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Abstract: The study of expansions of certain mock theta functions in special functions theory has a
long and quite significant history. Motivated by recent correlations between g-series and mock theta
functions, we establish a new g-series transformation formula and derive the double-sum expansions
for mock theta functions. As an application, we state new double-sum representations for certain mock
theta functions.
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1. Introduction

Throughout this paper, we use the standard g-series notation in [5]:

@qo=1, @qn=]]0-agHn=123....

k=1

We also adopt the following compact notation for multiple g-shifted factorials:

(al, az, - ,qp, Q)n = (Cl] 5 Q)n(a2; q)n e (am; Q)n’

where 7 is an integer or co.
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The basic hypergeometric series ,¢, is defined by

ay -, a (@ Pal@as Q- (ars @) @]
r®Ps 14,2 = 1
¢ b . by 7 ] 4 (@ubr: ) (b @) [=1ra?)]

The theory of mock theta functions is a very important research area of the theory of the basic
hypergeometric series. Mock theta function was first introduced by Ramanujan in his last letter to
Hardy [24]. Ramanujan listed 17 mock theta functions and called them orders of 3, 5 and 7. But
he did not say explicitly what he meant and did not also give exact definition of order. Until now,
exact definition of order has still not been given. The study of mock theta functions has attracted many
experts and scholars. Recently, Patkowski [21] gave some new expansions for Ramanujan’s 10th-order,
7th-order, and 5th-order mock theta functions %,(¢*), ¢(¢*) and y,(g*) by establishing some new Bailey
pairs. In [19], Lovejoy and Osburn used Bailey pairs and Bailey transformation to obtain many mock
theta functions in terms of g-hypergeometric double sums and gave connections to known single-sum
mock theta functions. Then, Zhang and Li [25] derived some similar nice mock theta double sums
by the same method on the previous basis. Patkowski [22] obtained double-sum expansions for mock
theta functions of Andrew’s third-order ¢,(¢) Ramanujan’s 7th-order ¢(q), and 10th-order %5(g). Some
more recent investigations on this subject can be found in [9, 10, 17, 18].

As an example, double-sum expansion for 10th-order mock theta function #,(q) is restated as
follows [22, Theorem 2.2, (2.13)]:

(_l)jq2n2+2n+j2+j

Z Z (=4 Donr1(q% GIn-1(g%; g2 j(1 — g>7+1)

n>0 n>j>0

= F2(q°),

2+n

where T0) = )y et

n>0
In this paper, we make use of the following mock theta functions.

The second-order mock theta functions (see [20]):

g (-¢* q%)
Alg) = Z (g; q)n+1

Z q"(-¢;q%)
(q; qz)m

(~1Y'q" (q; ¢*)n
ug) = .
; (4% ¢*)2

The third-order mock theta functions (see [7]):
(o] qnz

P(q) = Z W,

w(g) = Z ”

n=1
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> qn2+n
v(q) =
1 Z:(; (=4;4")n+1

The sixth-order mock theta functions (see [3]):

> -1 n-1 n? . 2n—
"06(61)22( " d" @
n=1

(=4; @an-1
o (D' (g 4D
¢6(Q)_HZ_; 4@

p(q)

b

i q""V2(—q; q),
~ (@

N (=4: @)
O'(CI) — q(n+2)(n+1)/2 )
; (4 47)n+1

For more details about mock theta functions, the readers can refer to [1-4,6,7,23,24].

Based on the above research results, we continue to do some research on double-sum expansions
for mock theta functions in this paper. The rest of this paper is arranged as follows. In Section 2, we
first provide a new g-series transformation formula in terms of series rearrangement method. And then
as applications, some new double sums for certain mock theta functions are given.

2. Main results

In this section, we give some double-sum representations for certain mock theta functions. First, in
the following Proposition 1, we establish a new g-series transformation formula by means of g-series
rearrangement.

Proposition 1. For|qg| < 1 and |aab| < 1, we have that

i (¢*/a, —1/q; ¢*)n(aab)"

pr (@q®, X;G*)n
_ (aa,ab;gd)u i (1 - ag™)(@. ¢*/a, ¢*/b; ¢*)u(—aab ) 'q" "
~ (aq?, aab/q?; ¢P)e L (1 - a)(q*, aa, ab; ¢*),

n —211’ Zn, -1 : 2N Ak
o Z (g™, aq 19,9 g ' 2.1)
k=0

(@%b, ag?, A; ¢*)

Proof. In terms of series rearrangement, the right-hand side of (2.1) equals that

i i (1 — ag*)a, ¢*/a, @ |b; ¢P)u(—aab]g*)'q" " (g, aq®™, A/ q; ¢ g™
=0 = (1 - a)(g*, aa, ab; ¢*), (@b, g, A; ¢l
_ i i (1- Cu[4n+41’<)(a,, q2/a’ qZ/b; qZ)n+k(_a,ab/q2)n+kq(n+k)2—(n+k)

k=0 n=0 (1 = a)q?, aa, ab; ¢*)nk
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(q—2(n+k)’ a,q2(n+k)’ —/l/q; qZ)kq4k
(4*/b, aq*, 4; ¢*)x
Z (a,q %/a, -1/q;q Ve —aab)qu2+k i (1- a/q4”+4k)(a/q2k,q2k+2/a, q2k+2/b;q2)n
(¢%, aa, ab, aq?, 4; )i (1 = a)(g***2, aag®, abg™; ¢*),

2(n+k) 2(n+k). ab)" qn2+2nk—3n

X (g7, ag?"™; ¢ )(~a
_ i (1 = g™/ ~ )G U Pk i (g™ ¢*)(1 - g
(1 - a)(aa, ab, aq?, A; ¢*) — (g% (1 - ag™)

(q2k+2/a’ q2k+2/b; qZ)n aab 5

——)"g" 22
(@ag®, abg%igy @ 22

4n +4k)

Letg — ¢* a —» ag™,b —» ¢***/a,c - ¢****/b,d — oo in the following sum of a very-well-poised
c9s series [5, I1.20]

a, qal/z, —qam, b, c,
| @2 —al? agib, agle, ag/d
_ (aq,aq/bc,aq/bd, aq/cd; q)o
(ag/b,aq/c,aq/d,aq/bcd; q)s

Then the second term of the right-hand side of (2.2) gives

1q,aq/bcd

(2.3)

(g™, aab|q*; ") (aq’,@ab|q’; ¢ (aa, ab; q*);

(@ag*, abg®;¢?)e ~ (aa,ab;¢P)e (g% ¢P)u
The right-hand side of (2.2) yields

(@q?, aab/q; 4P e ~ Z (1 —aq™)(@*/a,q* /b, -] q; ¢*)i(@; ¢*)ax aab)k((w’ ab; ¢
(aa, ab; ¢*)w (1 — @)(aa, ab,q*/b,aq?, A; ¢*)x (@q?; ¢*)ox

) b 2; 2 00 - 2 ’ - b; 2
_ (aq’,aab/q’; ¢) 3 @ /@, =A/b3q )k k.
(aa, ab; q*)e (aq?, ; ¢*)x
After some simplifications, we derive our desired result. This completes the proof. O

Next, as applications of the identity (2.1), in the following theorems we give some new double-sum
representations for certain mock theta functions.

Theorem 1. The following double-sum representation for the second-order mock theta function A(q)
is true:

( q q) Z Z ( 1)n+k n?+k>—2n+3k— 2nk(l _ 4n+1)(q q2)n+k(_q2;q2)2
2 00 n

Alq) =
@ TG e = DG Pk~ (4% GG ¢k

(2.4)

Proof. Leta=b=-1,a=¢q,4=01n(2.1). Then, we derive that
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(_ l)nqnz—Zn

(4¢P Z (1 -¢"")q. qz,—qz;qz)n
@475 47 (1= 9)4¢* =4, =4 4>

Z (q 2n+l’q2) q
(=% 4% ¢

Multiplying both sides of the above equation by l%q and after certain simplifications, we get

Z( 7 g™
(CI C] )n+]
A 8N il—q“’”1 (q;qz)n(—qz;qz)i(_l)nqnz_zn
1-9(q:¢9% <= 1-q (@949
Z (q—Zn 2n+1. : qZ)kq
(=4 4*; 4%
B 2(_q;q2)go Z Z (- 1)n+k n?+k2—2n+3k— 2nk(1 _ 4n+1)(q qz)n+k(_q2;q2),2,
(@)% &5 Q=D@a)n(—q (-a* aI@: ¢

This completes the proof of the identity (2.4).

By taking a = —g,b = —qg”', @ = ¢, A = 0 in (2.1), we deduce the following identity

Corollary 1. The following double-sum representation for the second-order mock theta function B(q)
is true:
2qC (=% 4))% Sy (—1)rhgr e 2md2nk (] — g4 1)1 @)= 5 (= s

B(g) =
P G L L (1= (@ P~ L P i

(2.5)

Taking @ = —1,4 = —¢>,b = —q"',a — 01in (2.1), we can also attain the identity (2.6) for the
second-order mock theta function u(q)

Corollary 2. The following double-sum representation for the second-order mock theta function u(q)
is true:

Hig) = N D gt A G T Y G T N O
24 4w (% 4n—(q™"s gn(=4% D=3 @i

n>0 n>k>0

(2.6)

For certain third-order mock theta functions, we can also gain the similar conclusions as follows.

Theorem 2. The following double-sum representations for the third-order mock theta functions
o(q), ¥(q), v(q) hold true:

_ 0+ 9g ) (-1 4" NG5 4)ne (=475 )n
= (43 4*) ZZ(; nzzkzlo (1 = (@ @Pn-r(=q7"5 4Pn(=4% ¢);

272
)n+kq2n +k —3n+3k—2nk(1 _

(2.7)
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q( @) (= 1yrHh gtk (| g4ty (g ), (=625 P
W(g) = Z Z

2.8

TGP A T PG O O P -
2(_q2;q2)oo ( 1)n+kq2n 2 4+k2—2n+3k— 2nk(1 + q4n+1)( q qz)n+k(q q )n

= 17/ 2.9

= ZO;) (T + D@ Pur L a5 29

Proof. For (2.7), takinga@ = ¢!, 1 = —¢*,b = —1,a — 01in (2.1), we attain that

o (—q2;q2)
( q >q )oo - 4n l(q —6] q )n n 2n2-3n ( gt 1;q2)k Ak
(G e Zl— -1 (g2 - q)( g Z(q,—q Sk

4n 1( 1)n+k 2n2+k2-3n+3k— 2nk(q—l

_ 0+ 944w k(=" ¢
- (4: %) Z;{;@ (% @Pn-1(=q7"5 4)n(=4% 47, '

This completes the proof of the identity (2.7).
For (2.8),seta = ¢,4=0,b =—1,a — 0in (2.1). We deduce that

n 242n

Z (@5 g*)n

e 0 L= =0 a0 (4
(@ P A (=@ =4 D Z
_ & qq)mZ Z( 7 (45 @ nri(=4; q)n

(@) S S (q s 4P n-i(=43 G*)n
(- 1)n+k q2n 2 +k?—n+3k—2nk

—2n 2n+1 2
-q )k Ak

(q )"

(4% 4% ¢
Multiplying both sides of the above identity by %{, we get the following double-sum representation
for the third-order mock theta function ¥/(q):
n 24+2n+1 . 42
_4(-4;9 ) ) (@ sk (=43 @ In
Y(q) = = (1-
Z (q qz)n+l (q’qz)oo ;n;O (61 aqz)n—k( —-q; qz)n

(-1 )n+k q2n2+k2—n+3k—2nk

(=4% ¢ (g5 Gt
This completes the proof of the identity (2.8).
For (2.9), taking @ = —¢,4 = 0,b = g~',a — 01in (2.1), we obtain that

i n 2in (_1;q2)m Z (1 + q4n+1)(_q’ q3;q2)n(_1)nq2n2—2n
L3P (g5 P (1+q)g* —1;¢%)n
—2n _ 2n+1;q2) q4k

(q
. 2.10
XZ (q,—q q°)k (2.10)
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Multiplying both sides of the identity (2.10) by ﬁ and after applications as seen above, we get our
desired result (2.7). Thus we complete the proof of Theorem 2 by obtaining the Eq (2.9). O

Theorem 3. The following double-sum representations for the third-order mock theta functions
Ye(@), #6(q), p(q), 0(q) hold true:

44 P )w Z Z (=12 =320k (1 g g4y (g3 ),0ai(gs gn(@Ps 4

Ye(q) = (2.11)
R O e (4% @Pnt(@ D=5 Pou(=; Qe
bo(g) = T Sy (DA 4 g Y g Pk (—0 I 4 2.12)
° ¢ L S, (1 + g% ¢®)ni(q ™ ¢*)n(~q; 9)2,
() = 2T D)= 439" Sy e O (G Y 9 VY A MO 2.13)
(P L (0% 4Pn-(=15¢*)n(q*; Doi(q* g i1
2 o 1 n+k 2n 24 k2 +3k—2nk 1 An+1N(_ 4 A2 " 2; 4 " 4; 4
G(qz)_q(qq) ZZ( ) A+ g g )@ a5 a5y

4w 2 (@75 @+~ D2n(q*; ¢i1(q5 @k
Proof. For (2.11),seta = —q,A = —¢*,b = —1,a — 0 in (2.1). Then we obtain

2—11

i @D (@) Z (1+4¢") (4. ~¢*: 4")ng™
(4>, =4* ¢*)n ( —4 4o (1 +9)XG* 4:9*)n
= (g 434 ng™
k:O (—q =G =45 G

—2n _ 2n+1
X

After suitable simplifications, we derive

i (q, q2)n(_l)nqn2+2n
(=4* @

_ (@) Ty (DA + g (g3 Pnila I 6
T PP S A (@3 41> D2n(—@; Dok (=G Doges

Multiplying both sides of the above identity by -, we deduce that

Z (q qZ)n(_l)nqn2+2n+l
pry (=43 Ponn1

4GP Ty (= D32k 4 g (— s 2)ilgts 7@ g
T Cade S A (@3 4n-1(q: Don(=3 Dok(=; D1

This completes the proof of (2.11).

For (2.12),seta = —q"',A = —¢*,b = —1,a — 0 in (2.1). After some simplifications, we attain the
identity (2.12). Therefore, we omit the proof.

For (2.13), taking @ = —¢, 1 = ¢°,b = g”',a — 0 in (2.1) and after some simplifications, we get
that

()

Zq” (—q%; q°)
(4% q*)n

n=
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2n2-2n 2n+1

_ L) Z (A +4"")(=4.4’:4)ng (g = g™
T P & (1 +q)g* ~1;¢)n o (q ,—q3,q3;q2)k

_2-4%4)w Sy (1) 2Bk () 4 gty (g 6Pk PIn(—4% 4P
=@ 4D & S (1 + (g% gn-+(=1567)n(q*; ¢Di(q® ¢* )

Multiplying both sides of the above identity by 1—+;2 and through a mass of complex computations, we
find the following double-sum representation for the sixth-order mock theta function p(g):

iq” (=q* q)
(g% q)n+1

n=0

_ 2= Sy (=g g (= ¢P)nek(@ It 4
(Do LA (% @n-+(=156)n(@* P2u(G*; g1 '

This completes the proof of the identity (2.13). For (2.14), take @ = —¢, A = ¢,b=¢q,a— 0in (2.1).
Then we have that

(o)

Z q" (=% ¢
(4% q*)n

n=

—2n _ 2n+1

(e Z (1 + " (=g, ¢; P)(~1)"¢*" < (g =G a
() L (1 + 9> =% ") e (q, —4, 4% ¢
4)k (-1 )n+k q2n2+k2+3k—2nk

_ (%) Sy (1 + 4" N)(=¢; 4")nilq’ g)alg*s g
TP S A (1 + 9)(@* ¢)n-+(=4; D2(q%; 4(q; D

In order to get our desired result, we multiply both sides of the above identity by ;. Thus, we have
that

(o)

Z qn2+3n+2(_q2;q2)n

(qz' q4)n+1
) Z Z (= 1Yk ek (] g g4y (— g P)in(@Ps g Dah g
o A (0% @)+ (=3 D2a(q%; @ ir1(q5 Dok

n=

3. Conclusions

Basic (or g-) polynomials and (or g-) hypergeometric functions are particularly applicable in many
diverse areas of mathematics, physics and other sciences. Here in our present investigation, we have
motivated by the work of Patkowski [22] and have studied the double-sum expansions for mock
theta functions. Then in terms of series rearrangement method, we have established a new g-series
transformation formula. As an applications, we have derived some new double-sum representations
for certain mock theta functions.

AIMS Mathematics Volume 7, Issue 9, 17225-17235.
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Studies of the special functions and g-polynomials are widely using in different branches of
mathematics. For example in [11], by make use of certain g-Chebyshev Polynomials, certain subclasses
of analytic and bi-univalent functions have been defined systematically. Just like the class defined
in [11], one can define a similar class by taking this newly established g-series transformation formula
instead of g-Chebyshev Polynomials. These kind of investigations can also be found in [8, 12-16].
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