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1. Introduction

Differential variational inequality is a dynamical system that includes variational inequalities
and ordinary differential equations. Differential variational inequalities plays an important role for
formulating models involving both dynamics and inequality constraints. Aubin and Cellina [3]
introduced the concept of differential variational inequality and after that it was studied by Pang
and Stewart [25]. The partial differential variational inequalities was studied by Liu, Zeng and
Motreanu [15] and shown that the solution set is compact and continuous. There are some obstacles in
their work that constraint set necessarily be compact and only local boundary conditions are satisfied.
Liu, Migorskii and Zeng [14] relaxed the conditions of [15] and proved the existence of partial
differential variational inequality in non-compact setting. Properties of solution set like strong-weak
upper semicontinuity and measurability was proved by them.
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Differential variational inequalities are application oriented and have several applications in
engineering and physical sciences, operation research, etc. In particular, they are applicable in
electrical circuits with ideal diodes, economical dynamics, dynamic traffic network, functional
problems, differential Nash games, control systems, etc., see for example [1,2,16-20,23,26,27,31].

Evolution equation can be explained as the differential law of the development (evolution) in time of
a system. The evolution character of the equation make easier its numerical solution. Variational-like
inequality is a generalized form of a variational inequalities and has many applications in operations
research, optimization, convex mathematical programming, etc. On the other hand, many problems
of engineering and applied sciences can be solved by using second order evolution equation, see for
example [5,6,9,10,12,13,22,28,30,32,33].

2. Preliminaries and formulation of the problem

Throughout the paper, we assume B and B, denote separable reflexive Banach spaces and K(# ®)
be convex and closed subset of B;. We define some mapping below, that is,

F :[0,71% B, x By — L(B1.By).
7:00,71x B, x B, — By,
9:10,71x B, x B, — B,,
A K—F,
n:KxK— B,
V/gs K — R U {+c0}, where 7 > 0.
Inspired by the above discussed work, in this paper, we introduce and study a second order

evolutionary partial differential variational-like inequality in Banach spaces. We mention our problem
below:

1”(x) = Ap(x) + F(x, 9(x), ' )JH(X) + T(x 9(x), v/ (%), ae. x € [0, 77,
(x) € Sol(K,3(x, n(x), ' (x) + AC), ¥), ae. x € [0,7], (2.1)
1(0) = 1o, v’(0) = yo.

We also consider a variational-like inequality problem of finding w : [0,7] — K such that

(86, 9(x), v’ (%)) + AR(x)), (D, W(x)) + ¥(0) - Y((x) = 0,Y Ve K, ae. x€[0,7]. (2.2)

The solution set of problem (2.2) is denoted by Sol[(2.1)].
The mild solution of problem (2.1) is described by the following definition.

Definition 2.1. A pair of function (v, 1) such that vy € C'([0, T],E) and 1t : [0,7] — E(C E)
measurable, called mild solution of problem (2.1) if

n(x) = Q(x)no + R(x)yo + fo R(x = p)IF (p, v(p), v’ (P)U(p) + (. v(p), v’ (P))dp,
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where x € [0,7] and u(p) € SOZ(E,ﬁ(p, n(p),v'(p)) + A, ¥). R(x) will be defined in continuation.
Here, S ol(E , W + A(.), ) denotes the solution set of mixed variational-like inequality (3.1). If (v,11)
is a mild solution of above assumed problem, then v is said to be the mild trajectory and W is called
the variational control trajectory. Here C ({0,771, B>) denotes the Banach space of all continuous

differentiable mappings v : [0,7 ] — B, with norm
Ivller = maX{maX In(x)ll, max III)'(X)II},
xe[0,7] xe[0,77]

and L(E) denotes the Banach space of bounded linear operators from E into E

The subsequent part of this paper is organised in this way. In the next section, some definitions
and results are defined, which will be used to achieve our goal. In Section 3, an existence result for
variational-like inequalities is proved. Also, we have proved that S OZ(E ,W + A(),¥) is nonempty,
closed and convex. The upper semicontinuity of the multi-valued mapping & : [0,7 ] X B> X By —
Hbv(El) is discussed. In the last section, we have proved that the existence result for the mild solution
of second order evolutionary partial differerntial variational-like inequalities under some appropriate
conditions.

Let X; and X, are topological spaces. We shall use H()/(\z) to denote the family of all nonempty
subsets of X5, and

HC()/(\Q) = {5 € H()/(\z) : Dis closed};
I1,(X,) := {D € TI(X;) : D is bounded);
Hbc()@) = {5 € H()?z) . D is bounded and closed};
Hcv()/(\z) = {5 € H()@) : D is closed and convex};
M,(X2) = {

Hkv()?;) ={D e H()/(\Z) :Dis compact and convex}.

De H(f(}) . D is bounded and convex};

One parameter family Q(x), where x is real number, of bounded linear operators from a Banach
space B, into itself is called a strongly continuous cosine family if and only if

(1) O(x+ p) + O(x = p) =2C(x)C(p),Yx,p €R,
(2) Q(0) =1, is the identity operator in E}),
(3) Q(x)w is continuous in x on R for every fixed w € Ez

We associate with the strongly continuous cosine family Q(x) in B, the strongly continuous sine family
R(x), such that

ROOW = f O(pywdp, we By, xR,
0
and the two sets

E, = {we Ez : Q(x)u is one time continuously differentiable in x on R},

E, = {we 1/3\2 : Q(x)w is two times continuously differentiable in x on R}.

The operator A : D(A) C B, — B, is the infinitesimal generator of a strongly continuous cosine family
Q(x), x € R defined by A(v) = d?/dx*Q(0)y with D(A) = E,.
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Proposition 2.1. [29] Let Q(x), x € R be a strongly continuous cosine family in E Then the following
hold:

(1)) Q) = O(=x), YxeR,

(i) Q(p),R(p), Q(x), and R(x) commute ¥ x, p € R,
(iii) R(x+ p) + Q(x — p) = 2R(x)Q(p), Y x,p € R,
(v) R(x + p) = Rx)Q(p) + R(p)C(x), ¥ x, peR,
(v) R(x) = —R(-x), Y x € R.

For furthure information related to the properties of the sine and cosine families, see [12,23,27] and
references therein.

Definition 2.2. [2]] Let )?1, )?z are topological spaces. Then the multi-valued mapping F : 5(\1 -
I1(X,) is said to be:

(i) Upper semicontinuous (u.s.c., in short) at x € 5(;, if for each open set I C )’(\2 with f(x) cU da
neighbourhood N (x) of x such that

FIN(x)) := F(y) C .
yEN(x)

If Fisu.s.c. ¥ x € X,, then F is said to be upper semicontinuous on X,

(it) Lower semicontinuous (L.s.c., in short) at x € )?1 if, for each open set W C )’(\2 satisfying FNU # o,
1 a neighbourhood N (x) of x such that FN W # ¢ Vy € N(x). If F is Ls.c. ¥V x € Xy, then F is
called lower semicontinuous on X.

Proposition 2.2. [2]] Let F : )?1 - H()@) be a multi-valued mapping, where )?1, and 5(\2 denote
topological vector spaces. Then the following are equivalent:

(i) F is upper semicontinuous,

(ii) the set
F (O ={xeX : FNC # ¢},

is closed in X, for each closed set C C )?2

(iti) the set
F'(C)={xeX : F(x) c U,

is open in X, for each open set 1l C Xs.

Proposition 2.3. [4] Let Q(# ¢) subset of Banach space X. Assume that the multi-valued mapping
F : Q — II(X) is weakly compact and convex. Then, F is strongly-weakly u.s.c. if and only if {x,} C Q
with x, — xo € Qand y, € F(x,) implies y, — yo € F(xo) up to a subsequence.
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Lemma 2.1. [7] Let {x,} be a sequence such that x, — X in a normed space V. Then there is a
sequence of combinations {y,} such that

yn:i/lixi, i/ll-:land/l,-zo, 1 <i<oo,

=n =n
which converges to X in norm.

Now we define the measurability of a multi-valued mapping, which is needed in the proof
of existence of solution of second order evolutionary partial differential variational-like inequality
problem (2.1).

Definition 2.3. [11,21]

(i) A multi-valued mapping F : I > (X) is called measurable if for each open subset W C X the set
F*Q) is measurable in R.
And

[se]
n=1

(ii) the multi-valued mapping F:I— Hbc(jf\) is called strongly measurable if 1 a sequence {f )
of step set-valued mappings such that

ﬁ(f(t),l?n(t)) — 0, asn > oo,telae.,

here X denotes Banach space, I be an interval of real numbers and 77(., .) denotes the Hausdorff
metric on I1,.(X).

Definition 2.4. [11, 34] Let X be Banach space and (F, <) be a partial ordered set. A function f3 :
[1,(X) — F is called a measure of non compactness (MNC, for short) in X if

B(Eomv0) = BO) for every O € TI,(X),
here convO showing the closure of convex hull of O.
Definition 2.5. [34] A measure of non compactness (3 is called
(i) monotone, if Oy, 0; € I,(X) and Oy C O, implies B(O,) < BO)),
(it) nonsingular, if BaU O) = BO) Y a € X and O € T1,(X),

(iii) invariant with respect to union of compact set, if B(K U Q) = B(O) for each relatively compact set
K c X and O € I1,(X),

(iv) algebraically semiadditive, if B(Oy + O1) < B(Oy) + B(Oy) for every Oy, O; € ,(X),
(v) regular, if B(O) = 0 is equivalent to the relative compactness of O.
A very famous example of measure of non compactness is the following Hausdorft measure of non

compactness on C([0, 7 1,X) with 0 < 7~ < oo calculated by the following formula:

1.
x1(0) = Slim sup max ||Ix(t1) = x(0)llx.- (2.3)

-0 .0 [t —t2]<

Here, x7(O) is said to be the modulus of equicontinuity of O c C([0,7 1,X). Definition (2.4) is
applicable on (2.3).
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Definition 2.6. [11] A multi-valued mapping F:KcX— H(S(\) is said to be condensing relative to
measure of non compactness 8 (or B-condensing) if for each O C K, we have

BF(O)) # BO).
That is not relatively compact.

Definition 2. 7 [8, 8] A smgle valued mapping T : K - X* is called relaxed n-a monotone if 1 a
mapping 1 : K x K > X and a real-valued mapping « X > R, with a(tz) = ta(z), Yt > 0, and
z € X, such that

(Tx =Ty, n(x,y) > —a(x-y), ¥ x,y € K, (2.4)

where p > 1 is a constant.

Definition 2.8. /8] A mapping T : K — X" is called n-coercive with respect to Y if 4 xy € K such that

tim i T ZTOLNC 30 + ) = 9r0) 0s)
xeK, ||x|]|—o0 [Im7(x, xo)l

Where 1 : KxK— Xbea mapping and { : X >RU {+0o0} is proper convex lower semicontinuous
function.

Theorem 2.1. [11] Let X be a Banach space and M its closed convex subset, then the fixed point set
of B-condensing multi-valued mapping F : M — T1;,(M) is nonempty. That is FixF .= {x e M : x €
F(x)} # ¢. Where B is a nonsingular measure of non compactness defined on subsets of M.

3. Some properties of S ol(K,w + A(.), ¥)

Let B, and B, are real reflexive Banach spaces and BT be the dual of B, and K be a nonempty
closed, convex subset of B;.
We consider the following problem of finding it € K such that

(W + AW, p(0, 1)) + Y(@®) — Y(@) > 0, YT € K, (3.1)

where w € E*, A:K > E* and n : KxK — §1 Problem (3.1) is called generalized mixed
variational-like inequality. We prove the following lemma.

Lemma 3.1. Suppose that the following conditions are satisfied:
(L) A: B, — E* is an n-hemicontinuous and n-a monotone mapping;
(L) ¥ El — R U {+o0} be a proper convex and lower semicontinuous,

(I;) the mapping & — (A3, n(L, D)) is convex, lower semicontinuous for fixed ©,3 € K and n(W, 1) =
0, Y ueKk.

Thenu € SOZ(E, w + A(), ¥), if and only if W is the solution of following inequality:
(@ + A®), (0, 0) + Y (@) ~ Y@ > a@-), YT K. (3.2)
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Proof. Letis a solution of problem (3.1), then

(W + A, (0, 1) + ¢(0) — Y(w) > 0.

Since A is relaxed n-a monotone, we have

(w + A), n(0, 1)) + Y(v) — Y1)
(W + A, (0, 1)) + (A®) — A, n(0, 1) + (o) — Y1)
> (A@®) - AW, 7O, M) > a(®-T), YD K.

Hence, 1t is the solution of inequality (3.2).

Conversely, let 1t € K be a solution of problem (3.2) and let v € K be any point (v) < co. We define
D, = (1 — sju+ s, s € (0,1), then due to convexity of K T, € K. Since D, € K is the solution of
inequality (3.2), it follows from (/,)—(/3)

<fﬁ + ﬂ(ﬁs)’ 77(5”@) + l/’@s) - l/’@ 2 a’(ﬁs _/1D
(w + Avy), n((1 = )+ s0,W0) + (1 = i+ s0) — () > a((1 - sHiw
+50 —11)
(w + Avy), (1 = $)n(w) + s, W) + (1 — ) + sp(@) =) = als@ -n).
Using (/3), we have
(w + Avy), sn(0,1) + s@0) —yY) = s"al® -
(@ + A1 = 9+ 50), n(0,W0) + WO —y@) = " e@® -,

letting s — 0%, we get

(W + AW, n(v, 1)) + Y(v) — (i) > 0, Y1 € K.
o

Theorem 3.1. Suppose that the conditions (I,)—(I5) are satisfied. Additionally, if the following
conditions hold.

(1) n(,v) + 50, W) =0,
(I) A e Kn DY) such that

lim inf (A1) — Avp), (11, 09)) + Y(ir) — ¢(0p) oo (3.3)

TR, |[il|oo |In(t, o)l

Then, Sol(K,® + A(.), ¥) :A{'Ee K : (@ + AQ), n(0,0)) + y(®) — (@) > 0, ¥ T € K} # ¢, bounded,
closed and convex, forw € B .

Proof. Clearly, Sol(K,® + A(), ¥) # ¢, asT € Sol(K,® + A(), y), for each T € K.
Now, we have to show that S ol(K, W+A(.), ) is bounded. Suppose to contrary that S 0l(K, w+A(), ¢)
is not bounded, then there exists a sequence {it,} € S ol(K, W+A(.), ) such that |[it,||z- — coasn — co.
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16839

We can consider, Y n € N, ||| > n. By n-coercive condition (3.3), 3 a constant M > 0 and a mapping
K : [0, 00) — [0, 00) with (k) — oo such that for every ||TI||79~1 > M,

(AQ) — Avo), n(11,09)) + (i) = ¢(0g) = k(lIn(, vo)lIz)In(L, vo)lI5:-
Thus, if n is sufficiently large as «(n) > (|[A®o)|| + |[w])),

0 < (A, + B0, T,) + Y () - Y(i,)
= (AQ), 709, 14,)) + (W, 7V, 10,)) + (D) — Y(ity)
= —(A,) — Ao), n(ity, Do) + Y(09) — (i) + (A0o), 7(0o, 1,))
(. 780, T0,))
< =G 5Dl Bo)lg: + AL 00)l5: + 0, To)llg;
= In@,. Bl ~ c(ln(. To)llg,) + ILAG)I + ]
< 0.

Which is not possible. Thus, S ol(E , §+ A(.), ¥) is bounded.
Now it remains to prove thz}E Sol(K,w + A(.), ¥) is closed. _
Let {1,,} be a sequence in Sol(K,w + A(.), ¥) such thatu, » 1w e K. Then, ¥ n € N

(W + AW,), (0, 1,)) + Y(®) — ¥(1,) 2 0, ¥ T K. (3.4)
From Lemmas (3.1) and (3.4) same as
(@ + A®), n(1L,. D) + Y(W,) — ¥(®) > @ -T,), ¥ D K. (3.5)
By using (14), we have
(® + A®), 70, 1,)) + ¥ (®) - Y(T,) + 20 -T,) <0, ¥ D€ K. (3.6)
Which implies that
lim sup{(® + A®. @) + $©) - Y(,) +a@ =T} <0, ¥ e K, 3.7)

as u — (A(v), n(v, 1)), ¥ and « are lower semicontinuous functions. From (3.7), we have

(® + A®), (O, 0) + Y@ — YD) + @ -1) <0, ¥V De K, (3.8)
that is, .
(w + Av), n(1,)) + () — Y(v) =2 (@ -1), ¥ v € K. (3.9)

By Lemma 3.1, we getu € Sol(K w + A(.), ¥), that is Sol(K w + A(. ) lp) is closed.
Lastly, we show that Sol(K w + G(.), ¥) is convex. For any 1,10 € Sol(K w+ A(), ¥)and s € [0, 1],
let v, = (1 — s)v + s1. Since K is convex, so that 11, € K. Using (/3) and letting s — 0", we obtain

<6 + ﬂ(ﬁs)’ 77(’3%@) + 'jl(ﬁs) - '70®>
= (w + Avy), n((1 = s)v + s1,0)) + (1 = s)v + s10) — Y(v)
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< (1 = s)(w + A(y), n(v,)) + s(w + A(v,), (v, 1))

+ s((n) — y(v))
< s[(w + Ay), n(0, 1) + Q) — w(0)]
<0,
that is,
(w + Ay, n(v,v))) + Y(0) = Y(vy) > 0.
Hence, S ol(K, ® + A(), ¥) is convex. m]

Boundedness of @ implies that S ol(K, ® + A(.), ¥) is bounded.

Theorem 3.2. Suppose that all the conditions and mappings are same as considered in Theorem 3.1.
Additionally, ¥ W € B(n, B ) d a constant M,, > 0, depending on n, such that

iz < M,, V ue Sol(K,® + A(), ), (3.10)
where B(n, B, ) = (W€ By : [Wllz < n}.
Proof. On contrary let us suppose that 4 Ny > 0 and
Sup ||z : W e Sol(K, W + A, )} =

wWeB(No.B1 )
Therefore, 3 ; € B(Np, B ) and 1i; € Sol(K, ® + A(), ) with [lp, Do)l > k (k = 1,2,3,---). By
n-coercivity assumption, 3 a constant M > 0 such that V ||5(i,vy)|| > M and a function « : [0, c0) —
[0, 00) with K(/AC) — oo as k — oo, we have

(AW, 71, 09)) + Y(w) — Y(v9) = k(|lm(r, vo)IDlIn(, o)l

No+A@II
k

Thus, for k > M sufficiently large such that K(IAc) > , one has

0 < (wp+AQR), (0, 17)) + Y(o) — (i)

= (g, 70, up)) — (AQR) — Avy), n(iiz, 0g)) + (Ay), (i, o))
+(0o) — (i)

= (g, (0o, 1)) — [(AQR) — Avo), (i, o)) + (i) — Y(0o)]
+(A(), n(iz, 0o))

= |zl oo, up)ll = r(lnCoo, 1) IDlinCoo, Il + IKA®)llIn(oo, 1)l

= Nolln(oo, wp)Il = r(lln(oo, up)IDIInCoo, Wl + KA)IllI7(oo, )|

< (No +IIA®@)IDk ~ r(k) < 0,

which is a contradiction. Hence our supposition is wrong. O

Let g:[0,7]x% EZ X By — E* be the single valued mapping and a multi-valued mapping & : [0, 7] X
B2 X B2 — H(K) is defined as follows:

Fx, 900, 0'(x) := {T € K : 7 € Sol(K, 5(x, (x), y'(x)) + AC), ).

It follows from Theorem 3.1 that F(x, n(x), v’ (x)) is nonempty, bounded, closed and convex that is,
Fx, (x), v/ (x)) € My (By) V (x,0(x), 0/ (x)) € [0, 7] X B X By

AIMS Mathematics Volume 7, Issue 9, 16832—16850.
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Theorem 3.3. Suppose that all the condltlons and mappings are same as considered in Theorem 3.1
and the mapping g : [0,7 ] X Bz X B2 - Bl is bounded and continuous, then the following assertions
hold:

(i) & is strongly weakly u.s.c.;
(i) x = Fx, n(x), v (x)) is measurable Y 1,1’ € E;
(iii) for every bounded subset QO = Qy X Q, of C 1([0, T, f?; X é;), d a constant M- such that

1FCx, n(x), »" Il = supifullz 10 € Fx, n(x), " (x)} < Mg-, ¥V x €[0,7] (3.11)

and (1,1") € Q.

Proof. (i) LetC C El be any weakly closed subng of Ii , suppose that {(x,,n,,v",)} € [0,7] X B\Z X Ez
such that (x,,1,,1",) = (x*,*,9*)in [0,7] X B, X B, with (x,,9,,9,") € F'(C) := {(x,1,7) | CN
&(x,1,1") # ¢}. Therefore, for any n € N, there exists 1, € C N F(x,, Y, 1,) such that

@ D> 1) + AL, 1O, T,)) + Y(©) — Y(,) = 0, VD € K. (3.12)

By Lemma 3.1, (3.12) is equivalent to

(8060, D> 0" + A®), (D, 1,)) + Y(0) = Y(5,) > @ -T,), ¥ Te K. (3.13)
Which implies that,
liz:zgtp{@(xn, s D) + A®), 7(0,1,)) + Y(0) — Y(v,)} = li%(v)yp{a(ﬁ —11,)},
V7ek. (3.14)

Slnce g is continuous. Therefore, by Theorem 3.3, it implies that {u,} is bounded. Hence, by reflexivity
of Bl, we can suppose that i, = u* € C in B1
From (3.14), we get

@077, 97) + A, G0 +Y(©) — Y(@) 2 ¢@-T), ¥ T K. (3.15)
Using Lemma 3.1, we have
@, ",0™) + A@, p@ ) +Y(@) ~y() 20, ¥ TeK.
It follows from weakly closeness of C that
("9, 9") € F(C) := {(x,1,9) : CN F(x,,) # ¢}.

Hence, & is strongly weakly u.s.c..
(ii) Define a set

Ly = {x € [0, T ];d(v, §(x, p(x), 5’ (x))) > A}, ¥ (0,1") € By X By, D € By.
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16842

Now we will show that L, is an open set for all A > 0. For this let {x,,} € (Ly)“ = [0, 7 ]\L, be a sequence
with x, — x. Then V n € N, we have d(v, F(x,,9,1")) < A. As for every (x,9,1") € [0,7] X Ez X I?z,
the multi-valued mapping F(x, v, 1) is bounded, closed and convex by Theorem 3.1, we get V n € N,
1, € F(x,,1,v") such that |[v —1,|| < A. By Theorem 3.3, {i,} is bounded, so we may assume that
u, —~TeKk. By (i), 1 € &(x, p(x), v’ (x)). Hence, we obtain

d(v, §(x,9,1)) < |t =llz; = lim inflf, -l < 4,

that is x € (L))", thus [0, §] \ L, is closed. Hence, L, is open, consequently L, is measurable. By [24,
Proposition 6.2.4], the mapping x — &(x,n,1’) is measurable VY (v,1") € B, X B,.
(iii) As g is bounded. Therefore

FQ'Q* = @(xa I)(X), I),(.X')) P XE€ [07 7-] and (I)’ I)’) € Q*},

is also bounded in §1 for every bounded subset Q* of C‘([O, T ],f?; X EZ) Then, by Theorem 3.3,
&F(x, v(x), v’ (x)) is bounded, ¥ x € [0, 7 ] and (v,1") € Q. Hence, d a constant Mq: > 0 such that 3.11
holds. O

4. Main results

Before proving our main result, we mention that by Theorem 3.3, F(x, n(x), »’(x)) is measurable and
B is a separable Banach space. Her}ge, by [21, Theclgem 3.17] &§(x, n(x), n’(xl)\ possess a measurable
selection £ such that £ € L([0,71; By) ¢ L*([0,71,B,) ¥ (v,v') € C'([0, 7], B, X By). So

P3(v.v') = (¢ € L2(10. 71, B)) | £0) € F(x.9(x). 0’ (). aue.. x € [0, 71}, @.1)

is well defined V (v, 1) € C'([0, 7], B, x B).

Lemma 4.1. Suppose that (1)) — (I4) hold and g : [0, 7] X E; X B‘; — E* is bounded and continuous.
Then, multi-valued mapping P is strongly upper semicontinuous.

Proof. Let {n,,v,} ¢ C'([0,71, B, X By) with (v,, v}) = (no, 1)) in C'([0, 7], B, X B) and &, €
P3(v,,v,) for n € N. Now, we need to prove that 3 a subsequence of {&,}, such that &, — & €
Px(o, vg)-

Indeed, (I5) confirms that the sequence {&,} is bounded in L*([0,7 ], E). Therefore, we can suppose
&, — & weakly in L*([0, T, E). By Lemma 2.1, there is {¢}, a finite combination of the {&; : i > n}
with &, — &) converges strongly in L2([0, 7], B)).

Since 3§ is strongly weakly upper semicontinuous and (v,,1;,) — (v9,9;) € C 110,771, §2), therefore
for every weak neighborhood Y, of §(x, no(x), n(x)) there exists a strong neighborhood

Fxn,n) Y, Y(,9)eU.
Which shows that & € Pg (1o, 1;). Thus, by Proposition 2.3, Py is strongly upper semi continuous. O

We also need the following assumptions for achieving the goal.

(Is) 9:[0,7] % Ez X E; - E* 1s continuous and bounded;
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(17) %("9:') [0, T] - L(Bl,Bz) 7:( s [0,7] - L(E,E) are measurable for all y, 1’ € Ig’;
and F(x,.,.) : 82 - L(Bz, 1) is continuous for a.e. x € [0, 7], where L(Bl,Bz) denotes the
class of bounded linear operators from Bl to B2, and there exists pz= € L*([0,77],R,) and a non-
decreasing continuous mapping y;z : [0, o) — [0, c0) such that

170 00, 0’ DIl < py (I + 1Y WIlE). ¥ (.)€ (0,71 By x B

(Ig) ?(.,I), D, Pfd(.,.,t)’) : [0,7] — Ez are measurable for all v,1’ € EZ and there exists p; €
Lz([O, T],R+) such that for x € [0, 7] §(x,.,.) : B, — B, satisfies

e, v, ) = T v, DI o0l = ]I,
[IFCx, v, 1) = 70, v, I < pr(OIT = T'lIz;, 4.2)
I, 0,0)]l < pr(x).

The following result ensures the existence of solution of problem (2.1).

Theorem 4.1. Under the assumptions (I,)—(13), if the following inequalities hold

yz(k) . Tooll + Iiyoll 1
i inf| = 43)
10(x1) — QUell < llx) = Xl and [IR(x1) — RCxo)I| < Ilxy = xall, (4.4)

where
§ = max{supll Q) suplR@, g}
xeJ xeJ

and My, > 0 is a constant stated in Theorem 3.2, then, the problem (2.1) has at least one mild solution

(v, ).
Proof. We define the multi-valued mapping I : C'([0, 771, B») — II(C'([0, 7], B,)) such that

T(v) :={y € C'(10, ], By)| y(x) = Q(x)n + R(x)yo + f R(x = p)| F(p. 0(p). ' (P)E(p)

+i(p, v(P), ' () |dp, x €10, T, & € P5(v)},
(4.5)

where Pg is defined in (4.1). Our aim is to show that Fix(I') # ¢.
Step-L () € I,(C'([0, 7], By)) for each y € C'([0, 7], By).

Clearly, I'(v) is convex for every y € C'([0, 7], E) due to the convexity of Pg(D).
Since for each y € I'(y), we can choose & € Px(n) such that

y(X) = Q@)+ R(X)yo + fo R(x = p)IF (p, n(p), v (p)E(P)
+(p, 0(p), v (p))]dp,
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which implies that,

lyColl

IA

IA

+(p. v(p). ' (p)]dp)

90O+ llyoRCOI + | fo RGx = pIF (p,0(p), v (D)ED)

Slimoll + Sllyoll + o] fo IF(p. v(p). v/ (PYE(P)Ildp

. fo 7P (). v (Pl

Using (I7) and (/) and applying Holder’s inequality,

Iyl

< Slivoll + Sllyoll + o] fo IF (p. v(p). v (P)EP)Ildp

+ fo i, 9(p). V' (p)ldt],

8(Imoll + lyoll) + 6] fo oy (ol + Iy DM dp
+ fo o)1+ Il + Ily'lhdp]

S(Uoll + Ilyoll) + &yz=(Ill + by’ Mig fo pr(p)p

+6(1 + [yl + III)'II)f pi(p)dp,
0

5(|Ir)o|| + lyoll + vl + 11y ID Mgy lloA1 T2

+(1+ ol =+ Iy DllosltT™/2)

lImoll + llyoll
T1/2

+(1 + [l + III)’II)IlpﬁI]-

57| + vzl + I DM g lloz

Hence, ['(v) is bounded in C!([0, 7], B,) for each vy € C([0, 7], B,).

Next we shall prove that I'(y) is a collection of equicontinuous mappings ¥V v € C([0, 7], l§;).

) =yl = [[90Qx) + yoR(x) + fo RG> = p)|F (2, 0(p), v (DEP)

<

AIMS Mathematics

(P, 9(p), v (p)|dp = 90Q(x1) = yoR(x1)

- fo RCxy = DIF (p. 9(p). v (pE(P) + T(p. 9(p). v (P

[Dolll@Cx2) = Q(xDIl + [[yollllR(x2) = RCxy)|
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| [ " R = DIF (0, 0(p), 5 (PIEP) + T, (), 0 ()N
- fo " RGn = PIF (.00, 0 GVED) + T, v(p), ' (p)dp
al " R = PIF .00, 0 GDED) + T, 0(p), 0 (0))ldp
- " RGo = P2 (P (PDEP) + Tpon(p). v (p)1dp

R(x; — p)IF (p, v(p),

IA

X2
Imollllxa = x1ll + [[yollllxa = X1l + f
Xq

- lree - p
—R(x = pOIT (. 9(p), ' (DDED) + T, v(p), o ()|
= (ol + ol = xill + 1y + 1, (4.6)

fxz

x|

f)q
0

H(p o), v (p)|[dp.

W' (P)EP) + T, v(p), vy (P)dp|| + f

RCe, = PIF (2, 9(p), v (D) +T(p, v(p), v ()dp)

where I

and I (R(x2 = p) = R(xy = p)IF (p.0(p). v/ (P)E(p)

Applying Holder’s inequality, we have

I

IA

f IRGe2 = PITFE (P, v(p). v (P)EP)ldp

+f IRCe> = PP, v(p). v (P))]lldp

IA

f Moyl + I (PINdp

‘ f Sys(1+ ()l + Iy (PDdp,

= SMgy(h@)Il+ Iy (PIDle(PlICn — x)'"?
+6y;(1+ ()l + Iy (P — x1)'2
= 6(x, = x)" [ Mgyl + Iy P)loFp)l
+y:(1+ @)l + I (PID] - 0as x1 > x,. 4.7)

Further by Proposition 2.2 and (4.4) and Holder’s inequality, we have

X1
12 = f
0

H(p, o), v (p))]|[dp

(R(xz — p) = R(x1 = pHIF (P, n(p), ' (P)E(P)
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[ fo [R(PX(Q(x2) = Q1)) + Q(P)IR(x1) = R(x))]
XIT(p, 9(p), v (PDEP) +T(p, (), v/ ()] [dp

fo IRPINC(x1) = QDIIF (P, v(p). v (P)E(P)

IA

+Pfd(1l?,1)(1!?),1)'(10))||dp+f0 IOIIIR(x1) = R(x2)|

IF(p, 0(p), v (PYEP) + T(p, v(p). ' (P)ldp
fo Sllx = xll[IF (P, (). v (P)EP)I

IA

+ (. 9(p). ' P)]dp + fo llxy = ol

X[IF (P, v(p), v (PN + IF (P, n(p), v (P)ldp
20(llxy — xall) i [Migieg(P)y ()l + 1" (p)I)
+o(p)y:(1 + III)O(p)II + v (p)IDldp,

20]1x; — X2||[M|[§||||P%(P)||)’%(||T)(P)|| + ' (p)I)

+y#(1 + [lp(p)ll + III)'(p)II)]xU2 — 0as x; = x,. (4.8)

IA

IA

From (4.6)—(4.8), we have
ly(x2) — y(x)llg; — 0, as x; — x,.
Hence, I'(v) is equicontinuous, YV 1) € Cl([O,A'T 1, §2). By Arzela-Ascoli theorem [34], we obtained that
['(v) is relatively compact V vy € C'([0,77], B>). N N
Now, we have to check that I'(1) is closed in C'([0, 7], B,) V 1 € C'([0,71, B,).

Let {y,} c ['(v) is a sequence with y, — y* in C'([0,7]; By) as n — co. Hence, there exist a sequence
{&,} € Pz(v) such that

Ya(®) = Q)Mo + R(x)yo + f R(x = pIF (p,v(p), v/ (PNE(P) + T(p, 0(p), v/ (P)]dp,
0
x € [0, 7]. By (iii) of Theorem 3.3, it follows that the sequence {£,} is weakly relatively compact. Since

Pg(v) 1s upper semicontinuity (see Lemma 4.1), we may assume &, — & € Pg(p) in L*([0,77], B)),
where £ € Pg(1). On the other hand, by strongly continuity of Q(x) and R(x) for x > 0, we have

Y (x) = Q(x)ny + R(x)yo + fo R(x = p)IF (0, 0(p), ' (p)E(P) + T(p, v(p), v (p))dp,

x € [0,77]. Which implies that y* € I'(y), that is I'(y) € I1.,(C'[0,7], E).

Step-II. The multi-valued mapping I'is closed.
For this assume v, — 1* and y, — y* in C'([0,7 ], B,) with y, € I'(y,) ¥ n € N. We need to prove that
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y* € I'(p*). From the definition of multi-valued map I', we may take &, € P5(v,) V n € N such that

yu(x) = Q(x)19 + R(x)yo + fo R(x = P)F (P, 02(P), 0" (P)EP) + T, va(p), 14" (P))dp,
x€[0,7].
4.9)

With the help of Theorem 3.3 and Lemma 4.1, we may consider that &, — &* € Pz(y"). By using, I
we get that (., 9,(.), 9,(.)) = (., v*,v*) in L*([0, 7], By).

By using the continuity of F (x, ., .) and strongly continuity of Q(x), R(x) for x > 0, we obtain from (4.9)
that
Y'(x) = QX + R(x)yo + f R(x = p)IF (p, 0" (p), 0™ (PNE"(p) + (P v"(p), v (P)]dp,
0
x€[0,7],

and & € Pg(y). Thus p* € I'(v*).

Step-IIL. I is yr condensing.

Let D c II,(C'([0, 7], B>)). Therefore, D is not relatively compact subset of C'([0, 7], B,). For D,
we need to prove that y+((D)) £ x7T((D))). Since D is bounded subset of C'([0, 7], B\z), then by
applying the same technique as in Step-I, we may prove that I'((D)) is relatively compact, that is,
x7(D) = 0. Hence, y7((D)) < x+(I['(D)) = 0 implies that D is relatively compact by regularity of yr,
we conclude that I is ys-condensing.

Step-1IV. 1 a constant My > 0 such that

[(By, € BMy) := {n € C'([0,71,B2) : Illc < My} € C'([0, 71, By). (4.10)

Let us assume that ¥ k > 0, 9 two sequences {y;} and {y;} such that
el o.1.5)0 ||I);<||c1([0,7"],§§> < k/2 and y; € I'(y;) such that |[ys|| > 0. Hence, there is & € Pg(1;) such
that

V() = Q(x)no + R(x)yo + fo R(x = PIF(p, 0(p), 0 (P)EP) + T(ps 0e(p), i () dp,
x€[0,7].

Using Holder’s inequality, for every x € [0, 7 ], we have

Iyl < 1QIllvoll + IRGOIyol
+ f IR(x = pIIF (2, 0(p), v (PHEP) + T(ps ve(p), v’ ()l p,
0

= 5(||T)0||+||)’0||)+f Slyz(lvill + v’ IDeF(P) Mz 1dp
0

+ f §vi(1 + ol + lInylDx(p)dp
0

IA

o(lwoll + Ilyoll) + fo olyF(pz(p) Mg ldp
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+f 67;(1 +k)p;(p)dp
0
< S(loll + ol + Sy lloz(0)l1 Mgy T
+6y:(1 + K)o T
lImoll + [[yoll
= 67‘1/2[7%(k)||pf(x)||M|@| + (1 + b)llog()ll + 07—1/2%]
we obtain by using (4.9),
[y«ll 5
1 < limin —yk COT1E)
k—o0 k
< lim inf[)/(/;(k)lIp(l;(x)l|M|@|‘7'1/2 + (1 + k)llpf%x)H'Tl/2 + (Ivoll + ||)’0||)]
k— o0
< 1,

which is a contradiction. Therefore there exists Mg such that (4.10) holds. _
Thus, all requirements of Theorem 2.1 are fulfilled. This implies that FixI" # ¢ in By,. Therefore,
(SOEPDVLI) has at least one mild solution (1, 11). O

5. Conclusions

In this paper, a second order evolutionary partial differential variational-like inequality problem is
introduced and studied in a Banach space, which is much more general than the considered by Liu-
Migoérski-Zeng [14], Li-Huang-O’Regan [13] and Wang-Li-Li-Huang [33] etc. We investigate suitable
conditions to prove an existence theorem for our problem by using the theory of strongly continuous
cosine family of bounded linear operator, fixed point theorem for condensing set-valued mapping and
the theory of measure of non-compactness.

Acknowledgments

The authors are highly thankful to anonymous referees and the editor for their valuable suggestions
and comments which improve the manuscript a lot.

Conflict of interest

The authors declare that they have no conflicts of interest.

References

1. R. Ahmad, S. S. Irfan, On generalized variational-like inequality problems, Appl. Math. Lett., 19
(2006), 294-297. https://doi.org/10.1016/j.am1.2005.05.010

2. R. Ahmad, J. Igbal, I. Ali, W. A. Mir, Solving nonlinear variational-like inclusion problems using
n-proximal mappings, J. Nonlinear Convex A., 22 (2021), 1577-1590.

AIMS Mathematics Volume 7, Issue 9, 16832—16850.


http://dx.doi.org/https://doi.org/10.1016/j.aml.2005.05.010

16849

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

J. P. Aubin, A. Cellina, Differential inclusions: Set-valued maps and viability theory, Springer,
Berlin, 1984

D. Bothe, Multivalued perturbations of m-accretive differential inclusions, Israel J. Math., 108
(1998), 109-138. https://doi.org/10.1007/BF02783044

X. Chen, Z. Wang, Convergence of regularized time-stepping methods for differential variational
inequalities, SIAM J. Optim., 23 (2013), 1647-1671. https://doi.org/10.1137/120875223

X. Chen, Z. Wang, Differential variational inequality approach to dynamic games with shared
constraints, Math. Program., 146 (2014), 379—408. https://doi.org/10.1007/s10107-013-0689-1

I. Ekeland, R. Teman, Convex analysis and variational problems, North Holland, Amsterdam,
1976.

Y. P. Fang, N. J. Huang, Variational-like inequalities with generalized monotone mappings in
Banach spaces, J. Theor. Appl., 118 (2003), 327-338. https://doi.org/10.1023/A:1025499305742

J. Gwinner, On a new class of differential variational inequalities and a stability result, Math.
Program, 139 (2013), 205-221. https://doi.org/10.1007/s10107-013-0669-5

J.  Gwinner, Hp-FEM convergence for unilateral contact problems with Tresca
friction in plane linear elastostatics, J. Comput. Appl. Math., 254 (2013), 175-184.
https://doi.org/10.1016/j.cam.2013.03.013

M. Kamenski, V. Obukhovskii, P. Zecca, Condensing multivalued maps and semilinear differential
inclusions in Banach spaces, Water de Gruyter, Berlin, 2001.

Y. Konishi, Cosine functions of operators in locally convex spaces, J. Fac. Sci. Univ. Tokyo IA
Math., 18 (1971), 443-463.

X. S. Li, N.J. Huang, D. O’Regan, Differential mixed variational inequalities in finite dimensional
spaces, Nonlinear Anal., 72 (2010), 3875-3886. https://doi.org/10.1016/j.na.2010.01.025

Z. Liu, S. Migérski, S. Zeng, Partial differential variational inequalities involving nonlocal
boundary conditions in Banach spaces, J. Differ Equations, 263 (2017), 3989-4006.
https://doi.org/10.1016/j.jde.2017.05.010

Z. H. Liu, S. D. Zeng, D. Motreanu, Evolutionary problems driven by variational inequalities, J.
Differ. Equations, 260 (2016), 6787-6799. https://doi.org/10.1016/j.jde.2016.01.012

Z. H. Liu, N. V. Loi, V. Obukhovskii, Existence and global bifurcation of periodic solutions
to a class of differential variational inequalities, Int. J. Bifurcat. Chaos, 23 (2013), 1350125.
https://doi.org/10.1142/S0218127413501253

Z. H. Liu, D. Motreanu, S. D. Zeng, Nonlinear evolutionary systems driven by
mixed variational inequalities and its applications, Nonlinear Anal., 42 (2018), 409-421.
https://doi.org/10.1016/j.nonrwa.2018.01.008

Z.H. Liu, S. D. Zeng, D. Motreanu, Partial differential hemivariational inequalities, Adv. Nonlinear
Anal., 7 (2018), 571-586. https://doi.org/10.1515/anona-2016-0102

S. Migérski, S. D. Zeng, A class of differential hemivariational inequalities in Banach spaces, J.
Glob. Optim., 72 (2018), 761-779. https://doi.org/10.1007/s10898-018-0667-5

AIMS Mathematics Volume 7, Issue 9, 16832—16850.


http://dx.doi.org/https://doi.org/10.1007/BF02783044
http://dx.doi.org/https://doi.org/10.1137/120875223
http://dx.doi.org/https://doi.org/10.1007/s10107-013-0689-1
http://dx.doi.org/https://doi.org/10.1023/A:1025499305742
http://dx.doi.org/https://doi.org/10.1007/s10107-013-0669-5
http://dx.doi.org/https://doi.org/10.1016/j.cam.2013.03.013
http://dx.doi.org/https://doi.org/10.1016/j.na.2010.01.025
http://dx.doi.org/https://doi.org/10.1016/j.jde.2017.05.010
http://dx.doi.org/https://doi.org/10.1016/j.jde.2016.01.012
http://dx.doi.org/https://doi.org/10.1142/S0218127413501253
http://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2018.01.008
http://dx.doi.org/https://doi.org/10.1515/anona-2016-0102
http://dx.doi.org/https://doi.org/10.1007/s10898-018-0667-5

16850

20.

21.

22.

23.

24.

25.

26.

27.
28.

29.

30.

31.

32.

33.

34.

S. Migorski, W. Han, S. Zeng, A new class of hyperbolic variational-hemivariational
inequalities driven by non-linear evolution equations, Eur. J. Appl. Math., 32 (2021), 59-88.
https://doi.org/10.1017/S0956792520000030

S. Migérski, A. Ochal, M. Sofonea, Nonlinear inclusions and hemivariational inequalities, models
and analysis of contact problems, Springer, New York, 26 (2013).

S. Migérski, S. D. Zeng, Mixed variational inequalities driven by fractional evolutionary equations,
Acta Math. Sci., 39 (2019), 461-468. https://doi.org/10.1007/s10473-019-0211-9

B. Nagy, On cosine operator functions in Banach spaces, Acta Sci. Math. Szeged, 36 (1974), 281—
2809.

N. S. Papageorgiou, S. T. Kyritsi-Yiallourou, Handbook of applied analysis, Springer, New York,
20009.

J. S. Pang, D. E. Stewart, Differential variational inequalities, Math. Progr., 113 (2008), 345-424.
https://doi.org/10.1007/s10107-006-0052-x

J. Parida, M. Sahoo, A. Kumar, A variational-like inequality problem, B. Aust. Math. Soc., 39
(1989), 225-231. https://doi.org/10.1017/S0004972700002690

M. Sovs, Cosine operator functions, Rozprawy Mat., 49 (1974), 1-47.

N. Tatar, Mild and classical solutions to a fractional singular second order evolution problem,
Electron. J. Qual. Theory Differ. Equ., 91 (2012), 1-24. https://doi.org/10.14232/ejqtde.2012.1.91

C. C. Travis, G. F. Webb, Cosine families and abstract nonlinear second order differential equations,
Acta Math. Acad. Sci. H. Tomus, 32 (1978), 75-96. https://doi.org/10.1007/BF01902205

X. Hao, L. Liu, Mild solution of second-order impulsive integro-differential evolution equation of
Volterra type in Banach spaces, Qual. Theor. Dyn. Syst., 19 (2020). https://doi.org/10.1007/s12346-
020-00345-w

N. T. Van, T. D. Ke, Asymptotic behavior of solutions to a class of differential variational
inequalities, Ann. Pol. Math., 114 (2015), 147-164.

X. Wang, N. J. Huang, A class of differential vector variational inequalities in finite dimensional
spaces, J. Optim. Theory Appl., 162 (2014), 633-648. https://doi.org/10.1007/s10957-013-0311-y

X. Wang, W. Li, X. S. Li, N. J. Huang, Stability for differential mixed variational inequalities,
Optim. Lett., 8 (2014), 1873—-1887. https://doi.org/10.1007/s11590-013-0682-x

E. Zeidler, Nonlinear functional analysis and its applications: Il/B: Nonlinear monotone operators,
Springer, New York, 1990.

©2022 the Author(s), licensee AIMS Press. This

AR is an open access article distributed under the

Aatms ATMS Press

@ terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 7, Issue 9, 16832—16850.


http://dx.doi.org/https://doi.org/10.1017/S0956792520000030
http://dx.doi.org/https://doi.org/10.1007/s10473-019-0211-9
http://dx.doi.org/https://doi.org/10.1007/s10107-006-0052-x
http://dx.doi.org/https://doi.org/10.1017/S0004972700002690
http://dx.doi.org/https://doi.org/10.14232/ejqtde.2012.1.91
http://dx.doi.org/https://doi.org/10.1007/BF01902205
http://dx.doi.org/https://doi.org/10.1007/s12346-020-00345-w
http://dx.doi.org/https://doi.org/10.1007/s12346-020-00345-w
http://dx.doi.org/https://doi.org/10.1007/s10957-013-0311-y
http://dx.doi.org/https://doi.org/10.1007/s11590-013-0682-x
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries and formulation of the problem
	Some properties of Sol(K,w"0362w+A(.),)
	Main results
	Conclusions

