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Abstract: This paper is dedicated to studying the following Kirchhoftf-Schrodinger-Poisson system:

- (a + bf |Vu|2dx) Au+ V(xDu + Agu = K(x)) f(u), x € R?,
R3
—A¢ = u?, x € R3,

where V, K are radial and bounded away from below by positive numbers. Under some weaker
assumptions on the nonlinearity f , we develop a direct approach to establish the existence of infinitely
many nodal solutions {ui’/l} with a prescribed number of nodes k, by using the Gersgorin disc’s theorem,
Miranda theorem and Brouwer degree theory. Moreover, we prove that the energy of {uZ’A} is strictly
increasing in k, and give a convergence property of {u,’i’ﬁ} asb —0and 1 — 0.
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1. Introduction and main results

In this paper, we study the existence of infinitely many nodal solutions for the following Kirchhoff-
Schrodinger-Poisson problem :

- (a +b IVulzdx) Au+ V(xDu + Agu = K(|x)) f(u), x € R3,

(1.1)

R3
-A¢ = u?, x e R3,
where V, K, F satisfy the following assumptions:

(V) V :[0,+00) — R is measurable with V, := essinfjg ) V > 0;
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(K) K € L*([0, +0)) with essinf|g ) K > 0;
(F1) f € C(R;R), f(t) = —f(=1), and f(1) = o(t) as t — O;
(F2) there exists a constant Cy > 0 and p € (4, 6) such that for all x € R",

FOI< Co(itl+1077"), VreR;

(F3) limy,e % = +00;
(F4) there exists 6 € (0, 1) such that for all x € RY, ¢ > 0 and 7 € R\{0},

@ £ |1- 7]
K(|X|) [T - (lT)3 T2 > 0.

] sign(1 — 1) + 6V

The nonlocal operator (a + b fR3 |Vul*dx)Au comes from the following Kirchhoff problem

{ (a+b [, IVuPdx)Au+ V(xu = f(x,u), x € RY, (1.2)

ueH' (RN),

where a, b > 0. Problem (1.2) is related to is related to the stationary analogue of the Kirchhoff equation

Uy — (a + bf IVulzdx) Au = f(x,u),
Q

which was introduced by Kirchhoff [20]. After the pioneer work of Lions [23], lots of interesting
results to problem (1.2) or similar problems were obtained in last decade. For example, by category
theory, He and Zou [13] studied the existence of multiple positive solutions for (1.2). Moreover,
they also studied the concentrated behavior of positive solution. Combining constraint variational
methods and the quantitative deformation lemma, Shuai [28] studied the existence and asymptotic
behavior of the least energy sign-changing solution to problem (1.2). Soon afterwards, under some
more weak assumptions on f (like (F1)—(F4)), Tang and Cheng [33] improved and generalized some
results obtained in [28]. For the investigation of stationary states of the Kirchhoff type equation and
other non-local problems, we refer to [1,9,11-17,27,33,38,39] and reference therein.
When a = 1,b = 0, system (1.1) reduces to the Schrodinger-Poisson system

{ —Au + V(IxDu + Agu = K(Ix) fw), x€R3, (1.3)

~A¢ = u?, x €R3.

For more details about its physical meaning, we refer the reader to [4,31] and the references therein.
Noting that system (1.3) involves a nonlocal term A¢(x)u, namely, it is not a pointwise identity. In view
of this, more mathematical difficulties are waiting to be solved, which makes the study of system (1.3)
more meaningful. In the last decade, much effort has been made to investigate system like (1.3) on the
existence of positive solutions, ground state solutions, multiple solutions and sign-changing solution;
see for examples [2,6,19,24,26,29,32,35,41] and the reference therein. In particular, when K(|x|) f(u) =
lulP~'u (3 < p < 5), Wang and Zhou [35] proved that (1.3) had a least energy sign-changing solution via
a constraint variational method combining the Brouwer degree theory. After that, Chen and Tang [6]
consider (1.3) under a general nonlinearity f(x, u) like (F1)—(F4)). Utilizing the Non-Nehari manifold
method, the authors obtained a least energy sign-changing solution.
On the other hand, system (1.1) includes the well-known nonlinear Schrodinger equation
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_ — N
{ alAu + V(|xu = K(|x) f(w), x € RY, (1.4)

ueH' (RN),

Problem of (1.4) has been extensively studied since 1970s. One can refer to the books [31, 36] and
reference for the details and related results. In particular, Bartsch and Willem [3], Cao and Zhu [5]
proved independently that, for every integer k > 0, there is a pair of solutions u; of (1.5), having
precisely k nodes. They first obtain the solution of (1.1) in each annulus, including every ball and
the complement of it, and then glue them by matching the normal derivative at each junction point.
After that, many authors pay their attention to find nodal solutions of elliptical partial differential
equations with non-local term. When K(x)f(u) = [ul’"'u (3 < p < 5), Kim and Seok [19] construct a
sign-changing solution of Schrodinger-Poisson system (1.3) with any prescribed number nodes. More
precisely, due to the nonlocal term A¢u, the method used in [3, 5] could not apply to (1.3) directly.
Hence, by changing (1.3) to another system and take advantage of Nehari method and gluing method
in [3,5], Kim and Seok obtained infinitely many sign-changing solutions. It is worth noting that Deng,
Peng and Shuai [9] considered the Kirchhoff type problem (1.2), where f € C! and satisfies the Nehari
monotonicity condition

(F5) AU increasing on (—oo, 0) U (0, +00).

|t

By using the Nehari method and gluing method as in [19], they proved (1.2) had a least energy sign-
changing radial solution with any prescribed number nodes. It should be mentioned that the assumption
(F4) is much weaker than (FS). As stated in [6], there are many functions satisfying (F1)—(F4)), but
not (F5). For example, f(f) = (|t|3 + |t 2) t,¥t € R. Very recently, Guo and Wu [12] considered (1.2)
with assumption (F1)—(F4)), by using Non-Nehari method, matrix theory and Brouwer degree theory,
they get a similar conclusion as in [9]. For the reader interested in nodal solutions for the elliptical
partial differential equations, we would also like to refer [7, 10, 18] and references therein.

For system (1.1) contains bother nonlocal operator and nonlocal nonlinear term, the study of
system (1.1) become technically complicated. In recent year, there were some scholars paying attention
to system (1.1) or similar problems; see [8,21,37,40] and the reference therein. Especially, when
K(x)f(u) = ul’"'u 3 < p < 5), Deng and Yang [8] studied the nodal solution of (1.1) by using
the gluing method. But they did not study the energy property and asymptotic behavior of the nodal
solution. Motivated by the above results, it is natural to ask, under condition (F1)—(F4)), whether (1.1)
had sign-changing solutions with any prescribed number nodes? If there exist such solution, how about
its energy property and asymptotic behavior? To the best of our knowledge, this question is open for
more general nonlinearities f, especially when f € C°.

Inspired by the work mentioned above, in this paper, we seek the nodal solutions to problem (1.1)
under the assumption (V), (K) and (F1)-(F4). Before stating our main results, we give several
definitions and some notations. Throughout this paper, we define

H:= {u € H! (R) | f (alVuP + V(xhu?) dx < +oo},

R

with the norm

llull* = f (aquI2 + V(le)uz) dx.
R3
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The embedding H — H! (R3) is continuous due to the condition (V). Then the embedding H —
L1 (R3) is compact for 2 < g < 6, due to the well known result of Strauss [30]. Besides, as is well

known from the Lax-Milgram theorem, for any u € H' (R3), there exists a unique

u(y)
L= d D1,2 R3
¢ fRs4n|x—y| ye D (E)

solving the equation —A¢ = u?. Then the energy functional associated with system (1.1) is well-defined

2 2
Ipa(w) = Ll + b( f |Vu|2dx) f f WU Q) oy — f K(x)Fdx,  (1.5)
2 R3 scps 4mlx —y) R3

where F(u) = fou f(r)dr. Moreover, I,, € C' (H,R), due to the growth condition (F1), (F2) and the
Hardy-Littlewood-Sobolev inequality, see [22, Theorem 4.3]. Hence, for any u, ¢ € H, we have

(1;,,1(u),¢>: f (@VuVe + V(xDug)dx + b f \Vul*dx f VuVedx
R3 R3 R3
(1.6)

a f dutigd — f K(x) ().
R3 R3

Clearly, critical points of I, , are the weak solutions for nonlocal problem (1.1). A necessary condition
for u € H to be a critical point of I, is that <11’;, (W), u> = 0. This necessary condition defines the
Nehari manifold

N = {u e H\(0} : (I} \(u),u) = O},

and the corresponding ground state energy is

Co = iIlfIb 1
N D

Meanwhile, for each k € N, for each positive integer k, we denote by r;, = (r1,...,r) € RF with
0=ry<r <---<r;<rp =, and define a Nehari type set

N ={ueH:3Ar,suchthat (-=1)"*'u; > 0in B;,u; = 0 on B,

(1.7)
and I (uu; = 0, V1 <i<k+1},

where B| = {x eRVN:0< x| < rl} B; = {x eRN:ri < x| < ri} ,u; = up, and y g, is the characteristic

function on B;. Clearly, u = Zf‘ﬂ] u; and N consists of nodal functions with precisely k nodes. We

consider the level
Ck :i/I\}fIb’/l (18)

Our first main result of the paper can be stated as follows.

Theorem 1.1. Under the assumptions (V), (K), (F1)—(F4), for every integer k > 0, there exists a radial
solution uy, of (1.1), which changes sign exactly k-times.
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The proof of Theorem 1.1 is based on the argument presented in [19] regarding the Nehari method
and gluing method (see [3,5]). However, comparing to [19], the contribution of this work is greatly
relax the assumptions on f and subsequently deal with the difficulties it brings. The main difficult is
when the nonlinearity term f does not satisfy Nehari monotonicity condition (FS§), one can not use
the method in [19] to prove the set N, is nonempty. Meanwhile, due to f ¢ C!, it is impossible to
prove the differentiability of the Nehari set NV, and the Lagrangian multiplier principle dose not work.
To overcome this difficulty, we use the Non-Nehari method in [6] and the Gersgorin disc’s Theorem
(see [12]) to prove N is nonempty. Besides, taking advantage of Brouwer degree theory and Miranda
theorem, we obtain the least energy sign-changing solution of (1.1) with exactly k nodes for any k > 0.

Similar to [9], our another aim in the present paper is to show that the energy of u; obtained in
Theorem 1.1 is strictly increasing in k.

Theorem 1.2. If the assumptions of Theorem 1.1 hold, then the energy of uy is strictly increasing in k,
Le.,
Ipa (1) > Ipa (ui),  forany k > 0.

Moreover, I, ) (uy) > (k + 1)1, 4 (up), where uy is the solution u; with k = 0 in Theorem 1.1.

Note that u; obtained in Theorem 1.1 depends on b, A. Thus, we denote it by ui’ﬁ and analyze the
convergence properties of ui’l asb — 0"and 1 — 0.

Theorem 1.3. Under the assumptions of Theorem 1.1, for any sequence {b,} and {A,} with b, — 0*
and A, — 0*as n — oo, there exists a subsequence, still denoted by {b,} and {A,}, such that the solution
ui"’ﬂ" obtained in Theorem 1.1, converge to wy strongly in H as n — oo, where wy, is a least energy

radial solution of (1.4) which changes sign exactly k-times.

The paper is organized as follows. In Section 2, we first present variational framework and and
modify the energy functional (1.1) to the functional corresponding to a system of (k + 1)-equations.
Besides, we give some useful Lemmas in Matrix theory. In Section 3, we devote to find a nontrivial
critical point of the modified functional. In Section 4, we obtain a solution of (1.1) with k-nodes
by using critical point obtained in Section 2 as a building block, henceforth complete the proof of
Theorem 1.1. Finally, in Section 4, we prove Theorems 1.2 and 1.3.

2. Preliminaries

In this section, we outline the variational framework for problem (1.1) and modify the energy
functional to another functional, which corresponds to a system of (k + 1)-equations. In addition,
we will also give some results from matrix theory, which is important in our proofs.

For each integer k, we define

k . .
Fk:{rk:(rl,...,rk)eR |0.—r0<r1<---<rk+1.—00},
and for each r, € I';, set

Bl ={xeR*:0<xl<n]},

Bl ={xeR’:r<|xd<n}, fori=23--k

B

k+1:{x€R3:|x|2rk}.
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Obviously, B}" is a ball, B}, --- , B;* are annuli and B;* , is the complement of a ball. Fix an element

k+1
ry = (ry,---,r) € I'y and thereby a family of annuli {B;"}i; , We write

ry Ty 14'q
H™ = H x---xH" ,

where
= {u c HO( rk) | u(x) = u(|x]), u(x) = 0if x ¢ B;k},

1

fori=1,---,k+ 1. Apparently, H* is Hilbert space with the norm

lull? = f (alVul® + V() dx
"k

B,
i

Hereafter, we always regard u; € H;* as an element in H' (R3) by setting u = 0 in R*\B}*, and denote
by

A uj) = f IV, *|Vu,|*dx (2.1)
R3

W2(Xi()
B(u;,u;) = ————dxdy. (2.2)
=L L

After that, we introduce an auxiliary functional J,, ; : H"™* — R related to [, : H — R, defined by

k+1
Jo Uy, tgesr) = Iy a [Z Mi]
k+1 k+1 k+1 2 2
u; (u; (y)
= Vu,|? SR
ZZ||M||+4Z(fl|u|dx) 4Zfi Lfk 47r|x—y|dXdy
k+1 k+1 2 2
F(Ou; (y)
+ ZZ f \Vu|dx f Vu,[Pdx + ZZ f f B T dxdy

i=1 j#i =1 j#i

and

k+1

—Z f K(x)F (u)dx
k+ l 1
=Z( lal? + A(u,,u>—— f K<|x|>F<u)dx)
D JB¥*

i=1

k+1 k+1
g Z D Al + 7 Z > B, u)).
i=1 j#i i=1 j#i

Therefore, foreachi=1,...,k+ 1,

Oy Uiy t) i = ||l +bA(ui,u-)+/lB(ui,u-)—f K(|x)F(u)dx
B

k+1 k+1
+b ) > A up)+ ) Blui,uy).
i=1 j#i i=1 j#i
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Moreover, if (uy, ..., u1) € H™ is a critical point of J, , then each component u; satisfies
k+1 k+1 2
| 21 i)l
—(a+b Yy |Vull?)Au+V w1 | EE L ay|lu=k , x€B™,
(a ,Z; 1724132080 + V(lxu [ fR T e Kedfw, e B
u=0, x ¢ B*.

Least energy radial solution of (1.1) which change signs exactly k times will constructed by gluing
the solutions of the system (2.3). To this end, analogous to Nehari manifold, we define the set N;* by

N]:k . :{(M],"' 7uk+1)€7-{rk |ui;t07 aui-]b,/l(ul"" ,Mk+])ui:Of0ri: 1"" 7k+1}

= {(u1,~- JUr1) € H™ |u; # 0 and foreachi=1,--- ,k+ 1,
k+1 k+1 (2.4)
lall? + b > Al u) + 4 Y Bluju) - f K(x)F(u)dx = 0},
=1 =1 Bt
and consider the least energy level
dirg) = inf  Jpa(ui,--- ue). (2.5)

(1, g JEN K

We will use constraint minimizer on N* to seek a critical point of J;, ; with nonzero component. Until
then, we would like to present some properties of F(u) and results from matrix theory to ensure that
N;* is nonempty.

Lemma 2.1. Assume that (F1)—(F4) holds, then for any t > 0 and T € R\{0}, we have

2
1 oV, (112 - 1
K(WDF(r) = K(xDF (147) + = K () /o) - ¥T2 <0, 2.6)
where 0 has been given in (F4).

Proof. In fact, a straightforward computation shows that

1 ov, (1172 - 1Y
K(xhF(@ - K(le)F( rh ) t_K(lxl)f(T)T— ##

f ( KA (5"47) 574 — ZK(ab e - 2 (57 - 1)rz)ds

& Y K(xD)f (S1/4 ) K(IxI)f(T) _ 2.7
= —f V ds
4 Ji (s'/47)° 7 2
4 fs'r g1/
= Z ft K | ( ) (S(IMT)Jlsign(l 5) + 6V, Q]sign(s— 1)ds,
which combines with (F4) ensure (2.6). O

As a byproduct of the last lemma is the following corollary.
Corollary 2.1. Assume that (F1)—(F4) hold, then for any T € R, we have

1 A%
K(xDF(r) = 2K () f ()7 = TOTZ <0.
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Proof. In fact, the corollary follows by letting # — 0 in (2.6). O

Lemma 2.2. (Gersgorin disc Theorem [34, Therome 1.1]) For any matrix A = (a[,j) € C™ and any
eigenvalue 1 € o(A) ;= {u € C: det(uE — A) = 0}, there is a positive integer | € {1,...,n} such that
|/7. - a1,1| < Z |al,j| .
J#l
By virtue of this lemma, we have the following results.

Lemma 2.3. [12] Forany b;; = b;; > Owithi # je€{l,...,n}and s; > 0withi =1,...,n, define the
matrix C := (ci f)m by

o=l 2z Sibul si - fori=j,

Y bij>0 forli]

Then the real symmetric matrix (c,- j) y is non-positive definite.
nxn

Lemma 2.4. Defining map G, : (Rs0)*"! = R and G, : (Rso)*"! — R by

k+1

Gi(tr,+ ) = ) (10707 = 1) A, uy), (2.8)

ij=1

and
k+1

Gy(t, k1) = Z (T}/zf;/z - ti) B(uj, u;), (2.9)
ij=1
where A(u;,u;) and B(u;,u;) are defined in (2.1) and (2.2). Then the map G, and G, are strictly
concave in (Roo)**'. Moreover, for (t1,--- ,trz1) € Rao)™!, Gu(tr, -+ ,t11) < Gu(1,-+-,1) = 0,
where m € {1, 2}.

Proof. We just need to check this result for G, and then the proof of G, is similar, we omit it. Indeed,
direct computations give that

0G, 5 (1-11
1 _ Z( £ - 1)A(u,-,u,),

o & 2
I#i
PG, (1.3 0’G, 1 -1 _1
= ——t.2t? — 1|A(u;,u;) and =—t °t.*A(u;,u;) fori # j.
Btl.z - 4 1 ( i l) (9l'itj 4 i ( i ]) J
I#i
1 1
i i .. o= 12472 TR
Defining the matrix (al’j)(k+1)><(k+1) by a;; = t, 2 A(u;, uj), then
(82G1) |- Z tiay/t; for i = j,
= I#i
Otitj Jgwryary | ayy > O fori # j,

which is a negative definite matrix in (Ra)H! by Lemma 2.3. Therefore, G, is a strictly concave
function in (R.o)**'. Moreover, notice that VG,(1,---,1) = 0, we deduce that (1,---,1) is a unique
global maximum point of G on (R.¢)**! and

max Gi(ty, - ,tge1) = Gi(1,---, 1) =0.

(R>0)k+I
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Consequently, by the continuity of Gy,

max Gi(t), - ,tre1) = max Gi(ty, -+, t) = 8(,---, 1) =0.
(Rx)**! (Ry0)**!

As a result, we complete the proof of this lemma. O

3. Critical points of the auxiliary functional

In this section, we seek a critical point of the auxiliary functional J,,. Firstly, we prove the
following lemma.

Lemma 3.1. Assume that (V), (K), (F1) — (F4) hold and r; € Ty is fixed. Then for any (uy,- - , 1) €
H™\{0} and (11, , trs1) € (Rsp) ™! := [0, 00)**!, there holds

1 1
4 g
Jpa (ll up, -, tk+1uk+1) = Jpalur, -, uryr)

ki1 12 _ q\? (3.1)
t; — 1 ti 1
< ; Tauijb,/l(ula ce ) — (1= 9)% ||Mi||l2

where 0 € (0, 1) is defined in (F4).

Proof. For each (uy,--- ,up1) € H™ withu; #0fori=1,--- ,k+ 1, we have

1 1
Jb.a (tful,"' ,f,?+luk+1)—Jb,A(M1,"' s Uk+1)
k+1 p ikl ktl 1
—Z(—r li? + r,? Zt}A(uj, ui)+ Zt Bluj,u;) - f K(x)F(; ]
k+1 k+1 k+1
2
—Z[ l? + 4ZA<u,,u,>+ ZB(u,,ul : fB \ K<|x|)F<ui)]
k+ 1 1 bk+1 L /lk+1 .
:Zl: [E(tiz — 1)||u,-||f + 1 z; (z;ﬂ 1)A(uj, u;) + 1 z; (t]Z 12 )B(u,,u)
i= J= J=
1
+ f k(Ix]) [F(ti4ui)—F(u,~) dx]
B
k+1 K+l 3
-1 -1
=2 dudhat um)ui—; I (.2)
k+1 k+1
3 3.3
Z(r i~ A u) + Z(t.ti — 1) Buj, u;)
1] 1 i,j=1
k+1 P 1
. i~
+ Z f (K<|x|)F (i) = K(DF (1" us) + ==K () f () u,-) dx
k+1

5)

i=1

1
=1 (17 = 1)?
g Oudbalur, - u ) = (1= )= lluil|?

b A
+ _Gl(tlv' o vtk+1) + ZGZ(tl" o ’tk+1)

k+1

+Zf

AIMS Mathematics Volume 7, Issue 9, 16787-16810.

o 212
K (F ) = F (1] »))+’TK<|x|)f(u,»>ui—e & 7 2 |u,»|2]dx



16796

Now, using Lemmas 2.1 and 2.4, we can easily get the conclusion of Lemma 3.1. O

From now on, we always assume that (V), (K), (F1)-(F4) hold. We are devoted to finding the
critical points of Jj, ;. Firstly, for (uy, -+, uz,1) € H™, we define a map V" : (Rso)**' — R by

1 1
Wit k1) = T (fful,"' ,f,f+1uk+1)- (3.3)

With the help of Lemma 3.1, we are devoted to prove that the set N/, defined in (2.4), is nonempty
in the following Lemma.

Lemma 3.2. Assume r, € Ty is fixed. Then for any (uy,--- ,ur1) € H™\{0}, there exists a unique
(k+ 1) —tuple (t,,- - - , try1) Of positive numbers such that
YU, - f) = (nglai‘. YU, ), (3.4)

>0

and
((1_1)%“1, e ,(fk+1)%uk+1) e N*. (3.5)
Proof. By the definition of W" and the assumption (V), (K), (F1)—-(F4), we deduce that
YU(t,...,h41) = 0as|(f,..., )| = Oand W (74, ..., te1) = —00 as | (fq,...,t%s1)| — o0, which
yields " possess at least one global maximal point (71, ..., fx41).
Firstly, we prove that 7; > O for alli = 1,...,k + 1. Otherwise, there exists iy € {1,...,k + 1} such
that 7; = 0. Without loss of generality, we assume f; = 0. Notice that

_ _ 1. b A 1
W (1,00, s Bs1) = = T2l |f + —TAQuy, uy) + = TB(uy, uy) — frk K(x)F(t%u;)dx

2 4 4 P
b k+1 1 k+1
1 1 1 1
+s ZZ D) A ) + 5 ]ZZ (i) B, 1))
k+1 —. 1
1;)? b_ A_ .
+ {Qlluilli2 + =LA, u;) + =5B(ui, u;) — f K()F((F)? u;)dx
i=2 2 4 4 B;k
b k+1 1 k+1
+ 2 ZZ: ;(E)Z(E)ZA(M, uj) + 1 Zzl ;(fi)z(fj)zg(ui, ) (3.6)
=2 J# =2 j#i

is increasing with respect to 7 > 0 for 7 small enough, which leads to a contradiction. Therefore, #; > 0
foralli=1,...,k+ 1.
Since (11, . . ., fx+1) is a global maximum point of ¥, namely,
o
ot;
which implies (3.5).
Thus, our results will be proved if we show the global maximum point of ¥ is unique. Indeed, by
Lemma 3.1, if (uy, - -+, us1) € N, one has

o _ 1 .1 _ 1 .3
(it Bps1) = Zaui-]b,/l ((h)‘l‘ul,"' ,(tk+1)‘l‘uk+1)(fi) iui =0,

K+l (t1/2 _ 1)2

1 1 i
Jb’/l(lxtl,"‘ ,uk+1) > Jb,,](tfu],"' ,l‘]?+11/tk+])+(1 _H)Z 4 ”uz”lz (37)
i=1
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Suppose on the contrary that there exists another maximum point (si,---,S) of ¥" and
(s1,°+ ,8,r1) = (1,-+-, 1), Choosing t; = s% forall 1 <i <k + 1 and by virtue of (3.7), we have

1 1
7 3
Jpalur, -+ yuger) > Jpa(siuy, -+, 80, Uike1)
1 1 1 1
1.1 i .3 _
> Jpa(t)siuy, - 0 SE ) = Jpa(ug, - Ugyr),

which is impossible. This completes the proof of Lemma 3.2. O
Recall the definition of d(ry) in (2.5), and then we have the following result.
Lemma 3.3. For each r, € Iy, there is a minimizer (uq", e u;fH) e N,* with (-D)™'uf* > 0in B for
i=1,---,k+1 satisfying
Ty (W ) = d (o).

k+1

Proof. For (uy,--- ,ury1) € N,:" , denoted by u = Z u;. From Corollary 2.1 , we deduce that
i=1

k+1

1
Joar, -+ s ugsr) = Ipa (Z Mi) = Iy (u) - 2 (wu

i=1

1 1
= 4—1||u||2 + f (ZK(IXIf(u)u - K(IXI)F(M)) dx
R3

1 Y 1-6
ZZ””||2_TOL3 Wldx > 7 lul . (3.8)

Suppose that {(u’}, LU +1)}n:1 Cc N/ is a minimizing sequence of J,, 1| N whose existence and
boundedness are guaranteed by (3.8). Then, up to a subsequence, which we still denote by
(u’ll, e ”Z+1)’ it converges to an element (u? e u2+1) weakly in H".

From now on the proof will be divided into several steps.
Step 1. We proof that u # 0 for all i. In fact, we have two cases: Either u convergence to u! strongly in
H* or it converges to u? weakly but not strongly in H*. In the former case, since (u’f RN/ 1) e N,

then by (K), (F1), (F2) and the Sobolev embedding theorem, it follows that

k+l k+l
u! l,2+ bZA(u’},u?) + /IZB(M?,M?) = f K(Ixf (uf) uidx
= =1 3
. (8f u?zdx+C(8)f u;’pdx) (3.9)
R3 RN3
Ly e n||P
S E l/[l. ; +C ui i

which implies |lu?|; > C,. Consequently, u? is not zero. In the latter case, we have [lull; <

liminf,_. [|u}|;. Besides, due to the compactly embedding 7—(1.”‘ — L7 for 2 < g < 6, it follows
by Strauss’s compactness Lemma [30] that foralli = 1,--- ,k + 1,

K(xF (u?) dx — f K(xDF (uf) dx (3.10)
R3 R3
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and
f K(xl)f () udx — f K(x)f (u)) uldx. (3.11)
R3 R3
Therefore, we deduce that
]| < f K(ld) f(udyuddlx < %||u?||l,2 +C el (3.12)
R3
and we also have u? 1s not zero.

Step 2. We claim that (u’ll, e ”Z+1) - (u‘l), el u2+1) strongly in H"*. By contradiction, if this is not the

case then, there exists i € {1,---,k + 1} such that |[u||; < liminf ||u]||;. Namely, (u‘l), .. .,u2+1) ¢ N
Since u; # O foralli =1,--- ,k+1, by virtue of Lemma 3.2, we deduce that there exists (t? . t,? +1) *
(L..... 1) satisfying ((9)%ul, ..., (22, )Ful, ) € N* and

d(ry) = inf Ty (u,cc )
(e DENE

((t0)4u1"' (tk+l) “k+1)

k+1 k+1 k+1 k+1 k+1

:% ¢ ) ]y + bZZ(t) (102 Ay, uy) + AZZ(t?)%(t?)%B(ui, ;)

i=1 j=1 i=1 j=1

La

f K(xDF(()*ud)dx

1 ST b o1 o ,
350 ) 5. Sy
i=1 =1 j=1
k+1

k+
Z( )2 ()2 B, up) - f K(x)F ()5 uf)dx
i=1

i

<liminf J,, (uf, -+ ,u},,)
n—oo

=d(ry),

which is impossible. Thus, (u(l), cee ug +1) is contained in N, ,:" and a minimizer of J,, N
Step 3. Letting

A Using the strong maximum

T Tk . 0 k+2 (.0
( up,-- "”k+1) (|”1| |”2|""’(_1) |”k+1

we can easily check that (u{k, e ,u;il) i

principle, we get (-1)*'u}* > 0in B} foralli = 1,...,k + 1. The proof is completed. i

In the following, we will prove the minimizer of Jj, |, », which obtained by the previous Lemma, is

k
actually a critical point of Functional J,, ;. However, we cannot use the Nehari method in [19] directly.
More precisely, since the assumption (F1), it seems difficult to prove NV* is a manifold as in [19].

Thus, we use the deformation lemma and Brouwer degree theory to achieve this. This idea comes
from [12,33].
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In what follows, for convenience, we denote by

u= (ul, e 7uk+l) € 7.{"1(, t= (tl’ e ’tk+l) € Rk+1’ t1/4 *u= (t:/4u1’ e ’tlifiuk?l) '
Lemma 3.4. Ifr, € T and (ui", e uZ’jrl) e N is a minimizer of Jy aln, such that
Jb,/l (uqk’ Ut 9”21_:_1) = d(rk)a

r rr . ., . . Tk
then (“1 S, ”k+1) is a critical point of Jy, , in H*.

Tk

Proof. Suppose on contrary, if u™ = (“1 ,

and o > 0 such that

e ,u,:i 1) is not a critical point of Jj, ,, then there exist 6 > 0

ue H [lu—u"|| <36 = [0y Jpa(@), -+, Do, T = 0.

Let D = {t eRE!: |tl.”4 - 1| < (%)1/4, Yi=1,---,k+ 1}. Then D is an open neighborhood of 1 :=
(1,---,1) € R¥! It follows from Lemma 3.2 that

K 1= max Jy, (t1/4 ° u’k) <d(ry). (3.13)
oD
For € := min{(m, — k) /3,1,00/8},S := B@'*,0), [36, Lemma 2.3] yields a deformation n =
(1, 1) € C ([0, 1] X H™, H"™) such that

(i) n(1,w) = wifu ¢ J, ([d(ry) = 2&,d(ry) + 2€]) N Sas;
(i) (1750 ns) I
(iil) Jpa(p(1,w)) < Jp(w), Va € H™.
By Lemma 3.2,
Jb,/l (t1/4 ® llrk) < Jb,/l (urk) = d(rk).

Then it follows from (ii) that

k+1
Ba(n(LtF eu™)) <dm) - Ve R, > it — 1] < 8/|u"]. (3.14)
i=1
On the other hand, by (iii) and (3.7), one has
k+1 .
Joa(n (L6 ew)) < gy (7 e u™) <d(ry),  Vte R, DI 126/l (3.15)
i=1
Combining (3.14) with (3.15), we deduce that
1/4 o 1,
ntlee})x Jpa (n (1, t’"eu ")) < d(ry). (3.16)
Now we claim that
{n(1.6/* eu™): te Din N #0. (3.17)
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In fact, we denote ® = (®,--- ,Dy,;) : D — R ! by
O;(t) 1= 0, E (n (1,64 e w™)) oy, (1,67 @ w™),  fori=1,-- k+1.

Then for all t € dD, the properties of deformation lemma implies n(l,t”4 . u’k) = t'/* ¢ w* and

D;(t) :=90,,E (t”4 ° u’k) T ’k foralli=1,---,k+ 1. On the other hand, by virtue of Lemma 3.2 and
Brouwer degree theory, it follows that

ot ot
d i D,0 1,
°& (( ot 1 (9tk+ 1 ) )

where W"* has been defined in (3.3). Therefore, for all t € D we have

) OPv*
1=d e .D.0
°2 (( 6t1 8tk+1 ) )

1 _ -
= deg ((a Toa W) 207wy, By Iy (W) 5 ki{4uk+1) D, 0)

1 1
:deg((4ld><t> 4k+1®k+1<t>) )

which shows the correctness of the (3.17). Consequently, we deduce that

sup Jya (1 (1.t o u™)) > d(ry), (3.18)

teD

which leads to a contradiction with (3.16). Hence, u™ = (ui" N T4 1) is a critical point of J;, and

the proof is finished. O
4. Existence of the radial sign-changing solutions

Recall the infimum level d (r;) defined in (2.5), then we have the following results.
Lemma 4.1. Forany p € (4,6) and ri, = (ry,..., 1) € I

(i) ifri—ri_y = O0forsomeie€{l,... k}, thend(r;) — +oo;
(ii) if ry = oo, then d (ry) — +oo;
(iii) d is continuous in I'y. As a consequence, there exists a ry, € 'y such that

d () = inf d(ry).
reely

Proof. (1) In view of Lemma 3.3, combining the Holder inequality and Sobolev inequality, we have

! Pl 0P
f KQ f () ufdx — AZ f f 4ﬂ|x_’y| dxdy

i,j=1

k+1

—bf Z‘Vu”‘(x)' dxf Vi dx
sz |ul.r"| dx+C(8)f |uir"|pdx
R3 R3
2

) 6-p
Tk k| 6
w;'||. |B;

< Cel|lu*
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If r, — r,.y = 0, then H ke "‘(x)H — +o0 due to p € (4,6). Thus,

k+1 1—¢
d(rk) = Jb,/l (M;k,. .. ’M;ﬁ—l) = Ib,/l [Z u:k] > T

=

k+1

2
Tk
E,”i

i=1

— 400, “4.1)

then, (i) holds.
(i1) Recalling the Strauss inequality [26], we can find ay > O such that, for all radial function u € Hy,

ao|ull

x| °

u(x) <

for a.e. |x| > 1. so we have

< fR3 K(|x))f (ufk) u;*dx

sz |u;k|2dx+C(g)f | dx
R3 R3

+ CC(s)lluk+1 |k+1 frk |x|2—l’|M]:ﬁrl 2dx 4.2)
B

k+1

2— 2
+ CC@Nr Ml 1177 frk i, \["dx

k+1

2-
+ CC(‘S)lrkl plll/tk+1 ||k+1

which yields that HZ’;*} u’k(x)H — 400 as ry, — oo due to p € (4, 6). Therefore,

k+1 2

d(r) > 1-6

— 400 as ry — oo,

which implies (i1).
(ii1) Take a sequence {rZ}

(9

satisfying r; — r; € I',. We will prove the conclusion by showing

d (7)) > limsup, ., d(r}).d () < liminf, . d (r}).
First, we prove that d (r,) > limsup,_, . d (r”) In order to emphasize that v;'kl is radial in sz, we

will rewrite v;z(lxl) = v?(i”)- Define V,rk : [’”" T l] — Rby

n rk ri—r. .
o Lu (rl]+,_’,|(r_r’n—l))’ i=1,...,k,
v.i(r) =

n Tk ;o
lk+luk+1(r”r)’ i=k+1,

r} r} 7 P
k k Fi Fi S . n
where (”1 ey uk+1) and (”1 s uk+1) are minimizers of Jb’A|N'Z and Jj, A respectively. (t’f .. tk+1)
k

is the unique (k + 1) tuple of positive numbers such that (v:k, A +1) e N, ,:k. By the definition of
rn rn
(ul", el ukil), we know that
r! r! rl rl
Jp a5 v ) 2 Tpault, . ul ) = d(ry). 4.3)
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Since r} — 1y € Ty, by a straightforward computation, one can easily get the following equations,

= (") f || dx + 0,(1);
B

f flv, k)v dx = f f(t"ur")t"u'kdx + 0,(1);

ff (X)v (y) (t)ff Ul (x)u] (y)d dy+ oy(1)
B B 4m|x — |

i

and
f k(x)' dxf "(x)‘ dx
B’ Bj
= () ( f Vit ()| dx f 'Vu”(x)‘ dx + 0,(1).
According to (vl vk+1) eN, i and ( e, u,’{il) € N:n", there holds that
k+1
||ur"|| + be |Vu"‘(x)| dxf ‘Vurk(x)’ dx
U ol (y) .
+/1]Z:; ‘L;lrk VL;:]{ dedy - L;‘k K(x)f (ui")uikdx =0,
and

k+1

T b Z f Vil (o) dx f ‘Vu'k(x)1 dx

k+1 7 7
W (O (y) AT
+ A Zf f,’ ym by Ly dy—jl; K(Ix)f (1) il dx = 0,(1).

This combined with Lemma 3.2 we have lim,,_,., # = 1 for all i. Hence, from (4.3) we can see that

a7 )

d(F) = Jpa (10, ) = limsup Jy 4 (vjf, o v,:?ﬂ) > limsupd (7). 4.4)

n—oo n—oo

Next, we prove that d () < lim inf,Hood(rZ). By the same argument as former case, let w:Z =
[7i_1, 7] — R be defined by

! s;u (r" +rl_rl|l(r_rl 1)) if i:L.”’k,
w(r) = , . @

N/ (ﬁr), ifi=k+1,
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n

where (s’f, ce Sy +1) € (R,)¥! such that (W?", .. ’W;'ll) € N,f". By the same arguments, we can deduce
st - lasn —ooforalli=1,...,k+ 1. Hence,

d ) = Jya (W},

r} r} r} r!
.. " N " T\ i
< liminf J,, (w1 ,...,wkH) = liminf J, (”1 ,...,uk+l) = liminfd (r}).
n—-oo n—00

n—oo

This combined with (4.4) yields that d is continuous in I';. Furthermore, taking account into (i), (i7),
we know that there is a 7 € I’ such that d (r;) = inf, 1, d (r). Hence, (iii) holds. O

Proof of Theorem 1.1. By Lemmas 3.3 and 4.1, we deduce that there exists (7;) € I’y and u™* =

(u, -+ Lut) € N with (=1)*1u* > 0 in B* such that

Iy (ulk, .. ,uk’jrl) =d(ry) = rilellfkd(rk) ,

which implies
k+1 B
Cr = d(?k) = Ib,/l [Z M:k] .
i=1

where c¢; has been defined in (1.8). Now, we claim that u;, = Zf:ll uf" is solution of (1.1). Suppose

to the contrary that the claim does not hold, then by density argument, there exists a radial function
¥ € C(R?) such that
1 (o = =2.

We denote a function g € C (R"” x R; H) by

k+1

gt e) = Z tiuf" + &Y.
i=1

Since Zf-:rll uf" is continuous and has exactly k nodes, take into account that g is also continuous, we
deduce that there exists 7 > 0 small enough, such that g(t, ) also changes sign k times and

I (gt &)y < -1, V(te)e D x[0,1], (4.6)

where D, := {t:(tl,--- ,tk+1)eRk”:|t,~—1|<7-f0ralllsi§k+1}.

Now we choose n € C*(R?), 0 < < 1 withn(t) = 1 if t € D; and n(t) = 0 if t ¢ Dy. Furthermore,
we define another continuous function g : R**! — H by

k+1

30 = )"t + Tty

i=1
Similarly, for all t € D,, g(t) also changes sign k times and has k£ nodes 0 < r((t) < - -+ < ri(t) < +o00.
We assert that
3t € D, such that g(t) € N,. 4.7)
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If the assertion holds, then
I, ,(Z(®) = cr. (4.8)

However, if t € D_g, then n(t) > 0. This combines with (4.6) implies that

k+1

k+1 B 1 ~ _ _
L,A(8(1) = Iy, (Z fiu?‘) + f <I;,J (Z fiu + mn(t)w] ,Tn(t)w> du
i= 0 i=
k+11 B 1
< Iy (Z ru) L)
i=1

< Cg.

4.9)

On the other hand, if t ¢ D_%, then n(t) = 0, it follows from Lemma 3.2 that
B k+1 ~ k+1 ~
1,A(B(®) = I (Z(f,-)u?] < Iy, (Z u] = ci. (4.10)
i=1 i=1
Consequently, (4.9) and (4.10) lead to a contradiction with (4.8). Therefore, it is enough to prove ﬁ.7).
Indeed, we denote by Q (o7(t), i1 (1) = {x € RY : x| € (7(t), o1 (1))} and define a map H : D, —
Rk+1 by

H(t) = (Hy(t), -+, He1 () with components Hi(s) := (J; ,@(1). 2O)law 0,101 -

Clearly H € C (E, Rk“) and for t € D,, we have

k+1 B B o k+1 o k+1 L
H(t) = J;, Z |t = 6} ||u || + b Z AW W) + At Z G {UARTED)
j=1 j=1 j=1

— fRN K(x))f (t,-uiﬂ') t,-u?".

4.11)

Since for small 7 > 0,
Hl-v---,1-t)>0and H(1+71,---,1+7)<0.
Then by a straightforward computations, we deduce that

Hi(tla"' ’ti—l,l_T,fi+1,"' ,fk+1)>0 fOI'allle(l—T,1+T), _];tl,
H,'(l],"' ,ti_1,1+T,ti+1,"' ,tk+1)<0 fOI'allle(l—T,1+T), _]?l:l

Therefore, by the Miranda theorem [25], there exists t € D, such that H(t) = 0, which implies that
2(t) € Ny. Thus, the assertion (4.7) is confirmed and the proof of Theorem 1.1 is completed. O
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5. Energy comparison and the asymptotic behaviors of the nodal solutions

For any integer k > 0, by Theorem 1.1, we know that the problem (1.1) has a radial solution u;
which changes sign exactly k-times. Now, we are ready to prove the energy comparison property.
k+1

Proof of Theorem 1.2. By Theorem 1.1, there exists 7y, € [y and uyy; = Z uf’”‘ such that ;. is
i=1

the solution of (1.1) with k + 1 nodes. Moreover, (u’k“, e u;’jjll, ;ﬁ*zl) € N,:f:]l and [}(upy1) = d(rs)) =
inf,,, er,,, d(rr+1). Meanwhile, Lemma 3.2 implies that there exists (ay, - - - , ax+1) such that
(@u', - agqls)) € NI, (5.1)

Thus, using (5.1) and Lemma 3.2 we see that

k+1
Iy (uy) < I, (Z a; Mrk“] =Jpa (alu?’“, o ak+1”/r<,:11)
i=1
= Jpa (aluikﬂ’ e ’ak+1u/r<§_+11,0) < Jb/l( el M,rf_:;) Iy A(gs1)-
On the other hand, by using the Non-Nehari manifold method in [6], we deduce that there exist

k+1
a ground state solution uy of (1.1), such that uy € N and I, ,(uy) = co. Besides, for u;, = Z ufk
i=1
being a solution of (1.1) with k£ nodes, by Lemma 3.3 we have known (— 1)’” s positive for each
i=1,---,k+ 1. Thus, it follows from Lemma 3.2 and Corollary 4.3 in [6] that

¢k = Ip () = max J, 1 (t ® uy)
Rk+l
>0
[k+1 k+1 k+1

le(zu)+zz4 LAWY, rk)+ZZZtltJB(u W)

i=1 j#i i=1 j#i

= max
k+1
teRZB

k+1
teRZO

k+1
> max (Z Ib,ﬂ(tiu:")] > (k+ 1)cy.
i=1

This completes the proof. O

Proof of Theorem 1.3. For b, A > 0, we denote by ui’l instead of u; to emphasize the dependence of b
and A, where u; has been given by Theorem 1.1. For b = A4 = 0, by using the similar argument as the
proof of Theorem 1.1, we can obtain a solution v,? of equation (1.4) with precisely k nodes. Moreover,
I,0?) = 0and I,(vY) = ¢,

From now on, we divide the proof into several steps.

Step 1. We claim that, for any sequence {4,} and {b,} with b, \, O and 4, \, O asn — oo { Z” An } is

bounded in H. In fact, choosing nonzero functions ¢; € Cg"(Bfk) fori =1,---,k+ 1 and define a map
h; : H™ — R by
1 1 1
hi(t) = 0, Jp (8] L1y 8 ST
1 1 k+1 1 1 k+1 1 1 1
= IGIE +be? Y CAQE) + At Y B ) - f KD i G
=1 =1 B;
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Then, (F4) implies that, for any b, A € [0, 1], there exists a (k + 1)-tuple p := (uy, - - - , tx41) of positive
numbers, which does not depend on b and A, such that
hi(u) <0, fori=1,--- ,k+ 1.

Thus, in view of Lemma 3.2, there exists a unique (k + 1) tuple (#,(b, 2), - - - , tr+1(b, 2)) € (0, +00) with
t,(b, 1) < y; such that

(Z], ... ,Zk+l) = (t;l‘(b,/l)é’l,~ .. ,té+1(b,/1)§k+l) S NZA'.

Besides, by a straightforward computation, there holds

k+1 _ k+1 _ 1 k+1 _ k+1 _
Iy [Z Zz’] = Iy (Z fi) - lelm (Z 4’) [Z Zi]
i=1 i=1 i=1 i=1
k+1

_1 o 1 o
- 4;Ilélli + 4fR3 K(x) (F&)E — F(&)) dox

1k+1 - 1 N .
szgymm+ﬂmm3£ja4+cg)w

k+1

1 1 1 1 P
< - .4,~?+—Koof(C 224 C f‘.f’)d = Cy,
4Zwmml4um (G + )= o

3

where we used (K), (F1)—(F4). Moreover, by Corollary 2.1, we deduce that
k+1

Co = Ih,/l(z &) = Ipa (Mz’ﬁ) =Ipa (Mz’)) - ilfm (“Z’A) !
=1

1 1
:ZW?W+11;KWDUW?W?—FW?»w: (5.2)
k+1

1
2300 24

which guarantees the boundedness of IIMZ"’A”H.

Step 2. There exists a subsequence of {b,} and {4,} , still denoted by {b,} and {4,,} , such that uk”’ﬁ” — Wy
weakly in H. Then, wy is a weak solution of (1.4). Since uZ”’A" is a sign-changing solution of (1.1)
with b = b, and A = A, then by the Hardy-Littlewood-Sobolev inequality and the compactness of the
embedding H — L4 (R3) for 2 < g < 6, we deduce that ui"”l" — wy strongly in H. Indeed,

2
’

g = wil?
= (I, (™) = Iy o) g = wi) = b, L Vi P fR Vit (Vug = Vwy) dx
g )P 0) (1) = we)
- A, f f £ £ ( £ )dxa’y + f K(x)f (ui"’ﬂ”) (u,’i"’ﬂ” - wk) dx
R3 JR3 |x =yl R3

- f K(|x)f (wi) (M,IZ"’A” - wk) dx —» 0, asn— o,
R3

which implies wy # 0.
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Step 3. Since vg is a least energy radial solution of (1.4), and we write vg = Vi1 + o+ Viger, €ach vy
is supported on only one annulus B; and vanishes at the complement of it. Thanks to Lemma 3.2, for
each 4, > 0, there is a unique (k + 1)-tuple (a; (b, A,.),- - , ars1 (by, A,)) of positive numbers such that

(ar by A) Vicrs -+ s Akt By Ay) Viks1) € Ni.

Then, fori=1,--- ,k+ 1, we have

k+1

(@i (b ) i} + Bu (i (s 22 Y (a; (B ) A vi)
Jj=1
k+1

+ /ln (Cl,' (bn’ /171))2 Z (aj (bna /ln))2 B(Vk,i’ Vk,j) = f K(lxl)f (ai (/ln) Vk,i) a; (/Lz) Vk,idx-
J=1 Bi

Notice that v ; satisfies
e = | K (e v
Then by (F1)-(F4) and Lemma 3.2, one can easily check that
(a1 (Bn, An) - -+ kst (b, A)) = (1, 1), asn — oo
Thus,

k+1
1) < Ip(wy) = lim Ib,,,/l,l(u:m/l") < lim I, ,, [Z a;i(bn, ﬂn)Vk,i)
n—-oo n—oo i=1

k+1
=1l (Z Vk,i) = Ih(v).

i=1
Therefore, wy 1s a least energy radial solution of (1.1) which changes sign k times.
Consequently, we complete the proof of Theorem 1.3. O

6. Conclusions

This manuscript has employed the variational method to study the Kirchhoff-Schrodinger-Poisson
system. By using the Gersgorin disc’s theorem , Miranda theorem and Brouwer degree theory, we
show the existence of infinitely many nodal solutions {uZ’A} with a prescribed number of nodes k for

the system. Moreover, we prove that the energy behavior and convergence property of {uZ’l}.
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