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Abstract: In this research, a hybrid method, entitled the Laplace Residual Power Series technique, is
adapted to find series solutions to a time-fractional model of Navier-Stokes equations in the sense of
Caputo derivative. We employ the proposed method to construct analytical solutions to the target
problem using the idea of the Laplace transform and the residual function with the concept of limit at
infinity. A simple modification of the suggested method is presented to deal easily with the nonlinear
terms constructed on the properties of the power series. Three interesting examples are solved and
compared with the exact solutions to test the reliability, simplicity, and capacity of the presented
method of solving systems of fractional partial differential equations. The results indicate that the used
technique is a simple approach for solving nonlinear fractional differential equations since it depends
only on the residual functions and the concept of the limit at infinity without needing differentiation
or other complex computations.
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1. Introduction

In the past decade, many researchers have studied many fractional partial differential equations

(FPDESs) types. Since the beginning of fractional calculus history in 1695, when L’Hospital raised the

: . . dy . . o .
question: what is the meaning of Wy ifn= %? That is, what if n is fractional? [1] Even for new

n
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researchers, the fractional derivatives were complicated-although it appears in many parts of sciences
such as physics, engineering, bioengineering, COVID-19 studies, and many other branches of sciences
[2-9]. In addition, many definitions of fractional derivatives have been given [10—11]. Fractional order
derivatives of a given function involve the entire function history where the following state of a fractional
order system is dependent on its current state and all its historical states [4—11].

There are several analytical and numerical techniques for handling fractional problems, B-spline
functions, Bernoulli polynomials, Adomian decomposition, variational iteration, Homotopy analysis,
and many others [12—17]. On top of that, some applicable analytical methods are developed to address
nonlinear problems with fractional derivatives. One of these approaches is the Laplace residual power
series method (LRPSM) [18-29], which shows its efficiency and applicability in solving nonlinear
problems.

The LRPSM is a very modern technique, and it is a hybrid method of two approaches, the Laplace
transform (LT) and the idea of the residual power series method (RPSM) [30-33]. In 2020, the authors
in the article [18] were able to adapt the LT to solve nonlinear neutral fractional pantograph equations
using the residual function and the RPSM idea. The LT, usually, is implemented to solve linear equations
only, but the LRPSM can overcome this disadvantage and thus adapts it to solve nonlinear equations of
different types. The LRPSM presents an approximate analytical solution with a series form using the
concept of the Laurent series and the power series [18-25]. What distinguishes LRPSM from RPSM is
the use of the idea of limit at infinity in getting the coefficients of a series solution rather than the concept
of a fractional derivative as in RPSM. Many articles used the proposed method to treat several types of
differential equations of fractional orders. In 2021, El-Ajou adapted LRPSM to establish solitary
solutions of nonlinear dispersive FPDEs [19] and to present series solutions for systems of Caputo
FPDEs with variable coefficients [20]. Newly, the LRPSM is used for solving Fuzzy Quadratic Riccati
Differential Equations [21], time-fractional nonlinear water wave PDE [22], fractional Lane-Emden
equations [23], Fisher’s equation and logistic system model [24], and nonlinear fractional reaction-
diffusion for bacteria growth model [25].

Claude Louis Navier and Gabriel Stokes have created the so-called Navier-Stokes equations
(NSEs). A French mechanical engineer Claude was affiliated in continuum mechanics with a
physicist specializing and the French government, whose main contribution was the Navier-Stokes
equations (1822). This famous equation made his name among the several names incised on the
Eiffel Tower. Moreover, Newton’s second law for fluid substance, which is central to fluid mechanics
has been used in describing many physical phenomena in many applied sciences [34-37]. For
example, the study of airflow around a wing and water flow in pipes and used as one of the continuity
equations needed to build microscopic models in 1985 and also as a special case considered to
establish the relationship between external and pressure forces on the fluid to the responses of fluid
flow [38].

The motivation of this work is to adapt the LRPSM to provide analytical solutions for a multi-
dimensional time-fractional Navier-Stokes (M-DT-FNS) system which takes the following form [39]:

Df‘u+(u-V)u=vV2u—%Vp,0<aS1, (1.1)

where D is the Caputo fractional-derivative operator of order a, p = p(x, ¢, {, t) is the pressure, p is
the density, u is a vector field that represents the flow velocity vector, v = % is the kinematic viscosity

u is the dynamic viscosity), and V & V? are the gradient and Laplacian operators, respectively, subject
y y
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to the initial conditions (ICs) at the initial velocity:

u=q. (1.2)

If the density is constant throughout the fluid domain, then the vector Eq (1.1) is an
incompressible NSEs.
The vector Egs (1.1) and (1.2) can be separated in a system form as follows [39,40]:

x> + g2 aq2

+ 62u2 62u2) _ la_p
ox? = o9¢?2  9g2 p ¢’

aul aul 6u1 _ (azul
pox

2%u 0%u 10p
a 1 1
Dtu1+u16 +u26—c+u3 a7 )

u auz auz _ (azuz
Dtu2+u16 +26c+ 357 = UV

Jduz ous (62u3 0%ug 62u3) 10p
— v _ Lo
Dfu3+ula T Uy ac tu Us%e = ax2 | a¢2 ' g2 pal

(1.3)

subject to the initial conditions (ICs):

ul(X'C'ZIO) :f()('g‘iZ) :f;
uZ(X' S Z: 0) = h()(' S () = h;
u3()(!§'('0) :g()('g'() =9 (14)

where u = (uy, u,, u3) and @ = (f, h, g) such that u;,u,,us, and p are analytical functions of four
variables y,¢,{ & t.

In this equation, the solution represents the fluid velocity and pressure. It is commonly used to
describe the motion of fluids in models relevant to weather, ocean currents, water flow in pipes, etc.

The novelty of this study is obvious in the proposed method when dealing with the Navier-Stokes
problem, we show the simplicity and the applicability of the method, and we mention also that the
method needs no differentiation, linearization, or discretization, the only mathematical step we need
after taking the LT and defining the residual functions, is taking the limit at infinity which is much
easier compared to other analytical techniques. Moreover, in this research, we obtain a general formula
of the solution that neither researcher has, allowing us to compute as many possible terms of the series
solution directly.

This study is prepared as follows: After the introduction section, a few fundamental principles
and theories are reviewed for constructing an analytic series solution to the M-DT-FNS system using
LRPSM. In Section 3, we constructed a Laplace residual power series (LRPS) solution to the goal
problem. Three interesting examples are presented to explain the technique’s simplicity and accuracy,
which are displayed in Section 4. Finally, some conclusions are made about the features of the method
used and its applicability in solving other types of problems.

2. Basic concepts
This part presents fundamental definitions and properties of fractional operators and power series.

Definition 2.1. [1] The time Caputo fractional-derivative of order a of the multivariable function
u(y, ¢, ¢, t), is defined by
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1 t en X656,
dé, n—1<a<n,

Dfu(y, ¢, ¢, t)] = r(n—a)fo (t=§Ha+i-n § asn 2.1

an
ﬁu()(, ¢,(,t), a=n.

Lemma 2.1. [1] The operator D, t = 0, n — 1 < a < n satisfies the following properties:
1) Dfc=0,c€eR
0 , 9 < a, qisinteger
2) Dt =1 r(g+1)
r(q—a+1)

Definition 2.2. [18] The time-LT for the multivariable function u(y, ¢, {, t) is defined by:

t9~® | otherwise , forg > —1.

Ulr,5.¢.8) = Lu(r6. 0] = [ e ulx,6,¢,t)dt, s> 6. (2.2)

We denote the inverse LT of the function U(y, v, {, s) and define it as

u(r, 6,4, t) = LU 6, 9] = [ et U(x, 6., 5)ds; z=Re(s) >z, (2.3)
The most popular properties of the LT are mentioned below.
Lemma 2"2° [18919] Assume that U(X, C; {; S) = L[u()(, g) (: t)] and V(X' CI {r S) = L[U(Xr CI {! t)] .
Then
1) limsU(y,¢¢s) =ulycs0).
S—00

2) a€R,i=0,1,

tia a
[a F(ia+1)] - sia+1’
3) LIDMu(x 6.4, 0] =s™U(r,6,¢,s) — Xnce s ™ DM u(x,6,,0),0 <a < 1,
where D{** = DD{ ... D (mm-times).
Theorem 2.1. [19] The power series expansion of the multivariable function u(y,¢,{,t) can be
expressed as

u(X, C, (’ t) — 200 fl(X'CJZ)t (24)

=0 p(ig+1) ’

where fl(X' ¢ C) = Dtiau()(' ¢ C: O), i = 0; 1:
Thus, the LT of Eq (2.4) is a Laurent expansion in the Laplace space of the following form:

[ee] fl( Y )tla
U,()(, S {, t) = 2[:0 #ﬁl) (25)
Theorem 2.2. [19] Assume that
|s£[D, ™ D%y, ¢, ¢, )] | < M,

on0<s5s<q, 0<a<1and M =M(y,g () for some y, ¢, and { € I. Then the remainder
R,,(x,¢, ¢, s) of the new fractional Laurent series (2.5) satisfies the following inequality

M
IR (X 6,49 = et
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It is known that the LT cannot be distributed in the case of multiplication. Therefore, the following
Lemma is introduced to simplify the calculations at the application of LRPSM, based on the
characteristics of the powers of the power series.

Lemma 2.3. Assume that U(y,¢,{,s) = L[u(y,¢, ¢, t)](s) and V(x,¢,{,s) = L[v(x, ¢ ¢, t)](s).
Assume that the functions U(y, ¢, {,s) and V(y, ¢, {,s) have Laurent expansions as:

U()(,'U { S) oo fL(XUO

= Sla+1 4

o 9j595)
V(64 s) = IR g;,iifl. (2.6)

Then, L[u(y, s, ¢, t)v(x, ¢, ¢, t)](s) can be expanded in a Laurent series form, as follows

o fl(xd)g (6T ((I+))a+1)
LluCx, 6, ¢, )v(x, 6,4, O](s) = XiZo Xi= . : (2.7)

T(ia+1D)I(ja+1)sE+Da+1

Proof. Directly, we can prove the Lemma as follows:
Llulx 6, ¢, v 6 ¢ 016) = LILHUC 6, ¢ DILTH V(6 ¢ )] ()
—r L [Zoo f(xc()]L [Zoo gl(xcf)”( )

_ w [isDtY o gilxs Ot/
=L Z":O T(ia+1) Zjzo T(ja+1) ](S)

=£

il Y Fix6.9)g;(x5)t N
I'(ia+1)r(ja+1)

— y® Zoo Fi(06.6) 9006 OT((I+))a+1)
 4i=0 T(ia+1D)I(ja+1)sGtDa+l -~

It is noteworthy, that we can express the kth-truncated series of the Laurent series (2.7) as follows:

fiCs.8)ai(x6,OT((i+j)a+1)
TF(ia+1D)I(ja+1)sG+Dat+l ?

L[uk (X' g' (! t)vk (X' C' (; t)] (S) = ?’,:0 Z?:O (28)

which we will use extensively throughout our work on the next pages.
3. The Laplace residual power series method

We employ the LRPSM to establish a series solution for the M-DT-FNS system (1.1) in this part
of this article. This technique is mainly based on applying the LT on the target equations, assuming
solutions of the generated equations have Laurent expansions, and then using the idea of the limit at
infinity with the residual functions to get the unknown coefficients in expansions. Finally, we run the
inverse LT to obtain the solution of the given equations in the original space.

To get the LRPS solution of the system (1.1), we first apply the LT to each equation in the
system (1.1) and use the third part of Lemma 2.2 with the ICs (1.2). Then, after some simplification,
we get the following algebraic system in Laplace:
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_£ i [ aul] [ aul] [ aul _l(GZUl 62U1 62U1) 1 0P
Uy s+s“L U dy U2 a¢ t ek [Us a¢ s\ 9yx2 + g2 + aq2 +ps‘7‘6)(

_h, 1 6u2] [ auz] 1 [ du, _l(azuz 02U, 62U2) 1 0P
U, S+S“L[ +S“L 2 3¢ +S“L U3 g s*\ 9y2 + d¢2 + 0¢2 +ps‘7‘6g 0,

_g i 6u3] [ aug] [ aug] _1(62U3 62U3 62U3) L@_P _
Us =2+ L 32+ L [w 52| + 5w 52| - 2 (G2 + 52+ 532) +5mae =0 (D)

where U; = L[u,], U, = L[u,], U; = L[uz] and P = L[p].
Suppose that the solution of the system (3.1), U;, U,, and U3, has the following fractional Laurent
expansions as follows:

o filxs5)
Z :-wt+1 4
o hisd)
U2 = j=0 ija+1 )
od gr(xcf)

Uz = e 3.2)

Assume that also P has the following Laurent expansion:

+Zl 1 sla+1’ (33)

According to Theorem 2.1 and using the ICs (1.2), the expansions in Eq (3.2) can be rewritten as
follows:

___I_Zoo filx.$.4)

gla+1 ’

=_+Zoo hi(x.5.9)

gla+1 7

STC{+1

The kth-truncated series of the expansions in Eqs (3.3) and (3.4) are given by:

_ fi
Ulk - + Zl 1 gia+1’

_hoyk N
Uz =5+ Lj=15jarm

g
U3,k — +Zr 1 ra+1’

- + Zl 1 Suxi—l (35)

To find the coefficients in the series expansions of Eq (3.4), we establish the Laplace residual
functions (LRF) of the equations in the system (3.1) as follows:
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—y. i1 %] 1, [ %] [ ouy _l(azul 92Uy azul) _19p
LRes,(s) = U, S+Saﬁ[u1 % +s“ U, +—=L|us T s\ oy + Pre + Pre +ps“6)('

gy _h, 1 6u2] [ Buz] [ o] v (azu2 82U, azuz) 1 0P
LReSZ (S) =U; s + s"‘L[ t oy ta toak|Us a¢ s®\ 9yx? g2 ag2 ps“ 6¢
g aug] [ 6u3] [ us] v (62U3 82U, azu3) 1 9pP
LRes;(s) = Us ST IZ[ +L|us aC 5@ \ 92 + acz | g2 t s ps® a¢’

and the kth-£LRF for k = 1,2, ..., as follows:

_ f o1 QU 1 Ouq i
LResy i (s) = Upy — ST s_aL [ul,k ax ] + s_aL [uz,k ag ]

1 ou v (92U a%u o%u 1 9P
+—L[ 1,k] __( 1k 1k 1,k) 1 0Pk

Usk ¢ s®\ dy2 d¢2 + a¢? ps® dy’

_ h 1 auz’k] 1 [ auzlkjl
LRes, (s) = Uy . +saﬁ[u1,k P +saL Uy g "

1 ou v (9%U 22U a%u 1 9P
+ir [u3 . z,k] . _( 2,k 2k z,k) 1 k'
sa a7 s¥\ 9y? g2 ag2 ps% dg¢

_ _ g l auglk:l l [ auglkjl
LRes3y(s) = Uzy S+sa‘C[u1,k o2 +—=L|uzk 3

S

6u3,k] v (62U3,k 92Uz 62U3,k) 1 9P

3k ¢ + ps® a¢ "

1
+ s_aL [u ax2 g2 g2

(3.6)

(3.7)

Using Lemma 2.3 and substituting the expansions in Eq (3.5) into Eq (3.7) gives the Laurent

series form to the kth-LRFs as follows:

r((i+j)oe+1)f-ﬁ
—_ \V'k Loy
LReSl,k(S) — 4Li=1 la+1 + Z =0 Z] =0 F(La+1)1"(]0c+1)5(”'1"'1)“"'1

L af
+ Z Z I"((L+])a+1)hia—
=0 £J=0 p(ig+1)r(ja+1)sEri+Da+t1

ofj azf azf
- j l
r 1)9i—==
Z Z ((l+])a+ )gl az _ aX _ k ax
=04j=0 r(la+1)F(Ja+1)s(l+]+1)0£+1 sa+1 =1 (i+1)a+1

a2f 8%f; a%fr a%f; ag

Y% vk Yz Ve Sk Vo2 ax
sa+1 i=1 c(i+Da+1 sa+1 =1 ¢(i+Da+1 psa+l
6(pl

+ Z S(1+1)a+1 ’

r(i+ja+1)f oh
t] Ty
LRQSZ k(S) = l 1 1a+1 + Z OZ] 0F(l(x+1)F(}d+1)5(l+]+1)a+1

oh;

r(Gi+j)a+1)hi—2

3, XS 2
=0 £4J=0 p(ig+1)r(ja+1)sEri+Da+t1
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Oh; 82h a2h;
. . _j on 14
N Zk Zk r((i+ja+1)g; 37 Vo wk  Vog
1=04&j=0 F(ia+1)r(ja+1)S(i+j+1)a+1 sa+1 =1 g(i+1)a+1
0% 2n % ?n o
Y%z« Y2 Vs vk Vo ac?
sa+1 i=1 g(i+Da+1 sa+1 i=1 c(i+Da+1 psa+l
29;
k d¢
+ Zl'=1 ps(i+Da+1’
ag
" J
r((i+)a+1)fi==2
3k =1 sla+1 1=04&j=0 I"(l'a+1)1"(]'0(+1)S(i+j+1)“+1
ag;
r(G+ja+1)n—2
T I el T
1=0 &4J=0 r(jg+1)r(ja+1)s@ti+Da+1
9g; 3%n 3%g;
. . _] on i
N Zk X r((i+ja+1)g; 57 V2 ok Vg
i=04&j=0 ria+D)r(ja+1)stitda+l  ga+1 i=1 g(i+Da+1
a2g 8%g; 3%g 9%g; 1)
Y% vk ez Yar vk Vo a
s+l =1 (i+Da+1  ga+1 i=1 c(i+Da+1 psa+l
29;
k 24
+ Zi:l psli+Da+1” (3-8)

El-Ajou in [19] proved the validity of the following formula, which is considered the essential
tool of LRPSM:

lim s***1 LRes(s) = lim s¥**1 LRes,(s) = 0,k = 1,2,3, .... (3.9)
S—00

S—>00

To find the first coefficients in the expansions in Eq (3.4), consider the first truncated series of
the Laurent expansions of Eq (3.5) as follows:

_f fi

U1,1 - ; + sa+1’
h . hy

U2,1 — 5 T sarr

’ Sa+1’
P, = f + ijjl. (3.10)

Substituting Eq (3.10) into the first-LRes, multiplying each equation by s**1, and taking the limit
as s = oo, we have truth in Eq (3.9):
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a+1 of of az_f_ ﬂ_ az_f 1de _
sh—>r£<lvs LResll(S)—fl-l_f + +ga( UaX Uagz U6{2+P6X_0,
i1 oh 0°h 3*h 3*h | 10¢ _
lim s LR9521(5)—h1+f +h +ga< Vo Voe Vo toog =0
aZg aZg az_g 16(,0

lim s*** LRes;,(s) = g, + fag + h ga—g

lim o P Pae Paatoac =0 G

Therefore, the first coefficients of the expansions of Eq (3.4) become known and take the
following forms:

fi=vGataatoe) e oyt hact 950)
m=v (Gt aatan) e Uat ah+g3?)
G=v(35+35+55) 25— (f2+h+g%) (3.12)

Now, to obtain the second coefficients of the series expansions in Eq (3.4), we substitute the
following second truncated series:

_f fi 2

U1,2 -5 + sa+l + s2a+1’
h h h
U2’2 = + 1 2

s sa+l s2a+1’

g1 g2
sa+1 s2a+1’

g
U3;2 :;‘l'

p=%24 %1, % (3.13)

s sa+l s2a+1’

into the 2nd-LRF, multiply each equation by s2#+1

coefficients as follows:

a2 92 a2 a 0 0 a 0
fzzv( f1+ f1+ fl)_l 1 (fl +f f1+h1 +h f1 g_f_l_gi)’

, and use Eq (3.9), we obtain the forms of required

ax2 a2 agz)  p oy La¢ ¢
_ 9%hy |, 0°%hy 62h1) 109y ( ah1 oh % oh %)

_ 0%g, 929, 929, _13<P1 g1 a_g % ag 391
gz_v(a)(2+6§2 +a(2) p 97 (fl f +h16c+h +gla€+gaf) (314)

We can repeat the previous steps to find the third and the fourth coefficients of the
expansions (3.4) as:

_ . (9%f | 9*f2 azfz) 109,
fs _U(axz toe taz) T,

o, o, )
~(RE+ L+ nZenr g, g2k

F(2a+1)( ofy af1 %)
r2(a+1) \’1 +h1 Laz)
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_ 62h2 62h2 azhz) _ l%
h; =v (3)(2 + 7c2 272 > oc
Ohs 4 pp 20 4 N2 "’ﬁ)
(ot +h S+ g T+ g T

_TQa1) (¢ omy % %)
r2(a+1) (fl 2! ac )’

_ 0%g, , 0%g, azgz) 109,
g3 _”(axz toe T ) "o

0 a 7]
~ (st n, 3 +hﬂ+gza€+g;’;)

ra+1) 691 691 g4
T i (f1 + 9 az) (3.15)

Also, one can get

_ 0%f; |, 0°f3 62f3) 1093
f4_v(ax2+aq2+a<2 > ox

P) a P)
(f3 ff3+h3 +h f3 g3a§+g f3)

_ ria+1)
ra+1)r(a+1)

= (62h3 n 0%h3 n azhg) 1093
4=

d d d d ad 7]
(fz f1+f1 f2+h2 f1+h1 fz"‘gz f1+g1 a];z)

dx? d¢? a2 p ¢
o o b, 0y s ons
~(BEHF ot ha s+ h T2 4 g5 5+ 9 52)
_ F(3(X+1) ahl ahz ahl 6h2 ahl ahz
F2a+1)T(a+1) (fz thy theyt 72+ 0510 ac )

_ d%g; | 0%gs 6293) 103
ga _v(axz toe T ) "o

d 9 9
(f3 fg3+h3 +h£+936(+g:§3)

ria+1)

0 0 d 0 0 d
—m(fz At T+ g+ g 292) (3.16)

Now, we can get the form of the unknown kth-coefficients in the expansions of Eq (3.4) as follows:

fe=v (asz—1 + 0%fr-1 + asz_l) 10k

ax? d¢2 FYE o oy
-2 F(la+F1()(IIf((Ii)(t+1ga+1) (fi afg;_l + h; af’;‘c"‘l + g af’;—(i—l) k=12,
s -
~Xi% F(la+rl()(§((llc)oi+3a+1) (f ah';; -+ by ah’;_ci_l * gi ahl;_{i_l),k =12,
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_ . (9%Gk-1 | 0°gk-1 | 0°Gk-1) _ 10¢k_1
gk—v( 9 x2 + a2 + 072 ) p ¢
_vk-1 L((k-Da+1) - 0gk-i-1 09k—i-1 09k-i-1 —
Zi:O Ia+D)I((k—i-Da+1) (fl ox +h d¢ + gi ¢ )'k =12, 3.17)

Thus, the solution of the algebraic system (3.1) can be expressed as:

f fi f;
U1(x,6,¢,5) = S + Sa1+1 + SZaZ+1 +
hy hy

h
UI(X' ¢ (,S) =<+ sat1 + s2a+l + -

N

Us(0,6,8,8) =5+ o + 525 + (3.18)

N

Finally, to get the LRPS solution of the M-DT-FNS systems (1.1) and (1.2) in the original space,
we apply the inverse LT on the solution in Eq (3.18), to get

(660 = f+ 2 L
15250 T(a+1) = T(2a+1) ’

B hit® hat2®
U, (X; ¢ (, t) - h’ + I(a+1) + rea+1)

gztza

—_— glta e
(6D =9+ s T raa T (3.19)

4. Numerical application

In this section, we present some numerical examples that explain the working mechanism of the
LRPSM. Comparisons and graphical illustrations are made to demonstrate the accuracy and efficiency

of the technique.
Example 4.1. [35,36] Consider the following two-DT-FNSE:s:

ou ou %u %u
D& ouy ouy _ ( 1 1)
tu1+ulax+u2 ac Y 0x2+3cz ’
ou ou 9%u 9%u
D& Rz 4y, 22 = ( - 2) 4.1
fuz i+ =v (3 +55) (4.1)

with the ICs:

u; (X, 6,0) = —sin(y +¢),
u,(x,¢,0) =sin(y + ¢), 4.2)

where v € R, and u; and u, are two functions of three variables y, ¢, and t.
Note that, when a = 1 the exact solution of the systems (4.1) and (4.2) is

u; = —e ?Ysin(y +9),
U, = e ?Ytsin(y + ¢). (4.3)

Based on the algorithm of the solution obtained in Section 3 and the result in Eq (3.19), we can
obtain the LRPS solution of the systems (4.1) and (4.2) as follows:
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2a
u (o t) = f+ 2 4 Ly

I(a+1) r2a+1)
w6 6) = h + hat™ . (4.4)
2 ’ F(a+1) r(2a+1) ’ )

where the coefficients f, hy, k = 1,2, ..., are given by the general formula obtained in Eq (3.17) which
in the two dimensions will be as follows:

f . (aka_1 N aka_l) _ I_(—l F((k—1)(X+1)(flafka;(i—1+hlafka—ci—1)
k ax? ag i=0 ria+D)r((k—i-1a+1) '
P (ath_l 4 ath_l) _vk-1 F((k—l)a‘l'1)(flah]§);(i_1+hlafh]ac;i—1) (4 5)
k ax? ag? i=0 r(ia+D)r((k—i-1)a+1) :
Thus, we conclude that
fi =2vusin(y +¢), h, = —2vsin(y +¢)
fa = —Qu)*sin(x +¢), hy = (2v)?sin(x + ¢)
fs = u)*sin(y +¢), hy = —(2v)* sin(x +¢)
fa =—Quv)*sin(y +¢), h, = v)*sin(y +¢)
= (— v)*sin(y + ¢), = (—2v)*sin(y +¢), = 1,z
fi = (=D Q2u)*sin(y +¢), by = (=2v)* sin(x +¢) k=12
Hence, we can express the LRPS solution of Eqs (4.1) and (4.2) as:
( 20)h e
ulO( Y] t) - = San( + C) Zn 0 F(na+1)
(—2v)tne
U (0,6, 0) = sin(x + ) X0 o (4.6)

Table 1 shows the stability of the results obtained, where the solution is stable with various values
of t.

Table 1. Numerical results for Example 1 at @« = 1,y = 0.1,¢ = 0.5.

t Numerical results of u, (¥, ¢, t)
16X, 6 1) w06 t) U6 t) w (6, t) |u1 e t) —ui10(r s, t)|
0.16 —0.481157 —-0.481157 —0.481157 —0.481157 5.551115 x 1077
0.32 —0.410015 —-0.410015 —-0.410015 —0.410015 4957146 x 1014
0.48 —0.349392 —0.349391 —0.349391 —0.349391 4.238276 x 10712
0.64 —0.297736 —0.297732 —0.297731 —0.297732 9.907064 x 10711
0.80 —0.253732 —0.253710 —0.253710 —0.253710 1.138797 x 10~°
0.96 —0.216273 —0.216199 —0.216198 —0.216198 8.355848 x 10~°
t Numerical results of u,(y, ¢, t)
Uz6(X, 6, £) Us(X,6t) U106 t) u; (X, 6, t) lua G, 6, 8) — ug10(x 6, 8)]
0.16 0.481157 0.481157 0.481157 0.481157 5.551115 x 10717
0.32 0.410015 0.410015 0.410015 0.410015 4957146 x 10~ 14
0.48 0.349392 0.349391 0.349391 0.349391 4.238276 x 10712
0.64 0.297736 0.297732 0.297731 0.297732 9.907064 x 10711
0.80 0.253732 0.253710 0.253710 0.253710 1.138797 x 10~°
0.96 0.216273 0.216199 0.216198 0.216198 8.355848 x 10~°
AIMS Mathematics Volume 8, Issue 1, 1713-1736.
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This solution is the same as that obtained by the Laplace decomposition method [36] and the
variational iteration transform method [35]. In a special case, taking & = 1 gives the exact solution in
terms of elementary functions as follows:

u; (x,6,t) = —e " sin(y +¢),
u, (X, 6,t) = e ?YEsin(y +¢). (4.7)

The behavior of the velocity field of the two-DT-FNSEs (4.1) and (4.2) is depicted in Figure 1
for various values of a at t = 0.5 and v = 0.5. The 10th-truncated series of Eq (4.6) is plotted in
Figure 1(a-c) fora = 0.6, a = 0.8, and @ = 1, respectively, whereas, the exact solution at @ = 1 is
plotted in Figure 1(d). The graphics indicate consistency in the behavior of the solution at various
values of a, as well as the convention of the exact solution with the obtained solution in Figure 1(c,d).

Figure 2 shows the action of the 10th approximate analytical solution of the initial value problems
(IVP) (4.1) and (4.2) along the line ¢ = y and in the region D = {(x,t): —3 < ¥ < 3,0 <t < 1} for
distinct values of a, and at v = 0.5. The 10th approximate solution is plotted in Figure 2(a-c) for & = 0.6,
a = 0.8, and a = 1, respectively, whereas, the exact solution at & = 1 is plotted in (d). Also, the graphics
indicate consistency in the action of the solution at distinct values of , the accord nation of the exact
solution with the approximate solution in Figure 2(c,d) as well as the region of convergence of the series
solution.

Example 4.2. [35,36] Consider the following two-DT-FNSE:s:

ou 0%u 0%u
1_ U( 1 1)'

ou
Dfu;, +u; —+u
t “1 16){

2 a¢ dx? d¢?
ou ou 0%u 0%u
Da 2 2 — ( 2 2)' 4.
fuz tu i+ 3= v (3 + 55 (4.8)

with the ICs:

Uu (X; Y O) = _eX+€:
U, (x,6,0) = eX™s, (4.9)

where v € R and u; and u, are two functions of three variables y, ¢, and t.

The exact solution to problems (4.8) and (4.9) can be obtained, when putting & = 1, to be u; =
—e 2VHX*S and u, = e~ 2VHTXFS. Applying the same procedure in Example 4.1, one can obtain the
following recurrence relations:

fk—ict ., fkio
r((k—l)a+1)(fl f’BX‘ 1+h; fkagl 1)

%f % f -
fk:U( fk1_|_ fk1)_zi_<=01

2 d¢? ria+1)r((k-i-1a+1) ’
Ohy_i_q . . Ofhg_i_
h o= (azhk_l 4 azhk_l) k-t I"((k—l)a+1)(fl If?)(l lih; lgcl 1) .10,
k 2 d¢? =0 ria+0r((k—i-1a+1) ’

Thus, we conclude that

fi = —2veX*s, h, = 2veX*¢

fo = —(2v)?eX*S, h, = (2u)2eX*s
fz = —(2u)3eX*S, hy; = (2u)3eX*s,
fo = —Qu)*eX*S, hy = (2v)3eX*S
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fi = —(Qu)*ex*s, h = Qu)keX*S k=12,
Thus, the LRPS solution of the systems (4.8) and (4.9) can be expressed as follows:

= _extsyee 2V
U ()(; S t) € ZI,:O T(ia+1) )
o (_zv)jtja

uz()(. §', t) = e){"‘CZj:Om, (4.11)

For @ = 1, the solution in Eq (4.11) has the form:

Uy (X» G, t) — _e—2vt+)(+c,
U, (X» G, t) — e—2vt+)(+§_

@ B uy0(x,c) Ml uy0(x,6) (b) B uy10(x, ) MM Uy 10(X,6)

2“ ~—

() muy10(x,¢) My, 46(x,¢) (d) By, (x,c) Mu,(x,¢)

Figure 1. The 3D surface plot of the 10th approximate solutions of u; and u, at different
values of ¢ and t = 0.5 & v = 0.5 for the problem in Example 4.1. (a) @ = 0.6, (b) @ =
0.8, (c)a =1, (d) a = 1 (Exact solutions).

AIMS Mathematics Volume 8, Issue 1, 1713-1736.
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© 0 u10(x,t) M uy10(x,t) @8 w0 B wlnt)

Figure 2. The graph of the 3D surface of the 10th approximate solutions of u; and u,
along the line ¢ = y and at various values of « and v = 0.5 for the problem in Example
41.(a)a=0.6,(b)a =0.8,(c)a =1, (d) @ = 1 (Exact).

Figure 3 shows the velocity field behavior of the two-DT-FNSEs (4.8) and (4.9) for distinct values
of ¢ at t = 0.5 and v = 0.5. The 10th LRPS approximate analytical solution of the IVP (4.8) and (4.8)
plotted in Figure 3(a-c) for &« = 0.6, @ = 0.8, and @ = 1 respectively, while the exact solution at & =
1 is plotted in (d). The graphics indicate the consistency in the solution behavior at various values of
a, as well as the exact solution agreement with the proposed analytical solution in Figure 3(c,d).
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-

.
00

s
X 05 “ ,‘/

(@) Buy0(06) Wuy0(x,¢)

X T,
10 -1.0

©BuL10(6) B Uz 10t 6) @ Bu(n) B u(x,¢)

Figure 3. The 3D surface plot of the 10th approximate solutions of u; and u, at distinct
values of @ and t = 0.5 & v = 0.5 for the problem in Example 4.2. (a) @ = 0.6, (b) @ =
0.8, (c) a =1, (d) @ = 1 (Exact solutions).

Figure 4 illustrates the behavior of the 10th approximate solution of the IVP (4.8) and (4.9) along
the line ¢ = y and in the region D = {(y,t): —1 < y < 1,0 < t < 1} for different values of @, and at
v = 0.5. The 10th approximate solution is plotted in Figure 4(a-c) fora = 0.6, « = 0.8, and a = 1,
respectively, whereas, the exact solution at ¢ = 1 is plotted in (d). Also, the graphics indicate
consistency in the action of the solution at distinct values of «, the coordination between the exact
solution and the approximate analytical solution as illustrated in Figure 4(c,d) as well as the
determination of the region of convergence for the series solution, is clear.
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1729

Yoo oo

@™ up0(x, t) B uy0(x, t) (b) 1 up10(x, £) B Uy g

o

~
o~
~—

10

(©) W ug 100 t) B ups0(x, t) @ 5 wult) B u(x, t)

Figure 4. u; and u, along the line ¢ = y and at various of @ and v = 0.5 for the problem
in Example 4.2. (a) a = 0.6, (b) «a = 0.8, (¢c) @ = 1, (d) « = 1 (Exact).

Example 4.3. [36,41] Consider the following three-DT-FNSEs:

ou ou ou 0%u 0%u 0%u
Dfu,+u—+u,—+u —1=v( L L 1)

ou ou ou 0%u 0%u 0%u
Dfu, +u,—=+u,—2+u —2=v( 2 z Z)

6u3 6u3 6u3 (62u3

2 2
Df‘u3+u1§+uza—c+uga—<=v +6u3+6u3), (412)

d x> g2 aq2
where v € R, and with the ICs:

ul(X! ¢ (: O) = _OSX + ¢ + (r
uZ(X!CI(IO) =X_O-5C+(;
u3(x,6,¢,0) = x + ¢ — 0.5¢, (4.13)

AIMS Mathematics Volume 8, Issue 1, 1713-1736.
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and the exact solution, when a = 1, is

—05y+¢+{—225yxt X —0.5¢+¢—2.25¢t _ x+¢—0.5¢0—2.25(t
1— 225 ¢2 Sk 1-225¢2 87 1—2.25 t2

u1=

The general formula (3.12) for the systems (4.12) and (4.13) will be as follows:

N N
fk—U< a)(z + acz + 6{2 )

dc aq
I'(ia + 1)r((k —i—Da+1) ’

0
azhk—l 0* hk 1, 0%he
aXZ 2 662

k—1r((k_1)a+1) (fl afk i— 1+h afk i— 1+g afk—i—l)

i=

hk—U

£ I(ia + 1)r((k —i—Da+1) ’

0 az!]k—1 0* gk 1+329k—1
Gk dx? ¢2 FIC

O

r((k—1Da+ 1)( agk)(‘ L+ h ag’égl L+ g agg"(i‘l)

F(wz+1)1“((k—i—1)a+1)

s

i=0
Thus, we conclude that
f1 = _2.25X, h1 = _2.25c, g1 = _2.25(,
fo = —2.25y + 4.5¢ + 4.5(, h, =45y —2.25¢+4.5{, g, =4.5y+ 4.5¢— 2.25(,
B 5.0625T"2a + 1)_|_20 2t
3= "X\ " Tt 12 o)
b = 5.0625T2a + 1) +20.25
3T\ T@+ 1?2 o)
_ 5.0625T2a + 1) 2025
95 =\ "Tar D2 o )

_ I'a+ 1)(—5.0625y + 10.125¢ + 10.125¢) N I'(3a + 1)(—=10.125y 4 20.25¢ + 20.257)
T I'(a +1)2 Ira+1D)rQRa+1)
—20.25y + 40.5¢ + 40.5¢,

_ I'2a+1)(10.125y — 5.0625¢ + 10.1250) N r3a + 1)(20.25y — 10.125¢ + 20.250)
T I'(a+1)2 ra+1)rQRa+1)
4+40.5y — 20.25¢ + 40.5¢,
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_ I'(2a +1)(10.125y + 10.125¢ — 5.0625() 4 I'(3a + 1)(20.25y + 20.25¢ — 10.125¢)

g I(a + 1)2

+40.5y + 40.5¢ — 20.25¢,

22.78125T(4a + 1) TRa + 1)
—182.25 —

FNa+1)TQRa+1)

45.5625T(2a + 1)

IFNa+1)3TQ@Ba+1)

['(a + 1)?

fs=x| 91125T(Ba+1) 91.125T(4a +1) ,
N T(2a + 1) [Ba+1)  455625T(4a+1)
[(a+1) F2a + 1)
22.78125T(4a + )T(Ra + 1) 45.5625T(2a + 1)
~182.25 - T(a+1)3T(Ba+1)  T(a+1)?
hs=¢| 91.125T(Ba+1) 91.125T(4a + 1) ,
N T(2a + 1) [Ba+1)  455625T(4a+1)
T(a+ 1) T'(2a + 1)2
22.78125T(4a + 1)T(2a + 1)  45.5625T(2a + 1)
182 T e T Ge+ D) T+ 1)
gs=¢| 91125TBa+1) 91125T(4a +1) :
N T(2a + 1) [Ba+1)  455625T(4a+ 1)
INa+1) I'2a + 1)?

So, the LRPS solution of the systems (4.12) and (4.13) has the following series form:

u;(x,¢,{,t) =—05y+¢+7— % @ %(—O.S){ + ¢+ Ot?e
e o 1) o B (g e
%) (—0.5x + ¢ + Ot 4 -,
u,(x,6,¢,t) =x—05¢+{— r(1.+ ) ¢t® Fil(zfzsi) (x — 0.5¢ + Ot
e 4 1000) o 025 20

4T(1+3a)

Rl Scll b —_ 4a
+F(1+a)F(1+2a))(X 0.5¢ + O™ + -,

2.25
r(1+a)

2(2.25)

r(1+2a)

US(X;C;(:t)=)(+C—O5{— (ta‘l'

_ (2.25)2 r(1+2a) (2.25)2

(x + ¢ — 0.50)t%¢

2l(1+2a)

(4
__4r(+3e) _ 4a 4 ...
+ F(1+a)F(1+2a)) (r+¢—050t" + .

3a
r(1+3a) r2(1+a)) Ct + r(1+4a)

(8+

r2(1+a)

(4.14)

The sum of the series in Eq (4.14) at « = 1 has the following rational forms:

AIMS Mathematics
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—0.5y+¢+{—2.25yt

Uuq (X: S (' t) = 1-2.25t2 ’
X—0.5¢+{—2.25¢t
w64t =
us (1,6, ¢, t) = L0225 (1

1-2.25t2

The behavior of the velocity field of the Three-DT-FNSEs (4.12) and (4.13) is depicted in
Figure 5 for various values of o at t = 0.1 and { = 3. The 10th-truncated series of Eq (4.10) is
plotted in Figure 5(a-c) for ¢ = 0.6, « = 0.8 and a = 1, respectively, whereas, the exact solution
at « = 1 is plotted in (d). The graphics indicate consistency in the behavior of the solution at
various values of «, as well as the agreement of the exact solution with the approximate solution
in Figure 5(c,d).

) Wu10(06) B U100 6) MUz 10X, §)

1.0

(© mu 100 6) Buz10(x,6) W Uz 10X, 6) @@ u(r,6) Buy(x,) Buz(x,6)

Figure 5. The 3D surfaces plot of the 10th approximate solutions of uy,u,, and u; at
various values of ¢ and t = 0.5 & { = 3 for the problem in Example 4.3. (a) @ = 0.6, (b)
a =038, (c)a=1,(d) a=1(Exact solutions).
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5. Mathematical reviews

This article presents the LRPSM in a new scheme. We proposed the method and used it to solve
the M-DT-FNS system. In the following, we state the advantages of using the presented method and
the disadvantages of treating the M-DT-FNS.

5.1 Advantages of the method

1) The method is simple to apply to solve linear and non-lincar FPDE compared to other
techniques, other power series methods are based on finding derivatives and the calculations
are usually complex, but LRPSM mainly depends on computing the limit at infinity which is
much easier.

2) The proposed method is applicable in finding approximate solutions for physical applications,
and in finding many terms of the analytical series solutions.

3) The method is accurate and gives approximate solutions close to the exact ones.

5.2 Disadvantages of the method

LRPSM needs first to find the LT of the target equations and finally to run the inverse LT to obtain
the solution in the original space. So, if we have nonhomogeneous equations, the source functions need
to be piecewise continuous and of exponential order, and after the computations, the inverse LT must
exist.
6. Conclusions

In this article, we have introduced the LRPSM in a new scheme and simplified the technique to
present series solutions for the M-DT-FNS system in the sense of the Caputo derivative. It is worth
noting here that we obtained a general formula for an analytic solution of M-DT-FN, which other
researchers have not previously obtained by other methods. We tested three examples by solving them
in the proposed technique and then analyzing the results. In the future, we will use LRPSM to solve
more problems and make new modifications to address the flaws of the presented technique.
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