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Abstract: A system of singularly perturbed initial value problems with weak constrained conditions
on the coefficients is considered. First the system of second-order singularly perturbed problems is
transformed into a system of first-order singularly perturbed problems with integral terms, which
facilitates the subsequent stability and a posteriori error analyses. Then a hybrid difference method
with the use of interpolating quadrature rules is utilized to approximate the transformed system.
Next a posteriori error analysis for the discretization scheme on an arbitrary mesh is presented. A
solution-adaptive algorithm based on a posteriori error estimation is devised to generate a posteriori
mesh and obtain approximation solution. Finally numerical experiments show a uniform convergence
behavior of second-order for the scheme, which improves the previous results and achieves the optimal
convergence order under the given discrete scheme.
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1. Introduction

In this article we consider the following system of second-order singularly perturbed initial value
problems

guf (x) + (a1()u1(x))" + b1 (X)ui(x) + bin(Nus(x) = fi(x), x€Q,
3ty (x) + (a2(0)uzr(x)) + bay(X)ui (x) + by (Nur(x) = fo(x), x€Q,
u(0) =A;, uj(0) = B/ey,
w(0) = Az, u5(0) = By/ e,

(1.1)

where u(x) = (u;(x), u2(x))?, Q = (0, 1], & and &, are small positive parameters, Ay, A,, B; and B,
are given constants, a;(x) > a; > 0, fi(x) and by(x) for k,I = 1,2 are given sufficiently smooth
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functions. Under these conditions, system (1.1) has a unique solution u(x) with exponential boundary
layers [1]. Such systems of singularly perturbed initial value problems arise in many areas of science
and engineering, for example, control theory [2], optically bistable devices [3].

There are some literatures on numerical methods for singularly perturbed initial value problems.
The earliest literature on solving singularly perturbed initial value problems can be traced back to
the 1970s. Recently, Cakir [4] proposed a finite difference scheme on a Shishkin-type mesh to solve a
second-order singularly perturbed quasilinear initial value problem. Kumar et al. [5] and Cen et al. [6]
used difference schemes both on the Shishkin mesh and the Bakhvalov mesh to solve a system of
first-order singularly perturbed initial value problems. Liu and Chen [7] developed a backward Euler
difference scheme on an adaptive moving mesh for solving a system of first-order singularly perturbed
initial value problems. In the previous works, some assumptions about (by,),y, are often needed to
ensure the stability of numerical methods. But the coefficient functions by (x) with 1 < k,/ < 2 in the
system (1.1) only satisfies the smoothness condition, which is weaker than the hypotheses given in the
above literatures and brings out difficulties in numerical analysis.

For grasping the properties of the singularly perturbed problems, one effective method is to generate
layer adapted meshes. If a priori information about the properties of exact solution is available, a
priori layer-adapted meshes can be selected to fit the singularity of the exact solution [8]. In [1] a
hybrid difference scheme on a priori mesh is developed for the system (1.1) and almost second-order
convergence is proved. A posteriori meshes also can be used to fit the singularity of the exact solution,
which don’t need to know a priori information of the exact solution and are also devised to be very fine
where sharp layers appear in the solution. Due to none a priori information needed, a posteriori mesh
method has more extensive application. Some literatures have used a posteriori mesh methods to solve
singularly perturbed problems, see [9-15] for instance. However, there is no literature on the use of
a posteriori mesh method to solve second-order singularly perturbed initial value problems with weak
constrained conditions on the coefficients.

The aim of this work is to construct a novel numerical scheme on a posteriori mesh for the
system (1.1) with weak constrained conditions on the coefficients and improve the results given in [1].
For simplifying the problem to facilitate the subsequent stability analysis and a posteriori error
estimation, the system of second-order singularly perturbed problems is transformed into a system of
first-order singularly perturbed problems with integral terms. Then a hybrid difference method with
the use of interpolating quadrature rules is developed to approximate the transformed system. Next a
posteriori error analysis for the discretization scheme on an arbitrary mesh is presented by introducing
a piecewise quadratic interpolation function. Based on a posteriori error estimation, a
solution-adaptive algorithm is devised to generate a posteriori mesh for adapting the singularity of the
exact solution and obtain an accurate approximation solution. Numerical experiments show a uniform
convergence behavior of second-order for the scheme, which demonstrates that a posteriori mesh
method improves the results given in [1] and achieves the optimal convergence order under the given
discrete scheme.

Notation. Throughout the paper, C represents a positive constant independent of the mesh, which
can represent different positive constants in different places. For any function g defined on Q, we
denote g; = g(x;) for simplifying the notation and use ||-|| to represent the (pointwise) maximum norm
on Q.
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2. The continuous problem

By integrating both sides of equations, the system (1.1) can be transformed into

{ Liu(x) = &1} (x) + a1 (i (x) + [ bri(ui(s)ds + [ bio(Hua(s)ds = fi(x), x€Q, 1)

Lyu(x) = £u5(x) + ax(ua(x) + [ by (ui(s)ds + [ boo(ua(s)ds = fo(x),  x€Q,

where
fk(x) = By + ar(0)A; + f fi(s)ds, k=1,2.
0

The following lemmas give the stability results for the exact solution u(x) of system (2.1), which
will be used in a posteriori error analysis.
Lemma 2.1. If the function v(x) is the solution of the following initial value problem

{ ev'(x) + p(xv(x) = g(x),  xeQ, (2.2)

v(0) = A,

with € > 0, p(x) > @ > 0, |g(x)| £ O(x) and Q(x) > 0 is a nondecreasing continuous function, then we
have

V()| < Al + a7 ' Q(x), xeQ.

Proof. The solution v(x) of problem (2.2) can be explicitly written as

v(x):Aexp(—g—1 f ) p(r)dz)+g—1 f xq(t)exp(—s_l f ) p(s)ds)dt.
0 0 t

Then we have
X
v(x) < |Ale ™ + Q(x) f g lemaDledy
0
< JAl+a7' Q)
where we have used Q(x) is a positive and nondecreasing continuous function.

Lemma 2.2. The solution u(x) of system (2.1) has the following bound
(0] + (0] < C (1Al + 1ol + |A] + A]).  xed

Proof. 1t is easy to get the following estimates

fk(x)—f bkk(S)uk(S)ds_f bis-i($)uz_(s)ds
0 0

< || + 1bwel fo Ju(s)| ds + ||| fo luz-i(s) ds
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for k = 1,2. Then, by applying Lemma 2.1 to (2.1) we have
()] < |Agl + @' [llﬁll + bl f ()| dis + ||bra— f Ju3-1(5)| ds]
0 0
for k = 1, 2. Thus, from the above inequalities we can obtain the following estimate

| (O] + Juz (X)) < €

Al + 1A+ [|A]] + || Al + o fo (i ()] + |M2(S)|)ds] .

Hence, by using the Gronwall’s inequality we have the following result
i (O] + x| < € (1Al + 1A+ [|A ]+ (1]
So far, we conclude that the lemma holds true.
3. Discretization scheme
In this section a hybrid difference scheme with the use of interpolating quadrature rules on a
posteriori mesh will be developed for system (2.1). First, an arbitrary mesh

QN ={0=xy)<x; <--- < xy = 1} with mesh sizes h; = x; — x;,_; for 1 < i < N is introduced. Then,
the discretization scheme on QY can be constructed as follows

LYU; = fi;, LYU;=fo5,  i=12,--- N, 3.1)
Uip = Ay, Uy = A,
where U = (U,, U,)" is the discrete approximation of the exact solution u = (uy, w)T,
D Ui+ 5 (Quict + 8ri)» 7= %,
D" Ui + i otherwise,
. Y(Friot + Fry), 2> %2
.= 2 k’l_l k’l ’ hi - 2’ 3 3
fei { Fri, otherwise, (3-3)
8ei = Ui + f | Dl UL(s) + by (UL (5] ds, (3.4)
0
Fii = By + ar(0)A; + f Fl(s)ds, (3.5)
0
and
Ui — Ui _
D Uy, = %, Ui(x) = Ug; + (x = x;) D™ Uy, ,

bh(x) = by + (x = x) Dby fl(x) = fii + (x = x) D™ fi

forx € [x;_1, x;]and k, 1 =1, 2.
The stability results of the discretization scheme (3.1) are given in the following lemmas.
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Lemma 3.1. If the mesh function V on QV is the solution of the following initial value problem

eD Vit 3 (piaVia +pV) = 5@ +q),  § =5,

eD™V,+ p;Vi=q,, otherwise,
Vo=A
withe >0, p; > @ > 0, |g;| < Q;, and Q > 0 is a nondecreasing mesh function, then we have

Vil <Al + 7' 0, 0<i<N.

Proof. This result can be proved by using the discrete maximum principle. See the literature [16,
Lemma 3] for details.

Lemma 3.2. The solution U of the discretization scheme (3.1) has the following bound
U]+ |02 < C(1ail +1Aa + A +IB]).  0<i<N.

Proof. By applying Lemma 3.1 and the discrete Gronwall’s inequality to the discretization
scheme (3.1) we can obtain the desired result.

Now we demonstrate a posteriori error estimation for the scheme (3.1) on an arbitrary mesh QY.

Let U(x) = (U 1(x), Uz(x))T be a piecewise quadratic interpolation function vector of the computed
solution U as that in [12, 17], which is defined by

_ 1
U(x) = Ui + (x — x) DUy + 5 (x = xi21) (x = x;)) D" D™ Uy, X € [xi-1, xi] (3.6)

forl <i<Nandk=1,2, where

D U, —D U, _
D DU, = —=~ p Y DU =0.

Then we can easily get the following results
U(x)) = Ui [Uk(x)] =D Ui+ (x=xi.12) DD Uy, x € [xi1, Xi] (3.7)

forl <i<Nandk=1,2, where x;_1» = (x;-1 + x;) /2.

Theorem 3.3. Let u(x) be the exact solution vector of system (2.1), U be the numerical solution
vector of the discretization scheme (3.1) on an arbitrary mesh Q" and U(x) be its piecewise quadratic
interpolation function vector defined in (3.6). Then, under the assumptions |a,’€’(x)| < Cand b,’c’l(x)| <C
for k,l = 1, 2, the following estimate

[0 —uw)|, < € max W1+ |D7UL| + DU + D™ fii] + |D o
+|D"DU,| + |DD" Uz,,-|}
holds true.
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Proof. We derive a posteriori error estimation for the discretization scheme (3.1) based on the stability
results given in Lemma 2.2. According to the characteristics of the discretization scheme, we estimate
the error ‘Lk (I_J(x) - u(x))‘ in the case 7+ > =5~ ak’ - and the case 7* < ’“ L respectively.

For x € [x;_1, x;] we set

mm::@mmm+ffmwmw+mem4Mm, (3.8)

0

mw::@wmm+ﬁf%mmm+%ﬂwmﬂﬂm, (3.9)

Fi(x) = Bi+a(0)A; + f ' Fl(s)ds, (3.10)
0

wi(x) = Wi+ (x—x;) D" Wy, (3.11)

Fl(x) = Fui+(x-x)D Fy,, (3.12)

with 1 <i < N and k = 1,2. Combining (3.4), (3.6) with (3.9) we have
_ I (9 o .
Wi = 8ri + 5 Z f); 1 (s - x{,-_l) (s - x‘,) [b,ﬂk(s)D D U ; + bij_k(s)D D Ug_k,.,-] ds. (3.13)

Then, for x € (x;_1, x;) we can derive the following equality

LUK - Laux) = & [Uk(x)]’ + wi(x) = fi(x)
= SkD_ Uk,i + ()C - X,'_]/Q) SkD_D_ Uki + WIIC(X) + (Wk(X) - WIIC(X))
+ (Wi(X) = (X)) = Fi(x) + (FU(x) = Fu@) + (Fu0) = i), (3.14)

where we have used the equalities (2.1) and (3.7). For simplifying the notation we set

Ryi = Wi(x) = Wi(x) + wi(x) — Wi (x) + Fi(x) — Fp(x) + Fi(x) — fiu(x), k=1,2. (3.15)

“kll

Thus, for the case * > == we derive the following estimate

|kaJ(x) — Lyu(x)|

Friov+ Fri 8ri-1 + 8ki
; : . : - - _ 1
= - + (x - X,'_l/z) D™D Uk,i + Wei— Fk,i + Rk,i

2 2
F i— + F i W i— + W i N -
_ |k 12 ki Wk, 12 ki, (x = xi_12) &D” DUy,

Wi+ (X = x) D" Wy — Fiy — (x = x;) D™ F; + Rk,i|

+% Z fjx, (s - xj_l) (s - xj) [bik(s)D_D_ U+ biﬁ_k(s)D_D_ U3_k,j] ds

|(x Xi— 1/2)D (SkD Uk,+Wk, Fkl)|+|Rk,|+CmaXh2|D D™ Uk]|

<]<z

+ |Re| + C max i} |D"D U, |

1<j<i

Frion+ Fri  grio1 + &k
- - Fkl
2 2

= (X — X,'_l/z) D~ (
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+ |Rei| + Cmax 1% |D"D™ Uy

1<j<i

1 o _
< ‘5 (x = Xi12) D™ (Wi — Wi i1 + Fri — Frict)

< Ch} (|D"D V| + |D"D"Fyi|) + |Res| + Cmax 0% |[D"D"U,

1< j<i

< Cmax i (D™D U | + D™ fif|) + |Red| - (3.16)

1<j<i

Ak,

where we have used the equalities (2.1), (3.1)—(3.14). For the case % <
estimate

s—, we derive the following

|LO(x) - Liu(x)|
- |Fk,i — 8ri + (x — xim12) & DD Uy + Wi, — Fj, + Rk,i|

= |Fri = Wi + (x = xi2172) &D™ D™ Uy + Wi + (x = x;) D™V — Fri — (x = x;) D™ Fy;
1 (Y g o
+Rk,i + E ; L_l (S - -xj—l) (S - Xj) [bik(S)D D UkJ‘ + bllc,?)—k(s)D D U3—k,j] ds

< |(xi = xicy )2) eD" DUy + |Ri;| + C max b3 |[D™D™ Uy |

1<j<i
< Cmax 1} D™D Uy| + |Ri| (3.17)

1<j<i

where we also have used the equalities (2.1), (3.1)—(3.14). Furthermore, from the equality (3.15) we
derive the following estimate

Rei| < W) = W] + we(x) = w0l + | FL(x) = Fo(®)] + [Fe(x) = fi(0)|
< Cmaxh’ {1 + |D‘U1,,»| + |D_Uz,i| + |D_f1,i| + |D_f2,i|

I<i<N

+|D"DU,,| +|D" DU,

b (3.18)

where we have used the following linear interpolation remainder estimate

h;
(HEOEFJCIE 1ma>;v{3 sup |g"<x>|}

(Xi-1,X;)

and the assumptions a,’{’(x)| < C and |b,’c’l(x)| < C for k,l = 1,2. Then we can derive the following
estimate from the inequalities (3.16)—(3.18),

ILUG) - Lullg < C max W {1+ |D7U| + DU | + D™ fii] + |D o]
+|D DU | + DD U} (3.19)
Thus we can conclude that the lemma holds true by applying Lemma 2.2 with (3.19).

Next, we devise a solution-adapted algorithm to generate a posteriori adapted mesh and obtain the
approximation solution. Based on the idea of the adaptive algorithm given by Kopteva and Stynes [18],
we solve the following equidistribution problem to generate a posteriori adapted mesh

AIMS Mathematics Volume 7, Issue 9, 16719-16732.
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1 .
M,’hi:NZMjhj, l:1,...,N,

where M, is selected based on a posteriori error estimation as follows

1/2 |1/2 |1/2 1/2

M;=1+|D°U|" + D70y + DA + D £+ DD UL + D DU,
Algorithm:

Step 1. Define QV© = {xﬁo) | XY =i/NJO<i<N } as the initial iteration mesh with k = 0.

Step 2. Solve the discretization system (3.1) on Q“® = {x¥| 0 < i < N} with the mesh size h{" =

. . . N
xEk) — xl(.f)l to get the approximation solution {U?k)}i_o.

Step 3. Let [ = nM" and IV = 3/, 1V Go to Step 5 if

(k) (k)
lmsiegl{li } < Coly’/N
for a constant Cy, > 1 selected by the user; else continue with the next step.

Step 4. Let YV = iI{?/N. Generate a new mesh QV*+) = {xﬁkﬂ) 0D<i<N } by interpolating
(Yl.(k), xgk”)) to (I;k), xgk)) linearly. Return to Step 2 with setting k = k + 1.

N, N.(k) AN N

Step 5. Take Q™ = Q™ as the final adapted mesh and {Ul. }i: = {U ; }i=0
solution.
Remark. In order to facilitate the analysis of the method, this paper only considers the system with
two equations. This method can be easily extended to the systems with M > 2 equations.

0 as the approximation

4. Numerical experiments

In this section we give some numerical experiments on two test examples which have been
considered in [1].
Example 4.1. Consider the following system of singularly perturbed initial value problems

gy (x) + u(x) = (4 + Xuy(x) + (1 + 2x) u(x) = fi(x), x€(0,1],
&uy (x) + ujy(x) + (1 + )uy(x) + (2 + x2) ur(x) = fr(x), xe€(0,1],
w) =1, uj(0)=1/g,
w0) =1, u5(0) =2/e,

where f(x) = (A(x), L(x)" is chosen such that u(x) = (u(x),u2(x))’ with
ui(x) = 1 — e + g7 4 X2 + e — & and up(x) = 3 — 272 + x(1 + x) — sinx is the exact
solution  vector. The singular perturbation parameters are chosen from the set

S, = {(81’ &) |g1 =270, 078 =16 924 932 =40 o _ 94 =4 =12 9=20 >-28 2—36}'

Following the idea of Kopteva and Stynes [18] describing the mesh movement, we use Figure 1,
which needs to read from the bottom to the top, to indicate the generation process of a posteriori
adapted mesh for Example 4.1 with &; = 27'°, &, = 272 and N = 128. From Figure 1 we know that the

AIMS Mathematics Volume 7, Issue 9, 16719-16732.



16727

mesh refinement is carried out in the boundary layer region by the solution-adaptive algorithm based
on the singular behavior of the exact solution. The maximum error is defined by

€N

= max “Ml,i - Ui, |M2,i - U2,i|}

1<i<N

and the convergence rate is calculated by
™ =log, (eN/eZN) .

Error estimates and convergence rates of the hybrid difference scheme (3.1) on a posteriori adapted
mesh for Example 4.1 with different combinations of €; and &, are presented in Table 1.

Table 1. Error estimates and convergence rates of the hybrid difference scheme on a
posteriori adapted mesh and on a Shishkin mesh for Example 4.2.

Number of mesh points N

(e1,&2) 128 256 512 1024 2048 4096
(20,24) a posteriori 2.0667e-5  5.1643e-6 1.2891e-6 3.2192e-7 8.0418e-8 2.0096e-8
2.001 2.002 2.002 2.001 2.001 -
Shishkin 2.9745e-5 5.1425e-6 1.2856e-6 3.2140e-7 8.0349e-8 2.0087e-8
2.000 2.000 2.000 2.000 1.999 -
(2‘8,2‘4) a posteriori 6.0787e-3  3.9669e-4 1.0200e-4 2.5678e-5 6.4437e-6 1.6140e-6
3.938 1.959 1.990 1.995 1.997 -
Shishkin 1.5063e-0  5.7009e-1 1.9378e-1 6.2442¢-2 1.9370e-2 5.8467e-3
1.402 1.557 1.634 1.689 1.728 -
(2‘16,2‘12) aposteriori 1.2770e-3  3.2798e-4 8.3452e-5 2.2417e-5 7.4204e-6 1.3353e-6
1.961 1.975 1.896 1.595 2.474 -
Shishkin 1.8161e-0  6.5715e-1 2.2198e-1 7.1324e-2 2.2085e-2 6.6632e-3
1.467 1.566 1.638 1.691 1.729 -
(2‘24,2‘20) aposteriori 1.4432e-3  3.6782e-4 9.3220e-5 2.3617e-5 5.9523e-6 1.4972¢-6
1.972 1.980 1.981 1.988 1.991 -
Shishkin 1.8178e-0 6.5774e-1 2.2213e-1 7.1372e-2 2.2101e-2 6.6631e-3
1.467 1.566 1.638 1.691 1.730 -
(2_32,2_28) a posteriori 1.4585e-3  3.7898e-4 9.4827e-5 2.3833e-5 6.0004e-6 1.5091e-6
1.944 1.999 1.992 1.990 1.991 -
Shishkin 1.8178e-0  6.5774e-1 2.2213e-1 7.1372e-2 2.2101le-2 6.6631e-3
1.467 1.566 1.638 1.691 1.730 -
(2‘40,2‘36) a posteriori 1.5068e-3  3.8255e-4 9.5562e-5 2.4170e-5 6.0252¢-6 1.5118e-6
1.978 2.001 1.983 2.004 1.995 -
Shishkin 1.8178e-0  5.1425e-6 1.2856e-6 3.2140e-7 8.0349e-8 2.0087e-8
1.467 1.566 1.638 1.691 1.730 -
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Figure 1. Generation process of the mesh for Example 4.1 with &, = 2716 &, = 2712 and
N = 128.

Example 4.2 Consider the following system of singularly perturbed initial value problems

) (x) + (2 + Du1(x)) + (1 + )ui(x) + 2 +cosx)up(x) =1 +x+e™*, x€(0,1],
£a1ty () + (1 + ua(0) = w1 (0) + Q2+ N a(x) = 1+ 22, x € (0,11,
w) =1, uj(0)=1/e,
u(0) =1, uj(0) =1/e,.

The singular perturbation parameters are also chosen from the set S, = {(81, £) |31 =270 28 216
2—24’ 2—32’ 2—40, & = 24’ 2—4’ 2—12’ 2—20’ 2—28, 2—36 .

Figure 2, which also needs to read from the bottom to the top, indicates the generation process of
a posteriori adapted mesh for Example 4.2 with &, = 27!, &, = 272 and N = 128. From Figure 2 we
know that the mesh refinement is also carried out in the boundary layer region by the solution-adaptive
algorithm based on the singular behavior of the exact solution. Since the exact solution of Example 4.2
is not available, the double mesh principle is utilized to measure the errors and the convergence rates
as follows

N _ N _ 72N/, N _ [72N( o N _ N 2N
eN = gg“Uu TN Uy - O3 |}, Y =Tlog, (eV/e™),
where U?V(x) is its piecewise quadratic interpolation function vector defined in (3.6) for the computed
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solution U?N. Error estimates and convergence rates of the hybrid difference scheme (3.1) on a
posteriori adapted mesh for Example 4.2 are presented in Table 2.

Table 2. Error estimates and convergence rates of the hybrid difference scheme on a
posteriori adapted mesh and on a Shishkin mesh for Example 4.2.

Number of mesh points N
(&1,&2) 128 256 512 1024 2048 4096
(20, 24) a posteriori 8.4785e-6 2.0766e-6 5.2200e-7 1.2864e-7 3.2183e-8 8.0762e-9
2.030 1.992 2.021 1.999 1.995 -
Shishkin ~ 1.8591e-5 4.6187e-6 1.1510e-6 2.8729e-7 7.1762e-8 1.7956e-8
2.009 2.005 2.002 2.001 1.999 -
(2‘8,2‘4) a posteriori 3.1241e-4 7.4682e-5 1.7305e-5 4.2817e-6 1.1237e-6 2.9106e-7
2.065 2.110 2.015 1.930 1.949 -
Shishkin ~ 1.8967e-2 7.5138e-3 2.7208e-3 9.1998e-4 2.9473e-4 9.0771e-5
1.336 1.466 1.564 1.642 1.699 -
(2“6,2“2) a posteriori 4.7987e-4 1.4184e-4 3.5888e-5 9.2055e-6 2.3151e-6 5.8591e-7
1.758 1.983 1.963 1.991 1.982 -
Shishkin ~ 1.8916e-2 7.5083e-3 2.7206e-3 9.2094e-4 2.9516e-4 9.0943e-5
1.333 1.465 1.563 1.642 1.698 -
(2‘24,2‘20) a posteriori 5.4219e-4 1.5305e-4 3.8907e-5 9.6076e-6 2.4150e-6 5.8763e-7
1.825 1.976 2.018 1.992 2.039 -
Shishkin ~ 1.8916e-2 7.5083e-3 2.7206e-3 9.2095e-4 2.9516e-4 9.0943e-5
1.333 1.465 1.563 1.642 1.698 -
(2‘32,2‘28) a posteriori 6.4189%e-4 1.5624e-4 3.7680e-5 9.8985e-6 2.3267e-6 6.2017e-7
2.039 2.052 1.928 2.089 1.908 -
Shishkin ~ 1.8916e-2 7.5083e-3 2.7206e-3 9.2095e-4 2.9516e-4 9.0943e-5
1.333 1.465 1.563 1.642 1.698 -
(2‘40,2‘36) a posteriori 6.0685e-4 1.4982e-4 3.8654e-5 9.8938e-6 2.4869e-6 6.1415e-7
2.018 1.955 1.966 1.992 2.018 -
Shishkin ~ 1.8916e-2 7.5083e-3 2.7206e-3 9.2095e-4 2.9516e-4 9.0943e-5
1.333 1.465 1.563 1.642 1.698 -
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Figure 2. Generation process of the mesh for Example 4.2 with &, = 2716 &, = 2712 and
N = 128.

The results in Tables 1 and 2 show a uniform convergence behavior of second-order for the
scheme (3.1) on the adaptive algorithm described in Section 3. Moreover, the numerical results of the
hybrid difference scheme on a Shishkin mesh given in [1] are also presented in Tables 1 and 2. The
comparison of numerical results shows that the scheme presented in this paper is more accurate than
the method given in [1].

5. Conclusions and discussion

In this paper, we first transformed the system of second-order singularly perturbed initial value
problems with weak constrained conditions on the coefficients into a system of first-order singularly
perturbed problems with integral terms. This transformation is beneficial to the subsequent stability
analysis and a posteriori error estimation. And then we construct a hybrid difference scheme with the
use of interpolating quadrature rules to approximate the transformed first-order singularly perturbed
system. Next we derive a posteriori error analysis for the discretization scheme on an arbitrary mesh.
Based on a posteriori error estimation we devise a solution-adaptive algorithm to generate a posteriori
mesh and obtain approximation solution. Finally we present some numerical experiments to show a
uniform convergence behavior of second-order for the scheme, which verifies that this scheme is more
accurate than the method given in [1] and achieves the optimal convergence order under the given
discretization scheme. In future we will extend this method to the case that By, are not sufficiently
smooth functions.
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