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1. Introduction

In literature, the theory of inequality plays an important role in mathematics. There are many studies
on the known Hermite-Hadamard inequality and related inequalities such as trapezoid, midpoint,
Simpson’s inequality, and Bullen’s inequality.

Over the years, many articles have focused on finding trapezoid and midpoint inequalities that
give boundaries to the right and left side of Hermite-Hadamard inequality, respectively. For example,
Dragomir and Agarwal first established trapezoid inequalities in convex activities in [8], while Kirmaci
first, found the midpoint of convex activity in [22]. In addition to [28], Qaisar and Hussain introduced
several generalized inequalities of midpoint type. Sarikaya et al. and Igbal et al. prove fractional
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trapezoid inequality and midpoint inequality for convex functions in [17, 32], respectively. In [4, 5],
researchers established some generalized midpoint type inequalities for Riemann-Liouville fractional
integrals.

Many mathematicians have focused the results of Simpson-type for convex functions. More
precisely, some inequalities of Simpson’s type for s-convex functions are proved by using differentiable
functions [1]. In the papers [33,34], it is investigated the new variants of Simpson’s type inequalities
based on the differentiable convex mapping. For more information about Simpson type inequalities for
various convex classes, we refer the reader to Refs. [9,12,16,24,27,29,30] and the references therein.

In [6], Bullen established the well-known Bullen inequalities in the literature in 1978. In [35],
Sarikaya et al. proved generalized Bullen inequality for generalized convex function. Erden and
Sarikaya established the generalized Bullen-type inequalities involving local fractional integrals on
fractal sets in [11]. Du et al. used the generalized fractional integrals to obtain Bullen-type inequalities
in [10]. In [7], Cakmak proved some Bullen type inequalities for conformable fractional integrals.

On the other hand recently, Sarikaya and Ertugral [36] have defined a new class of fractional
integrals, called generalized fractional and they used these integrals to prove general version of
Hermite-Hadamard type inequalities for convex functions. In [39], the authors used generalized
fractional integrals and proved some trapezoidal type inequalities for harmonic convex functions.
Budak et al. [3] proved several variants of Ostrowski’s and Simpson’s type for differentiable convex
functions via generalized fractional integrals. For more inequalities via fractional integrals, one can
consult [2, 18-20, 37, 38, 40] and references therein.

Inspired by the ongoing studies, we prove some new inequalities of Bullen type inequalities for
differentiable convex functions using the generalized fractional integrals. The main benefit of the
inequalities and operators used to obtain them is that these inequalities can be turned into some existing
results for Riemann integrals and new results for Riemann-Liouville fractional integral inequalities and
k-fractional integrals.

2. Fractional integrals and related inequalities

In this section, we recall some basic notations and notions of the fractional integrals. We also recall
some inequalities via different fractional integrals.

Definition 2.1. [15,21] Let ¥ € L, [0,9]. The Riemann-Liouville fractional integrals (RLFIs) J;, ¥
and J§_F of order a > 0 are defined as follows:

Jo . F () = ﬁ fg (= D"F)dA, x>0

and

O
JoF () = ﬁ f (A=22)"""F(D)da x <9,

respectively, where I is the well-known Gamma function and its described as follows:

F(cx):f e “u"du.
0
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Definition 2.2. [26] Let F € Ly [0,9]. The k-fractional integrals (KFls) J3'F and J3* F of order
a,k > 0 are defined as follows:

Jgjrk?' (%) = f Ge—DF'F (D) dA, x>0
6

ki (@)

and

W
To5F () = f A=) 'F ) dA, x < 9,

kT (@)

respectively, where Iy is the well-known k-Gamma function and its described as follows:

(v} uk
Fk(a)zf e T udu.
0

Definition 2.3. [36] Let ¥ € L, [0,9]. The generalized fractional integrals (GFIs) ¢, 1, and y_1,%
with 8 > 0 are defined as follows:

oL F (%) = f (’Di—)?(/l)d/l %> 0
6

and

o1, F (%) =f SDfl/l—%)?'(/l)d/l % < U,

respectively, where ¢ : [0,00) — [0, ) is a function. For more properties of the the functions ¢, one
can consult [36].

Remark 2.4. The importance of the GFIs is that these can be turned into classical Riemann integrals,
RLFIs and KFIs for ¢ (1) = A, ¢ (1) = F(a) and ¢ () = kr (a),

Theorem 2.5. Let 7 : I — R be a convex function on I with 0,9 € I such that 6 < 9. If F € L, [0, ],
the following inequality holds:

respectively.

FO)+F )
- 5

0+ 1
T( 2 )S (D T @+ 0L @) <

where A (1) = fol Wd/l.

Remark 2.6. In Theorem 2.5, we have
(i) If we set ¢ (1) = A, then we have the following classical Hermite-Hadamard inequality (see, [31,

p. 137]):
0+ 9 1 g FO) +F (9
] P AR UL AU)

(ii) Ifwe set ¢ () = %, then we have the following RLFIs Hermite-Hadamard inequality (see, [32]):

7:(6+19)S [(a+1) T(0)+7j(l9).
2 2(9-6)" 2

[Jo. T @) + J5_F (0)] <

(iii) If we set ¢ (1) = then we have the following KFIs Hermite-Hadamard inequality (see, [14]):

FO)+F @)
—

kF (a) ’

77(9+19)S I (a+k)
2 2(19—9)

[J“ “F () + SR (9)]
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3. Main results

In this section, firstly we need to give a lemma for differentiable functions which will help us
to prove our main theorems. Then, we present some midpoint type inequalities which are the
generalization of those given in earlier works.

Throughout this study, for brevity, we define

A x—0 A 9—x
A = [E5 Ay = [EE gy,
0 0

Lemma 3.1. Let ¥ : [6,9] — R be differentiable function on (0,9) with 6 < ¢. If ¥ € L[6,1], then
we have the following identity for GFls:

D =0)F )+ —=0)F(O)+ (I —x)F ()

5 (3.1)
x—0 x+0 x+0 v —x x+ 0 x+ 0
_2A1(1)[”_I“’(f( 2 )”JT( 2 )]_2/\2(1)[ 17:( )+1"I“’7:( 2 )
(k-0 (1+a  1-2 (k-0 (1-2 1+2
TN 1(2)?’( > x®+ 5 )d/l YN Al(/l)T( 5 x®+ > e)d/l
(0—%)2 (l+a 1- (1 — x)? (l-2  1+2a
~ A 2(/1)?'( TE ﬂ)d/l ) 2(1)9”( TEF ﬂ)d/l.
Proof. First, we consider
(% — 6)° (l1+2  1-2 (x -6 (! (1-2  1+2
D 1(1)7—'( T 0)a’xl—4A1(l) O Al(/l)?"( St H)d/l(3.2)
(0—%)2 (1+2  1-2a @& —x»)* (! (1-2 1+2
4l 2(/1)7-'( R ﬂ)d/l+ D) Jy Az(w—‘( Tt ﬂ)d/l
(=0 (% 0’ @-x'  @-2
- 4A1(1)I 4A1(1)I 4A2(1)I T an) L.
By integration by parts, we have
1 —
I = f 1(1)7—"(1” . Ae)cu (3.3)
0 2 2
oA (144 1= 2 o5 (142 1-2
- %_QT( At 5 9)0—%_9f0 ) T( At Q)d/l
x+0
2A4(1 2 (*ely-
- 20w | U
2
~ 2A1(1) 2 %+0
k- 7:()_ 9%_1507:( 2 )

and similarly

1 —
L = fAl(/l)T'(lz/l%+1;/10)d/l 2A‘(1)¢(0) 2 mzsf(“g) (3.4)
0
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L = fAz(/l)T’(l+/l +1_/119)d/l:—2A2(1)7’(%)+ 2 ,{JT(%H?) (3.5)
0 2 2 P —x D —x

1 —
I, = fAz(/l)?"(lz/l%+I;ﬂﬁ)dﬂ—zl;b(l)?‘()—Lﬁl?‘(}“ﬂ?). (3.6)
0 _

By substituting the equalities (3.3)—(3.6) in (3.2), then we obtain the desired result. O

Remark 3.2. If we choose ¢(1) = A for all A € [6,9] in Lemma 3.1, then Lemma 3.1 reduces to [23,
Lemma 1].

Theorem 3.3. Let ¥ : [6,9] — R be differentiable function on (0,9). If || is convex function, then
we have the following inequality for GFIs:

‘(ﬂ—@)?(%)wL(%—92)7:(9)+(19—%)7:(19) 37)
x—0 x+0 x+6 P —x %+ 0 %+ 0

T2A4(1) ["'I“’T(T)”J‘f( 2 )]_2/\2(1) ["JT( ) ﬁ'[f( 2 )‘

(x — 6)° & — )’

1
(fo IAl(ﬁ)ldﬂ)(IT'(%)l+|7:’(9)|)+ (fo IAz(/l)ldﬂ)(IT'(%)l+I7”(l9)|)~

4A,(1) 4A,(1)

Proof. By taking modulus in Lemma 3.1, we have

@ =0)F )+ —=0)F(O)+ () —x»)F )

5 (3.8)

x—0 x+6 x+0 ®+ 10 ®+ 10
2A(D) ["'W;(T) * ol ( )] A1) [ ¢ ( 2 )+ 1"19"7:( 2 ) ‘
(x —0)* , 1+/l 1-A4 (x — 0)* , - 1+/l
A f A1 ()] ‘7’” 5 0 ‘d/l + YD f A1 ()] ‘7—” 0)|d/l

0 — »)* , 1+/l 1 A 0 — %) (1 - 1+2
+ D) f [A2 ()] |T ) ‘ 4A2(1) ( %+ > ﬂ)ld/l.
By using the convexity of |7'| we get
@ =0)F )+ (x—0)F(O)+ (I —x)F ()
2
(x-0) x+0 x+0 (¥ —x) ®+ 0 %+ 0
_2A1(1)[ 17:( ) 9+17:( )]_2/\2(1)[ 17:( ) 17:( )'
1

(=0 [IF" ()| |7 ()

TN > f|A1(/l)|(1 +A)dA + > flAl(/l)l (1-2) d/l]
0 0
1 1
(= 0) | |F" ()| 17" ()l
+ A D) 5 flAl(/l)l (1-2)da+ 3 flAl(/l)l (1+)da
0
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p— 2 [ 4 1 ' 1
L@=%) lfz(%)lfll\z(ﬂ)l(lm)d“ |T2(ﬁ)|f|1\2(/1)|(1—/l)d/1l
0 0

an,(1)
: 1 |
& — %) [IF ()| ,
I |2 f AV (1 = D dA+ |F" () f IA2(DI (1 + ) dA
L 0 0
(% - 9)2 (,ﬂ _ %)2

4A,(1)

1
[IF” Gl + 177 O] { f MDA+ s
0

(F" Gl + 17" ()] { f 1AL (D)] d/l] .
0

This completes the proof. O

Remark 3.4. If we choose (1) = A for all 1 € [6,9] in Theorem 3.3, then Theorem 3.3 reduces
to [23, Theorem 1].

Remark 3.5. If we choose ¢(1) = %, a > 1, for all A € [6,9] in Theorem 3.3, then Theorem 3.3
reduces to [25, Theorem 1].

Remark 3.6. If we take » = 6 (or x = @) in Theorem 3.3, then we have the following Trapezoid type
inequality which is proved by Ertugral et al. in [13];

F(O) + F (D) 1 0+ 0 0+ 9
Y a1 (5)

s A(D ( f A dﬂ) (7 @)+ 17 @),

where
v-=0
( 2 U

/l -
A(/I):f ” du.
0

Corollary 3.7. Under assumption of Theorem 3.3, if we take » = 9“9 in Theorem 3.3 then we have the
following Bullen type inequality

‘% [T(e) + F () +7_,(9+ﬁ)

SN—"

S

2 2
1 30 + 9 30 + 9 1 6 + 39 0+ 39
4‘{’(1) [em 1 T( 4 )+ 9+I¢7j( 4 )] 4\11(1) [gm 1 7:( ) )+ ﬂl‘pT( 4 ) ‘
(640 1T @)+ I1F @)
= 8?(1> (f 'W)"“) (lT ( )‘ ’ 2 )
< 8\1,(1) ( f B dﬂ) (F @)1+ 1F ),
where

u

Lo (2t
w):f*"( )
0
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Corollary 3.8. If we choose ¢(1) = A for all A € [6,1] in Corollary 3.7, then Corollary 3.7 reduces
to [23, Corollary 1].

Corollary 3.9. If we choose (1) = r(a)’ a > 1, for all 2 € [0,9] in Corollary 3.7, then we have the
following Bullen type inequality for RLFIs

L[F(©O) +F () g+3\| 4T+, 30+9\ ., _(30+0
H 2 +?( 2 )_ @ - 0)""! J‘”z”f( 4 )”"f( 4 )
47 0@+ [ (0+39) . (0+30
S e () ()

< 9-0 [0+ +|7"’(9)|+|7"'(19)|

- 8(a+ 1) 2 2
9-0 , ,

< ST O+ @),

Theorem 3.10. Let ¥ : [0,9] — R be differentiable function on (6,9). If |F'|?, g > 1, is convex
function, then we have the following inequality for GFIs:

@ =0)F )+ =) FO)+ W —x)F D)
2

_;\:(f) [%_w_,(;%e) * el ?(% ; 9)] - 213\;(;1{) [ A 7:(% 5 ﬂ) -1 7:(% 5 ﬂ)

(3.9)

1

1 P
f|/\1(/1)|p da
0
1

1 P
f As()P dﬂ]

fA1(/1)|”dﬂ] [F" Col + 1F7 (O] + (2 {flAz(/l)l”dfl

(x - 6)°
4A4(1)

IA

(3 F ol + 1 (9)lq); N (l?" Ol +3 15 (@WH
4 4

(9 — %)
47,(1)

(3 F GOl + |7 (ﬂ)l‘f)5 . (l?‘ FGOl + 3| (ﬂ)l")‘lf
4 4

(x - 0)°
Zq

IA

[F" Col+1F" (D],

where L +1 = 1.
4 q

Proof. By using the well-known Holder inequality in (3.8), we obtain

@ =0)F )+ —0)F () + (W —2)F (D)

5 (3.10)
x—0 x+0 x+0 O —x %+ 0 x+ 0

2A(D) [%’f( 2 )”*”U( 2 )]‘2/\2(1) ["*”:( )”I“’T( 2 )'

(%_9) 1+4 1-2 ;

A, (1) (f 'Al(ﬂ)'pdﬂ) (fo ( 2 T ) dﬂ)
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(x - ) , 14 1+ )y
+4A1(1) (f A1 ()] )( ( x+ > 9) d/l)
s , T+ 1=\ )
4A2(1) (f AL ()] ) ( ( 7 x+ 5 19) d/l)
L@ =27 , IV B EP AT
T (f| m)( ( s 19) dxl).
Since |F’| is convex, we have
1 _ q
f ¥’ (1 al /l% + ! /19) di < f H—/l |F" Go)|? + 1— |F’ (9)|q] 3.11)
0 2 2 0 2
_ 3IF Gl +1FT O
B 4
and smililarly
1 _ q ’ q ’ q
f 7:,(1 /l%+1+/10 dl < |F" ()| + 3|F" ()| (3.12)
0 2 2 4
1 _ q ’ q ’ q
f ?,,(1+/l%+1 /119 a1l < 31F Gl + |F7 (D))
0 2 2 4
1 _ q ’ q ’ q
f 7_ﬂ,(1 RSN | 7 Col” + 317
0 2 2 4

By substituting inequalities (3.11) and (3.12) into (3.10), we obtain the first inequalty in (3.9).
For the proof of second inequality, let 6, = |F' (O)|7, ¢ = 3|F" )|, 6, = 3|F’ (»)|” and &, =

|F” ()| . Using the fact that

zn:(@k‘i‘ﬁk)s < Zn:@i+iﬂs, 0<s<l1
k=1 k=1 k=1

and 1 + 37 < 4 then the desired result can be obtained straightforwardly.

O

Remark 3.11. If we choose (1) = A for all A € [0,%] in Theorem 3.10, then Theorem 3.10 reduces

to [23, Theorem 2].

Remark 3.12. If we choose ¢(1) =
following inequality for RLFIs

F(a) ’

D= F )+ —O)F )+ —2)F

2

7 (55

27T (@ + 1) x+6

(% _ 9)0’—1

)+

7.7 (

x+6

27T (@ + 1) x+9

2

31F Cl” + 1F7 (O

(%—9)2( 1

4 ap+1
AIMS Mathematics

Il

4

)+

-

oo

(& — %) ”f(

7 Col” + 31F7 (O

4

]

x+ 0

a > 1, for all A € [0,1] in Theorem 3.10, then we have the

I

2
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SO )3’ (3|¢'<x>|q+|¢'<ﬁ>l")‘5+(|T’<x>|"+3|¢'<ﬁ)|‘f)i
4 \ap+1 4 4

(x — 6)* 1
X ap + 1

which is the same Theorem 2 of [25].

),, (7 GOl + 17 @]

; 9 — 1
) 1 GOl + 1 @)]] + ”)(

ap+1

Remark 3.13. If we take » = 0 (or x = ) in Theorem 3.10, then we have the following Trapezoid type

inequality

(3 F O +|F (ﬁ)lq)‘l’ N (IT’ O +3|F (ﬂ)r])i
4 4

F(O) +F @) 1 0+ 6+
‘ 2 _2A2(1)[1T( ) IT( )

1 P
-6
m(fM(/l)p da

[ f AP dﬂ] 17 @) + 17 O],

el

2q

which is proved by Ertugral et al. [13].

6+9

= in Theorem 3.10 then we have

Corollary 3.14. Under assumption of Theorem 3.10, if we take » =
the following Bullen type inequalities

‘%[7-‘(9)+7—‘(ﬁ)+7_,(9+ﬂ) 1

o Iﬂ_,(39+ﬂ)+ 9+17_,(39+19)]

) 2 4¥(1) 4 4
1 + 39 0+ 39
T av(D) [ E T( ’ '9_1“”?( 4 ) ‘
p sl (=) v @) ([ ()] + 317 o)’
16?(1) f )P dA I 4

1
q

3|7 () + 17 é
4

7 (52 + 317 @)1
4

2 2

- fI‘I’(/l)V’d/l] (7,,(9+19)‘+ 7 O +1F @)
it ¥(1)

Remark 3.15. If we choose (1) = A for all A € [0,9] in Corollary 3.14, then we have the following
inequality

‘%[7:(9)4'7:(19) +7_-(9+ﬂ) (3.13)

2 2

1 G
- (19—9)]; F (%) dx
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19
q

IA

19—9( 1 )15 [3‘7’(9%9)‘q+|7’(9)l"

5 7 (2)[ + 317 @)
16 \p+1 4 -

4

Q=

It ol oo
|

4 4
[0+ 0
(=
The first inequality of (3.13) is the same by [23, Corolalry 2].

Theorem 3.16. Let ¥ : [0,9] — R be differentiable function on (6,9). If |F'|?, g > 1, is convex
function, then we have the following inequality for GFIs:

L0=0( 1 ’
16 \p+1
9-6 4
16 \p+1

)" [w—" ©O) + |7 @) +2

W= F )+ —O)F(O) + (I —x)F P
2

_;\:(f) [”19"7:(%;9% ol T(%;H)]_ 213\;(;1{)[ IT(% ﬁ) I’I“’T(%;ﬁ)

1-1

1 q 1 1
] { f |A1(/l)|d/l] {(ﬁl IF GOl + o F (e>|‘f)‘f ; (ﬁz F GOl + i IF (H)I")‘I}

IA

4A:(1) 2 2

i %)’
TaA)

f A2 cu} {(ﬂ3 T GOr B W); v (m oY 1 (ﬁ)l")‘l’} |

where the numbers S, 8,, 53 and 3, are defined by

B = f01|A1(/1)|(1+/1)d/1,
B = f01|A1(/1)|(1—/1)d/1,
Bs = follAz(/l)l(1+/1)d/L
By = follAz(/l)l(l—/l)d/l-

Proof. By using well-known power mean inequality in (3.8), we obtain

'(19—9)7:(%) (%_9)2T(9)+(19_%)77(ﬂ) (3.14)
x—0 x+0 %+ 0 O —x %+ %+
“2A,(D) [”"I“’?(T) o gc( )] T 2A5(1) [ . 7:( ) ok 7:( ) |
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(x— 0
4, (1)

1 - i
q

f IAI(/l)Id/lJ dxl]

0

flA u)|‘9f’( . 1”9)

f mum}
(L2, L\ 4 q
%
2 2
Since |[F’|? is convex, we have

1
_ q
flmun ?’(1 ;/l%+ ! *9)

1
1+1  1-2
f|A1(/l)|l?" LN 3 9)
0

da

(ﬂ x)*
4A2(1)

1
q q
da

1+/l 1-A4
P (e )

dA 3.15
5 (3.15)

[1+ 2 1-2
< f A1 (D) > GO + — Vi (H)Iq] da
J |
1 , q 1 , g
< flAl(/l)l 1+ |77%41/1 + flAl(/l)| (1-2 i 2(6)| da
0 0
< [B11F” GOl + B2 |F7 (O))']
- 2
and similarly
_ ’ q ’ q
f|A1u)| |7,, 1+19) 41 < P70 Zﬁl 7" (0)] 3.16)
1 L+ =2 BT ol +BulF (D
f 1AL l?( %+ 19) i< = 4 (3.17)
2 2 2
— ’ q ’ q
flAz(/l)I |7—" L /119) Q<P ;ﬂ3 7O (3.18)
By considering the inequalities (3.15)—(3.18) in (3.14), then we obtain the required result. O
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Remark 3.17. If we choose ¢(1) = A for all A € [8,9] in Theorem 3.16, then Theorem 3.16 reduces
to [23, Theorem 3].

Remark 3.18. If we choose (1) = =

TZ), a > 1, forall A € [6,9] in Theorem 3.16, then Theorem 3.16
reduces to [25, Theorem 3].

Remark 3.19. If we take x = 6 (or x = 1) in Theorem 3.16, then we have the following Trapezoid type
inequality which proved by Ertugral et al. in [13]:

|7’(0)+7—'(ﬁ)_ 1 [0+1¢(9+ﬁ)+ ﬁl¢(e+ﬁ)
@0 [ f IA(/l)Id/l] [(ﬁs |T'(%)|q+,36|¢'(19)|q);+(,35 |¢'(%>|‘1+ﬁ6|¢'(ﬁ>|‘1)5

b

2A5(1) 2
4A(1) 2 2

where s and B¢ are defined by

1 1
Bs = f A1 +DdA, P = f |AL (DI (1 = ) dA.
0 0

9+z9

Corollary 3.20. Under assumption of Theorem 3.16, if we take » = then Theorem 3.16 reduces to

following inequalities

17+ F @) 0+
z[f”( 2 )

v -6
4A4(1)

39 ) 39 O
[ﬂw 1 T( il )+ 9*1 T( b

-5

1 q é
f |A1(A>|d1] {[& T'(Q%"l) B |¢'(9)|" " |¢' 6%9) B |7—~'<9)"]}

o q
f |A2u>|dﬂ] {,83 ?’(9%9)

Corollary 3.21. If we choose ¢ (1) = A Corollary 3.20, then we have the following inequality

1[FO) +F® 0+ 1 g
'E[—+T( ) —(0_9)‘f9 F (%) dn

2 2
9 (1) L () s o)
1—6(5) i 6

slFe(s2)[ + 17 (ﬂ)w]‘lf [\? (22)
+

)

J-6
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4. Conclusions

In this work, we established some new integral inequalities for differentiable convex functions via
the GFIs. We also discussed many special cases of newly established inequalities and obtained several
new midpoint and trapezoidal type inequalities for differentiable convex functions through different
integral operators. It is an interesting and new problem that researchers can obtain similar inequalities
for different kinds of convexity in their future work.
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