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Abstract: For a neutral system with mixed discrete, neutral and distributed interval time-varying
delays and nonlinear uncertainties, the problem of exponential stability is investigated in this paper
based on the H,. performance condition. The uncertainties are nonlinear time-varying parameter
perturbations. By introducing a decomposition matrix technique, using Jensen’s integral inequality,
Peng-Park’s integral inequality, Leibniz-Newton formula and Wirtinger-based integral inequality,
utilization of a zero equation and the appropriate Lyapunov-Krasovskii functional, new delay-range-
dependent sufficient conditions for the H,, performance with exponential stability of the system are
presented in terms of linear matrix inequalities. Moreover, we present numerical examples that
demonstrate exponential stability of the neutral system with mixed time-varying delays, and nonlinear
uncertainties to show the advantages of our method.
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1. Introduction

Neutral time-delay systems contain delays both in the state and in the derivatives of the state which
can be found in various dynamic systems, such as chemical reactors, nuclear reactors, biological
systems, economical systems, water pipes, population ecology, power systems, etc. [1-14]. On the
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other hand, nonlinear uncertainties are commonly encountered because it is very problematic to
derive a certain mathematical model due to slowly varying parameters, environmental noise and so
on. Stability criteria for time-delay systems are classified into two categories: delay-independent and
delay-dependent. In general, the delay-dependent criteria are less conservative than the
delay-independent ones, especially when the size of the delay is small. Therefore, many researchers
have dedicated much effort to studying the delay-dependent stability criteria for neutral time-delay
systems with nonlinear uncertainties in recent years; see, for instance, [1,5,6, 10, 15-18].

The stability analysis of neutral-type systems is considered with various inequality techniques and
Lyapunov approaches, which are significant to reduce conservatism. Therefore, many inequality
techniques have been applied in the published literature to estimate the upper bound of the time
derivative of the introduced Lyapunov-Krasovskii functional (LKF). In [1], the new stability
conditions for the neutral delay differential system are derived by applying Jensen’s integral
inequality. In order to reduce the conservatism, Wirtinger’s integral inequality was introduced in [19].
The free weighting matrices were utilized with a new integral inequality lemma in [6] to achieve less
conservative results.

As pointed out in [1,9-11, 16, 17,20], the exponential stability problem is also significant since it
can determine the convergence rate of system states to equilibrium points. The problem of
delay-dependent exponential stability criteria for neutral systems with nonlinear uncertainties have
been investigated in [10, 11,20]. Recently, many researchers have paid a lot of attention to the H.,
control problem in time-delay systems [21-24]. Li and Hu [25] studied the problem of H., control for
neutral systems without nonlinear uncertainties. The H,, control for uncertain neutral systems have
been reported in [26]. The problem of H,, performance for a neutral system with discrete, neutral and
distributed time-varying delays and nonlinear uncertainties have been investigated in [19]. Their
results are restricted on delay-independent criteria for neutral systems [25] or uncertain neutral
systems without the condition of lower bounds of time-varying delays [19, 26].

Motivated by the above statement, in this paper, the problem of H,, performance and exponential
stability analysis for a neutral system with interval discrete, neutral and distributed time-varying
delays and nonlinear uncertainties are considered based on Jensen’s integral inequality, the
Wirtinger-based integral inequality, an extended Wirtinger’s integral inequality, Peng-Park’s integral
inequality, the Leibniz-Newton formula, utilization of a zero equation, a decomposition matrix
technique and the appropriate LKF. In the numerical part, we give some examples to present the
effectiveness of the theorem. The main contributions and highlights of this paper are summarized in
the following key points.

e We consider the problem of exponential stability for a neutral system with interval discrete,
neutral and distributed time-varying delays and nonlinear uncertainties based on an H,,
performance condition. It is noted that this work is the first study of the exponential stability and
H,, performance for an uncertain neutral system with three (discrete, neutral, and distributed)
interval time-varying delays.

e We construct the LKFs including single, double, and triple integral terms involving lower and
upper bounds of time delays and use them to formulate a new delay-range-dependent stability
criterion for a neutral system. In addition, the LKF consists of five new triple integral terms, i.e.,

2 0 (0 A . . 0 0 K(u+-O—1) - .
72f_42fs ftie > =D RT (1) 7,1 p(u)dudbds, 3 f_hfs fzié) XD T (1) 75y p(u)dudbds,
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0 0 , . 0 (0 Ot - .
f_ & ; fria <=0 T () Zosp(u)dudodss, P f_ N ﬁ fr ia et 0-D T (1) 7,4 p(u)dudbd s and
G [T [ [, 0T () Zsip(u)dudedss, that were not used in [25,26].

e We apply tighter inequalities to improve the stability criterion, such as Jensen’s integral inequality
(Lemma 1) and extended single and double Wirtinger’s integral inequalities (Lemmas 9 and 10).
Using the above new LKFs and the lemmas leads to less conservatism of the obtained results than
in published literature, as presented via numerical examples.

e We derive new delay-range-dependent sufficient conditions for the exponential stability with H,
performance (Theorem 1).  Moreover, we obtain the improved delay-range-dependent
exponential stability criterion of a neutral system with discrete, neutral and distributed
time-varying delays, and nonlinear uncertainties. The proposed conditions are less conservative
than the other references as shown in Theorem 1.

e We present numerical examples to demonstrate the feasibility and effectiveness of the theorem.

The outline of this work is structured as follows. In Section 2, we give the problem statement,
definitions and lemmas. We discuss some results for a neutral system and their proofs in Section 3.
In Section 4, we give two numerical examples to present the effectiveness of the obtained criterion.
Section 5 shows the conclusion of our results.

Notations: R" denotes the n—dimensional Euclidean space, and R™" is the set of all m X n real
matrices. For a matrix A, A > 0 means that A is a symmetric positive definite matrix and Ay, (P)
and A, (P) denote the minimum and maximum eigenvalues of A, respectively. The superscript “7T”
denotes matrix transposition. diag{. ..} denotes the block diagonal matrix. Sym{A} = A + AT,

2. Problem formulation and preliminaries

We introduce the following neutral system with interval time-varying delays and nonlinear
uncertainties of the form

@) = A1p(t) + Ayp(t — A1) + A39(t — o (1)) + Ay f @(s)ds + Bw(1)
1=p(1)
+41(1, (1) + Oo(t, p(t — AD)) + §(1, @t — p(2), t20; (2.1)
x(0) = Cip(t) + Cop(t — A1) + Dw(t), t2>0;
o) = ¢@), Vte[-max{dy,os,p},0],

where ¢(f) € R” is the state of the system, w(t) € R? is the disturbance input which belongs to L, [0, oo],
x(t) € R71is the controlled output, ¢(¢) is the initial condition function that is continuously differentiable
on [— max{A,, 0, o2}, 0] with ||¢|| = SUP e[ max{dy.cra 0201 llp(Il, A1, Az, Az, Ay, B, Cy, C; and D are real
constant matrices with appropriate dimensions and A(¢), o(¢) and p(¢) are time-varying discrete, neutral
and distributed delays, respectively. The delays satisfy the following conditions:

0< A <A<, 0<A0)< Ay, (2.2)
O<oi <o) <0y, 0<£0() <oy, 2.3)
0<p1 <p)<p2, 0=p(0) < pys (2.4)
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where oy, 03, 04, A1, A2, A4, P1, P2 and p, are positive real constants and (¢, ¢()), (8, @(t — A(1)))
and {3(¢, o(t — o(t))) are nonlinear uncertainties that are assumed to satisfy the following inequalities

(@&, ) (1, (1) < " (De(2), (2.5)
Lt o(t — ADNG(L, ot — A1) < 7" (t — AD)p(t — A1), (2.6)
L, @(t — (D)) EG(t, @t — 0 (1)) < 3@ (8 — o(0)@(t — o (1)), (2.7)

where 71, 17, and n7; are known positive real constants. We consider the Leibniz-Newton formula of the
form

0 = SO(I)—SO(t—/l(t))—f @(s)ds. (2.8)

t—A(1)

In order to improve the discrete delay A(7) in (2.2), let us decompose the constant matrix A, as
Ay =H, + H,, (29)

where H,, H, € R™" are real constant matrices. By (2.8) and (2.9), System (2.1) can be represented in
the form

!

@) = [Ar+ Hi+ 1e(0) + [Hy — 1e(t = A1) + Azt — 07(1)) +A4f @(s)ds
1—p(t)
+Bw(t) + {11, (1) + &o(1, ot — A1) + §3(1, ot — o (1))
!
—[H; + I]f @(s)ds. (2.10)
t—A(t)

Remark 1. In System (2.1), we assume that the delays in the discrete delay term and the distributed
delay term are different but these two delay terms in [19] are the same.

Definition 1. [20] If there exist real positive scalars 8 and « that satisfy

e, @)l < Bllglle™, ¥t >0,

then System (2.1) is exponentially stable.

Definition 2. [3] For a given real positive scalar 6, we say that System (2.1) is exponentially stable
with the H., performance level ¢ if the system is exponentially stable and also satisfies ||x(?)ll, <
ollw()ll,, for all nonzero w(t) € L,[0, 0o) under the zero initial condition.

Lemma 1. (Jensen’s inequality [19]). For any positive definite symmetric matrix W € R™", k, is a
positive scalar and the vector function w : [—k,,0] — R" such that the integrals concerned are well
defined; the following inequality holds:

0 0 T 0
-k f W (s + OWw(s + Hds < — (f w(s + t)ds) W(f w(s + t)ds) .
—k> —ky —k>
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Lemma 2. [2] For any positive definite symmetric matrix W € R™", k, is a positive scalar and the
vector function @ : [—k,,0] — R" such that the integrals concerned are well defined; then,

0 t
_ f f o WWaowduds < ¢ (OQ (1),
—ko 1+s

where

w(1) 2w 2w
i) = [1 ftikz w(s)ds}’ L [ —2W]'

T

Lemma 3. [27] For any positive definite symmetric matrix W € R™", k| < k, are positive scalars and
the vector function w : [—k,, —k,] — R" such that the integrals concerned are well defined; then,

~ka [1, & ()Wars)ds <yl (OWya(0),
SRR W ) Wenduds <~ OWs(0),

2 +

where

t —ky t
Yo(t) = (f_k d)(S)dS), Ys(t) = ([k f w(u)duds).

t

Lemma 4. [19] For any positive definite symmetric matrix W € R™", k(t) is a time-varying delay
with 0 < k; < k(t) < ky, k; € R and the vector function w : [—ky, —k;] — R”" such that the integrals
concerned are well defined; then,

t—ki
—lkz — k1] f W' (YWa(s)ds < =Yy (DWa(t) — yi (OWips(0),
t—ky

where

t—k1 1—k(t)

%04(!):[ w(s)ds, l//s(l)=f w(s)ds.

t—k(t) t—ky
Yi ©»
* Y3

a time-varying delay with 0 < ky < k(t) < ko, ki, ko € R and the vector function @ [—kz, k] > R”
such that the integrals concerned are well defined; then,

1—ki T
ko [ e TR s < wt oo,
t—ky

Lemma 5. [19] For any constant matrices Y1, Y>, Y3 € R, Y, > 0, Y3 > 0, ] > 0, k(1) is

wW(s) wW(s)
where
w(t = k) | A4 0 -¥' 0
: 2

w(t = k(1)) « ~Y,-Yl v, vl -y

We(t) = fi)k(t — k) , Q= = * -Y; 0 YZT

ft_k(;) w(s)ds * % =Y 0
o w(s)ds| L

AIMS Mathematics Volume 8, Issue 1, 691-712.



696

Lemma 6. [19] For any constant matrices W, Y; € R™", i = 4,5, ..., 8, k(t) is a time-varying delay
with 0 < k; < k() < ko, ko € R and the vector function w : [—kp, —ki] — R” such that the integrals
concerned are well defined; then,

t—ky
- f W (Waxs)ds < Yy (1) + (ky — k)ry (DQa7(D),

—ky

where
w(t —ky) Y4+YZ —Y4T+Y5 0
Ua(t) = [w(t — k(t)|, Q3= * Y4+Y4T—Y5—Y5T —Y4T+Y5 R
w(t —ky) * * —Ys - Y!
Ys Y, 0 W Y, Ys
Q4 =|x Ye+7Yg Yqi, x* Yg Y712 0.
* * Ys * % Y

Lemma 7. (Wirtinger-based integral inequality [28]). For any positive definite symmetric matrix
W e R™" k| < ko are positive scalars and the vector function @ : [—k,,—k;] — R”" such that the
integrals concerned are well defined; then,

t—kj
—(ky — kl)f W (YWars)ds < g (NQsys (1),
t—ko

where
w(t — ki) —AW 2W  6W
Yg(t) = w(tk—kz) , Qs=| = —4W 6w |.
= o, w(s)ds x x«  —12W

Lemma 8. (Peng-Park’s integral inequality [29]). If W and S are real constant matrices such that
w S
W
[—k2,0] — R" is well defined; then, the following inequality holds:

> 0, k(t) is a time-varying delay with 0 < k(t) < ko, k» € R and the vector function @ :

ko f T (YWars)ds < WL (DQes(1),

—k>

where
w(t) -w w-S S
Uo(t) = |w(t —k(t)|, Qe=| * 22W+S+S5T W-§]|.
w(t — k) * * -Ww

Lemma 9. (An extended Wirtinger’s integral inequality [30]). For any positive definite symmetric
matrix W € R™" ky and k, are positive scalars and the vector function w : [k, k] — R" such that the
integrals concerned are well defined; then,

ko
(ky — k) f Wl (WWo)du > QT W, + 3QsT WQs + 5Q0T WQ,, (2.11)
ki
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where

Q; = sz(u(u)du,
klkz 2 ko u
IR e R
ko 6 ky u
L w(u)du_kz—hL duf];l w(r)dr
ky u s
+—(k2 izkl)zf,; du]k: dsj; w(r)dr.

Lemma 10. [31] For any positive definite symmetric matrix W € R™", k; and k, are positive scalars
and the vector function @ : [ky, k,] — R”" such that the integrals concerned are well defined; then,

S
Il

£
Il

ko ko
f f & ()W s)dsdu > 2Q] WQyo + 4Q], WOy, + 6Q1, WQ,, (2.12)

where

1 k
Qi = wlky) - ok f w(s)ds,
- ]

ki

2 k2 k2
w(s)ds — f f w(s)dsdu,
ko — ki fkl (ky — k1)2 u
3 ko ko ko
w(s)ds + ———— w(s)dsdu
kZ_kIL (s) (kz_kl)zjl:l ﬁ ()
60 ko ko ko
- w(r)drdsdu.
(ky = ky)3 f;; j; j; "

Q= wlky)+

Qp = wlky) -

3. Main results

We introduce the following notations for later use:

D = 2] 3.1)

where

21,1 = 2011+2Q 1+ 20 H) + 209" I + 15Z19 + e ™ F5 + e ™2 F, + e > F] + 27,1
—4e 7 — e 0710 + LGy + 5G4 — 2 .Gy + 1G4 — e *2 Gy — e * 17,
— e 17,5 + 20 e MR 7,5 — Ale MR 7,5 — 23007y, — 127073 + et
23070 + Zy + 7y + 0 Zs — M\ Zs + Zy + p5Zg + p5Zo + piZ1o + p5 711 + 2KZ;
201027211 + p1Z11 + B Ziy + 37213 + 121y + B 715 — 20, 715 + B Zss,

i, = QI+ QLI+ A[Quo+10:+ 106+ H Qo+ Qf Hy = Q51 +1Q10 + e ™ F

e‘z’szlT e KU, 4o o HRG L 7 [ 4 e HRG,,
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= Zi+10,+1Q05— QF + AT Q1 + H Q1p + I" Q15 + 3G, + 15Gs5 — 22, 4,Gs + A1Gs,

—
(98]

= Qi1+ Q§I+1Q3 +107 - Qng - Q9TI+A1TQ11 +H Q) +10, +Zi1,

2707, + €S, E 7= Q5 As, 219 = - G], E L e *Z,,,

= e 75 — Lje 7,5, Zl U= 6e 1717 + 1262 73 + 20541 7,,,
= 24{e 02, Zl 18 —120e™% 25, 21 19~ 360e™" 22, 21 20 Q5 As,

_ AT AT AT AT AT
= O, 21,26_Q9’ 21,27_Q9’ Zz,zé_Qlo’ 22,27_Q10’

2001+ 2081 + 201 Hy — 2011 + e F3 + e ™2 F5 — 4, Fg + e 2 F,

,_.
~

S vslvg

—_
(3]
W

g

—8_21012f7¥w — €_2K/12F2 — €_2K/12Fg + /leg + /12F10 — /11F10 + €_2K/12F6 + €_2K/12Fg
_e—ZK/le7 _ €_2K/12F; _ 26—21(/122]8 + e—2K/12S + e—ZK/lst _ e—ZK/lzG3 _ e—ZK/lng

—e * NGy — e RGL — Ve N Zs + LAge PN Zs + e * R Zs — | Age M Zs + el
= 104 +10s - Qly+ H] Q1o =100, ), = Qi1+ Q{1 - Q- QLI+ Q,H,,
= Q31+ Qi1 +10:+10; - QloH) = Q1 = 10 + H} Qn, ). = O,

= e *F, — e FT 4 e ME) 4 1) Fg— | Fg — e ¥ FL + e, 4 e 7,4

N
w

N
~

»
W

_e—ZK/IQS + e—2l(/lzG3 + 6—2K12G6,

= LF] — A F — e 0 Fg 4 ¢ 0T 4 o 20GT 227 = 01 As, Zzg = e 2T,

2,6
_ =2kl ~T — 2T 26y AT — 07 — 07
0 € Gs> Zz,n =70 -G, Zz,zo QroAs, Zz,zs Qo
v = 200+ LZis+ LZig + BZis + daZog — iZy + 1,65 + H,Ge — 214,66 + 4G
A A A i 4 4343 7
2 2 2 1 2 172 1
+—=1+ =+ =L+ Loy + —Zos — ——Zos + —Zps,
4 21 D) 22 D) 23 D) 24 4 25 D) 25 4 25

= QI+ Qi1-Qu-QLH - QLL . =0hAn D =0
2051 +2071 =207 Hi =201\ 1, Y =0fAs, > =04,
= On 24,26 = Ons 24,27 = Ons 23,27 = O 25,11 = ¢"G + e MGy,

—2kA; —2kA =2k 7T —2kA —2kA =2k 7T
= /126’ 2F5—€ 2F2—€ 2F2 —4e 2217+/12F10—/11F10—€ 2F7—€ 2F7

b
~

>
~

INY
3

}ﬂ
wn

_e—ZK/lzzls _ e—ZK/IZG3 _ e—2K/12G6 _ e—ZK/lZZ2 _ e—2Kﬂzz4,

= 66_2K/12Z17, 262 = /12F9 — /l] F9 - E’_ZK/leg + €_2K/12F7 + E_ZKAZG(,,

MMM M MM M

,14
oo = MFs—MFg+ e Fg+ e PF - e NG — e N2 + e,
_ —2Kk0) 7 —2Kk0) 7 —2k0) 7 —2k0) 7 2 I
2q = —0»e 6 + 00 4€ 6 +01€ 6 — 010 4€ 6 T €31,
_ —2kpa —2kpo Z -2kl —2k5 _ 2k T
= e Z1—e Z =—e G —-e V4 =—e G
8.8 Pd 7 75 99 1 135 6.10 55
§ oo — _e—ZK/lzG4 _ e—ZK/lzz]S, le o — _e—ZK/lzGl _ e—2K/12G4 _ e—ZK/lzz]3 _ e—ZK/ble’
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12,12

14,14

14,16

14,19

16,16

18,18

20,20

MMMMMMMM

24,24

_e—4K/12221’ 213’13 — _e—4k/12225’

—126_2’(/12217 - E_ZK/lz/l%le - 9/1%6_2K/12Z19 - 726_4’(/12223 - 2/1%6_4K/12Z22,

36/126_2”122]9, Z = 60/126_2’(/12219, Z = 4806_4”2223,
14,17 14,18

—10806_4“2223, Z]S 15 = —2/1%6_4“2224 - /1%6_2“11214,

_192e7 K27, Zm = =360 Z,, 217 = =720 Z,,
—3600e 4127, le , = 8640e70 255, Zlg = —21600e™ %2,

~Zo, D =T Y =T, ). =-Zo-Z
> 21,21 8 22,22 10> 23,23 0 I
-7 Z = —ql Z = —el § = —al
1 2525 1 26,26 2 27.27 35

and the other terms are O;

—_—

Z - [i(i’j)]ZSXZS ’ (3.2)

— —~T
where Zi’j = Zi’j = Z,-,j, i,j=1,2,3,..,27, except

—_—

Qoo

2011+ 2081+ 208 H) + 2001 + 13719 + e ™2 F3 + e F| + CIC) + e > F]
4o — e 0710+ J5G) + BGy — 20, 0,Gy + 2711 + 2G4 — e 1G5 + 24Z)

—/136_4’(/12221 - /156_41012225 + 2/11/126_4“2225 - /1%6_4“2225 - 2/7.%6—4’(/12224 + 617]%1
—126_4“2223 - 2/1%6_4'(/12222 + 2+ 725+ 0 Zs — W Zs + 27+ p%Zg + p%Zg + p%Zlo
+p§le - 2,01,02211 + p%ZU + /l%le + /l%ZB + ﬂ%ZM + /13215 - 2/11/12215 + /1%215,

T+ QM+ AT Qo+ 10, + 106+ H Q19+ Qs Hy — Q51 + 1019 + C{ Cy
+ e e, — e_2’sz1T + e KU, 4 ey TG 4 oG 4 7]
2001+ 2001+ 201 Hy — 2011 + e F3 + e ™2 F5 + ¢ 2 F) — e F]
—€_2K/12F2 - €_2K/12F2T + L Fy + LFg— A4 Fg— A1 Fg + e_z’sz(, + €_2K/12Fg

_e—ZK/12F7 _ e—ZK/le;" _ 26—2K/12218 + e—ZK/le + e—ZK/lst _ e—ZK/lzG3 _ e—ZK/lzG:{

—e * N Gg — e RGL — Ve N Zs + LAge H N Zs + Nje H R Zs — A Age 1 Zs

+empl+CiCy, > = 0QiB+C[D,

—_— —_— —_—

T T _ AT AT N e,
Q1B+ D, 23,28 =015, 24,28 = 01,5, 228,28 =D'D-o1,

and the other terms are 0.

Theorem 1. For a prescribed scalar 6 > 0, given positive scalars A,, 03, p2, 44, 04 and p,, the
System (2.1) is exponentially stable for a decay rate x > 0 with the H, performance ¢J; if
l|Asll + 73 < 1, there exist positive definite symmetric matrices Z;, i = 1,2,...,25, any appropriate
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dimensional matrices S, Q;,j = 1,2,...,12, G;,l = 1,2,...6, and F,k = 1,2,...,10, and positive real
constants &,, n = 1,2, 3, such that the following symmetric linear matrix inequalities hold

Zie F F,]
x  F3 F4| >0, (3.3)
* ok Fs)
Zy F¢ F7]
x Fg Fo|>0, (3.4)
* % Fiof
Zis S|
[ «  Zis >0, 3.5
G, G,]
>
[ . G3_ >0, (3.6)
Gs Gs]
>
[ . G6_ >0, (3.7)

i <0. (3.8)

Proof. Under the condition of the theorem, we first show the exponential stability of System (2.10).
Consider System (2.10) with w(¢) = 0, that is,

!

o) = [Ar+H +1e@) + [Hy = et — A1) + Asp(t — (1) + Ay f @(s)ds
1—p(1)

+1(1, () + O, ot = A1) + G(t, ¢t — (1)) — [Hy + 1] f @(s)ds.

1=A(1)

Construct an LKF candidate for the System (2.10) of the form

9
V() = > Vi), (3.9)
i1
where
Vity = o' (0Zip(t) = BT (O1Y18:1(1),
wherein
@(1) I1 000 Z, 0 0 0
Q1 = A1) 100 00 o 0 03 O
PO = awds| =0 0 0 o T Tlos 00 0 0
@(1) 0000 Qo Qi On On
! t t—A1
Vo(t) = f DT (9)Zr(s5)ds + f DT (9)Z3p(s)ds + f DT (9)Zu(s)ds,
-2 - -1
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V3(1)

Vs(1)

V(1)

Vi(1)

Vg(1)

Vo(1)

(A2 - 1)f T () Zsp(s)ds,  Va(t) = (02 —Ul)f YT (5)Zo@(s)ds,
A0

o(t)

f e ()Zrp(s)ds + pa f f OD T (0)Zsp(0)dbd s
t—p(t) t+s
0 0 t
+0> f f DT (0)Zop(0)dbds + py f f DT (9)Z100(0)dod s
—p2 t+s —pP1 t+s
—P1 !
+(o2 — p1) f T (0)Z110(0)dbds,
—P2 tts
0 !
A f f 2O=D T (0)Z1,0(0)dbds + A, f f 2wE=D T (0)Z130(0)dbd s
A2 Ay

_/ll
+ f f KODOT(0)Z149(0)dOd s + A, f f e 0" (0)Z15p(0)do
/ll +

-4 f f D1 (0)Z15p(0)dbds,
- 1+s
0 t
f f 2O HT(9)Z,160(0)dOd s + Ay f f 200 oT(0)Z17¢(8)d0d s
A t+s A Jt+s
0 t
+, f f DT (0)Z150(0)d0ds + A f f 0D OT (0)Z199(8)dbd s
Ay JI+s Ay Jt+s
—A !
+ f f 2HED T (0)Zr0p(0)dbd s,
- t+s
‘o 00| [Gi G:|[¢®)
o[ Lol [0 lsolma
ZLJ e [+ Gsl|le@]| T
T
- D [Gs Gs||eO)
s [ [ 2l
( f o®| |+ Go|p@)| 1"

f 2660 o1 (0)Z1 () dudbd s

0 0 t
+ f f f 00 0T () Z3 p(u)dudbd.s
- K t+60
0 0 1
+A7 f f f DT (1) Zoap(u)dudOd's
A t+6

/12 /12 —A1
( ) f f 200 o1 (1) Zosp(u)dudbds.

The time derivative of V() along the solution of (2.10) is given by

AIMS Mathematics

9
V() = Z V().
i=1

(3.10)
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We compute V, (1), V,(£), V3(¢) and V,(2) as

@(1) zZ, OF 0F Of[e@) — B
. B pt=a®) | |0 QF QF QO 0 .
VO = 20 il [0 of of of|| o |2 (0% - 20,
@(1) 0 QF 0 0], B3(1)
where
Bat) = Ig(t)— It — D) — 1 f s,
t—A(t
B3(t) = —@(t) +[A1+ Hy + () + [Hy = It — A1) + Azt — 07(1)) + Ay f @(s)ds
1=p(1)

t

+1(1, (1) + O, ot = AN)) + G(t, ¢t — (1)) — [Hy + 1] f @(s)ds,

t=A(1)

" ()NZa + Z3)p(t) — e 0 (1 — 12)(Za + Za)p(t — 22)
—e M (t = )2y — Zo)g(t — 4) — 2V (1),

(2 = )" (DZsep(t) — 2k V(D)

—(dy = (1 = A)e %" (t = AD) Zsp(t — A1),

(02 — )P () Zs@p(t) — 2kV(2)

—(02 — o)1 = 5)e 77 (t — (1) Zep(t — o (1))

V(1)

Vs(1)

IA

IA

V(1)

By Lemmas 3 and 4, we obtain Vs() and Vy(¢) as follows

Vs(t) < @ (0Z1g(t) + p3¢" () Zsp(t) + 3" (DZo(t) + pro” (D Ziog(t) — 2k V5(t)
+(pg — e 20" (t — p(t) Z79(t — p(1)) + (02 — p1)*@" (DZ11(2)

t

—( f;t go(s)ds)TZg( f;t go(s)ds)—(f:p(t) (,DT(S)dS)Zg( Lp(t) go(s)ds)

—pP2 —P2

- f o & (515} f o o(s)ds) - ( f [ so(s)ds)Tzlo( f t e(s)ds)

—02 —p2 —P1 —P1

- f - " (5)ds 2 f :,) e(s)ds) - f o o (5)ds 2 f o e(s)ds)
, - t ,

—p(1) P2 P2
Vo) < 30" (0(Zi2 + Zi3)p(t) + A" (0Z1ap(1) + (A2 = 1)@ (DZ156p(t) = 2k V(1)

1 [ 1 (7
—/l%e_z’(’lz(—f goT(s)ds)le(—f gp(s)ds)
/12 t—Ay /12 t—Ay

! !
—e‘z’dz(f goT(s)ds)Zlg(f <p(s)ds)
1—A(0) 1=A(1)
t—A 1—A1
—e | f ¢ (s s f #()ds)
) 1=A(t)
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t—A(1)

t—A(1)
—ek( f ¢ (s )(Z13 + Z15)( f #()ds)
t—A3 =1
1 ! 1 !
—/l%e_z’d‘(/l—f t,oT(s)ds)ZM(/l—f (,o(s)ds).
1 t—A 1 t—A

Applying Lemmas 6-9, we obtain

Vi) < ' (0Z16p(t) + 0" (O(Zir + Zig)p(t) + e B (F3Ba() + (b = )¢ (N Zao (D)
+he BN PaBuD) + L30T (DZ10p(1) + € > LBEOWaBs(0) + (1 = 1)B5 (1)F5B5(1)
+e 2RI (NP B5(1) + e BT (HV4(t) — BL (1) PB(t) — 2k V4(2),

where

@(1) @t —4y) @(1)
Bt = el =Ae)|.Bs0) = ¢t = Aw) | Bo() = | @t =d) |,
| (1 — L) @t — ) + [, #(9)ds
1 !
3 g, ) F; Fi 0
_ 1 u _
Bi() = 1 A—%f,_%f,_ﬁszsf’(@)d@du MWo=|x F3+Fs 11;4 ,

|2 ft_h ft_dz ft_/lz w(0)dOd sdu * * 5
[Fy + F —-Fl +F, 0

‘P3 = * F1+F{—F2—F2T —F{+F2,
[ * * ~F, - F]

Y, = * —4Zy;  6Zy; [\Ys=|* Fg+Fy Fof,
>F6 + Fg —Fg + I 0

P, = % Fe+Fl —F;—F' —FT 4+ F|,
| . ~F; - FT
[—Z3 Zig—S S

lP7 = * —2218+S+ST Zlg—S ,
| * * —Z3

—9/156_21012219 —36/126’_2“12219 —60/126'_2”12219

ng = 36/126_2'(/12219 —1926_2’(/12219 3606_2“2219

»—60/12€_ZK/12Z19 36O€_ZK12Z19 —7206_2“2219

From Lemma 5, we compute Vg(?) as

T T
; 2¢O |G G2 |e(t) 2|p(0] [Gs Gs||e()
ORI A R T i b

+e BB Pops () + €5 (1) 10Bo(1) — 26V (1),
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where
pt) | [ (=)
@(r — A1) @t — A1)
Bs() = | PU=H) | gy =| =) |
—A1
- /%))cp(s)ds I Aﬂ((t))go(s)ds
T— 1—A(t
o, e)ds [ ws)ds
[—G; G3 0 —Gg 0 |
x =Gz — G3T G; G -G}
Yo = | = * -G; 0 G|,
% % * _Gl O
* * * * -G |
-Gy G 0 —GST 0
* —Ga—G£ Ge GST —GST
\Plo = * * —G6 0 Gg
* * * —G4 0
* * * * -Gy |

Using Lemma 2, Lemma 3 and Lemma 10, Vo (¢) can be estimated as follows

. 2 2 2 2
Vo(t) < ZSZ’T(Z)ZZI(P(’) + E(PT(I)Zzz(P(I) + ?SbT(f)Zzs‘{D(l) + 3¢T(t)224<,b(t) — 2k V(1)

(B By
4
t 73

—e A - f A so(s)ds)Tzzl(ﬂzgom— f A P()ds)

T
N /1226—4,@[1 ) H-zz22 2z22H1 () }
th—/lz p(s)ds * =22y /l—zft_h o(s)ds

(1) ]T [-2224 2224H (1) }

@' () Zas¢(t) — e B (D ZasPro() + e 2B ()W 11811 (1)

+/112€_4K/12 l

/lll \fti/l] ‘P(S)ds *k —2224 /1_11 Ji/h QO(S)dS
where
@(t)
!
Bio(?) (A2 — A)e(t) ft_ﬂl (s)ds, B11 (D) lef,_bso(s)ds
) = — t) — s)das, 1) = Lt ) ’
10 2 g . ¥ 11 . fHZ fu o(s)dsdu
1 1 t rt
i JL JL ! e©)dedsdu
=127y 127y —120Zp3 3602y
P o= et 122y =722y 4802y  —1080Zy;
1n =

—120Z,;  480Z,; —3600Z,;  8640Zy;
360Z,; —1080Z,; 8640Z,; —21600Z,;3
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From (2.5)—(2.7), for any scalars &, &, and &; that are positive real constants, it can be determinded
that the following inequalities hold:

el(me" (O — {1 (t, (D)4 (1, (1)) 2 0, (3.11)
e2(m2°@" (t = AD)p(t = A1) = &3 (1, p(t = ANt p(t = AD)))) 2 0, (3.12)
e3(5°@" (t = ()@t — (1)) = 3 (8, ¢t = T (NG (1, ¢t — o (1)) > 0. (3.13)

According to (3.10)—(3.13), it is straightforward to see that
V) +2«V(1) < EN0ZEQ),

where

E@) = [e@),pt — A1), ¢(0), f ()sO(S)a’s (= Aa), (t — A1), p(t — o (1)), p(t — p(2)), f @(s)ds,
At A1)

-1 1—A(t) ¢ -1 1 ¢ 1 ¢
f go(s)dsf <p(s)dsf ga(s)dsf w(s)ds, —f w(s)ds, — f w(s)ds,

) A At Ji-a,
f f w(6)dodu, zf f f (G)desdu,—f f w(s)dsdu,

A A A A Ao A2

t —p(t)

f f f w(0)dbd sdu, f w(s)ds, f w(s)ds, f w(s)ds, f ’ w(s)ds,

A2 t—p(1) —p2 —p1 t—p2

—P1
f @(s)ds, {1, ¢(1)), ot ot — AD)), L1, @1 — T(D)))].

t=p(t)

If Conditions (3.3)—(3.8) and X < 0 hold, then

V() +2«V(t) <0, VteR*. (3.14)
So, we have

lp(t, Pl < Mllglle™, € R,

where M,k € R*. This means that System (2.1) with w(¢) = 0 is exponentially stable. Next, we shall
establish the H,, performance of System (2.1) under the zero initial condition. We now introduce

!
J(t) = f T ()x(s) — *wT (s)w(s)lds, 1> 0. (3.15)
0
Under the zero initial condition, (3.15) becomes

J()

f " (s (s) = 8w ()w(s)]ds
0

f T ()x(s) — *w! (s)w(s)]ds + f V(s)ds — V(t) + V(0)
0 0

f " (s (s) = 8w (s)w(s) + V(s)lds — V(1)
0
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f D¢ () (s) — 8w (s)w(s) + V(s)lds
0
(3.16)

where V(¢) is defined in (3.9). After some algebraic manipulations, we obtain

X" (@) = 8w (Owin) + V(D) < ()Y &) (3.17)

where

En = @), @t = A1), (o), fl()sﬂ(s)ds @(t = A2), @t = A1), p(t = 07 (2)), p(t = p(2)), fl()so(s)ds,

—A1 1—A(1) ! —A1 1 ! 1 !
f w(s)ds, f w(s)ds, f w(s)ds, f w(s)ds, — f w(s)ds, — f w(s)ds,

) /12 A1 Ji-,
f f ©(0)dOdu, — z f f f ©(0)dodsdu, — f f w(s)dsdu,

A A A Ao Ao A2

t —p(t)

f ffcp(@)d@dsdu f w(s)ds, f w(s)ds, f w(s)ds, f ' w(s)ds,

A2 =p(t) 1=p2 1=pi t=p2
-1

f . @(8)ds, {1(t, (1)), O, @(t = AD))), £3(2, @t — 0(1)), w(D)].
ot

We can verify that the condition (3.8) guarantees x7(s)y(s) — 8*wT(s)w(s) + V() < 0. Therefore,
J(t) < 0, which implies that |[y(?)|l, < d|lw(?)|, for any nonzero w(f) € L,[0, o). The proof of the
theorem is complete.

4. Numerical examples

Example 1. Consider the uncertain neutral system (2.1) with the following parameters:
-2 0 0 04 0.1 0 0 0
A = [0 —2]’ Az_[0.4 o]’ A3‘[o 0.1]’ A“‘[o —1]’

05 0 10 10 0.1 0 10
[0 0.1]’ Cl‘[o 1]’ Cz‘[o 1]’ D‘[o 0.1]’ I‘[o 1}'

Decompose a matrix A, = Hy + H,, where

H = [0 0.2]’ sz[o 0_2].

B

02 O 02 O
4.1)

Let the interval discrete time-varying delay be A(f) = |cos(¢)| and the interval neutral and
distributed time-varying delays be o (¢) = p(t) = sin?(0.6¢) for 7 € [-1,0]. By solving the linear matrix
inequality (3.8) in Theorem 1, the maximum allowable upper bounds of p, for Example 1 are listed in
Table 1 for various values of A, and 0. We can see in Table 1 that the upper bound of the distributed
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delay p, has an effect on A,. For any given A,, 0, decreases as p, increases. Table 2 presents the
maximum allowable upper bounds of A, for Example 1 with different values of k and o-,. It shows that
all of the conditions stated in Theorem 1 have been satisfied; hence, System (2.1) with the above
given parameters has exponential stability with H,, performance.

For the initial condition ¢(¢) = 0.5 117, &, () = m(t)sin(e(t)),
Ot - A1) = msin(p(t  —  AD)e M Deos(p(t —  A(r)))  and
Gtet — p(1) = npt — p(t)cos(r). Figure 1 shows the trajectories of the solution

o' = [pi(0),e2(t)] of the neutral system (2.1) with mixed time-varying delays and nonlinear
uncertainties.

0.8

0.6 -

04

@1(t)2(t)

0.2

oF

-0.2

0 1 2 3 4 5 6 7 8 9 10
Time (sec)

Figure 1. Trajectories of ¢;(¢) and ¢,(¢) of System (2.1) in Example 1.

Table 1. Maximum allowable upper bounds of p, for Example 1 with different values of A,
aIldO'2WheIlK: 1, 0= 2, nm =1 =N = 05, /11 =01 =01 = 1, /ld = 0g = 0.9 and
Pd = 0.8.

/12 0'2:2.0 0'2:3.0 0'2:5.0 0'2:7.0
2.0 20.3004 20.0273 20.0252 19.0005
3.0 19.6857 19.5352 18.9964 18.8596
5.0 19.0086 18.9835 18.9793 17.9930
7.0 17.4794 17.4794 16.4491 7.5000

Table 2. Maximum allowable upper bounds of A, for Example 1 with different values of 1,
andoy,whend =1, n =m =n=05 4y, =py =0, =1, pp =2, 4g =0, =0.9 and
Pda = 0.8.

K o, =20 o, =30 o,=5.0 o,=170
0.3 25.5703 24.9307 24.5997 24.2467
0.5 16.4537 16.2211 14.6854 13.9659
0.7 11.5230 11.4199 10.5807 9.6449
0.9 9.0099 8.6875 7.9842 7.2311
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0 0
00

Example 2. Consider the following neutral system with w(¢) = 0, C; = C, = [

-2 4 1
oo = |3 Sleoe|yy ee-am+ % O lew-amsaa.em
N !
sttt = 00 + ot pon + 50 O [ g “2)
: t=p(1)

when m = 01, 2 =13 = 005, /ld = 0.7,,01 = 0.3,[)2 = pPa = 0.4 g = 03, [ 0.5 and Ogq = 0.1. We
separate a matrix A, as A, = H, + H,, where

0 02 0 02
Hl‘[o.z 0]’ HZ‘[O.z 0]'

Table 3 shows a comparison of the upper bounds for the exponential stability of System (2.1) by
different methods. It can be concluded that our results are less conservative than those in [11]. Figure 2
demonstrates the trajectories of the solution ¢;(#) and ¢,(¢) of the uncertain neutral system (2.1) with
mixed time-varying delays when w(z) = 0.

Table 3. Maximum allowable upper bounds of 1, for Example 2 with different values of «

and A,.
Method k=0.1 k=0.3 k=0.5
o 0.2 1.0 0.2 1.0 0.2 1.0
[11] 67.21 64.05 26.05 25.07 15.40 14.37

This Paper 67.89 67.61 28.23 26.90 16.50 15.55

@1(t),2(t)

0 1 2 3 4 5 6 7 8 9 10
Time (sec)

Figure 2. Trajectories of ¢,(¢) and ¢, () of System (2.1) with w() = 0 in Example 2.
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Example 3. Consider the System (2.1) with the following parameters:

-2 0 0 04 01 0
A = [o —2]’ Az‘[o.4 0]’ A3‘[o 0.1]’

00

A4 = C1:C2:[0 0

], w(t) = 0.

Decompose a matrix A, = Hy + H,, where

0 02 0 02
= [0.2 o]’ HZ_[OQ 0]'

Using the Matlab LMI toolbox, we obtain the maximum allowable upper bounds of A,, which are
listed in Table 4. Table 4 describes the maximum allowable upper bounds of delays that guarantee the
asymptotic stability of System (2.1) when x = 0. It is clear that the obtained results in this study are
better than those in [7, 10,32-34].

Table 4. Maximum allowable upper bounds of 1, for Example 3 with different values of A,
when 4y =0y =p; =0,0,=1,17, =0.1 and , = 3 = 0.05.

Ay 0.5 0.9 1.1 Unknown

04=0.6 [7] - - - 3.9563

[32] - - - 4.6235

[33] - - - 4.9423

[34] - - - 8.7375

This paper - - - 8.8193
o4=0 [10] 8.975 8.820 - -
[33] 9.646 9.225 - -
[32] 9.975 9.756 9.685 -

[34] - - - 9.7967

This paper 10.125 10.034 9.987 9.8023

Remark 2. The less conservatism of Theorem 1 benefits from the construction of new LKFs with the
application of Jensen’s integral inequality (Lemma 1), Peng-Park’s integral inequality (Lemma 8) and
extended Wirtinger’s integral inequalities (Lemmas 9 and 10). These allowed our maximum delay to
be greater than those in [7, 10, 11,32-34] as shown in Tables 3 and 4.

5. Conclusions

In this article, the problem of exponential stability and H,. performance with mixed discrete,
neutral and distributed interval time-varying delays and nonlinear uncertainties has been studied. To
obtain delay-range-dependent sufficient conditions that can be achieved in the form of linear matrix
inequalities for the H,, performance with exponential stability of the system, we have introduced an
appropriate LKF and applied a decomposition matrix technique, the Leibniz-Newton formula, a zero
equation, Peng-Park’s integral inequality, Jensen’s integral inequality and the Wirtinger-based integral
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inequality. Numerical examples have been provided to verify the effectiveness of the presented
results, showing that our results are better than the existing results.
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