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1. Introduction  

Nonlinear oscillators have been widely used in various engineering and applied sciences, such 

as mathematics, physics, structural dynamics, mechanical engineering and other related fields of 

science [1–6]. Nonlinear differential equations (NDEs) can model many phenomena in various 

scientific aspects to present their effects and behaviors through mathematical principles. Perturbation 

methods are extremely beneficial when the nonlinear response is small [7–10]. In general, solving 
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strongly nonlinear differential equations is very difficult. In [11], Mickens suggested an approximate 

expression for solving a truly nonlinear Duffing oscillator. Recently, various powerful analytical and 

numerical approximation techniques have been suggested for dealing with nonlinear oscillator 

differential equations. These include He's frequency-amplitude formulation [12], the harmonic balance 

method [13,14], the straightforward frequency prediction method [15], the modified harmonic balance 

method [16,17], the energy balance method [18–20], the homotopy perturbation method [21–25], the 

Hamiltonian approach [26,27], the weighted averaging method [28], the global residue harmonic 

balance method [29–31], the max-min approach [32,33], Newton's harmonic balance method [34], the 

variational iteration method [35], the parameter-expansion method [36], the Lindstedt-Poincaré 

method [37,38] and the global error minimization method [39–42]. 

The global error minimization method (GEMM) is one of the most frequently used techniques for 

dealing with the solutions of nonlinear oscillators, as it provides more accurate results valid for both 

weakly and strongly nonlinear oscillators than other known methods [39–42]. In the previous example, 

the solution up to the first approximation is calculated.  

In this study, we extend and improve the global error minimization method up to a third order 

approximation to achieve the higher-order analytical solution of strongly nonlinear Duffing-harmonic 

oscillators. The present method is applied for two different problems, and the analytical results show 

that the modified global error minimization method (MGEMM) has better agreement with numerical 

solutions than the other analytical methods. Excellent agreement is observed between the approximate 

and exact solutions even for large amplitudes of the oscillation. Comparing the exact solutions with 

the approximate results has proved that the MGEMM is quite an accurate method in strongly nonlinear 

oscillator systems. 

2. Basic idea of the modified global error minimization method (MGEMM) 

To describe the proposed modified global error minimization method (MGEMM), we consider 

general second order nonlinear oscillator differential equations as follows: 

.0)0(,)0(,0),,( ===+ uAutuuFu         (1) 

We introducing )(uE as a new function, defined as in [40,43], in the following form: 
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By assuming that )(uF  is an odd function, a general n-th order trial function of Eq (1) can be 

expressed as a sum of trigonometric functions as follows: 
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where )12( +na  are unknown constant values which satisfy the relation 
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The following conditions were used to obtain the unknown parameters (i.e., 
)12( +na  and  ): 
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By solving the n Eq (5) with the aid of Eq (4), the constants 
531 ,, aaa  and the frequency of vibration 

  are obtained. 

3. Examples of two nonlinear Duffing-harmonic oscillators 

In this section, two practical examples of nonlinear Duffing-harmonic oscillators are illustrated 

to show the effectiveness, accuracy and applicability of the proposed approach. 

3.1. Example 1 

In this application, we consider the following nonlinear Duffing-harmonic oscillator:  

,0)0(,)0(,0
1 2

2

3
1 ===

+
++ uAu

uk

uk
uku       (6) 

where dots denote differentiation with respect to t . Now, we shall study some different relevant cases 

considering Eq (6). 

3.1.1. Case 1 

First, we consider 11 =k , 12 =k  and 13 =k  in Eq (6). Then, we have a nonlinear oscillator 

system having an irrational elastic item [12, 16]. 
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According to the basic idea of the global error minimization method, the minimization problem of Eq (7) is  
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The first-order approximate solution for Eq (7) can be represented as a trial function in the form 

).cos()( 11 tatu =          (9) 

Substituting Eq (9) into Eq (8) and choosing ,1 Aa =  it follows that  
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Applying 0/)( 1 = uE , the frequency of the nonlinear oscillator is obtained as follows: 

.
)5128(3

25180487576256251816
42

864242

1
AA

AAAAAA

++

+++++++
==    (11) 

In order to illustrate the capacity of the global error minimization method, the second-order 

approximation is applied to the Duffing-harmonic oscillator by using the following new trial solution:  

),3cos()cos()( 312 tatatu  +=        (12) 

where .31 aaA +=  By substituting Eq (12) into Eq (8), we have 
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Setting 0/)( 2 = uE  and 0/)( 32 = auE  leads to  
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For a known amplitude, the parameters of 1a , 3a  and angular frequency   can be obtained by using 

the condition 31 aaA +=  and solving Eqs (14) and (15). The computations were performed using the 

Mathematica software program, version 9. 

To illustrate the capacity of this method, the third order approximation is applied by using the 

following trial function: 

),5cos()3cos()cos()( 5313 tatatatu  ++=      (16) 

where 531 aaaA ++= . Bringing Eq (16) into Eq (8) results in 
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Applying 0/)( 3 = uE , 0/)( 33 = auE  and 0/)( 53 = auE  yields 
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Now, by solving Eqs (18)–(20) and applying the condition 531 aaaA ++= , the parameters 

531 ,, aaa  and the angular frequency   can be obtained for the known amplitude ,A  using the 

Mathematica software program, version 9. To examine the accuracy of the MGEMM solutions, the 

obtained results are compared with the frequency-amplitude formulation (FAF) [12], the energy 

balance method (EBM) [19], the modified harmonic balance method (MHBM) [16] and the exact 

solutions, as presented in Table 1 and Figure 1. We conclude that the third order approximation 

provides an excellent accuracy with respect to the exact numerical solutions. 

Table 1. Comparison of the approximate analytical frequencies with the exact solutions. 

A  FAF  EBM  MHBM  GEMMrd3  
exact  

 [12] [19] [16] present Exact 

0.01 1.41419 1.41419 1.41419 1.41419 1.41419 

0.1 1.41158 1.41158 1.41158 1.41158 1.41158 

0.2 1.40388 1.40389 1.40390 1.40390 1.40390 

0.4 1.37581 1.37595 1.37616 1.37616 1.37616 

0.6 1.33694 1.33743 1.33827 1.33827 1.33827 

0.8 1.29448 1.29550 1.29744 1.29743 1.29743 

1 1.25375 1.25514 1.25845 1.25840 1.25842 

5 1.02500 1.02588 1.03148 1.02945 1.03139 

10 1.00656 1.00681 1.00895 1.00790 1.00893 

100 1.00007 1.0000 1.00010 1.00010 1.00010 

1000 1.00000 1.00000 1.00000 1.00000 1.00000 
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(a) 1.0=A  

  

(b) 1=A  

  

(c) 100=A  

 

  

(d) 1000=A  

Figure 1. Comparison of the approximate solution (red line) with the numerical solution (blue line). 



491 

AIMS Mathematics  Volume 8, Issue 1, 484–500. 

3.1.2. Case 2 

Now, if we put 01 =k , 12 =k  and 13 =k  in Eq (6), we obtain the following nonlinear oscillator, 

in which the restoring force has a rational expression [21,26]. 

.0)0(,)0(,0
1 2

===
+

+ uAu
u

u
u        (21) 

Using the previously mentioned procedure, the solution up to a third-order approximation is calculated. 

Depending on the analytical approximation, first, second or third, the approximate solution is assumed 

in the forms of (9), (12) and (16), respectively. 

Finally, as in Case 1, the third order approximate solutions are compared with the homotopy 

perturbation method (HPM) [21], the Hamiltonian approach (HA) [26] and the exact solutions, as 

displayed in Table 2. 

Table 2. Comparison of the approximate analytical frequencies with the exact solutions. 

A  HPM  HA  GEMMrd3  
exact  

 [21] [26] present Exact 

0.01 0.999963 0.9999625 0.999963 0.99999 

0.1 0.996271 0.99627403 0.996273 0.9991208 

1 0.755929 0.765366864 0.761539 0.76157808 

10 0.114708 0.13420106 0.11948 0.123322 

100 0.0115462 0.01407125 0.0120357 0.0125265 

3.2. Example 2 

In the second application, we will consider the following nonlinear Duffing-harmonic oscillator [18]: 

,0)0(,)0(,0
1 2

2

3

3
1 ===

+
++ uAu

uk

uk
uku        (22) 

where dots denote differentiation with respect to t . Now, we consider some following cases to 

compare the present solutions with published solutions using different approximate analytical methods. 

3.2.1. Case 1 

First, we consider ,11 =k  12 =k  and 13 =k  in Eq (22). Then, we have the following nonlinear 

Duffing-harmonic equation [18, 28]: 

.0)0(,)0(,0
1 2

3

===
+

++ uAu
u

u
uu        (23) 

The minimization problem is 
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For the first-order approximation, assume that the trial function is given by 

),cos()( 11 tatu =          (25) 

where 1aA = . By inserting Eq (25) into Eq (24), we obtain 
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The frequency can be found through the condition 0/)( 1 = uE , as follows: 

.
)5128(3
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To improve the analytical approximation, we add additional terms to the trial function: 

).3cos()cos()( 312 tatatu  +=        (28) 

The constraint of this minimization is 31 aaA += . Substituting the above new trial function into Eq (24), 

we obtain 
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By using 0/)( 2 = uE  and 0/)( 32 = auE , it follows that 
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The minimization problem's conditions can be easily achieved by replacing 31 aAa −= , and the 

parameters 1a , 3a  and angular frequency   can be obtained for a known amplitude A . 

To show the accuracy of the MGEM method in higher order approximations, we apply the third 
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order approximation and consider the following trial function: 

).5cos()3cos()cos()( 5313 tatatatu  ++=      (32) 

Using Eq (32) as the trial function in Eq (24), where 531 aaaA ++= , leads to 
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By setting 0/)( 3 = uE , 0/)( 33 = auE  and 0/)( 53 = auE , we obtain 
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Putting 1 3 5a A a a= − −  in the minimization problem changes the constraint minimization problem 

to an unconstrained minimization problem, which is easier to find the solution of Eq (33) by using the 

conditions ,0/)( 3 = uE  0/)( 33 = auE  and 0/)( 53 = auE .  

We plot the analytical solutions obtained from MGEMM (red line) Eq (32) and compare them 

with numerical solutions of Eq (23) obtained using the fourth order Runge-Kutta method (blue line). 

It is observed that for all different values of the amplitude A, the approximate solutions match 

extremely well with the numerical solutions (see Figure 2). 

  

(a) 01.0=A  
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(b) 1.0=A  

  

(c) 1=A  

  

(d) 10=A  

  

(e) 100=A  
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(f) 1000=A  

Figure 2. Comparison of the approximate solution (red line) with the numerical solution (blue line). 

3.2.2. Case 2 

Second, we consider ,01 =k  12 =k  and 13 =k  in Eq (6). Hence, we have the one-dimensional 

nonlinear oscillator governed by [21–26] 

.0)0(,)0(,0
1 2

3

===
+

+ uAu
u

u
u        (37) 

Finally, we can obtain the first and second-order approximations to Eq (37) given by Eqs (25) and (28), 

respectively. We remark that the third-order approximation in Eq (32) can be given by MGEMM in a 

similar manner. Generally, after three steps of MGEMM, one can obtain the approximated solutions 

to Eq (37) with sufficient accuracy. The analytical results of Eq (37) are compared with the iterative 

homotopy harmonic balance method (IHHBM) [34], the energy balance method (EBM) [20], the max-

min approach (MMA) [32], the global residue harmonic balance method (GRHBM) [29], the 

Hamiltonian approach (HA) [26] and the exact solutions, as shown in Table 3.  

Table 3. Comparison of the approximate analytical frequencies with the exact solutions. 

A  EBM  IHHBM  MMA  GRHBM  
HA  GEMMrd3  

exact  

 [20] [34] [32] [29] [26] present Exact 

0.01 0.00866 0.008478 0.00866 0.008472 0.00865 0.00847 0.00847 

0.1 0.08627 0.084418 0.08627 0.084394 0.08624 0.08439 0.08439 

1 0.65164 0.63136 0.65465 0.636795 0.64359 0.636783 0.63678 

5 0.97343 0.96667 0.97435 0.968107 0.96731 0.969202 0.96698 

10 0.99314 0.99090 0.99340 0.991591 0.99095 0.992005 0.99092 

50 0.99973 0.99961 0.99973 0.999657 0.999608 0.999676 0.99961 

100 0.99999 0.999901 0.99993 0.999914 0.99990 0.999919 0.99990 

4. Results and discussion 

In this paper, we test the analytical solutions of strongly nonlinear Duffing-harmonic oscillators 

to show the effectiveness of MGEMM. Comparisons of the analytical solutions and the exact 

numerical solutions of the Duffing-harmonic oscillators for small and large values of the amplitude 
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have been illustrated in Figures 1 and 2 and Tables 1–3. In these Figures, the analytical solution is 

indicated by a red line, while the numerical solution is represented by a blue line. There is good 

compatibility between the analytical and numerical solutions, which confirms the accuracy of our 

results, and excellent matching is observed in these calculations. Moreover, as shown in Tables 1–3, 

the results produced using the MGEMM are in better agreement with those obtained using exact 

solutions than other existing ones in the literature. The calculations of the above applications were 

done using Mathematica software. 

5. Conclusions 

In this paper, the modified global error minimization method has been presented successfully to 

obtain higher order approximate periodic solutions of strongly nonlinear Duffing-harmonic oscillators. 

The present method, which is proved to be a powerful mathematical tool to study nonlinear oscillators, 

can be easily extended to any nonlinear equation because of its efficiency and convenient applicability. 

We demonstrated the accuracy and efficiency of the proposed method by solving some examples. We 

showed that the obtained solutions are valid for the whole domain. Comparisons of the obtained 

solutions, whether numerical or analytical, revealed a clear match, highlighting the precision of the 

modified GEMM. 
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