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1. Introduction

During the previous decade, there was a vast boom of research in the so-called variable exponent
spaces because they can be used to model electrorheological fluids, image restoration, and continuum
medium mechanics see, for instance, [9-14, 17,18, 21, 31, 32]. Consequently, over hundred scholars
have contributed to the study of function spaces and related differential equations, so the theory of
function spaces advanced quickly. For the time being, the theory of such variable exponent Lebesgue,
Orlicz, Sobolev and Lorentz function spaces is widely developed, cf. [3,4,7, 8, 19, 20, 29, 33, 34].
The first generalization of variable exponent Herz spaces was established in [14]. The most general
results were obtained in [1], where a was a variable. In [28], variable parameters were used to define
continual Herz spaces, and the boundedness of sublinear operators (including the maximal function
and Calder6n-Zygmund singular operators)was proved in these spaces.

Boundedness of other operators, such as Riesz potential operators and the Marcinkiewicz integral,
as proved in [22,27]. The concept of Morrey spaces L”! was introduced by C. Morrey in 1938
(see [23]) in order to study regularity questions which appear in the calculus of variations.They
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describe local regularity more precisely than Lebesgue spaces and are widely used in not only
harmonic analysis but also partial differential equations. In [22], Meskhi introduced the idea of grand
Morrey spaces L”%* and derived the boundedness of a class of integral operators (Hardy-Littlewood
maximal functions, Calderon-Zygmund singular integrals and potentials) in these spaces.
Muckenhoupt [24] has established the theory on weights called the Muckenhoupt A, theory in the
study of weighted function spaces and greatly developed real analysis. Recently, a generalization of
the Muceknhoupt weights in terms of variable exponents has been studied in [2,5]. Weighted norm
inequalities for the maximal operator on variable Lebesgue spaces were proved in [5]. Boundedness
of the fractional integrals on variable weighted Lebesgue spaces by using the extrapolation theorem
can be checked in [6, 35].

Rafeiro et al. [25,26] established the idea of grand variable Herz spaces I'(Z((f))’p )’Q(R”) and derived
the boundedness of the sublinear operators and the Marcinkiewicz integral on KZ((.'))’” YRM). Inspired
by the concept, in this article we introduce the concept of grand weighted Herz spaces with variable
exponent and prove the boundedness of the fractional integral operator in these spaces. There are four
sections in this article. The first section is dedicated to the introduction, and the second section contains
some basic definitions and lemmas. In the third section, we introduce the concept of grand weighted
Herz spaces with variable exponent, and the boundedness of the fractional integral operator on grand
weighted Herz spaces with variable exponent is proved in the last section.

2. Preliminaries
For this section, we refer to [8, 13, 15,25,27,28,30].

2.1. Lebesgue space with variable exponent

Assume that G C R" is an open set, and p(-) : G — [1, o) is a real-valued measurable function. Let
the following condition holds:

1 <p(G) < pi(G) < oo, (2.1)
where
i) p_:=essinf p(g),
geG
ii) p, :=esssup p(g).

geG

Lebesgue space LP"(G) is the space of measurable functions f on G such that,

Iuo(f) = f F(@)I"dg < oo,
G

and the norm is defined as

”f”l}’(')(G) = essinf {'y >0: ILp(-) (];C) < 1} .

p(g)

This is the Banach function space and p’(g) = 2@

denotes the conjugate exponent of p(g).
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Next, we will define the space L (')(G) as,

loc

LPO(G) = {K : k € LPO(K) for all compact subsets K C G}.

loc

Now, to define the log-condition,

1
|rI(Z1) - n(ZZ)l S 1 | |Z] - ZZl S = Z1-22 € G7 (2"2)
—Inlz; — 25| 2
where C = C(n7) > 0 does not depend on zj, 25.
For the decay condition: Let r., € (1, o), such that
1) ~Nool £ ————, 2.3
In(z1) — Mool e+ D (2.3)
1
[7(z1) — nol < sl < = (2.4)
In|z| 2

Equation (2.4) holds for np € (1, o) in the case of homogenous Herz spaces. We adopted the following
notations in this paper:

(i) The Hardy-Littlewood maximal operator M for f € LIIOC(G) is defined as

Mf(g) :=supt™ f If(@ldg (g €G),

>0
D(g.r)

where D(g,t) :={ye G :|g—yl <t}

(i1) The set P(G) is the collection of all p(-) satisfying p_ > 1 and p, < co.

(ii1) A weight is a locally integrable and positive function which is defined on R", and it can be written
as w(G) := fG w(g)dg for a weight w and measurable set G.

(iv) The set of p(-) satisfying (2.3) and (2.4) is represented by LH(R").

C is a constant which is independent of the main parameters involved, and its value varies from line
to line.

Lemma 2.1 (Generalized Holder’s inequality). Assume that G is a measurable subset of R", and 1 <
P-(G) £ p.(G) < 0. Then,
7 &llzro@) < Cllfllro@liglieo )

) ) Ao 1,1
holds, where f € LP(G), g € L1(G), and @ =0 @ for every z € G.

2.2. Herz spaces with variable exponent

We adopted the following notations in this subsection:

(@) Xk = YRy

(b) Ry = Dy \ Dy

(c) Dy =D(0,25 ={xeR": |x| <2} forall k € Z.
(d) R;; := D(0,7)\D(O0, ).
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Definition 2.2. Let r € [1,0), @ € R and s(-) € P(R"). The homogenous Herz space K%(R") is
defined by
KR = {f € LY@ \{OY) : [|fllges ey < oo, (2.5)

where 1

k=00 r
k
1l cery = (Z 12 “kan;y(.)] -
k=—00

Definition 2.3. Let r € [1,0), @ € R and s(-) € P(R"). The non-homogenous Herz space K;’(’,;(R”) is
defined by
K@ = {f € LOR 0D : [1fllges e < o0) (2.6)

where

k=00 r
2 : k
||f||K§’(’_;(R") = ( 112 af)(k”bo] + ||f||Ls<»)(D(0,1))-

k=—oc0

2.3. The variable exponent Muckenhoupt weights

Let r(-) € P(R"), and w is a weight. Thelweighted Lebesgue space L' is the set of all complex-
valued measurable functions f such that fw= € L"O(R"). L'O(w) is a Banach space its norm is given
by 1

oo = Ifwollo,

where 7’(+) is the conjugate exponent of r(-) given by % + %() =

classes by starting with classical Muckenhoupt weights.

1. Next we will define Muckenhoupt

Definition 2.4. Suppose r(-) € P(R"). A weight w is called an A, weight if
| S -1
sup — (W xpllo W xpll o < . 2.7)
Debalt | D
The set A, consists of all A, weights.

Now, we shall give the definitions of the Muckenhoupt classes A, with r = 1, co.

Definition 2.5. (i) A weight w is called a Muckenhoupt A; weight if Mw(z) < w(z) holds for almost
every z € R". The set A, consists of all Muckenhoupt A; weights. For every w € Ay,

pebati \|D|

Then a finite value of [w]y, is called an A; constant.
(i) A weight is called a Muckenhoupt A, weight if the weight belongs to the following set:

Ay = U A,.

l<r<oo

Definition 2.6. Suppose r(-) € P(R"). A weight is called an A’,, weight if

1
[w]a, := sup (—fw(z)dz.llw‘llle(D)).
D

-P -1
sup |D|™Pllwxpllplw™ xpllpreme < oo, (2.8)
D:ball

wh.er}e; Py = (ﬁ fD %a’z)‘1 is the harmonic average of r(-) over D. The set A’ o consists of all A’ .
weignts .
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Definition 2.7. Let 0 < @ < n and r,(-), r»(-) € P(R") such that UL(Z) = % — 2. A weight w is called an
A(r1(-), r2(+)) weight if
Iwxpll=olw™xoll 70 < DI,

holds for all balls D c R”".

Lemma 2.8. Assume that G is a Banach function space, and the Hardy-Littlewood maximal operator
M is weakly bounded on G, that is,

Ixmesnlle < A7 Mgl (2.9)
is true for all g € G and all A > 0. Then, we have

1
sup —llxollsllxplle: < 0. (2.10)
Dbail | D|

Lemma 2.9. [16] Let X be a Banach function space, and M is bounded on the associate space X'.
Then, there exists a constant 6 € (0, 1) such that for all measurable sets E C D and for all balls D C R”,

bvellx _ ( IE| )‘5
llxollx — \IDI
Let ra() € P(R") 1 LH(R™), w© € Ay, wi € Ay, and 81,5 € (0, 1).
I Ell 20 o) _ “XEllL’é(')(w"é(')y < (@)61 . 2.11)
IXDllzzownoy bl 04,40, — \IDI
el 40, 2o, E %2
L200s20) S(U) _ 2.12)
ol 50,50, — \IDI

For more details, see [16].
3. Grand weighted Herz spaces with variable exponent

In this section, first we will define grand Herz spaces and then introduce the concept of grand
weighted Herz spaces with variable exponent.

Definition 3.1. [25] Let a(-) € L*(R"), r € [1,00), s : R" — [1,00), 6 > 0. A grand Herz spaces with

variable exponent I'(f((,'))”)’g(R”) is defined by

K;’((.‘)),r),H(R") = {f € LféZ(R” \ {0}) : ||f||K§1((--)),r).9(Rn) < OO} ,

where

1
r(1+6)
0 ka(-)r(1 1+6 _b
1 llgeno(gs) = sup (5 § 2O oy |1 )) = SUp 579 | fll g,
¢ 6>0 e

keZ 6>0

Now, we will define a variable exponent weighted Lebesgue space.
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Definition 3.2. [16] Let Q c R” be a measurable set, and w is a positive and locally integrable function
on Q. L]’(EC)(Q, w) is the class of all functions f which satisfy the following condition: For all compact

sets E C Q, there is a constant A > 0 such that

Iz

Definition 3.3. Let g(-) € P(R"), 0 < r < oo, @ € R, 6 > 0. The homogeneous grand weighted Herz

spaces with variable exponent K“ ) e(w) is the collection of L{’O(C)(R” /({0}, w) is such that,

r(z)
w(2)dz < 0.

Ko 0y = { LR (01, & Il < oo G.1)
where

_ 0 kar(1+6) r(1+6)
1y, = sup [5 D2 ||ka||m.>(w)) .

keZ

Non-homogeneous grand weighted Herz spaces can be defined in a similar way.
4. Boundedness of the fractional integrals

Definition 4.1. Fractional integrals are given by the following.
Let 0 < £ < n, and then the fractional integral operator I¢ is defined by

Ffa) = f - f (@) @.1)

-2l g
Rn

Theorem 4.2. [16] Let ri(-) € P(R") N LHR"), 0 < ¢ < n/ri+ and o := (n/{)’. Define ry(-) by
1/r2() = 1/r1(-) = ¢/n. Then, for all weights w such that (r»(-)/o, w”) is an M-pair, I* is bounded from
Lrl(')(wrl(')) to er(-)(wrz(-)).

Theorem 4.3. Let 1 < r < oo, ¢»() € P(R") N LHR"), w2 € Ay, 81,8, € (0, 1) be the constants
appearing in (2.11) and (2.12), respectively. a and { are such that

(i) —ndé; < @ < nd, — .
(ii) 0 < ¢ < n(d; + 7).

Define q,(-) by 1/g2(-) = 1/q1(+) — £ /n. Then, the fractional integral operator I¢ is a bounded operator
from I'(Zz’f_))’e(wﬁ(')) to I'(Zl’(r_))’e(wa(’).

Proof. Let f € Ka ) H(W‘”()) and f; := fy; forany j € Z. Then, f = Y, f;, and we have

j:—oo

r(1+0)
¢ — 0 kar(1+6) ¢ £r(1+6)
I Fllgensquanry = sup (6 E 2 it fIIL@(-)(qu(-))]

keZ
F(1+5)
0 kar(1+6 r(1+6)
s 22 3
6>0 keZ j=—00
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H1+0)

60 kar(1+6) 74 r(1+6)
< Sup 6 Zz Z ”Xk(l fj)”qu(J(qu('))

6>0 keZ j<k-2
1
k+1 r(1+0)

6 kar(1+6) 4 r(1+6)
+sup|8° Y 2D S (I, e
>0 keZ k=1

1
r(1+06)

9 kar(1+6) ¢ 7 (1+6)
+ sup (5 22 ar Z ”/Yk(l fj)”qu(‘)(qu(‘))

6>0 keZ )
= E,+E, + E;.

Operator ¢ is bounded on weighted Lebesgue space, so for E,,

1
k+1 r(1+6)

0 kar(1+6) 4 r(1+6)
E, <sup|d ZZ Z Dy (1 fj)“qu(‘)(qu(‘))

>0\ kez j=k=1
1
k+1 (1+9)

0 kar(1+6 (1+9)
< sup 0 Z 2 ar(1+0) Z ||(f)(j)”2q|(-)(wq1(’))

>0\ kez j=k—1

1
r(1+3)
0 kar(1+6 r(1+6)
<sup 0 Z 2 ar(l+ )“(f)(k)”qu(')(wa('))]

6>0 ez,

S”f | K;”r()f(wq1<'>)'
e

For E, by using the size condition and Holder’s inequality,

I (fDlaz) S)(k(zl)f 21 = 2l "I f{(z2)ldz2
Rn

k —
< 2N f o sy X

By using Lemma (2.8), we get
k —k
|| (I‘{fj))(k||mz(->(qu<-)) <2 g”fj“qu(‘)(wa(‘))”)(j”L(ql(')(wa(')))’z nlI)(Dklquz(')(qu(‘>)

k -1
<21 fillarorann D leaan 0 I Dl sy -

By using (2.12), we have

(7 £3) Xl o e
k -1
<24 fill ooy D¢ g0 I Do sy

Dl 2200200y
_k¢ -1 L0 (wi2t))
_2 ||f,‘||L41(«)(qu(«))lIXj”(qu(-)(qu(-)))/“XDk”(qu(,)(qu(A))), ”XDkll(

L2 (w120)yy
k¢ ynéa(j—k -
<2 {211 20 )||fj||Lq1(-)(qu(-))lI,Yj”(qu(')(Wﬂ(*)))'”/\/Djll(qu(«)(qu(‘)))/-
By the boundednesss of I¢ : L#'O(w? V) — L=0(w®"), and the inequality 27y, < (I fp,)(x), we have
D, llza200umeny < 27 x B a0 g0y < 27l genoy-

AIMS Mathematics Volume 8, Issue 1, 752-764.



759

By using Lemma (2.8) again, we obtain
e ey < 27 e llnomoy, < 2o, 0 gm0y < 27 lGnomo) -

By using the above inequalities, we get

Il (I’[fj))(klquz(->(qu<->)
k 02 (j—k
<2 é,2n 2(j— )2](" g)ll‘fjlqul( )(qu( ))H/\/D ||Lq2( )(qu( ))”/YD ||(Lq2( )(qu( )))/

, . 1
—1n6>)(k— -
=2 D £l gy (271, o ool ezt )

—noa)(k—j
<D &=nd)( ")||f/||qu(‘>(wa<~>)-

It is known that { — nd, + @ < 0, so we will consider two cases: 1 < r(1 +0) < coand 0 < r(1 +06) < 1.
By considering, the first case, 1 < r(1 + §) < oo, and by applying Holder’s inequality, we get

1
r(1+0)\ 7(1+5)

E; <sup|d’ Z pkar(1+0) Z el (f Dl 200

6>0

j=—o
00 k-2 r(1+96) r(1]+6)
< sup 5° Z N Z 2(§—néz+a)(k—1)”fj”m(_)(wa(_))
>0 Ke—oo =0
- 0 k=2
9 jr(1+6 r(1+6) —n&y+a)(k—)r(1+6)/2
<sup|o” 37 | 7 2T LI, 26N
>0 L f=—oo \j=—oo
r(1+6)
k=2 G-
Z 9 (G=ndrta)(k=j)(r(1+6)) /2 "
Jj=—o
Sye S
¢ r(1+6 r(1+6) —ndy+a)(k=)r(1+8)/2
< Sup 0 Z Z 2‘”’( ' )”fj”qu(»)(wa(J)z({ ot
>0 k=—oo j=——oo
°° A

< sup 5° Z 2ajr(l+5)|| fj ”r(1+.6) . Z 9 (¢=ndr+a)(k=j)r(1+6)/2

LNO 10y

6>0 jm—o0 k<j-2
%0 T
9 ajr(1+40) || £ 117 (1+6)

<sup|s’ »° 2 fIrEn

6>0 f—
SHf I K;v]"zs)ﬁ(wac))-

For 0 < r(1 +¢) <1, we get
. (2 r(1+0)\ 1)
E] < sup (59 Z Zaj Z 2(§—n(52+a)(k—j)”fj”qu(.)(qu('))
6>0 k=—00 j:—oo

_1
H1+0)

<sup| &’ Z Z Q0| £ P40 pEnbrra k(Lo

q1C) (a1 )
550 LB

—00 j=—00
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r(1+9)
LNO w10

Ssup 59 Z 2(1jr(1+(§)||f‘j”

6>0

S“f”]’(";f();g(wa(-))-
e

j==oo k<j-

[ee)

69 Z 2(1jr(1+(5)||f‘j”

[=—0c0

F(1+6)

< Sllp L‘il(')(wa(‘))

6>0

1
H1+0)

Z Y (¢=nsx+a)(k=j)r(1+9)

2

_1
) i)

Now, we will estimate E3, by using the size condition, and Holder’s inequality, for j,k € Z with

Jj = k+2, We have

15 (f) @) a(zr) S)(k(Zl)f

D;

21 — 22l fi(z2)ldz2

<2 gl 0, K1)

By taking the LP2")(wP2"))-norm, we have

I (1 gf}')Xk“qu(')(qu('))

<270 £l L)l g O <4>)||)(k||L42(')(w‘42<'))

<279 fill jorogumon Il 04110, D i1l 20 gum20)

k220 pa20)
IWall20 oy
”,\/j”qu(‘)(quC))

- s
<2/mmrOgnai ’)|Ifjllmo(wa<->)|I)(jlqu'l<-)(W—qg<->)||)(j||qu<~>(qu<~>)-

By the definition of A(p;(-), p2(-)), we obtain

I ill 10,10, D¢ il L2000y < Dol 0,60 DD llzno geano)

-1
< W™ xp,llg0lwxp,lleo

< pini=¢/m)

Hence, we have

” (Igfj))(k”qu(')(qu(-))

7 S
< 2Jnrpnai( j)|ijl|L41(‘>(wa(‘))|I/le|Lq'1(')(W*q'l(‘))”/Vj”[ﬂz(')(qu('))

< 2](—n+{)2n51(k—j)zjn(l—{/n)”fj
< 2n51 (k—j)l|f'j||qu(,)(qu(A))_

Therefore, we get

”qu (~)(Wq1 €

)

1

R
_ 9 kar(1+8) £ pqr(1+6)
Es = sup|o” > 240 N (I L,
6>0 keZ j>k+2
T
6 kar(1+6) néy (k- j) r(1+6)
< sup o 2 3 NI
>

keZ J2k+2
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1
r(140)\ r(1+9)

< sup (50 Z Z 2(a+n¢5|)(k—j)zaj”fj”quw(wa(‘))

6>0 kez \jzk+2

For a + né; > 0, we will consider the two cases: 1 < r(1 +9) < coand 0 < r(1 +6) < 1. Now, by
considering the first case, 1 < r(1 + §) < oo, and by using Holder’s inequality, we have

E5 < sup 692

6>0 kez \ jzk+2

< sup [59 Z Z 2&,/r(1+6)||fj||

6>0

< 2

(o)

k=—o00 \ j>k+2
r(1+6)

1
r(1406)\ 7(1+9)

Z pams)=pai| Fillorognon

r(146) 2(n61 +a)(k—j)r(1+6)/2
LNO 110y

(r(1+0)) 1

2 (n81+a)(k=j)(r(1+))’ /2 ] r(T+9)

J=k+2

<sup
6>0

<sup
6>0

<sup
>0

5° Z Z 2ajr(1+6)” f.”r(1+6) (61 +a)(k=j)r(1+6)/2
J

1
r(1+6)

L41 (-)(qu (-))

k=—o00 j>k+2

0 ajr(1+6) r(1+6)
6 Z 2 ”.fj”qu()(wa(‘))
Jj==

[Se]

6 ir(1+0 (1+6
6 Z 2“]7'( + )”f‘J.”qu(,)()wa(,))

J:—OO

< | |f | | KZ’r();H(wa 0y
e

For 0 < r(1 +9) <1, we get

1
H1+0)

Z (1 +a)(k=j)r(1+6)/2
k<j-2

1
H1+0)

1
r(140)\ r(1+9)

E3 < sup 592 Z 2(a+n61)(k—j)2aj||]¢*j||qu(A)(qu(A))

>0 %z \jzke2
= AT
0 ajr(1+6) r(1+6) (nd1+a)(k—j)r(1+6)
SSUp 0 2 ”f]” 910 (4a10) 27 ’
LN (wa1')
0\ =" jokr2
1
[ r(1+0)
0 ajr(1+0) r(1+6) (né1+a)(k—j)r(1+6)
<suplo” ) 2O N )
0L j=e k<j-2
©0 r(ll+(5)
6 ajr(1+8)) £ 7 (1+6)
S%lig o Z 2 ”f]”qu()(qub))

Jj=—00

5||f||1'<;t;f(?;9(wq1(-)),

which completes the proof.
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5. Conclusions

In this work, we have introduced a new type of space called grand weighted Herz spaces with
variable exponents, and we have proved the boundedness of the fractional integrals on those spaces.
This spaces will open the door for many future research work in this field.
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