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1. Introduction and preliminaries

For about a century, there has been enormous investigations concerning the existence of fixed points
of nonexpansive operators. For some examples, we refer [4, 5, 15,23]. This research is motivated by
the contraction mapping principle due to Banach [3]. Following the publication of Banach fixed point
(FP) theorem, more than a handful of related developments have taken place (e.g., see [1,6,11, 19,20,
25,27]). Along the line, the examination of new spaces has been an active project in the mathematical
community. In particular, the idea of modular spaces, as an extension of metric spaces (MS), was
initiated by Nakano [22] and was built further by Koshi [13] and Yamamuro [28]. However, deeper
developments of these concepts are in respect of Musielak [21], Mazur [17] and their co-investigators.
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In 2008, Chisyakov [7] launched the notion of modular MS induced by F-modular, thereby, coming up
with the theory of MS generated by modular, which was later named as modular MS in [8]. Recently,
Reich and Alexander [24] coined an interesting concept of a generalized metric space (MS) which is
an improvement of both the ideas of a modular space and of a MS. They established a new FP result for
Rakotch type contractive operator which takes a closed subset into the ground space [24]. In general,
the theory of modular metric spaces has enormous applications in areas such as electrorheological
fluids, economy, engineering, approximation theory, and many emerging fields. For some known
results on this topic, the reader can consult [10, 18] and the references therein.

Following the new idea in [24], we notice that a host of FP results for a significant number of known
contractions are still awaiting to be investigated. Whence, by availing the properties of a generalized
metric and modular spaces, we analyse in this paper, new criteria for the existence of a FP for weakly
type contractive operators. Our obtained result complements the idea of [24, Theorem 4.1] and some
references therein.

Hereafter, we gather specific basics of modular spaces, modular MS and related ideas needed in
the sequel. For these preliminaries, the reader can follow [12, 14,21, 24,26]. Accordingly, let " be
a vector space over the field ® (® = R or C). The functional  : T — [0, +0o0] is called a modular
(cf. [12,14,26]) if the following properties are obeyed:

(ml1) n(x) = 0 if and only if x = 0;
(m2) n(Ax) = n(x) for all x € T, and A € ® with || = 1;
(m3) n(Ax + By) < n(x) + n(y) for each x,y € T, and each 4,8 > 0 obeying 1 + 5 = 1.

Remark 1. Note that 77 is a non-decreasing function. In other words, assume that 0 < A4 < 8. Then, it
follows from Property (m3) with y = 0 that n(1x) = n (ﬁ(ﬁx)) < n(Bx).

A modular 1 defines a corresponding modular space, that is, the vector space Y, given by:
T,={xeY:nlax) — 0asa — 0O}.

Let n be a modular defined on a vector space . The modular 7 is said to obey a A,-type condition if
we can find a number € > 0 such that

n(2x) < Qn(x), x € 1, (1.1)

Khamsi et al. [12] studied a modular function L,(which is a special case of a modular space) with a
modular 7 fulfilling a A,-type criterion. They ( [12]) noted that if w is a point-valued mapping of a
closed subset F of L, such that for some y € [0, 1),

n(w(x), w(y)) < yn(x,y) Vx,y € F,
and such that there exists xy € F obeying
sup {20 (x0)) : k= 1,2,+++} < +oo,

then w possesses a FP.
Suppose that 77 is a modular defined on a vector space Y. For each x,y € T, let

u(x,y) = n(x —y).
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Obviously, u(x,y) = 0 if and only if x = y and u(x,y) = u(y, x). Suppose that n satisfies the A,-type
condition (1.1) with a number Q > 0. Then for each x,y,z € T, we get (cf. [24])

px,z) =nx—z) = nl(x—-y)+ @ -2)
nRQ'x-y+2'(y-2))
Q2 ' x -y +27'y-2)
Qm(x—y)+n(y —2)
Qu(x,y) + pu(y, 2)).

Reich and Alexander [24] launched the idea of a generalized MS in the following way:

IANIN

IA

Definition 1.1. [24] Let Y be a nonempty set, u : Y2 —s [0, +o0], Q > 0, and for each x,y € T,

(gl) u(x,y) =0if and only if x = y;
(82) p(x,y) = u(y, x);
(g3) p(x,2) < Qu(x,y) + u(y, 2)).

Then, the pair ((, ) is called a generalized MS.

For each x € T and r > 0, take

By(x,y)={yeY:pulxy <r}
We endow the space T’ which is uniformly determined by the base
U(e) = {(x,y) € T*: u(x,y) < €,€ > O}, (12)

This space can be metricized (by a metric fi (cf. [24])). In like manner, we endow the space I’ with the
topology generated by this uniformity and assume that the uniform space is complete.

Using the above preliminaries, Reich and Alexander [24] proved the following FP theorem for a
Rakotch type contractive operator.

Theorem 1.2. [24, 4.1] Let F be a nonempty closed subset of (" and the mapping w : F — Y obeys
the conditions

u(w(x), w(y)) < e(u(x, y)u(x,y),

for each x,y € T fulfilling u(x,y) < +oo, where the function ¢ : [0, +00) — [0, +00) is non-increasing
and satisfies ¢(t) < 1 for all t > 0. Suppose that for each integer n > 1, there exists a point x,, € F such
that w"(x,) exists and is contained in F, and that the set

G={'(x,):n=12,---andie{0,--,n}}

is bounded (that is, sup{u(x,y) < +oo, for all x,y € G}). Then w has at least one FP in F.
Definition 1.3. Let (7, ) be a MS. A mapping w : T — 7 is said to be weakly contractive, if for all
x,yeTYT,

plwx, wy) < p(x,y) = Fux, y)),

where 9 : [0, +00) — [0, +00) is a continuous and non-decreasing function such that ¥(0) = 0 and
lim ©¥(¢) = +c0.

t—>+0o0
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In 1997, Alber and Guerre [2] established that every weakly contractive mapping defined on a
Hilbert space is a Picard operator. Rhodes [16] showed that the corresponding result is also true when
Hilbert space is replaced with a complete MS. Dutta et al. [9] improved the weak contractive condition
and presented a FP theorem for a single-valued mapping which, in turn, extended the principal results
in [2,16].

2. Main results

We employ the fundamental concepts recorded in Section 1. Suppose that 9 : [0, +00) — [0, +00)
is a non-decreasing function such that

?(0)=0and lim ¥(r) = +oo.
t—>+o0

Hereunder, we establish a FP result for a weakly type contractive operator which takes a closed subset
into the ambient space.

Theorem 2.1. Let F be a nonempty closed subset of " and let the mapping w : F — Y satisfies

Hw(x), w(y) < ux,y) —Hu(x,y)), (2.1)

for each x,y € F. Suppose further that for each integer n > 1,there exists a point x, € F such that
w"(x,) exists and is contained in F, and the set

G={'(x):n=12---,i€{0,--,n}}

is bounded. Then there exists a point u* € F such that w(u*) = u*. This invariant point is unique
provided u(x,y) < +oo.

Proof. Set w’(x) = x,x € F, and let

Qo = sup{u(y,2) : y,z € G}. (2.2)

Observe that the assumption w"(x,) € F implies that the set G is well-defined. Let € > 0 be given, and
pick a natural number & such that
k(e) = 1+ Qoid(e) ™" (2.3)

Let n;, k;,i = 1,2 be integers fulfilling
k(e) <k, i=1,2. 2.4)
Obviously, w*i(x,,),i = 1,2 are well-defined. By (2.4), we get
(W (), 02 (3,)) = (@ (W17 (x,))), 0T (). (2.5)
Claim: We can find an integer j € {0, - - - , k(€)} such that
(@' (@O (x,))), W0 (W THO(x,,))) < € (2.6)
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Assume contrary that (2.6) does not hold. Then, for all j € {0, --- , k(e) — 1},
(e’ ("9 (x,))), 0 (0O () > €. (2.7)
By (2.1), (2.2) and (2.7), we obtain

(@M (@O (x,,)), @ (@O (x,))

(@ (@O (x,)), 0 (0O ()

8 (1 (MO (), 0 (@O (x,,)))
p(0 (@O (x,), 0 (@ (x,,))) - D(e)

IA

IA

and
(e’ (@ (%), w0 (0O () — (@ (W THO(x)), 0 (WO (x,,))) > De). (2.8)
From (2.2) and (2.8), we have

Q > u ( WO (x, ), WO xnz))

H (a)kl —k(e) (an ), wkz_k(E) (xnz)) —H (wk] ('xnl ), wk2 (xnz))
k(e)—1

Z [u(wj(wkl —k(e)(xn] )), a)j(a)kz_k(e)(xnz)))
j=0

W%

_ﬂ(wj+1 (wkl —k(e)(xnl ), w't! (wkz—k(é)(xn2 W]

H(e)k(e),

2

from which we have k(e) < Qy¥(e)~!, a contradiction to (2.3). Hence, we deduce that there exists
j€{0,---,k(e)} such that (2.6) is valid. Now, take

t
9(r) = 5 forall r > 0. (2.9)

Clearly, ¥(0) = 0,lim,_,, #(¢#) = +o0o and ¥(¢) is non-decreasing for all ¢+ > 0. Therefore, (2.1)
and (2.6) give

MWW%J@ﬁQwDSE—§<a

for all integers k;, n;,i = 1,2, obeying k(e) < k; < m;,i =1,2.
For each integer k > 1, let G be the closure of the set

{wP(x,) : n > kis aninteger and p € {k,--- ,n}}. (2.10)

We have demonstrated that the diameter of G (with respect to the metric 1) approaches zero as k —
+o0. It follows that there exists u* € F such that

ﬂGk = (u"). 2.11)
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We now show that u#* is a FP of w. For this, let € > 0 be chosen. Then, by (1.2), there exists k > 1 such
that

G X G C O(e). (2.12)
Using (2.11) and (2.12),
u*,z) <e, ¥z € Gy. (2.13)
Availing (2.10) and (2.13), yields
p(u', M (xa1) < € p(u’, ' (xe)) < € (2.14)

Considering (2.1), (2.9) and (2.14), we get

A

W), o () < pt, 0 (ga0) - Hu®, 0 ()
< €-— g < €.

Whence,

p', o)) < Q(u, 0 () + p@ (), )
< 2eQ.

Since € > 0 is arbitrary, we infer that w(u*) = u*.
By applying (2.9), if u # u” are two FPs of w, then we realize that

plw(u), w(u”)) < p(u,u”) — Hu(u, u))
p(u, u”)
>

uu, u)

is a contradiction. Consequently, u* is the unique FP of w provided u(u, u*) < +oo for all u,u™ € F.
O

In the study of weak contractions, the following observation is common.

Corollary 1. Let F be a nonempty closed subset of U and assume that there exists A € [0, 1) such that
the mapping w : F — Y satisfies

pw(x), w(y)) < Au(x, y), (2.15)

for each x,y € F. Suppose further that for each integer n > 1, there exists a point x, € F such that
w"(x,) exists and is contained in F, and the set

G={'(x):n=12--,i€{0, - ,n}}

is bounded. Then w has a FP in F. Moreover, this FP is unique provided u(x,y) < +oo.
Proof. Take 9(¢) = (1 — A)¢t for all > 0 with A € [0, 1) in Theorem 2.1. O

In the following, we provide a comparative example to support the hypotheses of Theorem 2.1.
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Example 2.2. Let
1 1
T:{xeR:Ostz}U{xeR:§<xsl}

and F = T\ (%, 1]. Suppose that u(x,y) = @, for all x,y € Y, where ¢ € (0, 1) and the modular n
obeys the A;-condition with the constant . Define the mappings w : F — T and ¢ : [0, +o0) —
[0, +00), respectively as follows: wx = x?, for all x € F, and 9(¢) = (1 — )t for all ¢t > 0. Clearly,
0 = ¥0) and lim,_,,, ¥() = +oco. Note that if x = 0, the validity of (2.1) holds trivially. So, for

0<xs%,wehave

wox,wy) = é[n(wx e %[n(xz ~ )
- %[n((x S < %[n(x ~y)]
< 512[77(2(2_1(96 —y) + 27y = y)]
< é%[n@—l(x —y)+27 (= )]
< én(x —y) = {u(x,y)

= ux,y) — 0= Dulx,y)
= ,U(xa}’)_ﬂ(ﬂ(xa)’))

That is, Eq (2.1) holds good. It is now easy to see that all the conditions of Theorem 2.1 and Corollary 1
are satisfied. Therefore, there exists a unique u* = 0 € F such that w(0) = 0.

We observe that in Corollary 1, the mapping w is not a contraction mapping on Y, in the sense of
Banach [3], since with the Euclidean metric u on [0, %],
o = ¥?] = 1(x = y)(x + )l
|x —y| > Au(x,y), YA € [0, 1).

pH(wx, wy)

We notice also that Theorems 2.1 and 1.2 do not coincide, since, by our definition, there exists some
t. > 0 such that 9(¢,) > 1.

3. Conclusions

In this article, a fixed point result (Theorem 2.1) for weakly contractive type operators defined on
a closed subset of a generalized MS has been discussed. A comparative illustration (Example 2.2)
is set up to support our assumptions, and to indicate that Theorem 2.1 does not coincide with its
analogues in the existing literature. The obtained result herein can be investigated and advanced via
other contractions such as Reich, Meir-Keeler, Caristi, Kannan, Chatterjea, Zamfirescu, Hardy-Rogers,
Presi¢ contractions, to mention but a few. In addition, the contractive inequality (2.1) can be employed
to examine new criteria for existence of solutions to integral/differential equations of either integer or
non-integer orders.
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