discontinuous solution
of the system when the external input u(t) = 0 for any initial value is satisfied.

Lemma 1. [4] For the matrices E, A in System (2.1), there always exist reversible matrices M, G such

that MEG = (I’ 0 An Ap

0 0)’ MAG = (AZI Ap

(E,A) can be regarded as regular and impulse-free when and only when Ay, is a nonsingular matrix.

), where Ay € R™, r = rank(E). At this point, the matrix pair

Definition 5. [18] In a switched singular system, a switch is said to be compatible if the subsystem’s
state at the moment of a new subsystem to be engaged is compatible.

Definition 6. [18] For singular switched systems, a system is regarded as regular and impulse-free if
all subsystems are regular and impulse-free under compatible switching.

Here, an event-triggered mechanism is introduced.

lle()I” = nllx@)? (2.2)

where e(f) = x(t;) — x(¢) and n > 0 is a constant. If event (2.2) is triggered, data collection occurs
immediately, and the state information is then fed back to the controller. Denote the sequence of event
triggering moments as {t;};, where #; < #;,;. Let the moment of the first collection of information be
t = 0. From this, the moment of the next collection of information after moment #; can be defined as
ti = int{t >t le@l = n ||x(t)||2}. Suppose that the event is triggered m times within [#;, #;,1). Based
on such a collection mechanism, it is possible to design a state feedback controller shaped like

Kix(t), t € [ty tjs1),
Kix(tio1),t € [tis1stisn),

() = 1 (tj41), 1 € [1j4151j12) 23)
le(tj+m)at € [tj+m, fk+1)s
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where K is the controller gain matrix. At acquisition time #;, the controller receives state information
x(t;) and holds it until the next acquisition time ¢#;,; so that the controller input is updated at the sampling
moment. The control input u(¢) exists in the interval [0, T'].

Assumption 1. It is assumed that no Zeno behavior occurs during event-triggered data collection.
Assumption 2. It is assumed that all switches in the system are compatible switches.

System (2.1) combined with feedback controller (2.3) forms a closed loop system as follows.
Ex(t) = (A, + FiK)x(t) + Dix(t — (1)) + F Kje(t) + Bw(r). 2.4)

For switched singular system (2.4), some definitions of the system are shown.

Definition 7. [23, 34] For the given positive numbers T, c¢; and c,, symmetric matrix Q € R™" is
positive definite, and System (2.4) is finite-time stable under o(x(t)) for the corresponding (cy, ¢, T, Q)
if System (2.4) is regular and impulse-free and for every x,(t, ),

sup {x"(0)0x(6)] < c; = x"()Qx(1) < c2, V1 € [0, T]

—12<6<0
is satisfied.

Definition 8. [19] A singular switched system based on an event-triggered mechanism is said to satisfy
a finite-time H,, performance index vy about a given (0, c,,d, 1, Q,T, o), where c; > 0,T > 0,y >0, Q
is positive definite, and o (t) is a switched signal, if

(1) System (2.4) is finite-time stable, and

(2) under the initial condition ®(t) = 0,Vt € [-13,0), control output z(t) satisfies

T T
f Z(Hz()dt < y? f wl (H)w(r)dt.
0

0

The goal of this research is to select a set of switched laws o(x(7)) that enable a system to remain
finite-time stable under the actions of o-(x(¢)). The switched law for System (2.4) is built by partitioning
the state space on a convex cone in such a way that each system mode is engaged in a specific cone
area with a certain negative quadratic function in each subregion.

Definition 9. [23] We can say that the matrix {L;}}_, is strictly complete if there exists i such that
x'Lix <0, Yx € R"/ {0).

It is easy to see that the matrix {L;7 6 is strictly complete if and only if

Q; = {x eR": xTLix < O} i=1,..., p,satisfies U, Q; =R"/{0}.

Lemma 2. [23] The matrix (L}, , is strictly complete if we can find a scalar

£20,i=1,...,p, X7 & > O0satisfying 3.1, &L; > 0.
Lemma 3. (Schur complementary lemma) For a given constant matrix A,B,C,B = BT, we have

-
A+CTBTC<O<:>(?j SB)<O'

AIMS Mathematics Volume 8§, Issue 1, 1901-1924.



1906

Lemma 4. (Cauchy matrix inequality) For any positive define matrix N € R™", we have 2y"x <
x"Nx+y N1y

Lemma 5. [30] The matrix pair (E, A) is regular iff there exist reversible matrices M and G, satisfying
M\EG, = diag(l,,,N), M\AG, = diag(J, 1,,),

where ny + n, =n, J € R"" N e R and N is the nilpotent matrix.
3. Main results

This section first gives conditions for determining that a system is regular and impulse-free using the
coefficient matrix of the system. Next, we explore sufficient criteria for the FTS of a singular switched
system with time-varying delays based on the state space decomposition approach.

Theorem 1 is obtained by a similar method to that used in [35, 36].

Theorem 1. Under Assumption 2, for any switched law o(x(t)), System (2.1) is regular and impulse-
free, and the solution exists uniquely if matrix pair (E, A)) is regular and impulse-free for any | € M
under compatible initial conditions.

Proof. All we have to do now is show that any subsystem is impulse-free.
Without loss of generality, we next consider the system

{ Ex(t) = Ax(t) + Dx(t — 7(1)) + Bw(1),
x(t) = ¢(1), 1 € [-7(), 0],

where A € R™", B € R™" and D € R™" are constant matrices.
Here, x = G %, xis replaced with G X, and M, is multiplied on the left-hand side of the first equation
to obtain
M, EG\x(t) = M|AG,%(t) + M\ DG, %(t — 7(t)) + M, Bw(?). 3.1

e . ) D, D B )
For simplicity, ¥ is still written as x, M; DG, = ( D“ Dlz), MB = ( Bl)’ and the above equation can
21 22 2

be written as two equations:
X1 = Jx1(t) + Dyyxi(t — 7(1)) + Diaxo(t — 7(2)) + Biw(2),

Nx, = .X,'z(l) + Doy x(t — T(I)) + Do xy(t — T(I)) + BzW(l).

Let x; € R™, x, € R™. By Lemma 5, N is a nilpotent matrix. Since M(sE—-A)G; = diag(sl—J, sN—-1I),
deg(det(sE — A)) = deg(det(sl — J)) = n;.

If deg(det(sE — A)) = r(E) is satisfied, then the value of deg(det(sI — J)) is equal to r(E) and equal
to r(I) + r(N). Therefore, r(N) = O is obtained, i.e., N = 0.

Since 0 = x(¢) + Doy x1(t —7(2)) + Dy xp(t — 7(8)) + Bow(2), x,(¢) is a continuous function on [—7,, o).
By substituting x,(?) into the first equation and Definition 4, it is easy to see that a solution of Eq (3.1)
is impulse-free and unique, considering that the first equation is a generalized differential equation with
respect to t, x. ]
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In the following proof process, the constructed L-K function V(x(¢)) is shortened to V(¢) for brevity.
By Lemma 1, let A; + F;K, = A, and F,K, = F}; then, we have

O ago (A Dl, D,
wea=( o) mao= (3 ). woa- (5 7).

Bl

MB, =} MF —ﬁi
I = 312 P l(')— I*:é

Under the state transformations y(f) = G~ x(¢), new state y(f)" can be written as (y;()", y»(t)7), where
y1(¢) has r dimensions, y,(¢) has n—r dimensions, and o (x(¢)) = [; hence, System (2.4) can be written as

y1(2) = A{yi(0) + ALya(t) + Dyyyi(t = 7(2) + Diyya(t — 7(1) + Biw() + Fle(r),
0 = AL i) + AL, ya (1) + D4 yi (t — 7)) + Dlyyo(t — 7(1)) + Bow() + Fle(?), (3.2)
y(1) = G7'p(0), 1 € [-7,0].

Remark 2. From the above equations, it can be seen that the initial conditions for such systems need to
satisfy the following requirements: Let the initial condition be x(t) = ¢(t); then, we have y(t) = G~ ¢(2),
fort € [—1,,0]. y(0) needs to satisfy 0 = A121y1(0) + Alzzyz(O) + Délyl(—‘r(())) + Dlzzyz(—T(O)) + B’ZW(O).

Due to incompatible initial conditions, switched singular time-delay system (2.4) may exhibit
discontinuities at switched points. To ensure the continuity of states, the requirements of
0= AIZIyl(O) + Alzzyz(O) + DIZIyl(—T(O)) + Dlzzyz(—'r(())) + Blzw(()) and Assumption 2 must be met at
switched points. Under Assumption 2, switched points in these systems happen when the trajectories
cross the compatibility space of the new subsystems and then the switched case system’s trajectories
are continuous everywhere [37].

Some notations are given for the sake of simplicity.

H!, = 0.5PA; +0.5A," PT — BPE + (1 — p)"'(Q1 + Q3)
H,=PD,, H,=PB, H,=PF,
Hy,=-0\, Hy=-0,, Hy=-04, H,=H)", i,j=1,...4
B, = 0.5PA; +0.5A7P" + 1 —BPE + (1 —p) (0 + Q3)
W, =PD;, hiy=PB;, I,=PF,
By =-01, hyy=-0r, hy=-0s, h;=0)", i,j=1,....4
L; =0.5PA; + 0.5A] PT + 1+ nQy;
1=(0,1,-,), I = (,,0);

(AL AL | + b D ||+ i [[as) Fp.

v = {nlax(”(I_M(A, + P HYGIT) ' IM(A, + PHGI ||
<I<p

Y= max(|
I<i<p

+ @M A, + PYGITY ' DY || + i |[IM(A; + PTHGTT) ™' Py
¥o = 1 = Nimax([IMAGI) " |G,

);

¥ = 1= Vimax(|IM(A; + PHGIY P IGI
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_Y a7
V==
Yo 7()
|TMAGIT) 11312|| ||(1M(A,+P NGIT)- 1D12||
¥2 = max( ), 5 = max(
I<i<p Yo I<i<p Yo
|IMAGIT) lBl|| ||(1M(A, + P HGIT) 1Bl||
Y3 = max(
1<i<p Yo 1<l<p )/0
min(Pll)_ _ ﬁmax(Pll) 4 L) /lmax(Ql+Q3),

) =

9a - 9
daxQ11 " 0 Ai(GTQG)  1—p  Ain(Q)

Anax(Q)Td (/- ST
@ = aLCy + - (QZ) = ; (’}/2)1,0’2 — ; (’y;)”
s = ayys Vd + ( T?X] e A (Q)
CV; = CL’Z’}/3 \/_ d+ ( T?X] (72) ) || _1“ mm(Q)

Q = xER":xTL1x<O},l:1,...,p,
I-1

Q=0 U0, =0\ JOni=23,...p
k=1

Theorem 2. Assume that (A1-A3) hold. For (cy,c,, T, Q), c1, ¢y, T are given constants, and symmetric
matrix Q € R™" is positive definite. For any l,l = 1, ..., p, if a nonsingular matrix P, positive definite
matrices Q1 > 0, O, > 0, Q4 > 0, and Q3 > 0; scalars &, > 0,1 = 1,...,p, Z‘;:l = & > 0; and the
constant 8 > 0 can be found such that the conditions

E"PT = PE >0, (3.3)

v > 0, (3.4)

[Hfj]i,jzl ..... 4<0,l=1,...,p, (3.5)
14

&L <o, (3.6)

el PAlay; c)
s — + a’ + a’ S 9 3‘7
D@ TN o) = 2,67 00) ©.7)

are satisfied then switched singular system (4) has FTS with respect to (cy, c2, T, Q) under the action
of the controller u/(t),l =1, ..., p

Proof. First, we prove the regular and impulse-free nature of the System (2.4).
Py Py

), where P;; is an r(E)-order matrix. Note that
Py Py

Write G*PM™! (
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Py Pp\(l, O Py O
GTPEG—GTPNI_I’\[EG— 11 12 r _ 11
- (P21 P22)(0 O) - (P21 0) 2 O’

G'E'TP'"G=G'ETM'M™"P'G = (P(;T] Pgl) > 0.

Because of Eq (3.3), Py, = 0, and Py, = P], > 0. It follows from Eq (3.5) that 0.54," PT + 0.5PA, —
BPE < —(1 —p)™'(Q; + 03) < 0. Therefore, we have

G"(A,'P" + PA, - 2BPE)G =G"A, P"G + G"PA,G — 28G" PEG
=G"A ' M"MP'G+G " PM'MA,G - 28GTPM"'MEG

_ [P Pu)(An An N Al AN\(PT 0 28 Py Pp\(Il, O
0 Pxn)\Ay Axp A, ALJ\P,), P, 0 Pp/\0 O
_ (PllAll + P1yAy PiAp + P12A22) (ATIPTI + A;—lp-lr2 A;lP;FZ)
PpAy PyAx A1T2P1T1 +A;2P1T2 A2T2P;2
-2 .
,8( 0 0) <0
Considering the block matrix in the lower right-hand corner, we can see that P»A», + P,,A), < 0, so
det(Ay) # 0, and matrix pair (E, A;) is regular and impulse-free by [4]. By Theorem 1, System (2.4) is
regular and impulse-free.

Next, System (4) is proven to be finite-time stable.

Finally, it can be seen from references [25, 38, 39] that the L-K function can be a piecewise
function or a continuous function. The construction method in this paper is the same as that in the
literature [34, 38], which also introduces an event-triggered mechanism to the switched system. We
adopt a continuous L-K function to reduce the complexity of the calculation of the method because P

in the following function does not need to change, as the subsystem changes, and the control input
u(t) changes. The L-K function is constructed as

V(x) = Vilx) + Vo(x) + Va(x,), t€[0,T],

where Vi(x)) = x"()\PEx(1), Va(x) = 75 [ xT()Qix(s)ds, and V3(x)) = & [7 x7(5)Qsx(s)ds.

The derivative of V in terms of time t is
V(x) = (1-p) ' x"(0(01 + Q3)x(t) — (1 — p) ' x" (t = T())(Q1 + Q3)x(t — 7(1))
+ xT(O)P[Ax(f) + Dix(t — 1(2)) + Bw(t) + Fre(?)]
+ [A;x(0) + Dix(t — h) + Bw(t) + Fre()1* PT x(o).

Because of Lemma 4, we have

V(x) < x"(A;PT + PA)x(t) + x" PD,Q7' D] PTx(1) + x™ (t — 7(1)) Q1 x(t — 7(1))
+ X ()PB1Q5' B] PTx(1) + wT () Qaw(t) + x" (OPF,0;' F," PTx(2)
+e"(HQue(®) + (1= )~ xT((Q1 + 03)x(2)
= (1 =p) 7' (A = #(@)x"(t = T(ONQ1 + Q)x(t — 7(1)).
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From the condition |le(?)|]> < n |lx(0)|I*, we have that

V(x) — BV(x;) < V(x,) = Bx" (£)PEX(t)
< xT(A"PT + PA)x(t) + e"(x)Que(t) + x" (OPF,Q; ' F," PTx(t) + x" (t1)PD,Q;' D] P x(t)
+x7(t — 1)) 01 x(t — T(1)) + x" ()PB, Q' Bl PTx(1) + wT (1)Q,w(t) — Bx" (t)PEX(?)
+ (1= p) ' xT(1)(Q1 + 03)x(1) = (1 = )~ (1 = +O)x" (£ = T())(Q1 + Q3)x(t — 7(1))
< nx"()Qux(t) + x"(t)(A,' PT + PA, - BPE + PF,Q;'F," P™ + PD,Q;'D] P"
+ PB,Q5' B/ PN)x(t) + w () Qow(t) + x" (t — 7(£)) Q1 x(t — 7(1))
+ (1= p) ' X" ()(Q1 + 03)x(t) = (1 = )~ (1 = +D)x" (t = T())(Q1 + Q3)x(t — 7(1))
< nx" (OQux(®) + x"(t)(A,' PT + PA, - BPE + PF,Q;'F," P" + PD,Q;' D] P"
+ PB,Q;' B[ PNx(t) + w (N Qaw(t) + (1 — )" xT(1)(Q1 + Q3)x(1)
= Anax(Q2)d + x" ()Lix(1) + x" (1) C1x(0),

where L; = 0.5PA+0.5A4," PT+7Q4 and C; = 0.5PA+0.5A," PT-BPE+PF,Q;'F,' P"+PD,Q;' D] P"+
PBiQ;' B P)x(1) + (1 = p)~'xT(1)(Q1 + Q3)x(2).

It follows from Schur complements that C; < 0 iff Eq (3.5) holds.

Due to condition Eq (3.6), the matrix {L;}_, is strictly complete. Thus, we have Ule Q; = R*/{0}

i=1

and Ulp:l Q, = R"; for any [; # [, we have Q; N le = (. Thus, for any x(f), there is only one
le{l,2,..., p}, and there is
x(t) € Q, xT () Lix(t) < 0. (3.8)

Therefore, it follows from Eq (3.5) and Eq (3.6) that
V(x) —BV(x) < w ()OQaw(t) < Apax(Q2)d, YVt > 0. (3.9
By multiplying both sides by e’ and integrating both sides simultaneously from O to t, we obtain
eV (x) = V(x0) < Amar(Q2)1td.

Thus, V(x,) < eP[V(x0) + Apax(Q2)dt], VYt €[0,T].
It follows from Eq (9), Eq (10) and Eq (15) of reference [34] that

eﬁTa'ch + /lmux(QZ)Td — eﬁ

a

x"(O)ET QEx(t) < Tas, Yte[0,T],

provided that sup ¢'(1)Q¢(t) < c;.
tE[—Tz,O]

Note that

x"(OETQEx(t) =y ()GTETQEGy(t) =y (1) G"E"M" M~ " QEGy(f)
=y (O0uyi(1) < Al as,

Al oy
_ 1
Iy @Il < \//lmin(Qll) (3.10)
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Next, we estimate |[y,(?)||,
Va(t) = —(Ah) ™ (A5 y1(8) + Dhyyi(t = T(1)) + Dhyya(t — T(1)) + Byw(t) + Fhe(?)).
From inequality (3.10),
2l < [|(Ah) ™ AL || Iy @)1 + [|(A%) ™ Dby || 1y = @)l
+ (AL D[ lyate = Tl + [[(AL) ™ B o)l + Ay ol

< [|a%y) Ay + || D || llya (¢t = T @) (3.11)

Pl o
mm<Q D
+ |(A%) " Dby [y = T
+ by Byl 1wl + i |Abo)™ B2 16 Qs ol + 0.
When ¢ € [0, 7], it follows from (A3) that t — 7(¢) € [1,, 0]. This indicates that

ATl a

20 < (JA2)™ A | + [|A42)™ DD [ =5

+ Az Do fl67' + Az B[ v

0
+ i1 [l B3| 1GH Ay ol + s,

AT as

e (1= vig|(Ab) B2 16D Iyl < v 7555 + At Dlll6 | (i + Aty Bl Va.

Pl o - c
Therefore, [[y2(Dll < y1 7555 + 72 (el Vi t7 Vd
When ¢t € [1y,27], it follows that t — 7(t) € [ty — T»,71]. There are two cases. First, when

t—71(t) € [T — 72,0], we have

AT o
-1 d;
||yz(r)||sm/ mn(Q S 2|67 mn(Q +7v; Vd

when r — 7(¢) € [0, 7], we have

BT 4

a0l < (Al AL | + [lcAd)™ DA | + v by A 1GI) ST

BT oy
) Dl 1\ T |6 ks s VD

+ ALy B| N+ i [y By IGH a0l

’ —1
”yZ(t)” =7 mm(Qll) 72(71 mm(Qll) || mm(Q IS \/_)
+ 73 Vd = (y, +717’2)\/ mln(Q 5 7’2” _1” mm(Q) + (y2y3 +73) Vd.
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Thus, we have

+ max()[|G71| + (y2y3 +3) Vd.

2Dl < (y1 +y172) mm(Q)

By induction, for all t € [(k — 1)1y, k71],k € Z,,

AT
1
2l < 7, Zmn/ o tmaxod]e mm(Q +<an
holds, which implies that
Al oy
D < as+ —F—, Vtel0,T]
2D < as + y1a4 \//lmin(Qll) [0,T]

Finally, by (3.7) and (3.12), forany 0 < < T, we have

mm(Q)

xT(HO0x(1) = y' (NG QGY(1) < Anax(GT QG) Iy

: s P

<.

The proof has been completed.

(3.12)

O

Theorem 3. Assume that (A1 —-A3) hold. For (c,c,, T, Q), c1, ¢y, T are given constants, and symmetric
matrix Q € R™" is positive definite. For any l,1 = 1, ..., p, if a nonsingular matrix P; positive definite
matrices Q1 > 0, O, > 0, Q4 > 0, and Q3 > 0; scalars &, > 0,1 = 1,..., p, Zf:l = & > 0; and the

constant 8 > 0 can be found such that the conditions
E'PT = PE >0,
% >0,

[ ],,14<Ol—1

.....

Z &L; <0,
=1

eﬁT ( f epT o ) )
+ (a: +yia; < ,
mm(Qll) : YI N mm(Qll) max(GT QG)

(3.13)

(3.14)
(3.15)

(3.16)

(3.17)

are satisfied then switched singular system (4) has FTS with respect to (cy, ¢y, T, Q) under the action

of the controller u(t),l = 1, ..., p, where K; = FZ‘IP‘I.

AIMS Mathematics Volume 8, Issue 1, 1901-1924.
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Proof. Here, A; in Theorem 2 is replaced by A; + F;K;, and F; in Theorem 2 is replaced by F;K;.
Considering K; = F;'P~!, it follows from Theorem 2 that System (2.4) has FTS. |

Corollary 1. For System (2.4), provided the conditions of Theorem 3 are satisfied, if V;, N, is required
to satisfy

AR VTN, )
<0, 3.18
(N,T V, —(Q1+ Q5+ NN, -18)

System (2.4) satisfies the finite-time H., performance metric y, where y = \A,,,,(Q1 + Q3).

Proof. The following shows that System (2.4) has a finite-time H,, performance index y. The L-K
function V(x,) = Vi(x;) + Vo(x;) + V3(x,) is chosen.

The proof of Theorem 2 and the conditions give V(x;) < BV(f) + wT (x)(Q1 + Q:)w(t) — 27 (1)z(t) +
ﬂmax(QZ)d-
Integrating both sides simultaneously from O to 7, gives

T2 T2 T2
f LTIV (s)ds < f LTIBV(s)ds + dpar(Q2)d f P ds
0 0 0

+ f W () Q1 + Q3)w(s) — 2" (Nz()ds,
0

so we have V(13) < Apar(Q2)dT26P™ + j(; * #™=9[(5)ds. By induction, we can obtain that

iT)
V(iTy) < idpar(Q2)dT2e"™ + f PIT(s)ds, (3.19)
0

where I'(s) = wT(s)(Q1 + Q3)w(s) — 27 (1)z(2).
By letting f[l]n V(s)ds = fj; V(s)ds, we have

f LV (s)ds - B f PV ($)ds < dpar(Q2)d f L0ds
jt2 i Nip)

‘ !
+ f PO (s)ds.
JjT2

By calculation, we obtain

V(t) = V(jr2)eP 7™ < 2,0.(05)d f Pt — s)ds + f P (s)ds. (3.20)
JT2 J

¥
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Substituting (3.19) into (3.20) yields

V() < jAnax(Q2)dT26" + f " P (s)ds

0

+ Apax(02)d f A ds + f P (s)ds

JT2 )

< JAnax(02)dT2 + Aar(Q2)d(t — jT2)é” f FUIT(s)ds
0
= dpax(Q2)dte? + f P (s5)ds
0

T
< Apar(Qn)dte? + f AT (s)ds.
0

Under the condition that the initial state is 0, since V(¢) > 0, when ¢t = 0 we have

T T
0< f PII(s)ds < f AT (s)ds.
0 0

The theorem is proved. m|

4. Numerical simulation

To test the applicability and effectiveness of the proposed strategy, two examples are presented in
this section.

Example 1. Consider system (2.4) with the switched signal o(t) = 1,2, where

A = (—2.3 -1 ),Az _ (—2.7 _1'3),D1 _ (—0.6 0'7),D2 _ (—1 0.6),

04 -43 2 -43 0.5 0.5 04 0.2
0.1 02 025 0.3 03 03 03 03 41
Bl‘(o.m 0.1)’32‘(0.01 o.z)’Fl‘(o.z 0.1)’F2‘(0.1 o.z)’E‘(o 0)'

Then,
1 -1 03 0.1
M= (O 1 )’G a (—0.2 —0.4)

which satisfy MEG = (8 8) are chosen.

The initial value is ¢(t) = (0 0)" for t € [-0.15,0]. The continuous external perturbation is
w(t) = (0.01sin(0.17) 0). For given ¢, = 0.0001, ¢, =2.1, T =1, Q = ((6) 004), n=0.02, 7(¢r) =
0.02sin(z) + 0.13, d = 0.000005, p = 0.5, 71 = 0.11, 7, = 0.15, we have the following results.

o = (1.3285 0.5500
We can obtain B = 1.1 and P = (0.3321 0.8875

I _(—0.5872 —0.7150) _(—0.2387 —0.2707)
1 = s ’

). In this case, we can obtain by calculation that

—-0.7150 —0.5946 > 7 1=0.2707 -0.6943

-0.8259 —0.9858)
< 0.

Lhi+l.= (—0.9858 ~1.2889

AIMS Mathematics Volume 8, Issue 1, 1901-1924.
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The matrix system Ly, L, is therefore strictly complete.

The division of the state space is performed as follows:

Q1 = {x=(x1,x)" : (x1, %)L (x1, %) " > 0};

Q, = {x=(x1, %) " : (x1, %) Lo(x1,x2)" > 0}.

Then, the switched law is

1, if x(t) € Qy,

d“m:lzé,ﬁwmeﬁl

In addition, it is possible to verify that PE = ETPT = (5'3140 1'3285) > 0.

1.3285 0.3321

Figure 1 gives information about state response x" Qx for the initial conditions, and Figure 2 shows
the variation in the switched signal with time. The system state of the two-dimensional system can
be seen in Figure 3. From Definition 7, the system has FTS for the corresponding (0.001, 2.1, 5, Q)
under the switched law o (x(¢)) = [. Figure 4 shows the division of the state space corresponding to the
different subsystems.

%107

3.5

251

XT*Q*x
N

05

0 01 02 03 04 05 06 07 08 09 1
Time (sec)

Figure 1. State response of x" Qx.

AIMS Mathematics Volume 8§, Issue 1, 1901-1924.
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o(x(t
2,5 T T ( ( )) T T
2 -
K15} 1
o
1 u 4
0.5 1 1 1 1
0 0.2 0.4 0.6 0.8 1
Time (sec)
Figure 2. Switched signal o(x(?)).
-5
2,5 X10 T T T T T T T T T

System states
- o

g
o

_0.5 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

Time (sec)

Figure 3. Division of plane areas.
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Division of plane areas

-6 -4 -2 0 2 4 6

Figure 4. Division of plane areas.

Example 2. Consider system (2.4) with the switched signal o(t) = 1,2, where

-05 -1 -1 -1.3 ~14 0.6 -12 0.6
Al‘( 2 —3)’A2‘(2.1 —2)’D1_(O.6 0.5)’D2‘(o.4 0.2)’

0.1 02 -02 0.3 0.3 0.3 0.3 0.3 2 1
B“(o.m 0.1)’32‘(0.01 o.z)’F“(o.z 0.1)’F2‘(0.1 0.2)’E‘(o 0)'

Then,
1 -1 04 0.1

M= (O 1 )’G h (0.2 —0.2)

I,

are chosen and satisfy MEG = ( 0 0

0). The initial value is ¢(t) = (0.001 0.01)7sin(nt) for t

m

[-0.21,0]. The continuous external perturbation is w(t) = (0.01sin(0.1z) 0)". For a given ¢, =

6 0
0 0.6
0.05, 7, = 0.21, we have the following results.

We can obtain 5 = 0.1 and P = (247-1713 —54.5035

0.001, ¢, =37, T=3, Q= (

123.5856 -26.7517

that
. _ (351679 -14630\ | _ (-164.2039 980245
P71 -14630 69204 ° 27| —98.0245 —56.9069)
~199.3719 -99.4876
fa+fa = ( —99.4876 —49.9865) <0.

), n =04, 7(t) = 0.08sin(¢) + 0.13, d = 0.0001, p =0.08, 7, =

). In this case, we can obtain by calculation

AIMS Mathematics Volume 8, Issue 1, 1901-1924.
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The matrix system Ly, L, is therefore strictly complete.

The division of the state space is performed as follows:

Q; ={x=(x1,x2)" : (x1,x2)Li(x1,x2)" > 0};

Qy = {x = (x1,x2)" : (x1, %) La(x1, x2)" > 0}

Then, the switched law is

1, if x(t) € Q,

d“m:lzﬂ,ﬁw@eﬁl

In addition, it is possible to verify that PE = ETPT = (494'3426 247'1713) > 0.

247.1713 123.5857

Figure 5 gives information about the state response x' Qx for the initial conditions, and Figure 6
shows the variation in the switched signal with time. The system state of the two-dimensional system
can be seen in Figure 7. From Definition 7, the system has FTS for the corresponding (0.001, 3.7, 3, Q)
under the switched law o (x(¢)) = [. Figure 8 shows the division of the state space corresponding to the
different subsystems.

6
2.5 210 . . . . .

xT*Q*x

0 0.5 1 1.5 2 25 3
Time (sec)

Figure 5. State response of x" Qx.
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2.5 T T T T T

1 1 1

0.5 * *
0 0.5 1 1.5 2 2.5 3

Time (sec)

Figure 6. Switched signal o(x(?)).

System states

0 0.5 1 1.5 2 25 3
Time (sec)

Figure 7. System state.
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Figure 8. Division of plane areas.

From the two examples above, we can see that the numerical example verifies that the system
satisfies that x" Qx is in the given interval for a given finite time period under the control scheme
proposed in this paper.

Remark 3. In terms of Eq (3.3) or Eq (3.13), let symmetric matrix P be positive definite, S € R™"™"
be a column full rank matrix that satisfies E'S = 0, and V be a matrix of any suitable dimension. Let
P =(PE+SV)T", and we have PE = E"PT = ETPE > 0. Thus, Eq (3.13) is a linear matrix inequality
that replaces P with the notation P = (PE + SV)™.

Remark 4. If we let P, = I, then this paper addresses the question of what kind of singular switched
systems can be finite-time stable with a deterministic control input u = K;x(t,).

This paper focuses on the problem of how a singular switched system with a time-varying delay can
be calibrated in finite time. There are various possible ways to construct L-K functions, but in view of
the ease of computation, this paper does not use double integration to construct the L-K function, and
a more conservative construction method will be considered and discussed in subsequent work.

A robust stability analysis of switched singular positive systems based on event triggering
mechanisms will be a topic of future research.

5. Conclusions
In this paper, unlike some existing research that focused on the Lyapunov stability property of a
switched system with time-varying delays, we focus on finite-time stability. For singular switched

systems with time-varying delays and perturbations, the results are given in relation to the derivatives

AIMS Mathematics Volume 8, Issue 1, 1901-1924.
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of the time-varying delay. The control law is constructed with the help of an event-triggered
mechanism and with the division of state space. After constructing a suitable Lyapunov-like function,
in combination with a Lyapunov-like function approach, an FTS criterion is developed and proved.
Finally, sufficient requirements are also presented to satisfy the finite-time stable H,, performance
index y. An important and challenging future investigation is how to extend the results in this paper to
switched nonlinear systems and how to reduce the conservatism of the method.
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