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1. Introduction

In this section, we will give the basic definitions and concepts that we need for other sections.

Assume that w is the set of all complex sequences v = (v),-, and ¢, ¢ and ¢, describes the Banach
spaces of sequences and normed by ||[V||., = sup; [vi|.

In 1981, the difference sequence spaces E (A) were proposed in [1]. These are Banach spaces
with norm:||v|[, = |vi| + ||Av|| . He showed that E C E (A), since there exists a sequence vy = (k)
(k = 1,2,3,...) for which Av, = 1, so that although v is not convergent but, it is A-convergent. Later,
Et and Colak [2] defined generalized difference sequence spaces. Recently, Toan [3] introduced A7 and
discussed the concept of p-convexity of this difference sequence.

Later on, Karakas et al. [4] defined and discussed some basic topological and algebraic properties
of the sequence spaces E(AZ’) for E = €., c and ¢y, where p,m € N, A,y = (pvg — vii1) and AZ’V =
(A?Vk) = i;()(—l)i(’:’)p’"‘ivk+i. In the case v € E (A?) (for E = £« c and ¢o) , we call A7'-bounded, A”'-
convergent and A7'-zero, respectively. The sequence spaces {w (A;’,’) ,C (AI';’) and cy (Al’f) are Banach
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spaces with norm
m
— m
Wlay = 25l + 5.
i=1

The statistical convergence was discussed in [5] firstly. Later, this idea was given by Steinhaus [6]
and Fast [7] for complex number sequences. Recently, many mathematicians have studied the
topological properties of this type of convergence and its relation to summability (see [8—10] ).

We describe the natural density of a subset C of N as:

1
0(C)=1lm-|{k<n:keC},

n—oo \

if the limit exists, where |.| is cardinality of set C.

Let v = (vi).; be a sequence of complex numbers.The sequence v is statistically convergent to
complex number ¢ if, for every positive number &, 6 ({k € N: |v, — €| > &}) has natural density zero. We
define ¢ as the statistical limit of (v;). Then, we have S, — limv, = £. We describe the spaces of all
statistically convergent by S . It is easily seen that the statistical limit is necessarily unique.

The ordered statistical convergence was presented by Gadjiev and Orhan [11]. After that Colak [12]
defined and studied the concepts of S-density and statistical convergence of order . Also, this has been
studied by many mathematicians in recent years (see [4, 8, 13]).

Lacunary sequence was described by Freedman et al. [14] as follows:

By Lacunary sequence ® = (u,); r = 0,1,2,3, ..., where uy = O,and h, = u, — u,_; — o0 as r — oo.
We denote by I, = (u,_1, u,] the intervals determined by ® and ¢, = ui‘jl forr=0,1,2, ...

Fridy and Orhan [15] have defined novel type of statistical convergence. In addition, the relationship
of this concept with summability was given by Fridy and Orhan [16]. Later, Lacunary statistical
convergence of order 8 was defined by Sengiil and Et [17] as follows:

Let ® = (u,) be a lacunary sequence, v = (1) € wand 0 < 8 < 1. Let there exsit £ such that for
€ > 0. Then, we can say that the sequence v = (v;) i1s S fb—lacunary statistically convergent of order £.

rlggéukelr =€ )l =0,
where I, = (u,_1, u,]. In the case, we write Sg —limvy, = ¢.

The definition of a modulus function is given by Nakano [18] as follows:

We assume that ¢ fulfils the following conditions

i) ¢(v) = 0 if and only if v = 0,

i) (v +v*) < ¢(v) + ¢(v*), for all v,v* > 0,

iii) ¢ is increasing,

iv) lirgl o(v) =0.

A nzlodulus function can be bounded and unbounded.

We will give information about fractional difference sequences.

Recently, the topological properties of fractional difference sequences were first studied by
Baliarsingh [19]. Later, different properties of fractional difference sequences were examined by the
same author and his colleagues (see for details [20, 21]).

Baliarsingh [19], Baliarsingh and Dutta [21] defined the generalized fractional difference
operator A* : w — w as follows:
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r 1
Av) = Z(— Y l,r(ff‘ - )1)% (1.1)

where ['(n) = f e~'t"dt.
0

In this study we acquired the following results by applying the A; difference operator on the Eq (1.1)
and the results of Baliarsingh and Dutta [21] studies:

[ee)
(A%y) = Z(_l)ip(a_i)—r(a *1) Viti
. . b
P Py iTa-i+1)
(A(Q)v ) — Z( l (a i) F(Q + 1) Vies
iTa-i+1) "
(o)
, v Il -
—-a _ i (—a-i)
(A, v = D (=1 p T e,
. i1 —a-1
i=0
(o)
, v Il -
(-a) — i (—a—i)
(AT = > (=1 p Vi
— i1 —-—a-i
Especially, for a = %, it procure that
1 -1/2 -3/2 -5/2 -12 -9/2 ~11/2
2., _ /2 r r )4 5p 7p 2lp
d Aka =p / Vi — 5 Vel — T3 Vit2 — 1 Vk+3 — Tiag Vk+4 — 356 Vk+5 T “joag Vk+6 T e
(%) _n p—1/2 -32 p—s/z 5p‘7/2 7p—9/2 21p‘”/2
b Ap Vi =P "V — 5 Vil — T3 V2~ 15 Vk-3 — T3 Vk—4 — 356 Vk=5 — “Joog Vk-6 T e
_1 -3/2 -5/2 -2 -9/2 ~11/2 ~13/2
2., — 172 p 3p 5p 35p 63p 231
e AV =p Py + 7 Vitl t T Vie2 t Ty Va3 T g Vs T 555 Viss T ooz Vi T
(-3) P 3p32 5p772 35p~92 63p~'12 231p~ 132
° Ap Vi = p Vk + —Vk 1+ Vi + 6 Vk-3 + 128 Vk—4 + 256 Vk=5 + ooz Vk-6 + ...

We define the operators, Az, Aﬁf‘), A;" and A(p_“) can be explicit as triangles as follows:

p? —pehg 22ee P Vete- ez
2! 3!
0 p° —p@ g p?ata-1)
2!
Ay=| 0 0 e —p@ g ,
0 0 0 P
p" 0 0 0
—pDg i 0 0
(a-2) _
A;oz) _ %!(“1) —p@ g P 0 .. |
_p("*)a(f;—l)(a—2> p“'*”;(a—l) P g p?
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(_a_l)a P Da(a+l) pCrIa(a+1)(a+2)

p p 21 3!
0 p_a p(‘“‘l)oz P Da(a+1)
s
A[—)a — 0 0 p—(x p(—(i—l)a ,
0 0 0 p
P 0 0 0
pe Dy P 0 0
_ P Da(a+1) (—a-1) -
AE) @) _ a2 asn (Pimz) all V4 0
p a/(gz!+ Ya+2) p z(gY(OH— ) p(—a—l)a, p—af

Note. Without loss of generality, we assume throughout that the series defined in (1.1) is convergent.
Moreover, if a is a positive integer, then the infinite sum defined in (1.1) reduces to a unite sum i.e.,

. T 1
A%p) = Z( y_Le+D

l‘F(af i+1) Vi

At the same time, when we take some notations of Ag and Ag’) privately, we see that we will obtain
generalized private operators as follows:
i) If @ = 1, p = 1 then the operator Az turns to A and (Avy) = v — V41, described by Kizmaz [1].

ii) If @« = m € N, p =1 then the operator A;‘; reduces to A™ and A™v = (A™vy) = )] (—1)j(7)vk+j,
j=0
described by Et and Colak [2].
iii) If @ = m € N, p € N then the operator Af, reduces to A7 and A7y = (A7vy) = X, (—1)j(7’)pm‘ka+j,
j=0

described by Karakas et al. [4].
iv) If @ = 1,p = 1 then the operator Af,,“) reduces to AV and (Avy) = v — v, described by
Malkowsky and Parashar [22].

v) If @ = m € N, p = 1 then the operator A’ reduces to A” and A™v = (A™v,;) = Z( D/,

=0
described by Et [23]. a

We organized this study as follows:

In the second part, we will define A7, AE,“) difference operators and examine some properties of this
operators.

In the third chapter, the concept of B. order statistical convergence for A7 difference sequences
will be defined and some topological properties of this convergence will be examined. In addition, S.
order lacunary statistical concepts will be defined and the relationship of this convergence with g.
order statistical convergence will be examined.In the last section, we define the relationships between
the Caputo derivative and the Riemann-Liouville derivatives using the difference operator A7. In the
discussion section, we emphasized the importance of the study.
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2. Main results

In this section, we will define the fractional difference operators A%, Af,,“), (@ € R) by making use of
the fractional difference operator, and we will give some properties of this operator.

Theorem 2.1. The operators E : w — w for E € {Ag, A(p“), ALY, Af,,_“)} are linear over C.

Proof. The proof of the theorem is easily illustrated by the technique used by Baliarsingh and Dutta
in [21]. Therefore, we have omitted. O
Theorem 2.2. We have

DAY oAy =A) oAl = A7

i) AY o AY = AY o AT = AJY.
Proof. The proof can be seen obviously from Theorem 2.1. Therefore, we have omitted it. m|
Theorem 2.3. If @ be a proper fraction, then

DATo A=A oY = 1d.

o A (@) () _ A(-@) (@) —

ll) Ap OAp =Ap OAP =Id,
where 1d is the identity operator in w.

Proof. i) Suppose v € w and for @ = 1, we have

(A, 0 A

AN (AW
= A;I(ka = Visl-e)
v = 1d.

ii) The proof is done as in (i). O
Theorem 2.4. Let « be a natural number and v € w, then,

) (Agve) = (=D)AL Vera),

i) (Av) = (1) (ASVi-a)-
Proof. i) The induction method is used to prove the theorem. We have Av, = vy — viyp = (=1 (Vg1 —

vi) = ADy, fora=1,p=1andv € w.
The Basis step is now complete. Let us assume that the theorem is true for a natural number s, i.e.,

(A°vi) = (1) (A viy).
Now, we take
Aty = AA*Y)
= A((=1)*A®v,,), (by the assumption).
= DAy = (1D APy,
= (=" [ADvpgn = A
= (=D)*'ADy, 1 (by Theorem 2.2).

This complement the proof.
ii) The proof is similar to (7). O

AIMS Mathematics Volume 7, Issue 9, 17091-17104.
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Theorem 2.5. For « be a proper fraction and v € w, we get

(a—i) (@)is1 + (= l)i(a_)i—l

(A + A" =2+ ) p

. k+i>
=1 i!
where
@i =ala+ D@+2)...(a+i-1)
and
(@) =ala— D)(a-2)..(a—i+]).
Proof. The proof is straightforward from the definition, so we omit it. O

Letv = (v) and z = (z) be two sequences in w. We define the product of v and z as vz = (vzx). Now,
the first forward and backward differences of vz are given by A,(vz) = (pvkzk — Vis12k+1) and Aﬁ,l)(vz) =
(pvizx — vi—12k-1), respectively. The basic objective of this part is to find the -th difference of product
sequence vz where is a positive integer. So, we state the following theorems.

The proof of the following Theorem is straightforward , so we choose to state these results without
proof.

Theorem 2.6. (Leibnitz theorem) Let a be a positive integer and v,z € w,

Asize) = Y (P AL AS Tz
i=0

in particular, if a is an integer, then

ala—1)

~272 -2
2 PTTAKAY "Zan +

ANo(viz) = P Vidoz + ap A AT g +

..+ AZ ViZk+a-

Using the above theorems, we get the following results.

Corollary 2.1. i) If (vy) = (1,1, 1,...), then A%y = A v = a(p — 1)°.
i) If ) = (1,0, 1,0,...) , then A%v; = Ay vy = oIy
iii) If () = () then Ay = A, = 22X In particular;, Ay've = 53

k—1
iv) If (w) = (zk)for |zl < 1, then Ajvy = Aﬁ,‘”vk =7(p - 2)* and AT v = Aﬁ,")vk = (Z;’jz)(,.

3. Aj-statistical convergence

In this section, we also describe the concepts of ordered statistical convergence and lacunary
statistical by using difference operator A7. We examined some properties of these sequence spaces
and gave some inclusion theorems.

Now we will define the concepts of ordered statistical convergence and lacunary statistical
convergence with the help of the difference operator A7.

AIMS Mathematics Volume 7, Issue 9, 17091-17104.
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Definition 3.1. Let v = (v) € w,0 < 8 < 1 and a be a proper fraction. The sequence v = (vy) is said
1o be A} -statistically convergent of order B if there is a real number € such that,

,}ii?onl {e<n:|aov - zs}‘ =0

. . B . ..
for every € > 0. In this case we write S, — ]}LIE) Apvi — L. The set of Aj-statistically convergent

sequences of order B will be denoted by S f (Ag) In the case € = 0, we shall write S ﬁ (Ag) .
The AJ-statistical convergence of order B is well defined for 0 < B < 1, but it is not well defined
for B > 1. For this let v = (v;) be defined as

by = 1, k=2n(n=1,2,3..)
7o, k # 2n otherwise '

Then we have for a = 1

Ay, = p, k=2n(n=1,2,3..)
P 0, k # 2n otherwise

Then both
n

1 .
’}Lrgn— {k <n: |Agvk —p| > s}‘ < llgnﬁ =0
and

,}i_)rg% k< n: |Agm— 0] = of| < tim=— = 0,

Jor B> 1, so that v = (vy) is A7-statistically convergent of order 8 both to p and 0. However, this is not
possible.

Theorem 3.1. Let B € (0,1], a be a proper fraction and v = (v;), z = (zx) be sequences of real
sequences. Then,
i) Ifo - ]}i_)n;Agvk = ¢, and c € R, then Sf - ]}i_)rgcAgvk =cl).

if) If S§ = lim Ay = £y and ST ~ lim Agz, = &, then ST — lim (Afvi + Agz) = €1+ L.

Proof. i) In case ¢ = 0 part of proof is trivial. To show ¢ # 0.If ¢ # 0, then

{kSn : |Agcvk—51 > i}

limi Hk <n: |A;‘§cvk - c{’1| e 8}‘ < limi ]

n—oo nﬁ n—oo nﬁ

it) Using the linear property of A7 operator difference, we get the following inequality:

1
lim—ﬁ {k <n: |A‘; vk +z0) — (6 + {’2)| > 8}‘

n—oo

1 1
lim— + lim —
n—oco n,B

n—oo

IA

{kSn : |A;’zk—€2| > g}'

{kSn:|Agvk—€1|2 g}
O

Theorem 3.2. Ler 0 < § < 1 and « be a proper fraction. If a sequence v = (v) is Aj-statistically

convergent of order 3, then S f - ]}im ALV is unique.

AIMS Mathematics Volume 7, Issue 9, 17091-17104.
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Proof. Assume that S',g - ]}im Agvk = ¢, and S'f - ]}im Agvk = {,. Given ¢ > 0, consider the following
sets:
C (s) = {k EN:

&
A;Vk - £1| > E}

and e
C, (e) = {keN: A%y — 6] > 5},

hence we obtain & (Cy () = 0 since S7 — lim Agv, = £ and & (C3 (¢)) = 0 since §7 - lim Agv, = £,.

Now, let C (&) = C; (g) U C, (&) . Thus, we get &° (C (¢)) = 0 which implies N/&? (C (¢)) = 0. Now, if
N/C (¢), then we get

|€1 - 52| < |f1 — szk| + |A§vk -0
& £

<§+§:8.

So, we get |6, — £] =0, 1.e. £ = {s. O
Theorem 3.3. Let O < <y < 1 and «a be a proper fraction. Then S f (Ag) cs/ (AZ) and the inclusion

is strict for at least those 3 and 7y for which there is a k € N such that B < % <.

Proof. The inclusion part of proof is trivial. To show the inclusion § 'f (Ag) cs’ (Ag) is strict choose
a = 1 and defined a sequence v = (v;) by

- p, k=n®*(n=1,273.),
k 0, k # n’ otherwise.

Then we have
Pt k=n’(n=1,2.73.),

A =4 -p, k+1=n’
0, otherwise,
and so 3
1 24
lim — {k <n: |Aavk - O| > g}' < 1jm_\/’_l =0,
n—oopnY P n nv

hence S} — lim Ajv, = 0, ie v € S (A7) for § <y < 1, butv ¢ S7(A7) for 0 < B < § so that the
inclusion § f (Ag) cs/ (Ag) is strict. This holds for % =<y< % for example, but there isnoa k € N
such that 5 < % < 7. Therefore, the condition 5 < % < v is sufficient but not necessary for strictness of

inclusion S” (A;‘j) cs/ (Ag) . i

Corollary 3.1. Let a be a proper fraction. If a sequence is Aj,-statistically convergent of order f3 to ¢,
for some 0 < B <1, then it is A}-statistically convergent to €, that is S f (Ag) cs, (Ag) and inclusion is
strict at least for 0 < 8 < %

Definition 3.2. Let ® = (u,) be a lacunary sequence, 0 < B < 1 and a be a proper fraction. The
sequence v = (vi) is said to be A7-lacunary statistically convergent of order 8 of fractional order « to
the number ¢, if there is a real number € such that

AIMS Mathematics Volume 7, Issue 9, 17091-17104.
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o1
gl_)rg?; Hk el : |Agvk - €| > s}| =0,

forevery e > 0. In this case we write S g—gim Apvi — L. The set of Aj-lacunary statistically convergent

—00

sequences of order 3 will be denoted by S ﬁ) (Ag)

Theorem 3.4. Let ® = (u,) be a lacunary sequence, v = (v),z = (zx) € w,0 < 8 < 1 and a be a
proper fraction, then

; B ; @, — B ; @y, —
DIfSy - l}Lr?oApvk ={yand c € R, then §', — gl_)rg cApvk =ctl).
ii) If St — lim Agvi = £, and S§, — lim Ajz = 6, then Sg — lim (Agve + Ajz) = 6+ .

Theorem 3.5. Let ® = (u,) be a lacunary sequence, 0 < S < 1 and «a be a proper fraction. If
lim inf g, > 1, then S (A%)  S% (A2).

Fr—00

Proof. Suppose that lim inf g, > 1; then there exists 6 > 0 such that g, > 1 + ¢ for sufficiently large r;
which implies that

he 6 :>hrﬁ>(6)ﬁ:>1> & ]
u, 6+1 u)] “\s+1 TN CES )

Ifv,—> ¢ [S B (Ag)] , then for every € > 0 and for sufficiently large r, we have

%‘{kﬁur : |Agvk—€| 28}‘
> klﬂ‘keI,:|A‘;vk—€|23}‘
¥
> (5+1)Bﬁ"{k61’:|A;Vk_£|28”’
soveSﬁ)(A;”). |

Theorem 3.6. Let ® = (u,) be a lacunary sequence, 0 < S < 1 and «a be a proper fraction. If
lim sup g, < oo, then S% (A2) ¢ S7 (A2).

Proof. The proof of this theorem can be easily done using the similar work of Fridy Orhan [15]. O
From Theorems 3.5 and 3.6 we get the following result.

Corollary 3.2. Let ® = (u,) be a lacunary sequence, 0 < B < 1 and a be a proper fraction. Then

S5 (A2) = 5% (A2)if 1 < lim inf g, < lim sup g, < oo.

Definition 3.3. Let ® = (u,) be a lacunary sequence, 0 < 3 < 1, a be a proper fraction and g € R*. A

sequence (vy) is said to be strongly Nqu(Ag)-summable (or strongly Ng 4(A7)-summable of order B) if
there is a real number € such that

.1 q
lim — Afvi — €| =0,
fim g 2l

AIMS Mathematics Volume 7, Issue 9, 17091-17104.
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where I, = (u,_1,u,].In this case, we write Ngq(Ag) — limv, = €. The set of all strongly Ngq(AZ)—
summable sequences will be denoted by

1 .
N, (A5) = {v = s Jim 5 D |Ajve = (" = 0, for some g}.

r kel
Theorem 3.7. Ng,q(Ag) is a Banach space normed by

1

0 1 q
Willago = Y [v] + sup(ﬁ > |Agvk|q) 1 <g<co, (3.1)
i=1 "

r kel

Proof. The proof of the theorem can be done similarly to Theorem 2.4 in the study of Sengiil and
Et [17]. ]

Theorem 3.8. Njj (A%) is a BK-space normed by (3.1).

Now we will give the relationship between lacunary statistical convergence and lacunary
summability defined with the help of the A} operator with the following theorem.

Theorem 3.9. Let ® = (k) be a lacunary sequence, v = (v;),z = (zx) € w,0 < B < 1, a be a proper
fraction and q € R”, then
DIfvp — ¢ [Ngq(AZ)] ,thenv, — € [S g (Ag)] and the inclusion is strict,

ii) If vi > €|l (A9)| and 2 — €[S (A9)|. then v — £|No ,(A)].
Proof. The inclusion part of the proof is easy. In order to establish “the inclusion is strict”, let ® be
given, choose @ = m, 8 = 1;q = 1 and define a sequence v = (v;) by A’I’] tobe 1,2,...,[A,] at the first

[ \/h_,] integers in /,, and Agl = 0 otherwise
It is clear that v is not A;’} bounded. Since

— 0, asr — o

[

r

h%“ke], : |A§vk—€| 26}‘ =

and
ARZER!
hlrk;IrMka—Ol:[\/_]([zZr_]-i_ )—>%, as r — oo,
From (1.1) we have v € S (A7), v & No(A). O

We will give the following relations between the lacunary summability concept defined with the
help of the A7 operator according to the modulus function and the lacunary statistical convergence.

Definition 3.4. Let ® = (u,) be a lacunary sequence, 0 < 8 < 1, a be a proper fraction and q = (q)
be a sequence of strictly positive real numbers. A sequence (v;) is said to be strongly Ng’q(Ag, o)-
summable (or strongly Ng ,(A}, ¢)- summable of order B) if there is a real number € such that

" k
fim 5 > o (5w - )" =0,

r kel,

AIMS Mathematics Volume 7, Issue 9, 17091-17104.
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where I, = (u,_1,u,] and ¢ is a modulus function. In this case, we write Ng’q(A“, @) —limv, = €. The

set of all strongly Né’q(A“, @)-summable sequences will be described as:

Ng’q(Az, ¢) = {v =) : hm — Z |Aavk - €| =0, for some f}.

keI

Theorem 3.10. Let 8,71 € (0, 1] be reel number such that B < n, ¢ be a modulus function and ® = (u,)
be a lacunary sequence, then Ngq(Ag, pcSy (Ag) .

Proof. Letv € Ng q(Ag,gb), € > 0 be given and ) and ) denote the sums over k € [, |ATvy — ¢ | > €
’ 1 2

and |Agvk - | < g respectively. As i < h! for each r, Then we have

fim s S folar—dl" > | o= )"+ Xlesgm -
2 g e
= ﬁ (61"
> me (6@ . [p()]°)

= % (ke 1, : [Avi - ] > &f| x min ([, [6)]).

Hence v e S} (Ag) Where, g = (gx) 1s bounded and 0 < g = inf; gx < gx < sup, gx = G < o0. i

Corollary 3.3. Let 8 € (0, 1] be reel number such that B < n, ¢ be a modulus function and ®© = (u,) be
a lacunary sequence, then Ngq(Ag, $p)CS 'fD (Ag) .

4. Relation with Caputo and Riemann-Liouville derivative

Using (A"vk) = Z( 1)ipta= i)l,rr((0‘f+ll+)l)vk+i delta difference operator we defined in this section, we

defined the relatlonshlps between Caputo derivative and Riemann-Liouville derivatives. We have the
following definitons
i) Caputo Derivative: For f(p) = p“,

P
Dl £(p) f (p—1 f (D)
0

p
1 —i a—1
1_(1_1-)f(p—7') atdr

0

AIMS Mathematics Volume 7, Issue 9, 17091-17104.
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p

_ a i al

= F(l—i)f(p 't dr
0

_ F(fl_i)pa—ir(l - l)r(a)
B Ta—-i+1)
I'e+1)

Ta—i+ HY

Ta+1)
Ta—-i+ )’

ii) Riemann-Liouville Derivative: For f(p) = p

a—i

D, f(p) =

SO0 = f (-1 flrydr

1 d |
— — )i
F(l—i)dpf(p oTdr
0

~ 1 i[pl_”ar(l — DI + @)

T(1—i)dp TC—i+a)
C TUte)
= Te—izal ~iTOP
) I +a) o
T O itold-izal itop
3 't+e)
T Ta-i+a?f

: I'la +1 .

DL =

(see [24]).

Then,

T+ 1)
iT—i+1)

- z;‘“’)ga;f(p))vM
i=0

= 2 F(i D) = (D) e

(Apvie) ~1)'p*

Il
gk

we obtained the Caputo derivative in this work. This is new in the literature. We will try to get other
fractional derivatives in the future works.
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5. Conclusions

Recently, sequence spaces have been applied to different disciplines. For example, sequence spaces
have been adapted to circuit and system analysis by Leake [25]. The difference operator was used
by Kawamura et al. [26] in earthquake prediction. Convergence plays an important role in convex
programming, mathematical modeling, and numerical analysis problems (see for details [27]). In
addition, the concept of statistical convergence is one of the most studied subjects in recent years.
Statistical convergence is related to probability theory in statistics, and this relationship has been
demonstrated by many mathematicians. This convergence was used, especially in approximation
theory (see [28]). In this study, we examined some inclusion theorems by defining a new difference
operator and obtaining new statistical convergent and lacunary statistical convergent sequence spaces.
The obtained results are important for the summability theory in classical analysis. Researchers
working in this field can create new studies by taking advantage of this study.
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