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1. Introduction

One of the most important fixed point theorems is the Banach contraction principle [1], where he
established the existence and uniqueness of a fixed point for self-contractive mapping in a metric
space setting. Several generalizations and extensions of his result exist in the literature, either through
changing the contraction mapping or generalizing the type of metric spaces. For example, b-metric
space which was introduced by Bakhtin [2], and was later extended by Czerwik [3], is in fact a
fascinating generalization of metric spaces. This generalization led to the study of various fixed point
results for some contractive mappings which led to wide applications in many branches of
mathematics, including nonlinear analysis and its applications. An extended b-metric space was
introduced by Kamran et al. [4]. Later Mlaiki et al. [5] introduced the notion of controlled metric type
spaces, which was generalized into double controlled metric type spaces [6]. Then recently, several
articles appeared on double controlled partial metric type spaces [7], double controlled metric-like
spaces [8—11], and double controlled quasi metric-like spaces [12].
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Another generalization of metric spaces was introduced by Branciari in 2000 [13], where he
replaced the triangular inequality with a quadrilateral inequality, which led to the birth of rectangular
metric space which is a larger class than metric space, and this resulted in the extension of the Banach
contraction theorem to this new setting. In 2015, George et al. [14], generalized rectangular metric
spaces to rectangular b-metric spaces. Asim et al. [15] included a control function to initiate the
concept of extended rectangular h-metric space as a generalization of rectangular h-metric spaces.
More recently many other spaces appeared, such as ordered partial rectangular b-metric spaces [16],
rectangular M-metric spaces [17], and controlled rectangular metric-like spaces [18].

Samet et al. [19] introduced the class of a-admissible mappings on metric spaces and the concept
of (a-y)-contractive mapping on complete metric spaces and established some fixed point theorems.
Shatanawi et al. [20] introduced the concept of an (@ -i)-contraction on extended b-metric space, thus
generalizing the results of Mukheimer [21] and Mehmet and Kiziltunc [22]. Wardowski introduced
another type of contraction mapping, known as an ¥ -contraction in 2012 [23]. Few authors have
studied fixed-point theorems for an ¥ -contraction, and (@- ¥ )-contraction on some complete metric
spaces [24,25]. In [26] Vujakovié et al. dealt with F -contractions for weak a-admissible mappings in
metric-like spaces; moreover, a new Wardowski-type fixed-point results were illustrated in [27].

In this paper, we study and extend two types of contraction mappings: (@-y)-contraction mappings
and (a-F)-contraction mappings on double controlled metric type spaces. We establish new fixed-
point results on double controlled metric type spaces. Moreover, we demonstrate some examples and
present an application of our result on the existence and uniqueness of the solution for an integral
equation. It is worth noting that extensions of the Banach contraction principle from metric spaces to
controlled metric type spaces are useful to prove the existence and uniqueness theorem for different
types of integral and differential equations. This illustrates the importance of research in this area.

2. Preliminaries

In 2017, Kamran et al. [4] defined the notion of extended b-metric spaces, which led to the
generalization of various results and work.

Definition 2.1. (see [4]) Consider a mapping A : X, X X, — [1, +c0), where X, is a nonempty set. The
function d,, : X, X X, — [0, +00) is named an extended b-metric, if, for all %, ,Z € X, the following
holds:

(1) dy(%,2) =0 = 2 =1
(2) du(%,2) = du(Z, %);
() du(%,2) < AR, D[da(£, ) + da(3, 2)].

The pair (X,, d,) 1s called an extended b-metric space.

An extension of the b-metric spaces into a controlled metric type space was introduced by Mlaiki
et al. [5], as follows:

Definition 2.2. (see [5]) Let 5 : Xz X X3 — [1, +00) be a mapping, where Xj is a nonempty set. The
function c?ﬁ : X X Xz — [0, +00) is called a controlled metric, if, for all %,9,Z € Xp, the following
conditions hold:

(dl) dg(%,2) =0 = %=1
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(d2) dp(%,2) = dy(2, %) )
(d3) dp(%,2) < (X, 9)dp(X,9) + B, 2)dp(3, 2).

The pair (X3, dp) is called a controlled metric type space.

A more general concept of b-metric type space is called a double controlled metric type space [6],
which is defined below.

Definition 2.3. ( [6]) Consider two non-comparable functions B,u : Z X Z — [1, +00), defined on a
nonempty set Z. The mapping dﬁ,u : ZXZ — [0, +00) is called a double controlled metric type by S
and y, if, for all 7y, 25, z3 € Z, the following conditions hold:
(1) ‘zﬁ,y(ZI’ZZ) =0 =2 =2n;
(42) 6{/3,,1(21,22) = dﬁ,y(ZZ’Zl); _
(q3) dpu(z1,22) < B(21,23)dp (21, 23) + (23, 22)dp u(23, 22).

The pair (Z,dg,) is called a double controlled metric type space (in short we will denote it by
DCMTYS).

Remark 2.4. Every controlled metric type space is a DCMTS when both functions S and u are taken to
be the same function, i.e. 8 = u. The converse is not true in general, as the below example illustrates.
Furthermore, in Definition 2.3, 5 and u are non-comparable functions, which means none of them is
greater or equal to the other.

Example 2.5. ( [6]) Let Z = [0, +00); define the mapping Jﬁ# 1 ZXZ — [0,+00) by

0 iff x=y,
. i if x>1landy €[0,1),
dﬁsﬂ(‘x’ y) = 1 f
;i y>landx € [0,1),
1 otherwise.

LetB,u: Z X Z — [1,+o0) be two functions defined by

x if x,y>1,

ﬁ@d)={

1 otherwise,

and

1 ifx,y <1,

max{x,y} otherwise.

wa:{

Then (<, Jﬂ,ﬂ) is a double controlled metric type space. First, note that Conditions (¢g1) and (g2)
hold. To show that Condition (¢3) is satisfied, we note that if either z = x or z = y, then (¢g3) holds.
Thus, suppose x # y, which means x # y # z. We consider the following cases:

Case I: If x > 1andy € [0,1),0ory > 1 and x € [0, 1), then for any z, clearly Condition (¢3) is
satisfied.

Case 2: If x, y > 1, and z > 1, then one can easily observe that Jﬁ#(x, y) =1 < x(1) + max{y, z}(1).
While, if z € [0, 1), then we obtain

~ 1 1
dg,(x,y) =1 < — +y—; hence, (¢3) is satisfied.
X y

AIMS Mathematics Volume 8, Issue 1, 1592-1609.



1595

Case 3: If x,y < 1 and z > 1, we obtain
~ 1 1
dg(x,y)=1< —+2z—.
,341( y) p p

While, if z € [0, 1), then easily Condition (¢3) holds. Therefore, (Z, JB#) is a double controlled metric
type space, which is not a controlled metric type space; by taking S = u, we observe

~ 1 1 1 1 ~ 1 -~ 1
ds(0,=)=1> ===+ - =(0,4)ds(0,4 4, =)dg(4, ).
5( 2) >5=17%12 B(0,4)dp(0,4) + B( 2) 5( 2)
Definition 2.6. Let (Z, JB#) be a DCMTS, and let {z,},>0 be any sequence in Z. Then
(1) For any z € Z and € > 0, the open ball B(z, €) is defined as

B(z,e) ={w e Z, czg,,,(z, w) < &g}

(2) A sequence {z,} 1s said to converge to some w in Z if, for every € > 0, there exists N = N(g) € N,
such that JB#(zn, w) < ¢ for all n > N. In this case, we write lim,,_, 1o 2, = W.

(3) We say that {z,} is a Cauchy sequence if, for every € > 0, there exists N = N(g) € N such that
Jﬂ,ﬂ(zm,zn) < gforallm,n > N.

(4) The space (Z, Jﬁ,ﬂ) is called complete if every Cauchy sequence in Z is convergent.

(5) The mapping T : Z — Z is said to be continuous at z € Z if, for all € > 0, there exists 6 > 0
such that T(B(z,0)) € B(Tz,&). The continuity of the mapping 7 at w can also be defined in terms of
convergent sequences; thus, if z, — w, then Tz, — Tw as n — +co.

To see how the open ball looks, consider Example 2.5, taking x = 3 and € = 1/2 > 0; then,

B(3,1/2) ={w e Z,ds,(3,w) < 1/2} = {3,w € [0, 1)}.
3. (a-y)-contraction and fixed point theorems

Let ¥ denote the set of all functions ¢ : [0, +00) — [0, +0c0) such that

(1) ¢ is non-decreasing,
(2) Y5 Y1) < +oo for all £ > 0, where " is the n-th iterate of i.

Now, we recall the following lemma; consult [19, 20].
Lemma 3.1. For each y € Y, the following holds:

(1) lim, . ¥"(t) =0, forallt > 0O;
(2) Y(t) < tforallt>O0;
(3) ¥(0) = 0.
We start by presenting a definition of the set of double controlled comparison functions, ¥4 ,, which

will be defined as an extension of the b-comparison function of Berinde, and the set of all controlled
comparison functions [28].

Definition 3.2. Consider two non-comparable mappings S,u : Z X Z — [1,+ + oo), where Z is a
nonempty set. A function ¢ € ¥ is said to be a double controlled comparison function if i satisfies the
following conditions:
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(1) ¢ is non-decreasing;
(2) 230" O [T 1 20)B(@ns Zas) < +00 and limy, oo "' (£)B(2n, 2ns1) < +00 for any sequence
{z)12] in Z, for all > 0 and for the non-negative integer m, where ¢" is the n-th iterate of .

The set of all double controlled comparison functions will be denoted by ¥g,.
Observe that when f = pu, then the double controlled comparsion function ¥sz, becomes the

controlled comparison function as defined in [28].

Note that if ¢ € ¥g,, then we have ), ¢ (r) < +oo, since " (1) [T, 1(zi, zm) = Y"(¢), for all £ > 0.
Also,

o | | 1 anBan ) = 0 @).
i=1
Hence, by Lemma 3.1, we have y(¢) < t.
The family Wz, is a non-empty set, as the below example illustrates.

Example 3.3. Let Z = {0, 1, 2}. Define two symmetric functions 8, : Z X Z — [1,+c0) by
5 11
B0,0) =B2,2) =p(1,1) =p(0,2) =1, B(1,2) = 3’ B, 1) = 10’

and
3 5 11
pO.0)=p2.2)=p(d. =1, p0.2) =7, ul.2) =7, wO1)=15
The mapping Jﬁ# is given by
dp,(0,0) = dp,(1,1) = dy(2,2) = 0,

and

| N

~ ~ ~ ~ 1 ~ ~
dﬁ,,u(oa 1) = dﬁ,,u(lao) = 17 dﬁ,ﬂ(()’ 2) = dﬁ,ﬂ(27 0) = Ea dﬁ,,u(la 2) = dﬁ,,u(za 1) =

One can easily show that (Z, 075,,1) is a DCMTS. Let 0 < a < 1; define the function y(7) = %’ Note that
B(z1,22) < 3 and u(z;,z2) < 3. Then we have

al’l

- 1
W' (o) ];[;:(z,-,zmw(zn,z“l) < 53" = 3a

Thus,
too n +00
2O | [ re 2Bz < ) 3a" < 4o,
n=1 i=1 n=1

Similarly, one can easily show that lim,,_, e " (£)B(2s, Zp+1) < +00. Therefore, ¥ € Yg,,.
Samet et al. [19] introduced the class of @-admissible mappings; see also [29].

Definition 3.4. Let (Z, c?ﬁ,,,) be a DCMTS, where Z is a nonempty set, and let @ : Z X Z — [0, +00). A
mapping T : Z — Z is said to be @-admissible if, whenever a(x, §) > 1, it implies a(T X, T9) > 1, for
all X,y € Z.
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Example 3.5. Let Z = (0,4+0). Definea : ZxXZ — [0,40)and T : Z — Z by

) 5 if x>y,
alx,y) =
Y 0 otherwise,

and T'(x) = In(x) for all x € Z. Then, T is @-admissible, consult [19] for more examples.

Definition 3.6. Let 7 : Z — Z be a mapping on a DCMTS (Z, Jﬁ#), where Z is a nonempty set, and let
W5, be a double controlled comparison function, as in Definition 3.2. Then T is said to be an (a-¢)-
double contractive mapping if there exist functions « : Z X Z — [0, +c0) and ¢ € ¥;, such that for all
x,y € Z, the following holds,

@(x,)dg(Tx, Ty) < y(dpu(x, y)). (3.1)
Our first main result on the fixed point theorem is as follows.

Theorem 3.7. Let (Z, c?m,) be a complete DCMTS, and let T : Z — Z be an (a-y)-double contractive
mapping for some y € Yg,,. Assume the following holds:

(1) T is a-admissible;
(2) There exists 7o € Z such that a(zo, Tzo) > 1;
(3) T is continuous.

Then, T has a fixed point. Moreover, if for any two fixed points of T in Z say, a and b with a(a, b) > 1,
then T has a unique fixed point in Z.

Proof. Let zy € Z such that a(zy, Tzp) > 1. Define the sequence {z,},50 in Z by Tzy = z; and Tz; = zp;
thus, 7"zy = z, for all n € N.

Observe that if z,, = z,,; for some n € N, then we are done, and z, is the fixed point of 7. Therefore,
we may assume that z,, # 7, forall n € N.

From the hypothesis, we know that 1 < a(zp,Tz9) = a@(z0,21), and using the fact that T is a-

admissible, we can easily deduce that for all n € N, we have a(z,, z,+1) > 1.
As T is an (a-y)-double contractive mapping, we obtain

Jﬁ,y(zna Zn+1) < a’(zn—l > Zn)czﬁ,u(zn, Zn+l)
= a’(zn—l, Zn)gﬁ,y(TZn—l, TZn)
< Yldpu(@n1, 7)) < e S Y (dpu(20,20)). (32)

Therefore, let m,n € N, with m > n, and by utilizing the triangular inequality of the double controlled
metric type, we get

s 1 (Zn> Zm) < B Z0s 1)1 (Zns Zns1) + U@t 1 Z)dg u (s 1 Zm)- (3.3)
< B@ns 20s ) (Zns Z0s1) + 1Zns 1 2Bt 15 2042)dp 0@t Znv2)
+ 1(Zp42, Zm)czg,,u(Zn+2’ Zm)].
Jﬁ,y(zna Zm) < B(zZns Zn+1)CZﬁ,y(Zn, Zn+1) F 1(Znr1> Z)B(Znrt, Zn+2)67ﬁ,,1(2n+1, Zn+2)
+ U Gnet> 2 G2 Zn) g (Znss Tm)- (3.4)
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A1 (Zns 2m) < B 2ne1)dp (T Znit) + U et Z)BGnets 2ne2) gy (Znet Zne2)
+ 1 (Zps 15 2 (Zne2s Zn)B(Zns25 Zne3 )67/5,,1 (Zn+2> Zn43)
+ U1 220 )M Znse3s 23 Zon)-
< B@ns Zas W (dp (20, 21))
+ (215 0BGt 1> Zus2 W (dp (20, 21))
+ (1Zns 1> Zn)HEns2s Zn)Bns2s Znsa W (g (20, 21))

+ ,U(Zn+1 B Zm),u(zn+27 Zm)ﬂ(zn+3a Zm) ------ ﬁ (Zm—Z’ Zm-1 )W”_z(dﬂ,y(zo» | ))

+ :u(Zn+l ) Zm)/J(Zn+2a Zm)ﬂ(zn+3, Zm) ------ ,U(Zm—l ’ Zm)wm_l (Czﬁ,/t(ZOa <1 )) (35)
m-2 J
(2> Zm) < B Zast W' (dp (20, 21)) + Z W/ (dg (20, 21)) l—[ M(zZis 2)B(Z)s Zj41)
j=n+1 i=n+1
m—1
+ [ ] sz 2w @z, 2)). (3.6)
i=n+1

m—1 i
(2> Zm) < B> Zas W' (dp (20, 21)) + Z W(c?ﬁ,u(Zo,zl))[l_[ ﬂ(zi,zm)]ﬁ(zj,zj+1).

Jj=n+1 i=n+1
< B Z0s W (dp (20, 21)) + (Quuet = Qo) (3.7)
where _
p . J
Q= > Wdsuzo 2 | | 1z 2Bz 2. (3.8)
J=1 i=1

By the properties of the double controlled comparison functions € W¥z,, we have that
lim,, 400 ¥" (1)B(24, 2n+1) 1s finite and converges. Moreover, using the ratio test on £, one can easily
deduce that lim,, ;100 [Qn-1 — ©Q,-1] = 0. Therefore, {z,},>0 is a Cauchy sequence. The completeness
of the DCMTS (Z, Jﬂ#) implies that {z,} converges to some z € Z, i.e. lim,_, czﬁ#(zn, z) = 0. By (¢3)
of Definition 2.3, we obtain

dp (2, T2) < B2 201 (2, Zns1) + 1(Zns1> T2)dg 1 (2ns1, T2).
= ﬁ(Za Zn+1 )Jﬂ,y(z’ Zn+1) + ,u(Zn+1 > Tz)dﬁ,y(TZn» TZ)

Taking the limit as » tends to infinity in the above inequality, and the fact that 7 is continuous, we
have that 7'z, — Tz, i.e. lim,_,« Jﬁ,#(Tzn, Tz) = Jﬁ,#(Tz, Tz) = 0, so we obtain Jﬁ,ﬂ(z, Tz) = 0; that is,
Tz = z. Thus, T has a fixed point as desired.

To prove the uniqueness of the fixed point, assume 7" has two fixed points, say, a, b, i.e., T(a) = a
and 7'(b) = b, such that a(a,b) > 1. Using the fact that T is an (a-¥)-double contractive mapping
which is @-admissible, we obtain

ds,(a, b) ds,(Ta, Th).
a(a,b)dg,(Ta, Th).

W(dg,(a, b))

IA

IA
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< Y'(dg(a,b)).

Since y € ¥p,, taking the limit as n tends to infinity in the above inequalities, we deduce by Lemma 3.1
that Jﬂ,ﬂ(a, b) = 0, which implies that a = b. Thereby, T has a unique fixed point.
O

Example 3.8. Let Z = [0, +0), and consider the mapping d~ﬂ# : ZXZ — [0, +00) defined by Jﬁ,#(x, y) =
|x —y|. Then (Z, cfﬁ,ﬂ) is a complete DCMTS controlled by two functions 8, u : ZX Z — [1, +00), where

B(x,y) = max{x,y} + 1, and u(x,y) = max{x,y} +2.

Let the mapping T : Z — Z be defined by

ZX—% if x>1,
T(x)=

z if 0<x<l.

We define two functions, a : Z X Z — (—co, +00) and (%) : [0, +o0) — [0, +o0) by
1 if x,ye[0,1],
alx,y) = .
0 otherwise,

and Y(1) = gt. Let xp = 1; then, x; = T(1) = 3.
B(X, Xn1) <2, p(Xy, Xpp1) < 3, and Y (1) = gi,,t. One can easily show that

Hence, x, = T"(1) = 5 for all n > 1. Note that

+00

i v ﬁ#(zi,zm)ﬁ(zn,zn+1) < Z t(g)” < +o0.
n=1 i=1

n=1

Similarly, one can show that lim,,_, . ¥" (1)B(2n, Zy+1) < +00. Therefore, € ¥ .

We will show the mapping T satisfies the conditions of Theorem 3.7. Clearly, T is continuous,
and it is @-admissible since if a(x,y) > 1, x,y € [0,1], s0 Tx = 5 € [0,1], and Ty = % € [0,1];
consequently, @(Tx, Ty) > 1. Furthermore, with x, = 1, we have that a(1, T(1)) = a(1, é) =1>1.To
verify that T is an (« -¥)-double contractive mapping, consider any x,y € Z; the case if x > 1 ory > 1

is trivial; thus, assume x,y € [0, 1]; we have

- X 1 -
(e, )5, (T Ty) = 15 = 51 = 5lx =31 < U(dyux.3)).
Therefore, T satisfies all of the conditions of Theorem 3.7. Consequently, 7" has a fixed point, which
isx=0.
The following is an immediate consequence of Theorem 3.7.

Corollary 3.9. Let (Z, Jﬁ,ﬂ) be a complete DCMTS, and let T : Z — Z be an (a-y)-double contractive
mapping satisfying the following conditions:

(1) T is continuous.
(2) There exists y € Wg,,, such that Jﬁ,ﬂ(Tz, Tw) < lﬂ(czﬁ,ﬂ(z, w)) for all z,w € Z.
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Then, T has a unique fixed point.

Proof. Define the function a : ZXZ — [0, +o0) via a(z, w) = 1. Then, T is a-admissible. Furthermore,
T satisfies all of the conditions of Theorem 3.7, so T has a unique fixed point. O

Corollary 3.10. Let (Z, 67/;,,1) be a complete DCMTS, and let T : Z — Z be an a-admissible map
satisfying the following conditions:

(1) There exists zy € Z such that a(zy, Tzp) > 1.
(2) T is continuous.
(3) There exists r € [0, 1) such that for any sequence {z,}*< in Z,

n=1

D00 | | 1z 2B 2nit) < oo,
i=1

n=1

and lim,,_, o (rt)"B(2n, Zns1) < +00 for all t > 0.
(4) For any z,w € Z, the mapping T satisfies a(z, W)JB#(Tz, Tw) < r(c?ﬁ’#(z, w)).

Then, T has a fixed point.

Proof. Define a map ¢ : [0, +c0) — [0,+00) via ¥(¢t) = rt. Then T is an (a-y) double contractive
mapping. Moreover, T satisfies all of the conditions of Theorem 3.7; therefore, 7" has a fixed point. O

In the following theorem, the hypothesis of continuity is replaced with a weaker condition.

Theorem 3.11. Let (Z, Jﬁ’ﬂ) be a complete DCMTS, and let T : Z — Z be an (a-y¥)-double contractive
mapping for some y € Yg,,. Suppose that the following conditions hold:

(1) T is a-admissible.

(2) There exists zo € Z such that a(zy, Tzp) > 1.

(3) If {z,} is a sequence in Z such that «(z,,2,+1) > 1 and z, = z as n — +co, then a(z,,7) > 1 for all
n.

Then, T has a fixed point. Moreover, if we assume that for all x,y € Z, there exists w € Z such that
a(x,w) > 1 and a(y,w) > 1, then T has a unique fixed point.

Proof. To prove this result, we repeat the same steps as in the proof of Theorem 3.7; thus, we construct
a sequence {z,} that converges to a point z € Z. The constructed sequence has the property a(z,,, z,+1) =
1, for all n € N. The last assumption of the result implies that a(z,,z) > 1. Finally, we prove that z is a
fixed point for 7. The double controlled triangle inequality implies that

dp (2, T2) < B2 20e)dp 12 Zs1) + 1(Zns1s T2y (2ns1, T2)- (3.9)

Note that the first term on the right-hand side of (3.9), B(z, znﬂ)c?/g,#(z, Znt1) converges to O since the
sequence {z,} converges to 0. As for the second term, using the fact that a(z,,z) > 1, and by (3.2) of
Theorem 3.7, we obtain

A

st T (201, T2) < (zners T2)dp (T 20, T2)U(200 2),
Wzns1s T (205 2))s < W(Zni1> T2)dp (20 2).-

IA
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Hence, u(z,41, TZ)CZB#(ZH-H , Tz) converges to 0, as n tends to infinity. Therefore, ciﬁ,ﬂ(z, Tz) =0, and
z 1s a fixed point for 7.

To prove the uniqueness of the fixed point, suppose a, b are two fixed points of 7', i.e. T(a) = a, and
T(b) = b. Hence, there exists w € Z such that a(a,w) > 1 and a(b,w) > 1. Since T is a-admissible,
we obtain a(a, T"w) > 1, and a(b, T"w) > 1, for all n € N. Thus we have

Jﬁ,ﬂ(a, T"w) Jﬁ,ﬂ(Ta, T"w).
a(a, T" 'w)dg (Ta, T"w)).
W(dpu(a, T"'w)).

IAN I

IA

< Y'(dgula,w)).

Since ¢ € ¥, taking the limit as n tends to infinity in the above inequalities we deduce that
lim,_, o T"w = a. Next, repeating the same process with the other fixed point, we obtain
lim, ;o T"w = b. From the uniqueness of the limit, we deduce that @ = b. Hence, T has a unique
fixed point. O

4. Wardowski and (a-F)-contractions and fixed-point theorems

A new type of contractions known as ¥ -contractions was introduced by Wardowski in 2012 [23],
which resulted in establishing new fixed point theorems in complete metric spaces.

Definition 4.1. Let ¥ be the family of all functions F : (0, +o0) — (—o0, +00) satisfying the following:
(F1) F is astrictly increasing function.
(F2) For each sequence {s,} of postive real numbers, the following holds:

Iim s, =0 < lim F(s,) = —oo.

n—-+o0 n—+oo
(F3) There exists k € (0, 1) 3 lim,_,o+ sS*F(s) = 0.
The family # is not empty, as the below examples illustrate.

Example 4.2. Consider the following functions: G(s) = In(s), H(s) = ‘—\A and L(s) = In(s)+s for s > 0.
Clearly each one of these functions satisfies the conditions (F'1), (F2) and (F3); thus, they belong to
¥ . For more details, consult [23].

Definition 4.3. A self mapping T : Z — Z defined on a DCMTS (Z, ds,,), where Z is a nonempty set, is
said to be an ¥ -contraction if there exist a function ' € ¥ and a constant 7 > 0 such that the following
holds:

dp (Tx,Ty) >0 = 7+ F(dg,(Tx,Ty)) < F(dg,(x,y)), forall x,y € Z (4.1)

Next, we define the (a- #)-contraction mappings on a DCMTS.

Definition 4.4. Let (Z, Jﬁ,ﬂ) be a DCMTS, where Z is a nonempty set. A self-mapping T : Z — Z is
said to be an (a- ¥ )-contraction mapping, if there exists a mapping @ : Z X Z — [0,+), F € ¥ and a
constant 7 > 0, such that the following holds

T+ a(x, Y)F (dpy(Tx, TY)) < F(dp(x, ), (4.2)
for all x,y € Z, with dg ,(Tx, Ty) > 0.
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Next, we state our main fixed point theorem.

Theorem 4.5. Let (Z, czg,,,) be a complete DCMTS, and let T : Z — Z be (a- ¥ )-contractive mapping,
such that the following holds:

(1) T is a-admissible.

(2) There exists 7o € Z such that a(zg, Tzo) > 1.

(3) T is continuous.

(4) For zy € Z, define the seqeunce {z,,} by z, = T"zy, and assume

Zi+1sZm) < 1. 4.3
mz1 12+ B(Zi, Zis1) H(ie1: Zn) *+3)

In addition, for each z € Z

lim B(z,z,) and lim wu(z,,z) exist and are finite. “4.4)
n—-+oo n—+oo
Then, T has a fixed point. Moreover, if for any two fixed points of T in Z, say &, and n with
a(é,n) > 1, then T has a unique fixed point in Z.

Proof. Let z, be chosen as in Condition (2), where a(zy, Tzo) > 1. Define the sequence {z,} as follows,
let Tzo = 21, T?z0 = Tz, = z,; thus, for any n € N, we obtain

T'2%=T""'z1 = =Tz =z,

Note that if there exists n, such that z, = z,,1, then we are done and z, is the fixed point of T.
Therefore, we may assume that z, # 7,1 for all n > 0.
As T is a-admissible, for all n > 0, @(z,, z,+1) = 1. Now, using (4.2), we have

T+ F(Jﬂ,u(TZn—la Zn+l))-
T+ Q’(Zn, Zn+l)F(Jﬁ,u(TZn—l, TZn))-
F(‘ZB,,u(Zn—l’ Zn))’

T+ F(Czﬁ,,u(zna Zn+1))

IA

IA

which gives F (Jﬂ,ﬂ(zn, Zne1)) < F (Jﬁ,#(zn_l, Z,)) — 7. Repeating the processing several times, we obtain

IA

F(dg(zn-1,20)) = 7. 4.5)
F(Jﬁ,u(zn—Za Zn—l)) - 2T-
< - < F(dgu(z0,21)) — 11

F(C?ﬁ,u (Zna Zn+l ))

IA

Letting n — +oc0 in (4.5), and since 7 > 0, we have

lim F(dsu(zn 2ue1)) = —o0. (4.6)

Since F € F, by (F2), it follows that lim,,_, ;o 675,,,(1”, Zus1) = 0. By (F3), there exists k£ € (0, 1), such
that

nl_i)r_go(dﬁ,u(zm Zn+1))kF(dﬁ,/1(Zn’ Zn+l)) = 0. (47)
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From (4.5), we get 3 3
F(dg(zn, 2n1)) — F(dpy(20,21)) < —nt.
Which implies
(s (Zns 201 F(dp (2 Zne1)) = (ppu(Tns 2ue)) F(dp (20, 21))
< —n7(dp, (20, Z0r1))* < 0.

Taking the limit as # tends to infinity in (4.8), we have
nEIPoo n((dﬁ,y(zn, Zn+1))k = 0.

Therefore, lim,_, o 7"/%(dg 1(24> Za+1)) = 0, so there exists some ny € N, such that

~ 1
dg (2n, Zne1) < e forall n > ny.

For all m,n € N with m > n, and using the triangular inequality as in (3.3), we deduce:

A1 (Zns Zm) < B 21 g (T Znwt) + U1 2 Zns1 s Zm)-

< B Z0eDp (s Znst) + Wt Z0) [BGans 1 Zn2)pp(Zni 1 Zni2)
+ u(Zp42, Zm)dﬁ,y (Zn+25 Zm)]-

= B(zn; Zn+l)d~ﬁ,,u(zna Znt1) + (Zns1> Z0)B(Zns1s Zn+2)d~,3,,u(zn+la Zn+2)
+ 1(Zs1s 2o Zns25 20)dg 1 (Znss Zm)-

< B Zne) i (Zns Znet) + et T)BGnets Zne2 ) (et Znv2)
+ 1 (Zps 15 2 (Znr2> Z0)[B(Zns2s Zne3 )J,B,p (Zn+2> Zn+3)
+ 1420435 ) 1 (Zns3s Zm) -

m-2 i
s 1 (Zns Zm) < B Zs 1) (Zns Tns1) + Z [1_[ ,u(zj,zm))ﬁ(zi,z,-+1)07ﬁ,,,¢(zi,zi+1)

i=n+1 \ j=n+1
m—1
+ 1—[ ,U(Zk, Zm)dﬁ,p(szl’ Zm)-
k=n+1

m—2 i
S,B(Zn,ZnH)CZﬁ,y(Zn,ZnH) + Z [ H ,u(Zj’Zm))ﬁ(zi»Zi+1)dﬂ,y(zi»zi+1)

i=n+1 \j=n+1
m—1
+ [ ] G 2Bt 2ddsuan-1, 2.
k=n+1

m—1 i
s 1 (Zns Zm) < By Zus 1) (Zns Tns1) + Z [l_[ :u(Zj,Zm))ﬁ(ziaZi+1)d~ﬁ,u(zi,zi+l)~

i=n+1 \j=n+1

m—1 i
< B(zn, Zn+1)CZﬁ,y(Zn, Znt1) Z [rl ,U(Zj, Zm)]ﬁ(zi’ Zi+1)CZﬂ,y(Zi, Zit1)-

i=n+1\ j=0

(4.8)

4.9)

(4.10)
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Applying (4.10) in the last inequality implies Jﬁ,y(zi, Zir1) < iﬁ; we obtain

. 1 m—1 i 1
dg . (Zns Zm) < ﬁ(Zn,ZnH)(W) + Z [l_[ H(Zj’Zm))ﬁ(Zi,ZHl)(im)-

i=n+1\ j=0
1
= ﬁ(Zm Zn+l)(m) + [Am—l - An], (411)
where |
p i 1
Ap = Z [rl lu(Zj, Zm)]ﬁ(zl', Zi+1)(i17)- (412)
i=1 \ j=0

By using the ratio test and applying (4.3), and the fact that (-5)"/* < 1 as k € (0, 1), we obtain
1im,, s reo[Am—1 — A,] = 0. Furthermore, by (4.4) we deduce that lim,,—, e B(z, Z4+1) (i) = 0. Hence

lim  dg, (2, Zm) = 0. (4.13)

n,m—-+0co

Thus, {z,} is a Cauchy sequence in a complete DCMTS (Z, c?ﬁ,ﬂ); therefore, it converges to some
Ee”.

Next, we show that ¢ is a fixed point of 7, i.e. T& = & Since T is continuous and
lim,,— 4 o0 Jﬁ,ﬂ(zn,f) = 0, we have that lim,,_, , Jﬁ,ﬂ(Tzn, T¢) = 0. This gives us

dp, (. T€) = lim dy (3401, T€) = lim dp,(Tz,, T€) = 0; (4.14)

hence T¢ = €.
To prove the uniqueness of the fixed point, assume there exist two fixed points, £ and 7, such that
¢&#nand a(é,n) > 1. Hence T¢ = € # n = T implies that Jﬁ,ﬂ(Tf, Tn) > 0. For 7 > 0, Eq (4.2) gives

T+ F(J,B,,u(Té:’ TU)) < T+ a’(‘f’ U)F(Jﬁ,u(Té:’ T’]))
F(dg (&) = F(dp,(TE,Tn)),

IA

which indicates that 7 < 0, thus reaching a contradiction. Hence ¢ = n and the fixed point is unique. 0O
Next, we present a supporting example for Theorem 4.5.

Example 4.6. Let Z = [0, +c0) and consider the mapping ciﬂ,ﬂ : ZXZ — [0, +00) defined by Jﬂ,ﬂ(x, y) =
|x — y|. Then (Z, Jﬁ#) is a complete DCMTS, where B, : Z X Z — [1, +00) are defined by S(x,y) =
max{x,y}+ 1, and

x+y if xel0,1],

X,y) =
M) {1 if x> 1.

Let the mapping 7 : Z — Z be

§ if xe€[0,1],
T=1{> , .
x—3 if x> 1.

Leta :ZXZ — (—00,+00), and F : (0, +c0) — (—o0, +00) be defined by,
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) 1 if x,ye[0,1],
alx,y) =
Y 0 otherwise,

and F(t) = In(¢). Clearly, T is continuous, and it is @-admissible since if a(x,y) > 1, x,y € [0, 1];
consequently, a(Tx,Ty) = a(3,3) = 1. To show that T is an (a-F)-contraction mapping, we only
need to look at the case when x,y € [0, 1]. Note that

- 1 1~ 2 -
dg, (Tx,Ty) =|Tx—Ty| = §|x -y = gdﬁ,ﬂ(x, y) < gdﬁ,ﬂ(x, y).

Hence
3 ~ 3 ~ -
ln(i) + a(x,y)In(dg,(Tx,Ty)) < ln(i) + In(dg (T x,Ty)) < In(dg,(x,y)). 4.15)

By taking 7 = In(3) > 0 in (4.15), we have
T+ a(x, ) F(dp,(Tx, Ty)) < F(dgu(x,y)).

Hence, T is an (@-F )-contraction mapping. Let xo = 1; then, a(xy, Txy) > 1. We form a sequence by
x1=T(xy)=T() = %; hence, x, = T"(xy) = T"(1) = 3i for all n > 1. Finally to show that (4.3) and
(4.4) hold, observe that

11

: ﬁ(-xi+la -xi+2) . ma.X{ 3+ 3;7} + 1) 1 1

sup lim ————u(x;,1, x,,) = sup lim . —) < 1. 4.16
mZII) imtoo B(Xi, Xiv1) H(Xix1, Xn) mZIIJ i—>+°°( max{z;, s} + 1) )(3“rl 3’”) (4.16)

Moreover for any x € Z, both lim,,_, ;. 8(x, x,) and lim,,_, ; ., u(x,, x) exist and are finite. Therefore,
T satisfies all of the conditions of Theorem 4.5. Consequently, 7" has a fixed point, which is x = 0.

The following is an immediate consequence of Theorem 4.5.

Corollary 4.7. Let (Z, Jﬁ#) be a complete DCMTS, and let T : Z — Z be a continuous mapping
satisfying the following:

T+ F(dp,(T&,Tn)) < F(dg(€,m)), forall £,n€ Z. 4.17)

Let &y € Z and consider the sequence &, = T"&y. Suppose

. ﬁ(§i+1»§i+2)
1 ———— (&1, € 1. 4.18
SUP L B(e, &0y G0 6m) < (418)

Also, assume the following holds
lim B(&,&,) and lim wu(é,, ) exist and are finite for every & € Z. (4.19)
n—+oo n—+oo

Then, T has a unique fixed point.

Proof. Letthe map a : Z X Z — [0, +00) be defined by a(&,n) = 1 for all £, 17 € Z. Repeat the proof of
Theorem 4.4 by considering the defined «. O

Letting 8 = u, in Theorem 4.5, we obtain the following corollary; for comparison, see [25].
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Corollary 4.8. Let (Z, JB) be a complete DCMTS, and let T : Z — Z be an (a- F )-contractive mapping,
such that the following holds:

(1) T is a-admissible.

(2) There exists zo € Z such that a(zg, Tzo) > 1.

(3) T is continuous.

(4) For zy € Z, define the sequence {z,,} by z, = T"zy, and assume

IB(Zi+1 2 Ziv2)

sup lim B(Zis1,2m) < 1. (4.20)
m=1 =+ B(zi, Ziv1)
In addition, for each z € Z
nl_i}rg() B(z,z,) and nl—i}zloo B(z,,7) exist and are finite. “4.21)
Then, T has a fixed point.
Proof. In Theorem 4.5, let 4 = 8 and repeat the proof. |

5. Application to Fredholm type integral equation

Let Z = C([0, 1],R) be the space of all continuous real valued functions defined on the interval
[0, 1]. Let the mapping Jﬁ,ﬂ : Z X Z — [0, +00) be defined by

@) —g@)

2 -

dg . (f, 8) = maxeo |

The two controlled functions B,u : Z X Z — [l,+o0) are defined by B(f,g) = 1 and
u(f,g) = 2,respectively. It is not difficult to see that (Z, d}g”u) is a complete DCMTS.
The Fredholm type integral equation is defined as

1
o) = fo M6 f@)dé for 1,€ € [0, 1], 5.1)

where x(t,&, £(£)) : [0,1]> — R is a continuous function.

Theorem 5.1. Consider (Z, Jﬁ#) a complete DCMTS, as defined above, and assume for any f,g € Z
the following condition holds:

W (@.&, f(©) = x(1,£, 8NN < Af (&) = &), for some A € (0, 1).

Then, the integral equation (5.1) has a unique solution.

Proof. Let the mapping T : Z — Z be defined as a Fredholm type integral equation:

1
Tf(r) = fo W& F@)E, for 1, € [0, 1]. (5.2)
Define the mapping @ : Z X Z — [0, +0) by
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12 iff=g

B 1/4 if f=0,0org=0,
AO= e it f> e
1 if f<g.

Let y(¢) : [0, +00) — [0, +0c0) be defined by (¢) = At. For any ¢ € [0, 1], we have

Tf@t)-T I 1
M‘ - 5' f x(t, €, f()dE - f X6, 8©)d]
0 0

1
- fo (e, &, £€) — x(2,£. 8(6)]de]

IA

1 1
: fo (1, £ £(©)) — (1, £, g(©)|dé

IA

2
A dﬁ,y(f’ g)
= Y(dsu(f.8))

1 1
! fo Af@) - g(@)lde

IA

which gives

Tf(r) - Tg()
2

dg (T f,Tg) = maxco < Y(dpu(f, 8))-

Hence, ) )
Ck(f, g)d,B,,u(Tf’ Tg) < w(dﬁ,y(f’ g))

Therefore, T satisfies the hypothesis of Theorem 3.7, which implies the integral equation (5.1) has
a unique solution as desired. O

6. Conclusions

In this article, we dealt with the notion of DCMTS, which was introduced by Mlaiki et al. [5].
Thus, we explored two types of contraction mappings in the complete DCMTS and established some
fixed-point theorems in this setting. Furthermore, we presented some examples and an application of
our result.
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