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1. Introduction

Let A denote the class of analytic functions f with the normalized condition f (0) = f' (0)—1 =0in
an open unit disk £ = {z € C : |z| < 1}. The function f € A has the Taylor-Maclaurin series expansion
given by

f@=z+) a" z€E. (1.1)
n=2

Further, we denote S the subclass of A consisting of univalent functions in E.
Let H denote the class of Schwarz functions w which are analytic in E such that w (0) = 0 and
|w (z)] < 1. The function w € H has the series expansion given by

w(2) = Z b7, z € E. (1.2)
k=1
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We say that the analytic function f is subordinate to another analytic function g in E, expressed as
f < g, if and only if there exists a Schwarz function w € H such that f(z) = g(w(z)) forall z € E. In
particular, if g is univalent in £, then f < g & f(0) = g(0) and f(E) = g(E).

A function p analytic in E with p (0) = 1 is said to be in the class of Janowski if it satisfies

1+ Az
< , —1<B<AKXKI, z€E, 1.3
p(2) 1+ B2 < Z (1.3)
where
p@=1+> ps". (1.4)
n=1

This class was introduced by Janowski [1] in 1973 and is denoted by P (A, B). We note that P (1,-1) =
P, the well-known class of functions with positive real part consists of functions p with Re p(z) > 0
and p(0) = 1.

A function f € A is called star-like with respect to symmetric conjugate points in E if it satisfies

Re{M} >0, z€E. (1.5
f@=-f(=2)

This class was introduced by El-Ashwah and Thomas [2] in 1987 and is denoted by S§.. In 1991,
Halim [3] defined the class S (0) consisting of functions f € A that satisfy

Re{L’(Z)}>dO<5<1,zeE. (1.6)
f@=-f(-2)

In terms of subordination, in 2011, Ping and Janteng [4] introduced the class S5 (A, B) consisting
of functions f € A that satisfy

2zf" (2) - 1+Az
f@-f(=) 1+BZ
It follows from (1.7) that f € S (A, B) if and only if

~1<B<A<1, z€E. (1.7)

2z (2) _ 1+Aw((2) _
f@-f(=p 1+Bw(@

p(2), weH. (1.8)

Motivated by the work mentioned above, for functions f € A, we now introduce the subclass of the
tilted star-like functions with respect to symmetric conjugate points as follows:

Definition 1.1. Let S (@, 6, A, B) be the class of functions defined by

1 1+4
—5—isina)— < -T2 cE, (1.9)

eia/ Zf,(z)
Tas 1+ Bz

h(z)

where h(z) = ﬂZ)_g(TZ), T =cosa—0,0<6<1,|a|<%, and —-1<B<A<LL
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By definition of subordination, it follows from (1.9) that there exists a Schwarz function w which
satisfies w (0) = 0 and |w (z)| < 1, and
I 1+Aw(@

waf @ oL Bs
e —h(z) 0—isina —— T+ Bo ) T Bo ) =p(z), weH. (1.10)

We observe that for particular values of the parameters a, 6, A, and B, the class S - (a, 6, A, B) reduces
to the following existing classes:

(a) Fora =6 =0,A=1and B= -1, the class §;.(0,0,1,-1) = S, introduced by El-Ashwah and
Thomas [2].

(b) Fora =0,A =1and B = -1, the class S5 (0,0, 1,-1) = S (0) introduced by Halim [3].
(c) Fora =6 =0, the class S5 (0,0,A, B) = S (A, B) introduced by Ping and Janteng [4].

It is obvious that S (0) = S5, S5 (1,-1) = 55, and S5, (0,0, 1,-1) = S5

Aside from that, in recent years, several authors obtained many interesting results for various
subclasses of star-like functions with respect to other points, i.e., symmetric points and conjugate
points. This includes, but is not limited to, these properties: coefficient estimates, Hankel and Toeplitz
determinants, Fekete-Szego inequality, growth and distortion bounds, and logarithmic coefficients. We
may point interested readers to recent advances in these subclasses as well as their geometric properties,
which point in a different direction than the current study, for example [5-21].

In this paper, we obtained some interesting properties for the class S (@,0,A,B) given in
Definition 1.1. The paper is organized as follows: the authors presented some preliminary results
in Section 2 and obtained the estimate for the general Taylor-Maclaurin coefficients |a,|, n > 2, the
upper bounds of the second Hankel determinant |H, (2)| = |a2a4 - a32|, the Fekete-Szego inequality
as — ,ua22| with complex parameter u, and the distortion and growth bounds for functions belonging to
the class S (@, 6, A, B) as the main results in Section 3. In addition, some consequences of the main
results from Section 3 were presented in Section 4. Finally, the authors offer a conclusion and some
suggestions for future study in Section 5.

2. Preliminary results

We need the following lemmas to derive our main results.

Lemma 2.1. [22] If the function p of the form p(z) = 1 + ngl pn2" is analytic in E and p (z) < }:gi,

then
pJ/ <A-B, —1<B<A<1,neN.

Lemma 2.2. [23] Let p € P of the form p(z) =1 + i pnZt and p € C. Then
n=1

|Pn = upkPnil < 2max{1,2u 1]}, 1<k<n-1
If 2u — 1| > 1, then the inequality is sharp for thelemction p() = }—fi or its rotations. If |2u—1| < 1,
+Z}1

== Or its rotations.

then the inequality is sharp for the function p (z) =

Lemma 2.3. [24] For a function p € P of the form p(z) = 1 + ), p,Z", the sharp inequality |p,| < 2
n=1

holds for each n > 1. Equality holds for the function p (z) = 1=

1-z°
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3. Main results

This section is devoted to our main results. We begin by finding the upper bound of the
Taylor-Maclaurin coefficients |a,|, n > 2 for functions belonging to S (a,d,A, B). Further, we
estimate the upper bounds of the second Hankel determinant |H, (2)| and the Fekete-Szego inequality
|a3 - ,ua22| with complex parameter u, and the distortion and growth bounds for functions in the class
S5c(@,0,A, B).

3.1. Coefficient estimates

Theorem 3.1. Let f € S (a,6,A,B). Then forn > 1,

n-l
] < ]_1[ W +2)) G3.1)
and
< L [T+ 20, (3.2)
n!2n i
where = (A — B) Tos and T,s = cosa — 0.
Proof. In view of (1.10), we have
€“zf'(2) = h(z) (Tosp (2) + 6 + isina). (3.3)

Using (1.1) and (1.4), (3.3) yields

e (z + 24,7 + 3a37° + dauzt + Sas? + .. ) 34
) (3.4)
= ¢! (z Yasr +asz + .. ) + Tos [mzz + 0+ (p3s+asp) 2+ (pa+azp) 2 + .. ] .

Comparing the coefficients of the like powers of 7", n > 1 on both sides of the series expansions
of (3.4), we obtain

2a; = Tose " pi, (3.5)
2a3 = Tose o, (3.6)
4as = Tape ™ (p3 + asp)), (3.7)
4as = Tase ™ (pa+ aspa), (3.8)
202 = Tase ™ (Pan-t + A3 P23 + AsPan-s + ... + A1 P1) (3.9)
and _
2nag,s1 = Tas€ " (P2n + A3p2n—2 + Aspan-a + ... + a2-1P2) - (3.10)

We prove (3.1) and (3.2) using mathematical induction. Using Lemma 2.1, from (3.5)—(3.8),

respectively, we obtain

A-B)t,
] < % G.11)
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(A - B) Tas

las| < s

(A=B)7e5 (A= B)Tos +2)

las| < g

and

(A= B)Ty5 (A= B)To5 +2)
las| < 3 .
It follows that (3.1) and (3.2) hold forn = 1, 2.

For simplicity, we denote ¢y = (A — B) 7,5 and from (3.1) in conjunction with Lemma 2.1 yields

Iaan

-1
Z a2k+1|]

Next, we assume that (3.1) holds for k = 3,4,5,...,(n—1).

From (3.15), we get
k=1

-1
] < { Z—kw [Tw+20).
=1

J

To complete the proof, it is sufficient to show that

lﬁ m—1
— l,_ll W +2)),

form =3,4,5,...,n. Itis easy to see that (3.17) is valid for m = 3.
Now, suppose that (3.17) is true form = 4,...,(n — 1). Then, from (3.16) we get

e Sl

:”;1[2(11‘”_1)[“2%: <w+2j>] +%Wij<w+zﬁ
:(n;l)( _1)Y2"1ﬁ(¢+2])+_%ﬁ(w+2j)
B I

lﬂ n—1
= T w+2p.
n'2 l;[

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

Thus, (3.17) holds for m = n and hence (3.1) follows. Similarly, we can prove (3.2) and is omitted.

This completes the proof of Theorem 3.1.

O
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3.2. Hankel determinant
Theorem 3.2. If f € S (a,6,A, B), then

2
|H>(2)| < lf—6 [2 |2'Y'Jr + 1| + |lﬁe_i“ _ 4| Lt |we—ia/ 4o

where y = (A — B) Tos, Tas =cCOSa —0,and T" =1+ B.

. (3.18)

Proof. By definition of subordination, there exists a Schwarz function w which satisfies w (0) = 0 and
|w (2)] < 1, and from (1.10), we have

(eia z2f'(2)
h(2)

o 1 1+Aw(2)
-0 - _— 3.19
isin a) 17800 (3.19)

Let the function

n=1
Then, we have @1
_r9-
w(z) = PYEPaL (3.20)
Substituting (3.20) into (3.19) yields
E2f'(2) (1™ + p@)TY) = g@) (™Y - w) + p@) (€™ 1 + )], (3.21)

where Y"=1-Band Y" =1+ B.
Using the series expansions of f(z), h(z), and p (z), (3.21) becomes

T el (z + 20,7 + 3a37° + day?t + Sasz + ) + Y el [z + (ky + 2a0) 22 + (ky + 2a0ky + 3a3) 7
+ (ks + 2ayky + 3azk, +day) 2t + .. ]

= (€™ =) (e + @’ +asg® + )+ (€90 +y) [+ ki + (o +a3) 2 + (ks + aski) 2+ .

On comparing coefficients of z2, 7>, and z*, respectively, we get
p g p y g

UL (3.22)
4
pe (2192 - P%‘W)
as = , (3.23)
8
and . . ‘ .
we—ba [8p3e"’ +2p1pa (w _ 4T+€m) + pl3T+ (_w + 2T+em)]
as = . (3.24)
64
From (3.22)—(3.24), we obtain
H>(2) = aay — a3’
e o Y (3.25)
= 556 [8p1p3 +2p1°ps (lpe + 4'Y'+) — 16p,* + pi*rt (—we - 2‘I’+)] .
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By suitably rearranging the terms in (3.25) and using the triangle inequality, we get

2

I < e [81pl1ps = mprpal +1-16pal[ps = mopi?] + i [0 |- = 207,

where n; = =" and n, = Wg -

Further, by applying Lemma 2.2 and Lemma 2.3, we have

81pillps = mpipal < 32027 + 1],

b

I=16pal |p2 = m2pr®| < 16 |pe™ - 4

and
it [ Y] [—we™ = 27 < 167" |y + 2]

(3.26)

Thus, from (3.26), we obtain the required inequality (3.18). This completes the proof of Theorem 3.2.

3.3. Fekete-Szego inequality
Theorem 3.3. If f € S (a,0,A, B), then for any complex number u , we have

2B + e @
|a3 —,ua22| < Emax{l, %} ,
where y = (A — B) Tos and T,s = cOsa — 0.
Proof. In view of (3.22) and (3.23), we have
2| _ ye 2
|a3 — Maz | ol (Pz —)(Pl) )

290+ —ia
where y = 25—

By the application of Lemma 2.2, our result follows.

3.4. Distortion and growth bounds
Theorem 3.4. If f € S (a,6,A, B), then for |z = r,0 <r < 1, we have

1 1-Ar)t, - 1 1+Ar)T, ;
( r)1-5+ Vsin®a + 82| < |f (2)] < ( r)7'5+ Vsin’a + 62|,
1472 1 - Br 1-1r2 1+ Br
where T.; = cosa — 0. The bound is sharp.
Proof. In view of (1.10), we have
2 2f (2) .. ' 1 +Aw(z)
ef'—= — (0 +isina)| = |ty | ———————|.
h(z) ( )| = ITadl 1+ Bw(2)

O

(3.27)

(3.28)

(3.29)

(3.30)
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Since 4 is an odd star-like function, it follows that [24]

< h(2) < . 3.31
72 ! ) T (3.31)
Furthermore, for w € H, it can be easily established that [1]
1—Ar<‘1+Aw(z) <1+Ar. (332)
1 - Br 1+ Bw(z) 1+ Br
Applying (3.31) and (3.32), and for |z| = r, we find that, after some simplification,
1 1+Ar) T, -
I @I < U+ AT | e+ o (3.33)
1-r2 1+ Br
and
1 1-Ar)T, -
I @I > A=A | e+ o2, (3.34)
1+ 1 - Br

which yields the desired result (3.29). The result is sharp due to the extremal functions corresponding
to the left and right sides of (3.29), respectively,

= + + 6% |dt
f@ Ll+t2[ B Vsin‘a
and . ( )
1 1+ A1) Tos )
f(Z)=£l_t2 T B +\/sma+52]a’t.
O
Theorem 3.5. If f € S5 (@,0,A, B), then for |z| = r, 0 < r <1, we have
1 1 - Br 1 ) -1
W n + Tos (1 + AB)tan™ 'r| + Vsin“a + 6%tan” r < |f (2)]
1+BZ \l1+r2
(3.35)
< 1 1 1+ Br N (1-AB)1 1+r + Veinta + 521 1+r
< n Tos (1 — n sin“a n ,
1_32'/’ V-2 0 l-r 1-r

where = (A — B) 7,5 and 7,5 = cos a — 6. The bound is sharp.

Proof. Upon elementary integration of (3.29) yields (3.35). The result is sharp due to the extremal
functions corresponding to the left and right sides of (3.35), respectively,

f@= fz I itz [(1 “ADTw | e + 52
0

1- Bt
S |
f<z>:f0 —

AIMS Mathematics Volume 8, Issue 1, 1889-1900.
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4. Consequences and corollaries

In this section, we apply our main results in Section 3 to deduce each of the following consequences

and corollaries as shown in Tables 1—4.

Table 1. General Taylor-Maclaurin coefficients.

Corollary 4.1 Class la,), n>2
@) §5¢(0,0,1,-1) a2 < _1
lazn+1| < r:
(b) $3¢(0,6,1,~1) Jaz| < Z20=0 ﬁ(<1—6)+j>, n>1

] < 2202 ‘”H((l S+ j), n=1

nl2n

©) $%.(0,0,A, B) ] < SR (A= By +2)), n> 1
=1

nl2n

n—1
laznsi| < LR TT (A= B)+2)), n>1
j=1

Remark 4.1. The results obtained in Corollary 4.1(c) coincide with the results obtained in [4].

Table 2. Second Hankel determinant.

Corollary 4.2 Class |H,(2)|

(a) $500,0,1,-1) [H,2)[ < 1

(b) S50(0,6,1,-1) [Hy(2)| < L2520

(c) S%c(0,0,A,B) |Hy(2)] < 4 B> 2127 + 1|+ (A= B) — 4|+ T* |(A - B) + 27"|]

Remark 4.2. The result in Corollary 4.2(a) coincides with the findings of Singh [10].

Table 3. Fekete-Szego inequality.

Corollary 4.3  Class |as — pas?|

(a) S5c(0,0,1,=1) a3 — par?| < max{1,|-1 + pl}

(b) S:c(0,6,1,-1)  |as — pa?| < (1 = §) max{1,|-1 + u (1 - &)|}
(©) S50 (0.0,A,B) a3 — pay?| < “52max 1, 2220

AIMS Mathematics Volume 8, Issue 1, 1889-1900.
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Table 4. Distortion bound.

Corollary 4.4 Class Distortion bound

« S5 0.0.1,-1) 555 < I @I < 550

. $500.01,-D) g[S o] <1 @ < T[4 + ]
© S5c(0.0.4.B) 5t <If @I < 5055

Remark 4.3. The result obtained in Corollary 4.4(c) coincides with the result obtained in [4].

Remark 4.4. Setting @ = 0 and 6 = 0, Theorem 3.5 reduces to the result of Ping and Janteng [4].
5. Conclusions

In this paper, we considered a new subclass of tilted star-like functions with respect to symmetric
conjugate points. Various interesting properties of these functions were investigated, such as coefficient
bounds, the second Hankel determinant, Fekete-Szeg6 inequality, distortion bound, and growth bound.
The results presented in this paper not only generalize some results obtained by Ping and Janteng [4]
and Singh [10], but also give new results as special cases based on the various special choices of the
involved parameters. Other interesting properties for functions belonging to the class S (@, 6, A, B)
could be estimated in future work, such as the upper bounds of the Toeplitz determinant, the Hankel
determinant of logarithmic coefficients, the Zalcman coefficient functional, the radius of star-likeness,
partial sums, etc.
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