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1. Introduction

In this paper, we consider the following system of p-Laplacian fractional differential equations with
instantaneous and non-instantaneous impulses:

tDα
T

(
Φp

(
C
0 Dα

t u(t)
))

+ a(t)Φp (u(t)) = λ fi(t, u(t)), t ∈ (si, ti+1], i = 0, 1, 2, · · · ,m,
∆tDα−1

T

(
Φp

(
C
0 Dα

t u(ti)
))

= Ii(u(ti)) , i = 1, 2, · · · , m,

tDα−1
T

(
Φp

(
C
0 Dα

t u(t)
))

= tDα−1
T

(
Φp

(
C
0 Dα

t u(t+
i )

))
, t ∈ (ti, si], i = 1, 2, · · · , m,

tDα−1
T

(
Φp

(
C
0 Dα

t u(s−i )
))

= tDα−1
T

(
Φp

(
C
0 Dα

t u(s+
i )

))
, i = 1, 2, · · · , m,

u(0) = u(T ) = 0,

(1.1)

where c
0Dα

t and tDα
T are the left Caputo fractional derivative and the right Riemann-Liouville fractional

derivative of order α, respectively. Additionally, 1 < p < +∞ and 1
p < α ≤ 1. Φp(s) = |s|p−2s(s , 0) is

the p-Laplacian operator and Φp(0) = 0. Furthermore, λ > 0, 0 = s0 < t1 < s1 < t2 < · · · < sn <
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tn+1 = T and a ∈ C([0,T ],R). There are two positive constants a1 and a2 such that 0 < a1 ≤ a(t) ≤ a2.
Ii ∈ C(R,R) and fi ∈ C([si, ti+1] × R,R); also

∆tDα−1
T

(
Φp

(
C
0 Dα

t u(ti)
))

= tDα−1
T

(
Φp

(
C
0 Dα

t u(t+
i )

))
− tDα−1

T

(
Φp

(
C
0 Dα

t u(t−i )
))
,

tDα−1
T

(
Φp

(
C
0 Dα

t u(t±i )
))

= lim
t→t±i

tDα−1
T

(
Φp

(
C
0 Dα

t u(ti)
))
,

tDα−1
T

(
Φp

(
C
0 Dα

t u(s±i )
))

= lim
t→s±i

tDα−1
T

(
Φp

(
C
0 Dα

t u(ti)
))
.

It is generally known that the impulsive effect is a common phenomenon in many evolutionary
processes, that it describes the abrupt disturbance phenomenon at certain moments in the evolutionary
process of the system. Impulsive differential equations, as a good tool to describe impulsive
phenomena in systems, have become popular in recent years; for example the existence of
solutions [1, 2, 3], stability of solutions [4, 5, 6], oscillation of solutions [7, 8] and numerical
solutions [9, 10] of impulsive differential equations have been extensively studied. In particular, the
existence of solutions is the premise of the quantitative and qualitative research on the solutions of
differential equations. Since significant applications in various sciences include the population
dynamics, pharmacology and optimal control [11, 12], some important methods have been obtained
for the study of solutions of fractional differential equations. Fix point theorems [13], upper and lower
solutions method [14], coincidence degree theory [15] and variational methods [16] have been viable
tools to study the existence of solutions of differential equations. The variational methods are applied
to study the existence of solution of fractional differential equations, which can be traced back to
Reference [16]. The key to studying the existence of solutions of differential equations via the
variational method is to define a suitable functional space and transform the boundary value problem
into an energy functional.

The p-Laplacian operator is a non-standard growth operator, which arises from nonlinear
electrorheological fluids [17], image restoration [18], elasticity theory [19], etc. Fractional differential
equations with a p-Laplacian operator have been widely applied for in many physical phenomena,
such as nonlinear diffusion and filtration, non-fluids and flows in porous media [20, 21, 22]. The
literature on p-Laplacian fractional differential equations with impulsive conditions include
References [23, 24, 25, 26, 27, 28, 29, 30]. We are interested in the existence of infinitely many
solutions when the p-Laplacian operator is added to the fractional impulsive differential equations. To
the best of our knowledge, to date, the existence of infinitely many solutions of p-Laplacian fractional
differential equations with instantaneous and non-instantaneous impulses has been rarely investigated.
The main contributions of this work include the following: (i) new criteria are introduced to verify the
existence of infinitely many solutions of fractional order nonlinear systems; (ii) an example is given to
ensure the validity of our conclusion.

In a recent paper [31], the authors discussed the following system of non-instantaneous impulsive
fractional differential equations:

tDα
T

(
C
0 Dα

t u(t)
)

= fi(t), t ∈ (si, ti+1], i = 0, 1, 2, · · · , n,

tDα−1
T

((
C
0 Dα

t u(ti)
))

= ci , t ∈ (ti, si], i = 1, 2, · · · , n,

tDα−1
T

(
C
0 Dα

t u(s−i )
)

= tDα−1
T

((
C
0 Dα

t u(s+
i )

))
, i = 1, 2, · · · , n,

tDα−1
T

((
C
0 Dα

t u(0)
))

= c0, u(0) = u(T ) = 0.

(1.2)
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The authors gave sufficient conditions for the existence and uniqueness of weak solutions of the
fractional system by using the Lax-Milgram theorem.

In [32], the authors discussed the following system of p-Laplacian fractional differential equations
with instantaneous and non-instantaneous impulses:

tDα
T

(
Φp

(
C
0 Dα

t u(t)
))

+ Φp (u(t)) = λ fi(t, u(t)), t ∈ (si, ti+1], i = 0, 1, 2, · · · ,m,
∆tDα−1

T

(
Φp

(
C
0 Dα

t u(ti)
))

= Ii(u(ti)) , i = 1, 2, · · · , m,

tDα−1
T

(
Φp

(
C
0 Dα

t u(t)
))

= tDα−1
T

(
Φp

(
C
0 Dα

t u(t+
i )

))
, t ∈ (ti, si], i = 1, 2, · · · , m,

tDα−1
T

(
Φp

(
C
0 Dα

t u(s−i )
))

= tDα−1
T

(
Φp

(
C
0 Dα

t u(s+
i )

))
, i = 1, 2, · · · , m,

u(0) = u(T ) = 0.

(1.3)

The authors proved that System (1.3) has infinitely many solutions by applying variational methods
and the critical theory. The main result of [32] is as follows.

Theorem 1.1. ([32] Theorem 3.1) Suppose that the following conditions hold:
(A1) For i = 1, · · · ,m, there exist ai > 0 and 0 ≤ τi < p − 1 such that

lim
|u|→∞

sup
|Ii(u)|
|u|τi

≤ ai, u ∈ R.

(A2)

lim
ξ→+∞

inf

m∑
i=0

∫ ti+1

si
max
|u|≤ξ

Fi(t, u)dt

ξp <
1

TΛp lim
ξ→+∞

sup

m∑
i=0

∫ ti+1

si
Fi(t, ξ)dt

ξp ,

where Fi(t, u) =
∫ u

0
fi(t, s)ds.

Then, for λ ∈ (λ1, λ2), where λ1 = T
pB and λ2 = 1

pAΛp , A = lim
ξ→+∞

inf

m∑
i=0

∫ ti+1
si

max
|u|≤ξ

Fi(t,u)dt

ξp and

B = lim
ξ→+∞

sup

m∑
i=0

∫ ti+1
si

Fi(t,ξ)dt

ξp , also, given the definition of Λ in Remark (2.6), the System (1.3) possesses

infinitely many solutions.

Motivated by the fact above, the main aim of this work was to establish infinitely many solutions
for System (1.1) under different assumptions and show that our results are totally different from those
above. Now, we will state our main result.

Theorem 1.2. Suppose that the following conditions hold:
(H1) There exists a constant ν > p such that Ii(u)u ≤ ν

∫ u

0
Ii(s)ds < 0 for ∀u ∈ Eα,p

0 \{0},
i = 1, 2, · · · ,m.

(H2) There exists a constant ω ∈ (p, ν) such that 0 < ωFi(t, u) ≤ fi(t, u)u for ∀u ∈ Eα,p
0 \{0},

and given t ∈ [0,T ], i = 0, 1, 2, · · · ,m.
(H3) There exist constants δi > 0 such that

∫ u

0
Ii(s)ds ≥ −δi|u|ν for ∀u ∈ Eα,p

0 \{0},
i = 1, 2, · · · ,m.

Moreover, fi(t, u) and Ii(u) are odd about u, i = 0, 1, 2, 3, · · · ,m. Then, problem (1.1) admits
infinitely many solutions when λ ∈ (0, 1

(m+1)BTΛωp ).
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The main ideas of this work are organized as follows. In Section 2, some preliminaries and results
that are applied later in the paper are presented. In Section 3, we focus on the proof of the existence of
infinitely many solutions of the p-Laplacian fractional impulsive differential system. In Section 4, an
example is given to illustrate our main result.

2. Preliminaries

Definition 2.1. ([33]) (left and right Rimann-Liouville fractional derivatives) Let u be a function
defined on [a, b]. The left and right Rimann-Liouville fractional derivatives of order 0 ≤ α < 1 for a
function u denoted by aDα

t u(t) and tDα
bu(t), respectively, are defined by

aDα
t u(t) =

d
dt aDα−1

t u(t) =
1

Γ(1 − α)
d
dt

(∫ t

a
(t − s)−αu(s)ds

)
,

tDα
bu(t) = −

d
dt tDα−1

b u(t) = −
1

Γ(1 − α)
d
dt

(∫ b

t
(s − t)−αu(s)ds

)
,

where t ∈ [a, b].

Definition 2.2. ([33]) (left and right Caputo fractional derivatives) Let 0 < α < 1 and u ∈
AC([a, b],RN); then the left and right Caputo fractional derivatives of order α for a function u
denoted by C

a Dα
t u(t) and C

t Dα
bu(t), respectively, exist almost everywhere on [a, b]. C

a Dα
t u(t) and C

t Dα
bu(t)

are respectively represented by

C
a Dα

t u(t) = aDα−1
t u

′

(t) =
1

Γ(1 − α)

(∫ t

a
(t − s)−αu′(s)ds

)
,

C
t Dα

bu(t) = −tDα−1
b u

′

(t) = −
1

Γ(1 − α)

(∫ b

t
(s − t)−αu′(s)ds

)
,

where t ∈ [a, b].

Let us recall that, for any fixed t ∈ [0,T ] and 1 < p < ∞,

‖u‖∞ = max
t∈[0,T ]

|u(t)|, u ∈ C([0,T ],RN),

‖u‖Lp =

(∫ T

0
|u(s)|pds

) 1
p

, u ∈ Lp([0,T ],RN),

‖u‖Lp([0,t]) =

(∫ t

0
|u(s)|pds

) 1
p

, u ∈ Lp([0, t],RN),

‖u‖Lp([si,ti+1]) =

(∫ ti+1

si

|u(s)|pds
) 1

p

, u ∈ Lp([si, ti+1],RN), i = 0, 1, 2, · · · ,m.

Definition 2.3. Let α ∈
(

1
p , 1

]
and p ∈ (1,∞), the fractional derivative space Eα,p

0 is defined as the

closure of C∞0 ([0.T ];R), that is, Eα,p
0 = C∞0 ([0,T ],R) with the norm

‖u‖α,p =

(∫ T

0
|u(t)|pdt +

∫ T

0
|C0 Dα

t u(t)|pdt
) 1

p

, ∀u ∈ Eα,p
0 .
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Proposition 2.1. ([34]) Let 0 < α ≤ 1 and 1 < p < ∞. Then

Eα,p
0 =

{
u : [0,T ]→ R

∣∣∣u, C
0 Dα

t u(t) ∈ Lp([0,T ],R), u(0) = u(T ) = 0
}
,

and the space Eα,p
0 is a reflexive and separable Banach space.

Proposition 2.2. ([35]) Let 0 < α ≤ 1 and 1 < p < ∞. Then for ∀u ∈ Eα,p
0 , we have

‖u‖Lp ≤
Tα

Γ(α + 1)

(∫ T

0

∣∣∣C0 Dα
t u(t)

∣∣∣p dt
) 1

p

;

moreover, if α > 1
p and 1

p + 1
q = 1, then

‖u‖∞ ≤
Tα− 1

p

Γ(α)[q(α − 1) + 1]
1
q

(∫ T

0

∣∣∣C0 Dα
t u(t)

∣∣∣p dt
) 1

p

.

Remark 2.1. It is easy to check that if a ∈ C([0,T ],R) and 0 < a1 ≤ a(t) ≤ a2, then an equivalent
norm in Eα,p

0 is as follows

‖u‖a =

 m∑
i=0

∫ ti+1

si

a(t)|u(t)|pdt +

∫ T

0

∣∣∣C0 Dα
t u(t)

∣∣∣p dt


1
p

and ‖u‖∞ ≤ ∧‖u‖a, where ∧ = Tα− 1
p

Γ(α)[q(α−1)+1]
1
q
.

Proposition 2.3. ([16]) Assume that 1
p < α ≤ 1 and 1 < p < ∞; then, the sequence {uk} converges

weakly to u in Eα,p
0 , i.e. uk ⇀ u; then, uk → u in C([0,T ],R), i.e. ‖uk − u‖∞ → 0 as k → ∞.

Definition 2.4. A function

u ∈
{

u ∈ AC([0,T ]) :
∫ ti+1

si

(
|u(t)|p + |C0 Dα

t |
p
)

dt < +∞, i = 0, 1, 2, · · · ,m
}

is a classical solution of Problem (1.1) if u satisfies the following conditions: (i) u satisfies the first
equation of Problem (1.1); (ii) the limit tDα−1

T Φp

(
C
0 Dα

t u(t±i )
)

and limit tDα−1
T Φp

(
C
0 Dα

t u(s±i )
)

exist; (iii)
u satisfies the impulsive conditions of Problem (1.1); (iv) u satisfies the boundary value condition
u(0) = u(T ) = 0.

Lemma 2.1. ([36]) Let X be an infinite dimensional Banach space, I ∈ C1(X,R) be even, thereby
satisfying the Palais-Smale condition, and let I(0) = 0. Suppose that X = Y

⊕
Z, where Y is finite

dimensional and I satisfies the following conditions:
(i) there exists constants ρ, γ > 0 such that I

∣∣∣
∂Bρ∩Z

≥ γ;

(ii) for each finite dimensional subspace W ⊂ X, there is an ρ
′

= ρ
′

(W) such that I(u) ≤ 0
on E1\Bρ

′ (W); then, I has an unbounded sequence of critical values.
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Proposition 2.4. ([35])
(i) Let α > 0, p ≥ 1 and 1

p + 1
q ≤ 1 + α(p , 1, q , 1; in the case when 1

p + 1
q = 1 + α), if

u ∈ Lp(a, b) and v ∈ Lq(a, b), then∫ b

a

(
aD−αt u(t)

)
v(t)dt =

∫ b

a
u(t)

(
tD−αb v(t)

)
dt.

(ii) Let 0 < α < 1, u ∈ AC([a, b]) and v ∈ Lp(a, b)(1 ≤ p < ∞); then,∫ b

a
u(t)

(
C
a Dα

t v(t)
)

dt =
(

tDα−1
b u(t)

)
v(t)

∣∣∣t=b

t=a
+

∫ b

a

(
tDα

bu(t)
)

v(t)dt.

For ∀v ∈ Eα,p
0 , by Proposition 2.10, we have∫ T

0
tDα

T

(
Φp

(
C
0 Dα

t u(t)
))

v(t)dt

=

m∑
i=0

∫ ti+1

si

tDα
T

(
Φp

(
C
0 Dα

t u(t)
))

v(t)dt +

m∑
i=1

∫ si

ti
tDα

T

(
Φp

(
C
0 Dα

t u(t)
))

v(t)dt

= −

m∑
i=0

∫ ti+1

si

d
dt

(
tDα−1

T

(
Φp

(
C
0 Dα

t u(t)
)))

v(t)dt −
m∑

i=1

∫ si

ti

d
dt

(
tDα−1

T

(
Φp

(
C
0 Dα

t u(t)
)))

v(t)dt

= −

m∑
i=0

tDα−1
T

(
Φp

(
C
0 Dα

t u(t)
))

v(t)
∣∣∣t−i+1

s+
i

+

m∑
i=0

∫ ti+1

si

tDα−1
T

(
Φp

(
C
0 Dα

t u(t)
))

v
′

(t)dt

−

m∑
i=1

tDα−1
T

(
Φp

(
C
0 Dα

t u(t)
))

v(t)
∣∣∣s−i
t+i

+

m∑
i=1

∫ si

ti
tDα−1

T

(
Φp

(
C
0 Dα

t u(t)
))

v
′

(t)dt

=

m∑
i=1

[
tDα−1

T

(
Φp

(
C
0 Dα

t u(t+
i )

))
v(t+

i ) − tDα−1
T

(
Φp

(
C
0 Dα

t u(t−i )
))

v(t−i )
]

+

m∑
i=1

[
tDα−1

T

(
Φp

(
C
0 Dα

t u(s+
i )

))
v(s+

i ) − tDα−1
T

(
Φp

(
C
0 Dα

t u(s−i )
))

v(s−i )
]

+

m∑
i=0

∫ ti+1

si

tDα−1
T

(
Φp

(
C
0 Dα

t u(t)
))

v
′

(t)dt +

m∑
i=1

∫ si

ti
tDα−1

T

(
Φp

(
C
0 Dα

t u(t)
))

v
′

(t)dt

=

m∑
i=1

Ii (u(ti)) v(ti) +

∫ T

0
Φp

(
C
0 Dα

t u(t)
)

C
0 Dα

t v(t)dt.

On the other hand, we have∫ T

0
tDα

T Φp

(
C
0 Dα

t u(t)
)
v(t)dt

=λ

m∑
i=0

∫ ti+1

si

fi(t, u(t))v(t)dt −
m∑

i=0

∫ ti+1

si

a(t)|u(t)|p−2u(t)v(t)dt

−

m∑
i=1

∫ si

ti

d
dt

(
tDα−1

T

(
Φp

(
C
0 Dα

t u(t)
)))

v(t)dt
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=λ

m∑
i=0

∫ ti+1

si

fi(t, u(t))v(t)dt −
m∑

i=0

∫ ti+1

si

a(t)|u(t)|p−2u(t)v(t)dt.

Hence, we have ∫ T

0
Φp

(
C
0 Dα

t u(t)
)

C
0 Dα

t v(t)dt +

m∑
i=0

∫ ti+1

si

a(t)|u(t)|p−2u(t)v(t)dt

=λ

m∑
i=0

∫ ti+1

si

fi(t, u(t))v(t)dt −
m∑

i=1

Ii(u(ti))v(ti). (2.1)

Definition 2.5. A function u ∈ Eα,p
0 is a weak solution of problem (1.1), if Eq (2.1) holds for ∀v ∈ Eα,p

0 .

Remark 2.2. ([30]) u ∈ Eα,p
0 is a weak solution of Problem (1.1) if and only if u is a classical solution

of Problem (1.1).

In order to study the existence of infinitely many solutions of problem (1.1), we consider the
function ϕ : Eα,p

0 → R as follows

ϕ(u) =
1
p
‖u‖p

a +

m∑
i=1

∫ u(ti)

0
Ii(s)ds − λ

m∑
i=0

∫ ti+1

si

Fi(t, u(t))dt, (2.2)

where Fi(t, u) =
∫ u

0
fi(t, s)ds. Now let

ψ(u) =
1
p
‖u‖p

a , φ(u) =

m∑
i=1

∫ u(ti)

0
Ii(s)ds − λ

m∑
i=0

∫ ti+1

si

Fi(t, u(t))dt;

then, ϕ = ψ + φ. It is easy to get that ϕ ,ψ and φ are Fréchet differentials at any point u ∈ Eα,p
0 and that

ϕ′(u)(v) =

∫ T

0
Φp

(
C
0 Dα

t u(t)
)

C
0 Dα

t v(t)dt +

m∑
i=0

∫ ti+1

si

a(t)|u(t)|p−2u(t)v(t)dt (2.3)

+

m∑
i=1

Iiu(ti)v(ti) − λ
m∑

i=0

∫ ti+1

si

fi(t, u(t))v(t)dt, f or ∀v ∈ Eα,p
0 .

3. Main results

Now, we will illustrate Theorem 1.1.
It is easy to know that ϕ(0) = 0 and ϕ(u) about u is even. Next we shall illustrate the other conditions

of Lemma 2.9 by describing the following three steps.
Step 1 We illustrate that ϕ satisfies the Palais-Smale condition. Assume that uk ⊂ Eα,p

0 is a sequence
such that ϕ(uk) is bounded, i.e., there exists a constant c > 0 such that |ϕ(uk)| ≤ c and lim

k→∞
ϕ
′

(uk) = 0.

We first prove that {uk}, k ∈ N is bounded in Eα,p
0 . By Condition (H1), we have

ω

∫ uk(ti)

0
Ii(s)ds − Ii(uk(ti))uk(ti) ≥ (ω − ν)

∫ uk(ti)

0
Ii(s)ds ≥ 0, (ν > ω). (3.1)
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From Condition (H2), we have that

fi(t, u(t))u(t) − ωFi(t, u(t)) ≥ 0. (3.2)

Thus, together (2.2), (2.3), (3.1) and (3.2), we have

ωϕ(uk) − ϕ
′

(uk)uk =
ω

p
‖uk‖

p
a + ω

m∑
i=1

∫ uk(ti)

0
Ii(s)ds − ωλ

m∑
i=0

∫ ti+1

si

Fi(t, uk(t))dt

− ‖uk‖
p
a −

m∑
i=1

Ii(uk(ti))uk(ti) + λ

m∑
i=0

∫ ti+1

si

fi(t, uk(t))uk(t)dt

=

(
ω

p
− 1

)
‖uk‖

p
a + ω

m∑
i=1

[ ∫ uk(ti)

0
Ii(s)ds − Ii(uk(ti))uk(ti)

]
+ λ

m∑
i=0

∫ ti+1

si

fi(t, uk(t))uk(t) − ωFi(t, uk(t))dt

≥

(
ω

p
− 1

)
‖uk‖

p
a ,

which implies that {uk} is bounded in Eα,p
0 .

Since Eα,p
0 is a reflexive Banach space, going if necessary to a subsequence, we can assume that

uk ⇀ u in Eα,p
0 and that uk → u uniformly in ([0,T ],R); hence,

m∑
i=0

∫ ti+1

si

( fi(t, uk(t)) − fi(t, u(t))) (uk(t) − u(t))dt → 0,

m∑
i=1

(Ii(uk(ti)) − Ii(u(ti))) (uk(ti) − u(ti))→ 0

as k → ∞. Moreover, by ϕ
′

(uk)→ 0 as k → ∞, we have

< ϕ
′

(uk) − ϕ
′

(u), uk − u >≤ ‖uk − u‖(Eα,p
0 )∗‖uk − u‖Eα,p

0
− < ϕ

′

(u), uk − u >→ 0,

as k → ∞. On the other hand, for ∀u, v ∈ Eα,p
0 , we have

< ψ
′

(uk) − ψ
′

(u), uk − u >

=

∫ T

0

(
φp

(
C
0 Dα

t (uk(t)
)
− φp

(
C
0 Dα

t (u(t))
)) (

C
0 Dα

t (uk(t)) −C
0 Dα

t (u(t))
)

+

m∑
i=0

∫ ti+1

si

a(t)
(
φp(uk(t)) − φp(u(t))

)
(uk(t) − u(t))dt.

From the well-known inequality

|x − y|p ≤


(
|x|p−2x − |y|p−2y

)
(x − y), i f p ≥ 2,((

|x|p−2x − |y|p−2y
)

(x − y)
) p

2 (|x|p + |y|p)
2−p

2 , i f 1 < p < 2,
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for all x, y ∈ R, we can show that there exist constants Ci > 0(i = 1, 2) such that
< ψ

′

(uk) − ψ
′

(u), uk − u >

≥



C1

∫ T

0

∣∣∣∣C0 Dα
t uk(t) − C

0 Dα
t u(t)

∣∣∣∣pdt +

m∑
i=0

∫ ti+1

si

a(t)
∣∣∣∣uk(t) − u(t)

∣∣∣∣pdt

 , i f p ≥ 2,

C2


∫ T

0

∣∣∣∣C0 Dt
αuk(t) −C

0 Dt
αu(t)

∣∣∣∣2(∣∣∣∣C0 Dα
t uk(t)

∣∣∣∣ +
∣∣∣∣C0 Dα

t u(t)
∣∣∣∣)2−p dt +

m∑
i=0

∫ ti+1

si

a(t)|uk(t) − u(t)|2

(|uk(t)| + |u(t)|)2−p dt

 , i f 1 < p < 2.

(3.3)

When 1 < p < 2, using the Hölder inequality, we have∫ T

0

(∣∣∣∣C0 Dα
t uk(t) − C

0 Dα
t u(t)

∣∣∣∣p) dt

=

∫ T

0

∣∣∣∣C0 Dα
t uk(t) − C

0 Dα
t u(t)

∣∣∣∣p(∣∣∣∣C0 Dα
t uk(t)

∣∣∣∣ +
∣∣∣∣C0 Dα

t u(t)
∣∣∣∣) p(2−p)

2

(∣∣∣∣C0 Dα
t uk(t)

∣∣∣∣ +
∣∣∣∣C0 Dα

t u(t)
∣∣∣∣) p(2−p)

2
dt

≤

{[∫ T

0

∣∣∣∣C0 Dα
t uk(t) − C

0 Dα
t u(t)

∣∣∣∣p(∣∣∣∣C0 Dα
t uk(t)

∣∣∣∣ +
∣∣∣∣C0 Dα

t u(t)
∣∣∣∣) p(2−p)

2

] 2
p

dt
} p

2
[ ∫ T

0

(∣∣∣∣C0 Dα
t uk(t)dt

∣∣∣∣ +
∣∣∣∣C0 Dα

t u(t)
∣∣∣∣) p(2−p)

2
2

2−p dt
] 2−p

2

=

[ ∫ T

0

∣∣∣∣C0 Dα
t uk(t) −C

0 Dα
t u(t)

∣∣∣∣2(∣∣∣∣C0 Dα
t uk(t)

∣∣∣∣ +
∣∣∣∣C0 Dα

t u(t)
∣∣∣∣)(2−p) dt

] p
2
[ ∫ T

0

(∣∣∣∣C0 Dα
t uk(t)dt

∣∣∣∣ +
∣∣∣∣C0 Dα

t u(t)
∣∣∣∣)p

dt
] 2−p

2

≤

[∫ T

0

∣∣∣∣C0 Dα
t uk(t) −C

0 Dα
t u(t)

∣∣∣2(∣∣∣C0 Dα
t uk(t)

∣∣∣ +
∣∣∣C0 Dα

t u(t)
∣∣∣)(2−p) dt

] p
2

2
(p−1)(2−p)

2

(∥∥∥∥C
0 Dα

t uk(t)
∥∥∥∥p

Lp
+

∥∥∥∥C
0 Dα

t u(t)
∥∥∥∥p

Lp

) 2−p
2
.

Thus, we have ∫ T

0

∣∣∣∣C0 Dα
t uk(t) − C

0 Dα
t u(t)

∣∣∣∣2(∣∣∣∣C0 Dα
t uk(t)

∣∣∣∣ +
∣∣∣∣C0 Dα

t u(t)
∣∣∣∣)2−p dt

≥2
(p−2)(p−1)

p

(∥∥∥∥C
0 Dα

t uk(t)
∥∥∥∥p

Lp
+

∥∥∥∥C
0 Dα

t u(t)
∥∥∥∥p

Lp

) p−2
p

(∫ T

0

∣∣∣∣C0 Dα
t uk(t) − C

0 Dα
t u(t)

∣∣∣∣pdt
) 2

p

.

Similarly, we have

∫ ti+1

si

∣∣∣∣uk(t) − u(t)
∣∣∣∣pdt

≤


∫ ti+1

si

∣∣∣∣uk(t) − u(t)
∣∣∣∣2∣∣∣∣uk(t) + u(t)

∣∣∣∣(2−p) dt


p
2

2
(p−1)(2−p)

2

(∥∥∥∥uk(t)
∥∥∥∥p

Lp[si,ti+1]
+

∥∥∥∥u(t)
∥∥∥∥p

Lp[si,ti+1]

) 2−p
2
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and

∫ ti+1

si

∣∣∣∣uk(t) − u(t)
∣∣∣∣2(∣∣∣∣uk(t) + u(t)

∣∣∣∣)2−p dt

≥2
(p−2)(p−1)

p

(∥∥∥∥uk(t)
∥∥∥∥p

Lp[si,ti+1]
+

∥∥∥∥u(t)
∥∥∥∥p

Lp[si,ti+1]

) p−2
p

(∫ ti+1

si

∣∣∣∣uk(t) − u(t)
∣∣∣∣pdt

) 2
p

.

Further, when 1 < p < 2, we have

< ψ
′

(uk(t)) − ψ
′

u(t), uk(t) − u(t) >

≥C2

[
2

(p−2)(p−1)
p

(∥∥∥∥C
0 Dα

t uk(t)
∥∥∥∥p

Lp
+

∥∥∥∥C
0 Dα

t u(t)
∥∥∥∥p

Lp

) p−2
p

(∫ T

0

∣∣∣∣C0 Dα
t uk(t) − C

0 Dα
t u(t)

∣∣∣∣pdt
) 2

p

+ 2
(p−2)(p−1)

p

m∑
i=0

(∥∥∥∥uk(t)
∥∥∥∥p

Lp[si,ti+1]
+

∥∥∥∥u(t)
∥∥∥∥p

Lp[si,ti+1]

) p−2
p

(∫ ti+1

si

a(t)
∣∣∣∣uk(t) − u(t)

∣∣∣∣pdt
) 2

p
]
.

Let

m1 = min


(∥∥∥∥uk(t)

∥∥∥∥p

Lp
[si ,ti+1]

+
∥∥∥∥u(t)

∥∥∥∥p

Lp
[si ,ti+1]

) p−2
p

∣∣∣∣∣∣i = 0, 1, 2, · · · ,m

 ,

M = min

2
(p−2)(p−1)

p

(∥∥∥∥C
0 Dα

t uk(t)
∥∥∥∥p

Lp
+

∥∥∥∥C
0 Dα

t u(t)
∥∥∥∥p

Lp

) p−2
p
, 2

(p−2)(p−1)
p (m + 1)m1

 .
Thus, we have

< ψ
′

(uk) − ψ
′

(u), uk − u >≥ C2M
∥∥∥uk − u

∥∥∥2

a
.

This means that
∥∥∥uk − u

∥∥∥
a
→ 0 as k → +∞.

Moreover, in view of Eq (3.3), when p ≥ 2 we have

< ψ
′

(uk) − ψ
′

(u), uk − u >≥ C1

∥∥∥uk − u
∥∥∥p

a
.

Thus
∥∥∥uk − u

∥∥∥
a
→ 0 as k → +∞. In summary, ϕ(u) satisfies the Palais-Smale condition.

Step 2 We illustrate that ϕ satisfies Condition (i) of Lemma 2.9. Applying condition (H2), we have that
for ∀R1 > 0

Fi(t, u(t)) ≤
u
ω

fi(t, u(t)), u(t) ≥ R1,

Fi(t, u(t)) ≤
u
ω

fi(t, u(t)), u(t) ≤ −R1.

Further, we have the following

ω

u
≤

fi(t, u(t))
Fi(t, u(t))

, u(t) ≥ R1, (3.4)

AIMS Mathematics Volume 7, Issue 9, 16986–17000.



16996

ω

u
≤

fi(t, u(t))
Fi(t, u(t))

, u(t) ≤ −R1. (3.5)

Then, by integrating Eqs (3.4) and (3.5) from R1 to u(t) and u(t) to −R1, respectively, we obtain the
following: ∫ u(t)

R1

ω

s
ds ≤

∫ u(t)

R1

fi(t, s)
Fi(t, s)

ds,

∫ −R1

u(t)

ω

s
ds ≤

∫ −R1

u(t)

fi(t, s)
Fi(t, s)

du.

Moreover, we have ∫ R1

u(t)

ω

s
ds ≥

∫ R1

u(t)

fi(t, s)
Fi(t, s)

ds,

∫ u(t)

−R1

ω

s
ds ≥

∫ u(t)

−R1

fi(t, s)
Fi(t, s)

ds.

By calculation, we have

Fi(t, u(t)) ≥ Ai|u(t)|ω, |u(t)| ≥ R1, Fi(t, u(t)) ≤ Bi|u(t)|ω, 0 < |u(t)| ≤ R1,

where
Ai = R−ω1 min

t∈[si,ti+1]
{Fi(t,R1), Fi(t,−R1)} > 0

Bi = R−ω1 max
t∈[si,ti+1]

{Fi(t,R1), Fi(t,−R1)} > 0

Since Fi(t, u(t)) is continuous, there exist constants Di > 0 such that

Fi(t, u(t)) ≥ Ai|u(t)|ω − Di, u(t) ∈ Eα,p
0 .

By applying the inequalities Fi(t, u(t)) ≤ Bi|u|ω and 0 < |u| ≤ R1, we have that∫ ti+1

si

Fi(t, u(t)) ≤
∫ ti+1

si

Bi|u(t)|ω ≤ BiTΛω‖u‖ωa .

Since Eα,p
0 is a reflexive and separable Banach space, there exists ei ∈ Eα,p

0 , i = 1, 2, 3, · · · , such that
Eα,p

0 = span{ei : i = 1, 2, · · ·}. For k = 1, 2, · · · , denote

Xi := span{ei}, Yk£ =

k⊕
i=1

Xi, Zk :=
∞⊕

i=k

Xi.

Then Eα,p
0 = Yk

⊕
Zk. For ∀u ∈ Zk with ‖u‖a < 1, and together with Condition (H3), we have

ϕ(u) =
1
p
‖u‖p

a +

m∑
i=1

∫ u(ti)

0
Ii(s)ds − λ

m∑
i=0

∫ ti+1

si

Fit, u(t)dt
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≥
1
p
‖u‖p

a − δi

m∑
i=1

|u(t)|ν − λ
m∑

i=0

BiTΛω‖u‖ωa

≥
1
p
‖u‖p

a − mδΛν‖u‖νa − λ(m + 1)BTΛω‖u‖ωa

≥

(
1
p
− λ(m + 1)BTΛω

)
‖u‖p

a − mδΛν‖u‖νa,

where δ = max{δ1, δ2, · · · , δm} and B = max{B1, B2, · · · , Bm}. Since ν > p, when λ ∈ (0, 1
(m+1)BTΛωp ),

there exists a constant ρ > 0 and such that when ‖u‖a = ρ, ϕ(u) = η > 0.
Step 3 We illustrate that ϕ satisfies Condition (ii) of Lemma 2.9. From Condition (H1) we have

m∑
i=1

∫ u(ti)

0
Ii(s)ds < 0.

Thus

ϕ(ξu) =
1
p
‖ξu‖p

a +

m∑
i=1

∫ ξu(ti)

0
Ii(s)ds − λ

m∑
i=0

∫ ti=1

si

Fi(t, ξu(t))dt

≤
1
p
‖ξu‖p

a − λ

m∑
i=0

∫ ti+1

si

Ai|ξu(t)|γ − Didt

≤
1
p
‖ξu‖p

a + λ(m + 1)DT − λ
m∑

i=0

∫ ti+1

si

Ai|ξu(t)|γdt

=
1
p
‖ξu‖p

a + λ(m + 1)DT − λ
m∑

i=0

Aiξ
γ‖u‖γ

Lγ[si ,ti+1]
,

where D = max{D0, D1, D2, · · · , Dm}. Since γ > p, the above inequality implies that for any
finite dimensional space E1 ⊂ Eα,p

0 for ∀u(t) ∈ E1 there exists a sufficiently large constant ξ such that
‖ξu‖a > ρ

′

and ϕ(ξu) < 0. �

4. Example

In this section, we give a simple example to prove our main result. Consider the following equation:

tDα
T

(
φ 3

2

(
C
0 Dα

t u(t)
))

+ a(t)φ 3
2

(u(t)) = λ(2t2 + cos t)u3(t), t ∈ (si, ti+1], i = 0, 1, 2, · · · ,m,
∆tDα−1

T

(
φ 3

2

(
C
0 Dα

t u(ti)
))

= −2u5(ti) , i = 1, 2, · · · , m,

tDα−1
T

(
φ 3

2

(
C
0 Dα

t u(t)
))

= tDα−1
T

(
φ 3

2

(
C
0 Dα

t u(t+
i )

))
, t ∈ (ti, si], i = 1, 2, · · · , m,

tDα−1
T

(
φ 3

2

(
C
0 Dα

t u(s−i )
))

= tDα−1
T

(
φ 3

2

(
C
0 Dα

t u(s+
i )

))
, i = 1, 2, · · · , m,

u(0) = u(T ) = 0,

(4.1)

where p = 1.5 and fi(t, u) = (2t2+cos t)u3(t) and Ii(u) = −2u5 are odd about u. Take ν = 6,ω = 4, δi = 1
3

and R1 = 1. By simple computation, Conditions (H1) − (H3) are satisfied and B ≤ 1
4 (2T 2 + 1). Thus,

from Theorem 1.1, when λ ∈
(
0, 4

(m+1)(2T 2+1)TΛ4 p

)
(Λ is defined in Remark 2.6), Problem (4.1) admits

infinitely many solutions.
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5. Conclusions

In this paper, we explored the existence of solutions of p-Laplacian fractional differential
equations with instantaneous and non-instantaneous impulses; the corresponding result has been
presented. Based on the variational method and a mountain pass lemma, sufficient conditions for the
existence of infinitely many solutions were obtained. The uniqueness and stability of solutions of the
initial value problem of the systems should be considered, this may be our future work.
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