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Abstract: It is known that there is no non-constant periodic solutions on a closed bounded interval
for differential equations with fractional order. Therefore, many researchers investigate the existence
of asymptotically periodic solution for differential equations with fractional order. In this paper, we
demonstrate the existence and uniqueness of the S-asymptotically w-periodic mild solution to non-
instantaneous impulsive semilinear differential equations of order 1 < @ < 2, and its linear part is an
infinitesimal generator of a strongly continuous cosine family of bounded linear operators. In addition,
we consider the case of differential inclusion. Examples are given to illustrate the applicability of our
results.
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1. Introduction

It is known that the action of instantaneous impulses seems not describe some certain dynamics
of evolution processes in Pharmacotherapy. For example, in the case of a decompensation, (high or
low levels of glucose) one can prescribe some intravenous drugs (insulin). The introduction of the
drugs in the bloodstream and the consequent absorption for the body are gradual and continuous
processes. Thus, we do not expect to use the instantaneous impulses to describe such a process. In
fact, the above situation is fallen in a new case of impulsive action, which starts at any arbitrary fixed
point and stays active on a finite time interval. To this end, Herndndaz and O’Regan [1] introduced
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the non-instantaneous impulsive differential equations. For recent contributions on non-instantaneous
impulsive differential equations and inclusions, we refer the reader to [2-7].

There are some papers where the nonexistence of non-constant periodic solutions on closed
bounded interval for differential equations with fractional order are considered such as [§—12]. Many
authors investigated the existence of S-asymptotically w-periodic solutions for many types of
differential equations of fractional order. For example, Maghsoodi et al. [13] considered an evolution
equation of order @ € (0,1) generated by an evolution system U(6,s). Ren et al. [12] studied
semilinear differential equation of order @ € (0,1) and generated by exponentially stable
Co-semigroup. Ren et al. [14] considered semilinear differential equations of order
a € (1,2) generated by a sectorial operator. Mu et al. [15] investigated an evolution equation with the
Weyl-Liouville fractional derivative of order @ € (0, 1) and generated by Cj-semigroup. Zhao at
al. [16] demonstrated the existence of an asymptotically almost automorphic mild solution to a
semilinear fractional differential equation, and Wang et al. [17] studied delay fractional differential
equations with an almost sectorial operator of order « € (0,1). Moreover, Muslim et al. [18]
investigated the existence, uniqueness and stability of solutions to second order nonlinear differential
equations with non- instantaneous impulses. Very recently, Alsheekhhussain et al. [19] proved the
existence of §-asymptotically w-periodic solutions for non-instantaneous impulsive differential
equations and inclusions generated by sectorial operators. For more information regarding this
subject, we refer the reader to [20-25].

It is worth noting that the problems considered in all the cited works above, except [19], do not
contain impulseses effects and the right-hand side is a single-valued function. Moreover, to the best of
the authors’ knowledge, the literature concerning S-asymptotically w-periodic solutions for
differential inclusions subject to non-instantaneous impulses and generated by an infinitesimal
generator of a cosine family {C(6) : 6 > 0} is very new, and this fact is the main aim in the present
paper.

When the considered problem contains non-instantaneous impulses, there are two approaches in
the literature to prove the existence of the solution. The first one is by keeping the lower limit of the
fractional derivative at zero. The second one is by switching it at the impulsive points, which will be
considered in the present paper.

Let @ € (1,2), E be a Banach space, N be the set of natural numbers, m € N, w > 0, J = [0, 00),

O0=50< 0, <851 < <0, <8 =W<Op1=W+0, <Spp1 =851 +tw< ..,

with lim;_,, 8; = 00, 5,,4; = §;+w;i € {0}UN, 6,,,; = 6;+w; i € N, and A is the infinitesimal generator of
cosine family {C(0) : 8 > 0}. Moreover, letI1: JXE — E, g; : [6;, s;]XE — E ;i € N, xy € D(A) (the
domain of A ), and x; € E a fixed point.

Motivated by the above cited works, we demonstrate the existence and uniqueness of an
S -asymptotically w-periodic solution to the following non-instantaneous impulsive semilinear
differential equation:

°Dg ,x(8) = Ax(6) + I1(6, x(6)), a.e. 6 € (si, 611, € N U {0},
x(0) = gi(6, x(67)),0 € (6; 5:],i € N, (1.1)
x(0) = xo, X(0) = x1,

where, "Dgﬁx(é’) is the Caputo derivative of the function x at the point 6 with lower limit at O [26].
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After that, we prove the existence of S -asymptotically w-periodic solutions for the following non-
instantaneous impulsive semilinear differential inclusion:

"Dgﬁx(é?) € Ax(6) + F(0, x(6)), a.e. 0 € (s;, 6;11],i € NU {0},
x(0) = gi(6,x(67)),0 € (6; si],i €N, (1.2)
x(0) = xo, x(0) = xy,

where F : J X E — 2F — {¢} is a multi-valued function.

Unlike the differential equations of integer order, the existence of non-constant periodic solutions
for fractional differential equations is not guaranteed. For this reason, the concept of an
asymptotically periodic solution is introduced for fractional differential equations. Many researchers
uses this approach to investigate the existence of the solution for fractional differential equations.
However, up to now, there are no work studying the problem mentioned above. In this paper, we
construct sufficient conditions that assure the existence of asymptotically periodic mild solutions for
Problems (1.1) and (1.2). Moreover, our results generalize the obtained ones in [12], and our method
can be used to study the existence of asymptotically periodic mild solutions for the problems
considered in [13, 15-17,20-25], when these problems contain impulseses effects and the right hand
side is a multi-valued function.

Since a multivalued function is a function values are sets, so, our technique to find an asymptotically
periodic solution for Problem (2) can be used to extend many recent publications on the same subject
in which the right hand side is a single-function see, for example, [27-29].

In Section 3, we prove the existence and uniqueness of S -asymptotically w-periodic solution for
Problem (1.1). Section 4 is devoted to prove the existence of S -asymptotically w-periodic solutions to
Problem (1.2). Finally, examples are given to show that the obtained results are applicable.

2. Preliminaries and notations

Let Jo = [0,6:], J; = (6,,0:41], and i € N. Because Problem (1.1) contains non-instantaneous
impulses effect, we consider the two Banach spaces:

PC(JLE):={x:J > E, x|;, € C(J;, E), x(6]") and x(0,) exist, i € N },

and
PCy(J,E) :=={x € PC(J,E) : xis bounded, x|; € C(J;, E)},

where

||X||PC(J,E) := max [|x(0)||g,
oeJ

x|l pc, £y := max [|x(0)||g,
ogeJ
and x(6") and x(6,) are the right and left limits of x at 6;.

Definition 2.1. Let w be a positive real number. A function x € PC,(J, E) is said to be S -asymptotically
w-periodic if it satisfies the relation:

lim [[x(6 + @) = x(@)]| = 0.

AIMS Mathematics Volume 8, Issue 1, 76-101.



79

Definition 2.2. [/9] By SAP,PC,(J, E), we mean the Banach space of all S -asymptotically w-periodic
functions x € PCy(J, E), where the norm is given by

X ;= max ||x(0)||g.
Illpc, e = max (@)l

Definition 2.3. [30] A family {C(0) : 0 € R}, where C(0) : D(C(0)) = E — E is a bounded linear
operator, is called a strongly cosine family if:

@) CO) =1,

1) C@+1)+C(r—0)=2C(r)C(O) forall 7,0 € R,

(ii1) the map 6 — C(0)x is continuous for each x € E.

If {C(6) : 6 € R} is a strongly cosine family, then the strongly continuous sine family associated
with it is defined by:

9
S@x = f C(s)xds;0 e R,x € E.
0

Definition 2.4. The infinitesimal generator of a cosine family {C(0) : 6 € R} is an operator A :

D(A) — E defined by
2

T e
where D(A) = {x € E : C(#)x is twice continuously differentiable of #}.

Ax C(6)xlo-0,

Lemma 2.1. ( [30], Propositions 2.2 and 2.3]) Let {C(¢) : t € R} be a strongly cosine family in E with
infinitesimal generator A and

Z ={z € E : C(0)x is once continuously differentiable of 6 }.

Then, the following statements hold:
I- D(A) is dense in E, and A is a closed operator.
2-Ifz€ E, then S(0)z € Z.
3-If z € Z, then
(i) S (6)z € D(A) and L5 (0)z = AS (6)z,
(i) S (0)z € D(A) and £C(6)z = AS (6)z.
4-1If z € D(A), then
(1) C(8)z € D(A) and ;"—;C(é))z =AC(H)x = C(0)Az;
(i) S(0)z € D(A) and AS (0)z = S (H)Az.

Definition 2.5. ( [31]) By a mild solution for Problem (1.1), we mean a function x € PC(J, E) such
that

C,(0)xo + K (6)x;

+ f:(@ — 1) P (6 — DI(7, x(7))d7, 0 € [0,61],

8i(0, x(67)),0 € (6, si],i € N,

Cy(0 = 50)8i(si, X(6;)) + Ky(0 = 5:)g;(si, X(6; )

— Osl(s,- - ‘r)q_qu(sl- — DII(r, x(7))dt

+ [Y0 = D)7 P (6 — DI(T, X(1))d7, 6 € [5,, 61111, i €N,

x(0) = (2.1
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where g = 5, and, for ¢ > 0,
00 o
C,(9) = f £,0)C(910)do, K ,(9) = f C,(7)dr,
0 0

P,(#) =q ‘fo ) 0&,(0)S (916)de,

1 1 1
£,0) = z}e‘l‘awq(e‘a), 0 € (0, o),

and

[Se]

W) = = 31yt

n=1

T(ng + 1
@ sin(nrg), 6 € (0, o).

Remark 2.1. The solution function given by (2.1) satisfies the following properties:

1- x(0) = C4(0)xo = xo.

2 X(0) = x;.

3- x is continuous on J;; i € {0} UN.

We will need the following lemma which gives some properties for the operators C,(6), K,(6) and
Py(6).

Lemma 2.2. ( [31], Lemma 8). Assume that

(HA) A : D(A) — E is the infinitesimal generator of strongly continuous cosine family of linear
operators {C(0) : 6 > 0} which is uniformly bounded by M > 0. Then,

(i) For any fixed 6 > 0, C,(6), K,(¢) and P,(0) are linear bounded operators.

(ii) For y € [0, 1], []” 07£a(0)d0 = Fs.

(iii) If |C,OIl < M, 6 > 0, then for any x € E, [|IC,xll < Mlxll, IK,(0)x]] < 6M|x|| and
IP,O)xl < 5511x167.

(iv) {Cy(0),6 > 0}, {K,(0),6 > 0} and {Hq‘qu(H), 6 > 0} are strongly continuous.

3. Existence and uniqueness of an S -asymptotically w-periodic mild solution for Problem (1.1).

We make the following assumptions:

(HA)'A : D(A) — E satisfies (HA), and the family {C(0) : 8 > 0} is exponentially stable. That is,
there exist positive numbers a, M such that ||C(0)|| < e~ M, 6 > 0.

(HID I1 : J x E — E is a strongly measurable function, and there are i, h, € C(J,R*) such that
h,is bounded,

ILI(8, x) = 1O, Yl < h(Ollx = Yllg, VO € J, x,y € E, (3.1

and
ITI(6 + w, x) — T1(0, V|| < ha(O)(||xllz + 1),Y0 € J, x € E. (3.2)

(Hg)ForanyieN, g;: [6;,s;] X E— E (i € N) such that, for any x € E, the function 6 — g;(6, x)
is differentiable at s; , and that:
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(1)
(}im lgi+m(0 + w,2) — gi(0,2)|lg = 0,Vz € E, (3.3)
and
lim [|g;,,,(s; + w,2) — gi(s;,Dllg = 0,Vz € E. (3.4)

(i1) There are N > 0 such that
lgi(8, z1) — (0, 22)lle < Nllz1 — 2allg, Y0 € [6;, 511, V21,22 € E. (3.5)

(iii) There is N > 0 such that
llg:Csi» z1) — 8i(si» 22)lle < Nllzi — 22lle,Y 21,22 € E. (3.6)

(iv) There is k; > 0 such that

sup sup [|g:(0, 2|l < k1 (lzllg + 1), Yz € E. (3.7)
ieEN fgeJ
(v) There is k, > 0 with
sup llgi(si Dl < k2(llzlle + 1), Yz € E. (3.8)
ieN

The following lemma provides additional properties for the operators C,(6) and P,(6) when {C(6) :
6 > 0} is exponentially stable.

Lemma 3.1. ( [32], Proposition 2.1). If(HA)* is verified, then there is L > 0 such that

L
IO < axoy g)q NPl < m,\m €J (3.9)

Lemma 3.2. ( [33], Lemma 2.11]) Let y € [0,1], 0 < a < b. Then, |b* —a”| < (b —a)".
Remark 3.1. In what follows, we mean by || || the norm in the Banach space E.

Theorem 3.1. Under conditions (HA)*,(HII),(Hg;) and (H), Problem (1.1) has a unique
S -asymptotically w-periodic mild solution provided that the following assumptions are verified.:

0 -1
@-1)
= —_— 1
S SQEF ) (1+9_T)2qh1(r)dr<oo, (3.10)
MN + MwN +2Lg < 1, (3.11)
&= sup [II(7,0)||g < oo, (3.12)
7€[0,w]
and
O =0 3.13
e_mf (1+0-1)4 2(T)dT =0, (3.13)

where h; and h, are specified in (HII).
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Proof. First, we clarify that if x € SAP,PC,(J, E), then the function ®(x) defined by

C,(0)xo + K, (0)x,

+ [10 - 1)1 P,(6 - DI(7, x(1))dT, 6 € [0,6,],
gi(0,x(6,)),0 € (6, s:],i €N,

Cy(0 — 5)8i(si, x(0;)) + K (0 — 5:)g;(s:, x(67))

- fosi(s,- — 1) P,(s; — DI(z, x(7))dT

+ [7(0 )7 P60 — DI(T, X(1))d7, 6 € 5, 6,11 ],i €N,

D(x)(O) = (3.14)

belongs to SAP,PC,(J, E). The proof will be given in the following steps.
Step 1. we will show that limgy_,, ||®(x)(8 + w) — ®(x)(B)|| = 0.
Let € > 0. Because x € SAP,PC(J, E), limy_, ||x(6 + w) — x(0)||g = 0, and hence there is 6, > 6,
such that .
sup ||x(6 + w) — x(0)||g < L_g (3.15)

0>6,
Letd > 6. If0 € (6,s;],i € N, then 0+ w € (6, + w, s; + W] = (Bi4m, Sizm]. So, relations (3.3), (3.5)
and (3.14) imply that

Hli_{glo IP(x)(O + w) — P(x)(O)||£
= lim [igin(® + @, x(6,,,)) — gi(6, x(E))l

< lim [Igin(0 + @, X6 + @) = gisn(® 56 + W)
+ 1im [1gi,n(6, X(6 + @) = gi(6, x(6))
< N Hl_im |x(6; + w) = x(6)llg = 0. (3.16)

Let 6 € [s;,0;41],i € N. Then, 0 + w € [s; + w,0;41 + W] = [Sizm, Oisme1]. By arguing as in (3.16), one
obtains
gijg ICy(0 + w — (5; + W) &irm(Si + W, x(F;,,,)) — Cy(0 — 5)8i(si, x(6;))|
= M lim igiy(si + @, x(6; + w)) = gi(si, x(@))I = 0. (3.17)
Similarly, by (3.4) and (3.6), we get

Iim JIKy(0 + w — (s; + WON8m(si + 0, x(0,,)) — Ky(0 — s1)g; (i, X(6,)l

f}gg 1K, (6 = sl N1g5+m(si + w, x(0; + w)) — gi(si, x(6))|
9132 M (0 — s)llgim(si + w, x(0] + w)) — gi(si, x(67))]
M (01 — Si)[gi_{g I gi+m (i, X(6; + w)) — glsi, x(E)|

i—00

IA

IA

+N glim [x(6; + w) — x(6;)]| = 0. (3.18)
Next, notice that

0+w
f(; 0@+ w-— T)"_qu(Q + w — DI(r, x(1))dt
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Then,

9
= f (R T)q_]Pq(G - DI(T + w, x(7 + w))dr.

IA

w

0+w
I f 0+ w— 1) PO+ w— DI(1, X(1))dT
0

6
_ fo (@ - )" Po(6 - DI(z, x(1))d]|
0

Il [ @-7)"'P 60— DI+ w, x(T + w))dt

W

0
- f @ - 1) P (6 — DII(z, x(1))d7]|
0
0
I f @ -7)7"'P(0 — DT + w, x(T + w))d7]|

+|| f 0(9 — )P0 - )I(T + w, X(T + w))
—H(TO, x(1 + w)))dr||

+| f 0(9 - )P0 - T)([(7, x(7 + w))
—H(TO, x(1)))d|\.

01+ 0x+ 0s.

(3.19)

Note that, from Lemma 3.1, (8 + w)? — 87 < w?. Hence, by taking into account 7 € [~w,0] = 7+ w €
[0, w], it yields from (3.9)

Qi

IA

<

<

0
I f @ -1 P60 — DT + w, x(t + w))d7]|

0 @-1)!

L sup IITICs, | » m

s€[0,wl,IVII<IIxlls aPy, PC(E)

Lx. 0 —1 Lo-)w

(l n 9)2(] Iw(g — T)q dr = m((@ + CL))q - gq)
L.

qg(1 +6)2’

where, % = SUP (o wvi<lilsar, re,oe IT1(S: VI
Next, by (3.1), (3.2), (3.9), (3.10) and (3.15), we get
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I f @ -7)'P(0 — T)TL(7 + w, x(T + w))
0
—II(7, x(7t + w)))d7||

0 6 — q-1
O (1 + lir + )lla(r)dr

L -
o 1+6-1)

(3.20)
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6 —7yr!
< L(1+ [¥llsar pCA,E>)L[q Zf————fl—s——hz< \dr, (3.21)

and

Qs

0
f (6 = D)7 1Py = DINITI(T, (7 + w)) = (7, x(7))lldT

IA

f I+ 9 T o (T + ) = XDl (D)dT

e 0 ql

L()é—lLTMﬁﬂm @l (Ddr
0 @ —1)1!

o (L+0-1)

e _ T)q—l
< clchf ———dr+e€
o (1+60—1)%4

e
< cieL O@-1)dr+ €
0
01— (0—6.)7
< cjcL ( ) + €, (3.22)
q

IA

lx(T + w)) = x(Dlh (T)dT

where ¢ = Sup ¢4, IX(T + w)) — x(7)[| and ¢; = sup (g4, 1(7). Combining (3.19-3.22), one obtains,

0+w
lim || f @ +w-— T)q_qu(H + w — DI(T, x(7))dT
0

6— 00

0
- f 6 - r)q—lpq(e — DI(r, x(7))d7|

Liw 0 — 7)1
lim L+ (DT S n(nd
< Jim <|mnmjﬁ( (s
0 q_ g
+erl Jim G-n7-67_ (3.23)
— 00 q

Similarly,
Sitw
I f (si+ 0 =1 Py(s; + w — T(, x(7)dT
0

-1[2&—ﬂ“WA&—ﬂH@xvth

A
< q(1+ )2q+L(1+||x||)f ((’ T) - hy()dT
+c1c2L0q_(iI 7 e (3.24)

Note that s; — oo when & — oo. Therefore, using (3.16)—(3.18), (3.13) and (3.24), we derive
limg_, oo ||P(x)(0 + w) = OX)O)|| =0
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Step 2. We show that, for any x € SAP,PC,(J, E), ®(x) is bounded.
Letf e J.
(i) Let 6 € [0, 6;]. Then, applying Lemma (1.2) (iii), (3.9) and (3.14), one gets

PO < Mllxoll + Mwllxi ]

B 0 ( _ )—1
+L | (1—)||H(T x()||dr.

On the hand, from (3.1), we get

ILI(T, x(D)| < Tz, Ol + Ay (Dllx(o)|

<
< &+ h@lIxllsap, pc,E)-

By (3.25) and (3.26), we get

D)@

IA

Mlixoll + Mwllx, |

(- )q !
Lff a+ dT+§‘L||X||SAP PCy(JL.E)
M| xol| + Mw||x1||

0 6q—1
+ do + gL
LSL (1504 SLlIxlls ap,,pc,.E)

Mi|xoll + Mw||x1||
Lgf (1 +06)% T2y 40 + SLlXllsap,peyr)

= Mlxoll + Mwl||x,||

+LEB(q, q) + sLix|lsap, pc, k)

IA

IA

where B is the beta function. Hence, y is bounded on [0, 6,].
(1) If 6 € (8;, 5;], i € N, then, by (3.7), it yields

1P = llgi(si (NI < k1 ([[x]] + 1), Vz € E.
(ii1) If 6 € (s;, 0;41], then it follows from (3.8) and Lemma (1.2) that

IC (0 = 5)gi(si, x(6;)) + Ky(0 — 5:)g; (s, x(O))|
< M (1 +(Ix@D)I) + M wki (1 + [Ix(@)I).

Moreover, as in (3.27),

I f (6 = D)7 Py(6 — DI(z, x(7)d]
0

0 1
< L 0 %H(T x(7))d7]|

LEB(q, q) + sLl|xllsap,, pc,.E)-

IA

AIMS Mathematics Volume 8,
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Similarly, we can derive

f (s; = )P, (s; — DI(7, x(1))dT
0
< L¢B(q, q) + sL|xllsap, pe,E)-

As aresult of (3.27)—(3.31), we conclude that y is bounded on J.
Now, ®@(x) is continuous on J;i € {0} U N, and, hence, from Steps 1 and 2,
SAP,PC,(J, E). Thus, ® is a function from SAP,PC,(J, E) to itself.

(3.31)

we confirm that ®(x) €

Step 3. We show in this step that @ is a contraction mapping from SAP,PCy(J,E) to SAP,PC,(J, E).

To show this, let x,y € SAP,PC,(J, E).We have three cases.
Case 1.6 € [0, 6,]
Using (3.14), it yields

1P(x)(0) — DO
< niﬁw—rw4pge—rnunxw»dr
- fo 9(9 - 1) P(6 - DI, y(1))d]|.
Using Lemma 1.2, (3.2), (3.4), (3.8) and (3.9), relation (3.32) becomes
1P(x)(6) — DO

-0
o (1+6—1)%

IA

hy(t)dr

Ll|x - y”SAPwPCb(J,E)

IA

Lg||lx — y”SAPwPCb(J,Ey
Case 2. 0 € (6,, 5;], i € N. Relations (3.5) and (3.14) lead to
|P(x)(6) — POl

llgi(6, x(6;)) — gi(6, y())l
< N|x(6;7) = y(O)ll < Nllx = yllsar, pcy k)

where N = max;<;<,,{N;}.
Case 3. 9 € [s;,0;11],i € N. It yields from (3.5), (3.6) and (3.14)

ICy(0 — 5)gi(si, X(0;)) — Cy(0 — 51)gi(si, y(E))II
< MN||x = yllsap,pc, k)

and

1K (0 = 5:)8i (s, X(6;)) — Ky(6 = 5:)8; (51 y(O)l
< MoNI||x(6;) -yl < MwN|lx = Yllsap,pc,u.6),

where N = max;<<,{N;}.
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Moreover, similar to (3.33),
9
I fo @ - s)"'P,(6 — D(7, x(1))dt

0
- f 0 — 1) P60 — DII(x, y(7))d]|
0
< Lgllx = yllsap,pcy.p)s (3.37)

and
[ f (51— D Pyl = D x(o)d
0

- f (s; = D' Py (si — D7, y()d7]|
0
< Lgllx = yllsap,pcy.E)- (3.38)

Due to (3.33)—(3.38), we conclude that

|P(x) — DY)
< ”X - y”SAPwPCb(],E)(MN + MowN + 2L§') (339)

It yields from (3.11) and (3.39) that @ is contraction. Applying the Banach fixed point theorem, we
have that ® has a unique fixed-point which is an S -asymptotically w-periodic solution to Problem (1.1).

Remark 3.2. If hiis bounded on J, then relation (3.10) is verified. In fact, suppose that h\(t) < k,VT €

J. We have
) -1
@ —-1)
= — ()
fo (10 om0

@ -1)!
.
o (L+6—1)%
0 -1
o1
—ds
o (1+06)%
00 6q_1
45
“Jo (A+0)4
= kB(g,q) < oo, (3.40)

IA

IA

<

where B is the beta function. Thus, (3.10) is verified.

Remark 3.3. If limg_, foe ho(t)dt = 0, then relation (3.13) is verified. In fact, we have

. (6 — 1)
911_}r£10f 1 +0- 1P —— hy(7)dTt

< ;im hg(‘[‘)dT— . (3.41)
- )
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Corollary 3.1. Suppose that conditions (HA) and (Hg;) ) are satisfied. If (HII) is verified with h\(t) <
k, Y1 € J, and limgy_,, fog hy(T)dt = 0 then, by (3.41) and Theorem (1.1), Problem (1.1) has a unique
S -asymptotically w-periodic provided that

MN + MwN + 2LkB(q,q) < 1. (3.42)
Remark 3.4. If there is no impulses effect, then N = N = 0. Hence, relations (3.42) becomes

2LkB(q,q) < 1.
4. S-asymptotically w-periodic mild solutions for Problem (1.2)

In this section, we demonstrate the existence of S -asymptotically w-periodic mild solutions for 1.2.
We denote by P (E) the family of non-empty, convex and compact subsets of E.

Consider the following assumptions:

(HF)F : J X E — P.(FE) is a multi-valued function such that:

(i) For any z € E, the multi-valued function 8 — F(., z) is strongly measurable.

(i1) For any x € PC(J, E), the set

S,lv(nx(_)) :={¢ :J — E, ¢islocally integrable, and ¢(7) € F(1, x(1)), a.e.0 € J}

is not empty.
(i11) There is a measurable bounded, almost everywhere, function L, : J — J such that
h(F(e’ Zl), F(e’ ZZ)) < Ll(e)llzl - Z2||,V6 € J’ U, € E’ (41)

where / 1s the Hausdorff distance.
(iv) There is L, € C(J,R*) such that

h(F(0+ w,z2), F(0,2) < L, O)|1 +z||,V0 e J, z€ E. “4.2)
(v) The function
t+— o(7) ;= ||[F(7,0)l = sup Izl (4.3)
z€F(1,0)

is bounded almost everywhere on J.
We need the following Lemma, which is due to Covitz and Nadler [34].

Lemma 4.1. Let (X, d) be a metric space and G be a contraction multi-valued function from X to the
family of non-empty closed subsets of X. Then, G has a fixed point.

Theorem 4.1. Under conditions (HA)*, (HF),(Hg;) and (H), Problem (1.2) has an S -asymptotically
w-periodic mild solution provided that

‘ 9 (0 _ T)q—l
lim

fim | g™ =0, (4.4)
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6 -1
_ @ - 1) B
gl_)rgj; le (T)dT = 0, (45)
0 _ -1
im [ 0" e =o, (4.6)

b0 Jy (1+6—1)%

and
MN + MwN +2LwB(q,q) < 1, 4.7)

where |L;(f)| < A;,a.e.t € J.

Proof. Due to (HF)(ii), for any x € SAP,PC,(J, E), the set S}V(.’X(.)) is not empty. Therefore, for any
x € SAP,PC,(J, E), we can define a multi-valued function R(x) as follows: an element y € R(x) if and
only if

Cy(0)x0 + K, (0)x,

+ [0 -1 PO - 1) f(2)dr, 6 € [0,6,],
8i(0,x(67)),0 € (6, s51],i €N,

YO =\ €0 - st 16) + K, (0 - 5085 16)) ()
- fo‘e'(si — 1)1 Py (si - D) f(D)dr
+ [0 = 1)1 Py = D f(1)dT, 6 € [5, 6111, €N,
where f € S;(qx(.)). Since the proof is similar to what was shown in Theorem 1.1, we will illustrate

only the differences.
Step 1. We show that if x € SAP,PC,(J, E) and y € R(x), then limy_,, |[y(8 + w) — y(8)|| = 0.

Let € > 0. Because x € SAP,PCy(J, E), then limg_,, ||x(0 + w) — x(0)|| = 0 and, hence, there is
6. > 6, such that (3.15) is verified.

Lety € R(x) and 6 € [s;, 0;+1]. According to (4.8), we have

O+w
I f @+w-1)""P,0+w-1)f(T)dr
0
9
- f 0 —1)"'P(0 — 1) f(T)dl|
0
0
= | f R T)q_qu(Q -7)f(t +w)dr

6
- fo (0 - PO - T)f(D)d]|

IA

0
I f 0 —1)"'P0 - 1) f(r + w)drl|
9
+]] f @ -7)'P(O-17)f(r + w)dT
0

0
—f(9—T)q_1Pq(9—T)f(T)dT||
0
= L +1L. (49)
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Let 7 € [-w, 0] be fixed. Since F(7 + w, 0) is compact, there is v,;,, € F(T + w, 0) such that

d(f(t + w), F(t + w,0)
h(F(T + w, x(T + w)), F(T + w,0)). 4.10)

”f(T + (,()) - v‘r+w”

IA

From (4.1), (4.3) and (4.10), we get

Ilf (7 + w)l|

< h(F(T+ w,x(T+ w)), F(T + ,0)) + |[Veroll
< Li(t + w)||lx(t + w)|| + (T + w)
< |Ix||Li(T + w) + (T + W), VYT € [-w, 0]. “4.11)

Then, by (3.9) and (4.11), it follows that

0
lim /7, = lim || f @ -1 PO - 1)f(r + w)dTl|

G—c0
0 -1
. @—-71)
< ggg(wlllxll + w)L O+6-0m
1 0 X
S -
< (Nl + /lz)Lgl_{Elo 1707 fw(Q T dr
3 . B+ w) -6
= (Allxll + A2)L nglolo W
. w!
< (Allxlf + A2)L glgg P 0, 4.12)

where A, is a positive number such that () < A,,a.e.,0 € J.

Next, let 7 € [0, 0] be fixed. From the fact that F(r + w, x(7)) is compact, there are z.,,2 €
F(1, x(t+w)) such that d(f(T+ w), 2r+) = d(f(T+w), F(1, x(T+w))) and d(f (1), z;) = d(f (1), F (T, x(T+
w))). Then, by (4.1) and (4.2), it yields

1f(r+w) = @l

< f T+ ) = zesoll + llzesw = 22l + Iz = f(D]
< d(f(t+ w), FT + x(T + ) + llZrsw — 2l
+d(f (1, F(1, x(T + w)))
< WF({(T+ w), x(T + w)), F(t + x(7 + w)))
+2[|F (7, x(T + w))||
+h(F (1, x(T + w))), F (1, x(1))
< Limlx((t + w) — x(0)|
+2||F (7, x(t + w))ll + Lo(D)I1 + x(7)|
< 2xlILi(0) + 2| F (7, x(7 + w)ll + Lo(D)I1 + x(7)l. (4.13)

Moreover, according to (4.1) and (4.3), we get

IF(m, x(r + )l < |IF(7,0)|l + Li(Dllx(7 + w)|
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= o(1) + Li(7)]lx|.

Then, by (4.13) and (4.14), one obtains

15)

IA

9
! fo @ - IPO - DIl [ + @) — f@dr]

o -1
0 —1)
4||x[|L ; —(1 Py a—"r Li(t)dt

0 -l
+2L f %O‘(T)d‘r

- )ﬂ
+L(1+||x||)f( Lz(T)dT

IA

Using (4.4)—(4.6) and (4.15), it yields
0+w
elim L = ;im ||f (9+9—T)q_1Pq(9+a)—T)f(‘l'+a))d‘l'
— 00 — 00 0
9
- f 0 -1 Py0-1)f()dsl| =
0
Note that 7; — co when § — oo. Hence, as above, we derive
Si+w
lim || f (5; + W=D Py(si + w — 1) f(T)dT

— 00 0

- f (si = D)7 Py(si — 1) f()d7]|
0
= 0.
Then, due to (3.16)—(3.18), (4.9), (4.12), (4.16) and (4.17), we conclude that

lim [[y(6 + ) = Y(O)I| = 0

Step 2. In this step, we show that if x € SAP,PC,(J, E) and y € R(x), then y is bounded.

Let 6 € [0, 6;]. Then, using Lemma 1.2, (3.9) and (4.8), one has

Iy@Il < Milxoll + Mwl|xi|

B 9 0 g-1
‘L fo (1(+9—T)||f<r)||dr

On the hand, from (4.1), we get

L@l I1F (7, x()Il < [|1F(7, 0]l + Li (D] x(7)]

o(t) + Li(7)||x]|, YT € J.

IAIA

By (4.18) and (4.19), it yields

Iy@Il < Milxoll + Mwl|x,|]
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0 0 — q—1
+l(ﬂz+HXWh)JZ (( 0

1+6—1)%
= Mllxoll + Mowl||xil

6 6q—l
+L(w> + IIxIle)j; md‘l'
= Mllxoll + Mowllxi]|
+L(w> + ||xllw:i)B(q, ), (4.20)

where B is the beta function. Therefore, y is bounded on [0, 8;]. Similarly, one can show that if
S [Si, 6i+l]’ then

0
I fo (0 = )7 Py(6 — D) f(x))dr
< Lw; +|Ixllw1)B(g, 9), (4.21)

and

f Si(Si — ) Py(s; — D(r, x(7))dT
0
< L(w; + ||xllw1)B(q, ). 4.22)

Then, by (4.20)—(4.22) and by arguing as in (3.28) and (3.29), we deduce that y is bounded on J,
and our claim in this step is proved.

As aresult of Eqs 1.1 and 1.2, R is a multivalued function from SAP,PC,(J, E) to the non-empty
subsets of SAP,,PC,(J, E).

Next, in order to apply Lemma 3.2 and show that R has a fixed point, we have to show that R is a
contraction where its set of values is closed. We do this in two steps.
Step 3. The set of values of R is closed.

Let x € SAP,PCy(J,E) and (y,),>1be a sequences in R(x) with y, — yin SAP,PC,(J, E). Then,
there is f, € S ., such that
Cy(0)xo + K, (0)x,
+ [1@ -1 PO - 1) f(1)dT, 60 € [0,6,],
8i(0,x(67)),0 € (6, s:],i €N,

2(0) = — , _ 4.23
WO =N €0 s0gi(s X(0)) + K (0 551 x(6)) (*+:23)
— J (i = D Py (si = D fu(D)d
+ [1@ = 1) PO — 1) f,(1)dT, 0 €[50, 63110 € N.
We have to show that y € R(x). By arguing as in (4.19) , one obtains
/DIl < o(0) + Li(D)lIxll, YT € J. (4.24)

Now, let 6 be a fixed point in J, and J, = [0, 0]. From the fact that o and L; are bounded almost
everywhere, we can deduce, from (4.24), that the family {f, : n > 1} is bounded in L?*(Jy, E) and,
hence, it is weakly compact in L*(Jy, E). Thus, it has a subsequence, denoted again by (f,),s1, such
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that £, — f weakly in L*(Jy, E). According to Mazur’s lemma, we can find a sequence (z,),s; of
convex combinations of f, with z, — f strongly in L?(Jy, E). Then, we can assume, without loss of
generality, that z,(7) — f (1),a.e. T € Jo. Moreover, from (4.24) and Lemma 1.2, we get

0 = )" IP,(6 = 1) fu(D)l

M -
< —(O-1) e. )
< Tey @ — 1) (A2 + A|x]]), a.e.T € [0, 6]

Note that the function T — (6 — 7)*~! belongs to L' ([0, 6], E). Therefore, by the continuity of P,(.)
and applying the Lebesgue dominated convergence theorem, it yields

9
lim | (0-7)7"'Py 6 —1)f(7)dr

n—oo 0
_ f @ — 1) PO — 1) f(D)dr. 4.25)
0
Thus, from (4.25) and the continuity P,(.) , it follows, by taking the limit as n — oo in (4.23), that

C,(0)x0 + K, (0)x,
+ [0 - PO - 1) f(D)dr, 6 € [0,6,],
8i(0, x(67)),6 € (6, si],i € N,

lim y,(0) = ~ , _ 4.26
PO =Y €0 - g1, 3(E) + K, (0 - 5085 16)) (420
— [ = P (s; — D f (D)
+ [0 =) PO~ 1) f()d1, 0 € [5;, 0,11, € N.
Note that (HF)(iv) leads to f(s) € F(s,x (s)),a.e. s € J and, hence, (4.26) leads to
Cy(0)(xo — g(x)) + Ky(0)(x1 — p(x))
+ [0 -1 PO - 1) f(1)dr, 6 € [0,6,],
(6) _ gi(99 X(el_)), 6 € (Qia Si],i € N9
PN ColO~ sgils x(6))) + K0 = 5850 2(6)
= Jp (i =T Py(si = T) f(D)dT
+ fog(e — )P0 — 1) f(1)dT, 0 € [5:,0,11],i € N.
Then, y € R(x).
Step 4. We show that R is a contraction.
Let uy,u, € SAP,PC(J,E) and y; € R(u;). Then, there is f € S}(.’M(.)) such that
Cq(g)XQ + Kq(G)Xl
+ [5 (0 =)' Py(0 — D) fi(1)d7, 6 € [0, 6],
(0, u1(67)),0 € (6;, 5], e N,
50y = | SEmE).0€ ( 2

Cq(0 = 51)gi(si, u1(0;)) + Ky(0 = 50)g; (s> 1 (6;))
= [ (i = D Py(si — D fix)dT
+ [1@ = 1) PO — 1) fi(1)dT, 0 €[50, 611 1,i € N.
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Consider the multivalued function © : J — 2F defined by:
O0) =f{z € E: [z = fiOll < Li(O)||u1(6) — u2(O)l, a.e.60 € J}.
We show that the set of values of @ is non-empty. Let 6§ € J. From (4.1), we get
h(F (6, u1(6)), F(6, u2(0))) < L1(6) |lu1(6) — u2(O)]] -
Thus, from the compactness of F (8, u,(0)), there is zg € F (0, u>(6)) such that

[1/1(0) = zol | < h(F (6, u,(6)), F (8, u2(0))) < Ly (6) [lu1 (8) — uz(O) ,

which leads to ®(0) # ¢, 6 € J. Moreover, the set A(f) = O(0) N F(O,uy(0)), 6 € J is not empty.
Because the functions fi, L, u;, u, are measurable, Proposition 3.4 in [35] ( Corollary 1.3.1(a) in [36])
guarantees that the multivalued map 6§ — A(6) is measurable. Note that @(6), 8 € J is closed.
Consequently, the set of values of A is non-empty and compact and, hence, by Theorem 3.1.1 in [37],
there exists a measurable selection f, for A with

1£1(0) = 2O < Ly (0) [l1 (0) — u2(O)l| , a.e.60 € J. (4.28)

Set

Cq(H)XO + Kq(H)x]

+ [0 -7 P6 - 1) f(1)dr, 0 € [0,6,],

(9) _ gi(ga MZ(GI_))’ 0 e (61‘, Si]’i € N’

YN €0 = sdgisi ua0) + Ky(0 = 50)gi(si, ua(6;)

= [ (si = DT P (s; = T fo(r)dT

+ [1O = 1) PO ~ 1) fo(1)d, 0 €[5, 01110 € N.

(4.29)

Obviously, y, € R(u;). Now, we estimate the value of |[y; — y»l.
Let 6 € [0, 6;]. Using Lemma 1.2, (3.8), (3.9) and (4.27)—(4.29), we get

ly1(6) — (0l
0
I f 0~ )" Py (0 - DIIfi(7) ~ f(DlldT

g — 1)
Lonllus - w] f (( 0

1+6- 7)2‘1
0-7*!
Lo |luy — uo| f d+0- 7)2‘1
llur — wo||Lw: B(g, q)). (4.30)

IA

IA

IA

IA

Let 6 € [s;,0;41], 1 € N. As in (4.30), one can show that
7
I [ -0 o- s
0
0
- f 0 — )7 Py(0 — 1) o(r)dl|
0
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IA

9 —1)i!
Lol = f (( i

1+6- T)Z‘I
LwB(q, @)lluy — us||, (4.31)

IA

and
I f (5= D P (s — 1) fi (0]
0

_fl(si_r)q“Pq(s,-—T)fz(T)dTll

(si-T !
< Lwi|luy — us| f (

1+s;— 7)2‘1
< LwB(g, @lluy — usl|- (4.32)

Combining relations (3.34)—(3.36) and (4.30)—(4.32), it yields
ly1(6) = y2(Oll < lluy — wo||.(MN + MwN + 2Lw\ B(q, 9)). (4.33)
Due to (4.7), relation (4.33) becomes
y1(6) =y < FHluy — uall, (4.34)

where ¢+ = MN + MwN + 2LA1B(q,q) < 1. By interchanging the role of y; and y, in the above
discussion and using (4.7) and (4.34), we conclude that R is a contraction.

As a result of Steps 1.1-3.1 and by applying Lemma (3.2), R has a fixed-point which is
S -asymptotically w-periodic solution to Problem(1.2).

Remark 4.1. As in Remark (2.1), if lim, . 0o(t) = lim,, Li(t) = lim,,. Ly(T) = 0, then
relations (4.4)—(4.6) are verified .

Remark 4.2. If there is no impulses effect, then N = N = 0 and, hence, relation (4.7) becomes
2L B(g,q) < 1.
5. Examples

In this section, we give two examples as applications of our results.

Example 5.1. Let a = %, q= %, E=10,n], m =4, w=2n,J=[0,00),s = 12, i € {0}UN, and
0; = (2i — 1)5;i € N. Observe that s4 = w and for i €N, s, = 5;4 = ((+4)5 =15+ 21 =5, + w, and
Oiom = 0i24 = (2l+7)% :(21.—1)%-4'27(:91""27(:91'4‘(1).

Consider an operator A : D(A) C E — E defined as follows: Av = v”’and
D(A) := {v € L*[0,7] : v,, € L*[0,1],v(0) = v(rr) = O}.

Note that the operator A has the representation

Ax = Z —1n < X, Xy > X, x € D(A), (5.1)

n=1
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where x,(y) = V2 sin ny,n = 1,2, ..., is the orthonormal set of eigenfunctions of A. Moreover, A is the
infinitesimal generator of a strongly continuous cosine family C(¢),cgx which is given by

[ee)

CH(x) = Zcosnt <X, X,> X, XEE,
n=1
and the associated sine family S (¢),.g on E is defined by

- sin nt
S () (x) ::Z <X, X,>x,,x€EE.
n

n=1

It is known that [|C(#)|| < e and ||S (1)|] < ¢™" for ¢ > 0 ( see [38], P.1307). Therefore, the family
{C(0) : 8 > 0} is exponentially stable and the operator A satisfies (HA)" with M = 1.
Consider a function I : J/ X E — E defined by

I1(6, u)(s) := ksinu(s) + cos@; 6 € J, uc E, s €[0,n], (5.2)

where k > 0. We demonstrate that IT satisfies the conditions of Corollary (1.1). Let u,v € E = L?[0, r].
One has

IITI(O, u) — IO, V)|l 220,11

= ( fo ITI(6, u)(s) — TI(6, v)(s)Pds)?

=« f nlsin u(s) — sin v(s)|*ds)?
0

< K(foir ju(s) = v($)ds)* = Kt = Vil (5.3)
Moreover,
ILI(E + 27, u) — TL(O, )| 12(0,7
= fo IO + 27 1)(s) — TG, w)()Pds)* = . (5.4)

Relations (5.3) and (5.4) leads to (HII), where h(6) = k and h,(0) =0, 0 € J.
Next, for any i € N, let g; : [¢;, 5;] X E — E, be defined as:

8i(6,u)(s) := /l(Siir; 16) u(s) ;(0,u) € [t;, s;] X E, s € [0, 7], (5.5)

where A is a positive real number. Then,

A(cosis;)

gi(si,u)(s) := u(s);u € E,s € [0,r],i € N.

Obviously, g; is bounded on bounded subsets. Note that, for any i € N, any 8 € J, and any u,v € E, we
have

(}i_)f})lo(”gnm(@ + 21, u) — gi(6, u)||L2[o,n])2

1—00
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- lim f (Giam(6 + 27, 10)(5) — g0, ()P

_ (l}i_:%/lzf |(51n(z+lz)-('_9n—:)227r))u(s) (smzi€2)u(s)|2d

Y. %1: n f |(Sln(l( :r+mn)§gu(5) (sinig)u(S)lz J

< 40 h:rg ") (11(2)2 + MEZS)Pds

< hm— f Iu(s)lza’s— ||u||L2[O”] 0, (5.6)

and

. 2
}ng(”zgz{m(si +2m,u) — 81{(55, M)||L2[o,n])
T

= lim |gl+m(s, + 21, u)(s) — gi(si, u)(s)lzds

— Plim f |(cos(z + m)(s; + 2m)u(s) (cos is.i)u(s)lzds
i—00 I1+m l
_ Clim |(cos(z + m)s;)u(s) (cos is‘,-)u(s)|2ds
i—00 i+m i
< 421im f B ”(S) ”(S)
< llgg Tf lu(s)|*ds hm ||u||L2[0n] 0. 5.7
In addition,
llgi(0, u) — gi(0, V)|l12(0.7
_ /l(fﬂl(sm i?)u(s) B (sin i?)v(s)|2ds)%
0 l2 12
< Al —=vll, (5.8)
and
”gll'(si, u) — 8;(51', V)||L2[O,7r]
_ /l(fﬂl(sm i6")u(s) _ (sin i?)v(s)lzds)%
0 l l
< Al —vl. (5.9)
Furthermore,
(siniB)u(s) 1
llgi (8, llr210.) = ﬂ(f |—|2ds)2 < Afull, (5.10)
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and
7 (cosiB)u(s
g G )l 2001 = AC f |%|2ds>% < Al 5.11)
0

As a result of relations (5.6)—(5.11), (Hg;) is satisfied where N = N = A and x; = x, = 4. By
applying Corollary (1.1), we conclude that Problem (1.1) has a unique S —asymptotically 27r—periodic
mild solution provided that

A1 + w) + 2kLB(q,q) < 1, (5.12)

where A, I1, g; are given by (5.1), (5.2) and (5.5), respectively, and L appears in (3.9). By choosing 4
and « sufficiently small, we can derive (5.12).

Example 5.2. Assume that A,a,q, E, m, w, J, s;, 0;, i € N are as in Example (1.1). Let Z be a non-
empty convex compact subset of E, L, : J — J be a measurable bounded almost everywhere function
such that Limy_,..L1(0) =0and F : J X E — P.(E) be a multi-valued function defined by
L6 sin 6
FO,u) = Mz;(e,u)eJxE, (5.13)
o (1 + ||l
where o is a constant such that Sup{ ||z| : z € Z} < 0. Clearly, for everyu € E, 0 — F(6,u) is
strongly measurable and, for any x € PC(J, E), the function f(6) = %Zo, Zo € Z is locally
integrable, and f(0) € F(0, x(0)), 6 € J. Moreover, using (5.13), for any u,v € E and any 0 € J, we
have

. [luall [Vl
H(F(0,u),F(0,v)) < Li(®)|sind)| |(1 T ||v“)|
< Li@)lu—-vl, (5.14)
H(F(O + 2r,u), F(0,u)) = 0, (5.15)
and
sup ||F'(6,0)[| = {0}. (5.16)

feJ

Then, from (5.14)—(5.16), it follows that assumption (HF) is verified where L,(0) = 0(0) =0, 0 €
J. Thus, applying Theorem 1.2, Problem (1.2), where A, F, g; are given by (5.1), (5.13) and (5.5),
respectively, and L appears in (3.9), has an S —asymptotically 2r—periodic mild solution provided that

A+2rA+ 2L, B(g,q) < 1,

where A, is a positive number such that |L;(0)| < A, a.e. for § € J.
6. Conclusions

Because, in some works, it was demonstrated that there are no non-stationary periodic solutions of
fractional differential equations, studying the existence of S -asymptotically w-periodic solutions for
fractional differential equations is necessary and important. Sufficient conditions that assure the

existence of S-asymptotically w-periodic solutions for non-instantaneous impulsive semilinear
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differential equations of order 1 < @ < 2 and generated by the infinitesimal generator of a strongly
continuous cosine family of bounded linear operators have been obtained. Also, the case when the
single-valued function in the right-hand side is replaced by a multi-valued function is investigated.
Examples are given to demonstrate the possibility of applicability of our results. Moreover, our results
generalize the obtained one in [12] into the case where the order is 1 < a < 2, there are
non-instantaneous impulse effects, and the right-hand side is a multi-valued function instead of a
single-valued-function. Furthermore, our technique can be used to extend many problems that are
considered in the literatures such as [13, 15-17, 20-25, 27-29] to the case where there are
non-instantaneous impulse effects and the right-hand side is a multi-valued function instead of a
single-valued-function.
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