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1. Introduction

It is well known that the concept of bornological spaces is one class of those spaces that form the
general and precise framework in which the fundamental theorems and techniques of functional
analysis hold. Hu [11, 12] first introduced the concepts of bornologies and bornological spaces to
define the concept of boundedness in topological spaces. Hogle-Nled [10] presented the definition of
bornological linear spaces and established the theory of bornological linear spaces. After that, general
bornological linear spaces play a key role in many fields. Meyer [17] developed the basic theory of
smooth representations of locally compact groups on bornological linear spaces and pointed out that
bornological linear spaces provide an ideal setting for noncommutative geometry and representation
theory. Mesón and Vericat [18] investigated the topological entropy in bornological linear spaces,
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whose results indicate that bornological linear spaces are useful tools for the research of optimization
theory. Additionally, in the seminal paper [15], Lechicki, Levi and Spakowski studied a family of
uniform bornological convergences in the hyperspace of a metric space. Di Concilio and
Guadagni [8] showed that the hyperspace of all non-empty closed subsets of a local proximity space
carries a very appropriate Fell-type topology, which admits a formulation as hit and far-miss topology
and also characterizes as the topology of a two-sided uniform bornological convergence. The theory
of general bornological linear spaces acts as an important part of the research of convergence
structures on hyperspaces [2, 3] as well as of topologies on function spaces [4, 6, 7, 9, 19, 23].

In [1], Abel and Šostak first studied the theory of bornological spaces in the context of fuzzy sets.
They discussed bornologies over an infinitely distributive complete lattice L and gave the concept of
an L-bornology as an extension of that of crisp bornologies, specially L = [0, 1]. In particular, they
showed that the category L-Born of L-bornological spaces is a topological construct in [1]. Afterwards,
Šostak and Uijane [25] proposed an alternative approach to the fuzzification of the bornologies and
developed a construction of an L-valued bornology on a set from a family of crisp bornologies on
the same set. Meanwhile, they investigated the initial and final L-valued bornologies. It should be
mentioned that, in 2014, Paseka et al. [21,22] investigated the L-bornological linear spaces and got that
for certain complete lattices, the category L-VBorn of bornological linear spaces is topological over
the category Vec of vector spaces. Jin and Yan [13] provided the specific description of L-bornological
linear spaces, and presented the equivalent characterization of the separation axiom in L-bornological
vector spaces in terms of L-Mackey convergence. In 2022, Jin and Yan [14] introduced the notion
of fuzzifying bornological linear spaces after considering the necessary and sufficient condition for
fuzzifying bornologies to be compatible with linear structures.

As important concepts of topological spaces, completeness and compactness have been widely
extended in fuzzy topological space. Among them, the degree approach to Cauchy sequence and
compactness are the most general. Li and Shi [16] proposed the degree of fuzzy compactness in
L-fuzzy topological spaces, Pang and Shi [20] introduced the degree of compactness in (L,M)-fuzzy
convergence spaces, and Qiu [24] gave the degree of Cauchy sequence and compactness in fuzzifying
topological linear spaces. The motivation of this paper is to apply the degree approach to Cauchy
sequence and compactness in the study of fuzzifying bornological linear spaces. The results we
obtained may provide some assistance to establish a systematic theory of fuzzifying bornological
linear spaces. This paper is organized as follows. Section 2 is devoted to recall some preliminary
results in bornological linear spaces. The main results are presented in Sections 3 and 4. At first, we
give the notions of fuzzifying bornological Cauchy sequences and fuzzifying completeness of
fuzzifying bornological linear spaces, and show some important properties of these notions in
Section 3. Next, fuzzifying bornological compactness and precompactness are defined and some
related properties are demonstrated in Section 4. It is presented that a subset is fuzzifying
bornological compact if and only if it is bornological precompact and bornological complete.

2. Preliminaries

In this section, we recall some necessary notions and fundamental results which are used in the
sequel.

Throughout this paper, X always denotes a universe of discourse. 2X and F (X) denote the classes
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of all crisp and fuzzy subsets of X, respectively. The notation N(X) denotes the set of all sequences in
X. K represents a field of real or complex numbers, the symbol ∗ means a continuous t-norm and→L

stands for the Łukasiewicz implication, i.e., a→L b = min{1, 1 − a + b}.
Definition 2.1. (Birkhoff [5]) A cl-monoid is a tuple (L,≤,∧,∨, ∗), where (L,≤,∧,∨) is a complete
lattice and operation ∗ : L × L→ L satisfies conditions:

(1) for all α, β, γ ∈ L, if α ≤ β, then α ∗ γ ≤ β ∗ γ;
(2) for all α, β ∈ L, α ∗ β = β ∗ α holds;
(3) for all α, β, γ ∈ L, (α ∗ β) ∗ γ = α ∗ (β ∗ γ) holds;
(4) α ∗ 1L = α and α ∗ 0L = 0L hold for all α ∈ L;

(5) operation ∗ distributes over arbitrary joins: α ∗
(∨

i∈J
βi

)
=

∨
i∈J

(α ∗ βi) for all α ∈ L and for all

{βi : i ∈ J} ⊆ L.
Definition 2.2. (Šostak and Uijane [25]) Given a cl-monoid (L,≤,∧,∨, ∗), an (L, ∗)-valued bornology
on a set X is a mapping B : 2X → L satisfying the following conditions:

(B1) for all x ∈ X, B({x}) = 1L holds;

(B2) if U ⊆ V ⊆ X, then B(V) ≤ B(U);

(B3) for all U,V ⊂ X, B(U ∪ V) ≥ B(U) ∗ B(V) holds.
Then (X,B) is said to be a L-valued bornological linear space.
Definition 2.3. (Šostak and Uijane [25]) A mapping f : (X,BX) → (Y,BY) of (L, ∗)-valued
bornological spaces is called bounded if BX(A) ≤ BY( f (A)) for all A ∈ 2X.

Moreover, we can define the degree to which f is bounded as [Bd( f )] =
∧

A⊆X
min{1, 1 − BX (A) +

BY ( f (A))}.
Theorem 2.4. (Jin and Yan [14]) Let B be a fuzzifying bornology on X. Then B is linear if it satisfies
the following conditions:

(B4) B (U + V) ≥ B (U) ∗ B (V);
(B5) B (λU) ≥ B (U), for all λ ∈ K;

B

( ⋃
|α|≤1

αU
)
≥ B (U).

Then (X,B) is said to be a fuzzifying bornological linear space.
Theorem 2.5. (Jin and Yan [14]) Let {(X j,B j)} j∈J be a family of fuzzifying bornological linear spaces
indexed by a non-empty set J and X =

∏
j∈J

X j be the product of the sets X j. For all j ∈ J, f j : X → X j is

bounded and B j : 2X j → [0, 1]. If the mapping B : 2X → [0, 1] is defined as follows:
B (A) =

∧
j∈J
{B j

(
A j

)
| f j(A) = A j}.

Then B is the product fuzzifying linear bornology on X.
Definition 2.6. (Jin and Yan [14]) Let (X,B) be a fuzzifying bornological linear space. Then a unary
predicate T ∈ F (Σ) called separation is defined as follows:

(X,B) ∈ T := ((∀M ∈ S vec(X))((M ∈ B)→L (M = {θ})),
where the notation S vec(X),Σ denote all linear subspaces of X and the family of all fuzzifying
bornological linear spaces, respectively.

Moreover, the degree to which (X,B) is separated is

AIMS Mathematics Volume 7, Issue 9, 16706–16718.



16709

[T (X,B)] =
∧

M,{θ}
M∈S vec(X)

{1 − B (M)}.

Definition 2.7. (Jin and Yan [14]) Let (X,B) be a fuzzifying bornological linear space and let S = {xn}

be a sequence in X. The degree to which S is convergent to x bornologically is

[xn
M
→ x] =

∨
A∈Bal(X)
λn→0

{B (A) : ∀n ∈ N, xn − x ∈ λnA}.

Where Bal(X) means the family of all balanced sets in X.
Theorem 2.8. (Jin and Yan [14]) Let (X,BX) and (Y,BY) be fuzzifying bornological linear spaces and
let f : (X,BX)→ (Y,BY) be a linear mapping. Then∧

S∈N(X)

(
[S

M
→ x] u [Bd( f )]

)
≤ [ f (S )

M
→ f (x)],

where the operation u is the Łukasiewicz t-norm, i.e.,a u b = max{a + b − 1, 0}.
Theorem 2.9. (Jin and Yan [14]) Let (X,B) be a fuzzifying bornological linear space. Then for all
S ∈ N(X) and x, y ∈ X, the following statement holds:(

[S
M
→ x] ∧ [S

M
→ y]

)
u [T (X,B)] ≤ [x = y].

Definition 2.10. (Jin and Yan [14]) Let (X,B) be a fuzzifying bornological linear space. Then a unary
predicate BC ∈ F (Σ) called bornologically closed is defined as follows:

A ∈ BC ∆
= (∀{xn} ⊆ A)((xn

M
→ x)→L (x ∈ A)).

Moreover, the degree to which A is bornologically closed is

[BC(A)] =
∧
{xn}⊆A

x<A

∧
B∈Bal(X)
λn→0

{1 − B (B) : ∀n ∈ N, xn − x ∈ λnB}.

3. Fuzzifying completeness in fuzzifying bornological linear spaces

Definition 3.1. Let (X,B) be a fuzzifying bornological linear space and S ∈ N(X). Then the degree to
which S is a Mackey-Cauchy sequence in (X,B) is defined by

[CN(S )] =
∨

A∈Bal(X),λn,m→0
{B (A) : ∀n,m ∈ N, S (n) − S (m) ∈ λn,mA}.

Example 3.2. Let (R, | · |) be an ordinary real line and N be a fuzzy set on R × [0,+∞) defining by

N(x, t) =


0, t = 0;
1
2 , 0 < t ≤ |x| ;
1, t > |x| .

Then (R,N,∧) is a KM fuzzy normed space. For each A ⊆ R, put [Bd(A)] =
∨
t>0

∧
x∈A

N(x, t). Clearly,

for every bounded set A of (R, | · |), Bd(A) = 1, and each unbounded set A1 of (R, | · |), Bd(A1) = 1
2 .

Moreover, it can deduce the conclusion which (R, Bd(·)) is a fuzzifying bornological linear space. In
fact, it needs to prove that Bd(·) : 2R → [0, 1] satisfies the conditions

(B1)–(B6) in Theorem 2.4. (B1) is clear, we only prove (B2)–(B6).
(B2) Let [Bd (A)] < a for A ⊆ B. Then for all t > 0 there exists x ∈ A such that N(x, t) < a. Since

x ∈ A ⊆ B, we obtain [Bd (B)] < a easily. Thus, we get [Bd (A)] ≥ [Bd (B)].
(B3) Let [Bd (A)] ∗ [Bd (B)] > a. Then [Bd (A)]∧ [Bd (B)] ≥ [Bd (A)] ∗ [Bd (B)] > a and there exist

t1, t2 > 0 such that N(x, t1) ∧ N(y, t2) > a for all x ∈ A and y ∈ B. Setting t = t1 ∨ t2, it is clear that
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[Bd (A ∪ B)] ≥ a and [Bd (A ∪ B)] ≥ [Bd (A)] ∗ [Bd (B)].
(B4) By the inequality N(x + y, t1 + t2) ≥ N(x, t1) ∧ N(y, t2), taking the same method used in (B3),

we may easily obtain [Bd (A + B)] ≥ [Bd (A)] ∧ [Bd (B)].
(B5) Let [Bd (A)] > a. Then there exists t > 0 such that N(x, t) > a for all x ∈ A. If λ = 0, it is

clear that [Bd (λA)] = 1. Suppose that λ , 0, we have N(λx, t1) = N(x, t1
|λ|

). Setting t1 = |λ| t, we obtain
N(λx, |λ|t) > a for all λx ∈ λA. Hence, [Bd (λA)] ≥ a. Then [Bd (λA)] ≥ [Bd (A)], as desired.

(B6) Let [Bd (A)] > a. Then there exists t > 0 such that N(x, t) > a for all x ∈ A. Thus, we have
bx ∈

⋃
|α|≤1

αA with |b| ≤ 1. If b = 0, we have N(bx, t) = 1 for all t > 0. Suppose that 0 < |b| ≤ 1,

we obtain N(bx, t1) = N(x, t1
|b| ) ≥ N(x, t1). Setting t1 = t, then it is obvious that

[
Bd

( ⋃
|α|≤1

αA
)]
≥ a and[

Bd
( ⋃
|α|≤1

αA
)]
≥ [Bd (A)].

Let S = 1
n ∈ N(R), A = {x : |x| ≤ 1}, then S (n) − S (m) = 1

n −
1
m = m−n

nm ∈
m−n
mn A. Denote λn,m = m−n

nm , it
is clear λn,m → 0. Thus [CN(S )] = 1.

If S 1 = {n2} ∈ N(R), it follows that S 1(n) − S 1(m) = n2 − m2 = (n + m)
√

(n − m)3 1
√

n−m
= 1
√

n−m
A1,

here A1 = {(n + m)
√

(n − m)3 : n,m ∈ N}. Obviously, BD(A1) = 1
2 . In addition, for each bounded set A

in (R, | · |), there must be no double sequence {λn,m} that λn,m → 0 such that S 1(n) − S 1(m) ∈ λn,mA. So,
[CN(S 1)] = 1

2 .
Theorem 3.3. Let (X,BX), (Y,BY) be fuzzifying bornological linear spaces, S ∈ N(X) and
f : (X,BX)→ (Y,BY) is a linear mapping. Then

[CN(S )] u [Bd( f )] ≤ [CN( f (S ))].

Proof. We need to prove that [Bd( f )] + [CN(S )] − 1 ≤ [CN( f (S ))], i.e., [Bd( f )] ≤ 1 − [CN(S )] +

[CN( f (S ))]. For any t > 1 − [CN(S )] + [CN( f (S ))], let [CN(S )] = a and [CN( f (S ))] = b, then
1 − a + b < t. Put ε ∈ (0, t − 1 + a − b), there exist a balanced set A ⊆ X and a double sequence {λn,m}

with lim
n,m→∞

λn,m = 0 such that BX (A) > a − ε with S (n) − S (m) ∈ λn,mA for all n,m ∈ N. Since f is

linear, it follows that f (S (n)) − f (S (m)) = f (S (n) − S (m)) ∈ λn,m f (A) and f (A) is balanced in Y . Thus
BY( f (A)) ≤ [CN( f (S ))] = b. Hence

[Bd( f )] =
∧

B⊆X
min{1, 1 − BX (B) + BY ( f (B))} ≤ 1 − BX (A) + BY ( f (A))

< 1 − a + ε + b < t.
Which means [Bd( f )] ≤ 1 − [CN(S )] + [CN( f (S ))], i.e., [CN(S )] u [Bd( f )] ≤ [CN( f (S ))].

Corollary 3.4. Let (X,BX), (Y,BY) be fuzzifying bornological linear spaces and f : (X,BX)→ (Y,BY)
is a bounded linear mapping. Then [CN(S )] ≤ [CN( f (S ))] for all S ∈ N(X).
Theorem 3.5. Let (X,B) be a fuzzifying bornological linear space, S ∈ N(X) and H a subsequence of
S . Then

[H
M
→ x] ∧ [CN(S )] ≤ [S

M
→ x].

Proof. Let [H
M
→ x]∧ [CN(S )] > t, then there exist A, B ∈ Bal(X) and t j, λn,m → 0 such that H( j)− x ∈

t jA, S (n) − S (m) ∈ λn,mB, B(A) > t and B(B) > t for all j, n,m ∈ N. Since H is a subsequence of S ,
then for each n ∈ N, there exists j ∈ N such that n < n j. Thus, we have
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S (n) − x = S (n) − S (n j) + S (n j) − x = S (α) − S (n j) + H( j) − x

∈ λn,n j B + t jA ⊆ max{t j, λn,n j}(A + B).

Clearly, max{t j, λn,n j} → 0 whenever n → ∞, and B(A + B) > t. It follows that [S
M
→ x] > t, i.e.,

[H
M
→ x] ∧ [CN(S )] ≤ [S

M
→ x].

Theorem 3.6. Let (X,B) be a fuzzifying bornological linear space and S ∈ N(X). Then [S
M
→ x] ≤

[CN(S )].

Proof. Let [S
M
→ x] > t, then there exist A ∈ Bal(X) and λn → 0 such that S (n) − x ∈ λnA and B(A) > t

for all n ∈ N. Thus, for any n,m ∈ N,

S (n) − S (m) = S (n) − x + x − S (m) ∈ λnA + λmA ⊆ max{λn, λm}A.
It is easy to find max{λn, λm} → 0. So [CN(S )] > t. This completes the proof.

Definition 3.7. Let Σ be the family of all fuzzifying bornological linear spaces. A unary fuzzy predicate
Com ∈ F (Σ) is called bornological completeness predicate if it satisfies the following condition:

Com(X) := (∀S ∈ N(X))(S ∈ CN) −→L (∃x ∈ X)(S
M
→ x).

The degree to which (X,B) is bornological complete is defined by

[Com(X,B)] =
∧

S∈N(X)
(1 − [CN(S )] +

∨
x∈X

[S
M
→ x]).

Theorem 3.8. Let (X j,B j) be a family of fuzzifying bornological linear spaces indexed by a non-empty
set J and let X =

∏
j∈J

X j be the product of the sets X j. For every j ∈ J, f j : X → X j is a canonical

projection and B =
∏
j∈J
B j. Then∧

j∈J
[Com(X j,B j)] ≤ [Com(X,B)].

Proof. Let
∧
j∈J

[Com(X j,B j)] > t, then for all j ∈ J, [Com(X j,B j)] > t. It needs to prove that 1 −

[CN(S )]+
∨
x∈X

[S
M
→ x] ≥ t for any S ∈ N(X). In fact, for every S ∈ N(X) and j ∈ J, S j = f j(S ) ∈ N(X j),

it follows that 1 − [CN(S j)] +
∨

x j∈X j

[S j
M
→ x j] > t.

Suppose that 1 − [CN(S )] < a, a ∈ (0, t), then there exists A ∈ Bal(X) and λn,m → 0 such that
B(A) > 1 − a and S (n) − S (m) ∈ λn,mA for all n,m ∈ N. Since B (A) =

∧
j∈J
{B j

(
A j

)
| f j(A) = A j} >

1 − a, we can easily get B j(A j) > 1 − a for all j ∈ J with f j(A) = A j. Hence, S j(n) − S j(m) =

f j(S (n)) − f j(S (m)) ∈ λn,m f j(A) = λn,mA j. Thus we may obtain 1 − [CN(S j)] ≤ a for all j ∈ J.

Moreover,
∨

x j∈X j

[S j
M
→ x j] > t − a, which follows that there exists B j ∈ Bal(X j) and λn, j → 0 such that

B j(B j) > t − a and S j(n) − x j ∈ λn, jB j for all n ∈ N. Let B =
∏
j∈J

B j, λn = (λn, j), it is obvious that

B(B) ≥ t − a and
∏
j∈J

(S j(n) − S j(x)) = S (n) − x ∈ λnB for n ∈ N. It follows that t −
∨
x∈X

[S
M
→ x] ≤ a. By
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the arbitrariness of a, we have 1− [CN(S )] ≥ t−
∨
x∈X

[S
M
→ x], i.e., 1− [CN(S )] +−

∨
x∈X

[S
M
→ x] ≥ t. This

means [Com(X,B)] ≥ t. Therefore
∧
j∈J

[Com(X j,B j)] ≤ [Com(X,B)].

Theorem 3.9. Let (X,B) be a family of fuzzifying bornological linear space and A ⊆ X. Then

[T (X,B)] u [Com(A)] ≤ [BC(A)].

Proof. Let [BC(A)] =
∧

S∈N(A),x<A

∧
B∈Bal(X),λn→0

{1 − B (B) : ∀n ∈ N, S (n) − x ∈ λnB} < t. Then there exists

S ∈ N(A), x < A, B ∈ Bal(X) and λn → 0 such that 1 − B(B) < t and S (n) − x ∈ λnB for all n ∈ N. Let∨
x∈A

[S
M
→ x] , 0. If

∨
x∈A

[S
M
→ x] = 0, then

[T (X,B)] +
∧

S∈N(A)
(1 − [CN(S )] +

∨
x∈A

[S
M
→ x]) − 1

≤
∧

S∈N(A)
(1 − [CN(S )]) ≤ [BC(A)].

From Theorem 2.9, we obtain

[T (X,B)] u (
∨
x∈A

[S
M
→ x] ∧

∨
y<A

[S
M
→ y])

= ([T (X,B)] +
∨
x∈A

[S
M
→ x]) ∧ ([T (X,B)] +

∨
y<A

[S
M
→ y]) − 1

≤ [x = y] = 0.

Thus, [T (X,B)] +
∨
x∈A

[S
M
→ x] ≤ 1 or [T (X,B)] +

∨
y<A

[S
M
→ y] ≤ 1.

Case 1. [T (X,B)] +
∨
x∈A

[S
M
→ x] ≤ 1 holds. Obviously.

Case 2. [T (X,B)] +
∨
y<A

[S
M
→ y] ≤ 1 holds.

Then [T (X,B)] ≤ 1 −
∨
y<A

[S
M
→ y] < 1 − (1 − t) = t, which means [T (X,B)] u [Com(A)] < t.

Hence [T (X,B)] u [Com(A)] ≤ [BC(A)].

Theorem 3.10. Let (X,B) be a family of fuzzifying bornological linear space and A ⊆ X. Then

[Com(X,B)] u [BC(A)] ≤ [Com(A)].

Proof. Let [Com(A)] < t, then there exists S ∈ N(A) such that (1− [CN(S )] +
∨
x∈A

[S
M
→ x]) < t. It needs

to prove that [BC(A)] < 1+ t− [Com(X,B)]. Let [BC(A)] > a, then for all S ∈ N(A), x < A, B ∈ Bal(X)
and λn → 0, we get B(B) < 1 − a and S (n) − x ∈ λnB for all n ∈ N. Thus,

[Com(X,B)] =
∧

S∈N(X)
1 − [CN(S )] +

∨
x∈A

[S
M
→ x]

≤ 1 − [CN(S )] +
∨
x∈A

[S
M
→ x] ∨

∨
y<A

[S
M
→ y]

≤ 1 − [CN(S )] +
∨
x∈A

[S
M
→ x] ∨ (1 − a)
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= (1 − [CN(S )] +
∨
x∈A

[S
M
→ x]) ∨ (1 − [CN(S )] + 1 − a)

< t ∨ (1 − a + t) = 1 − a + t.
Hence, we obtain [BC(A)] ≤ 1+t−[Com(X,B)]. It deduces that [Com(X,B)]u[BC(A)] ≤ [Com(A)].

4. Fuzzifying compactness in fuzzifying bornological linear spaces

Definition 4.1. Let Σ be the family of all fuzzifying bornological linear spaces. A unary fuzzy predicate
Compact ∈ F (Σ) is called bornological compactness predicate if it satisfies the following condition:

Compact(A) := (∀S )(S ∈ N(A) −→L (∃H)(∃x ∈ A)(H ≤ S ) ∧ (H
M
→ x)).

The degree to which A is bornological compact is defined by

[Compact(A)] =
∧

S∈N(A)

∨
H≤S

∨
x∈A

[H
M
→ x].

Moreover, let (X,BX) and (Y,BY) be fuzzifying bornological linear spaces, the degree to which f is
bornological compact is defined by

[Compact( f )] =
∧

A⊆X
min{1, 1 − [Compact(A)] + [Compact( f (A))]}.

Example 4.2. Suppose that fuzzifying bornological linear space (R, Bd(·)) is defined as Example 3.2,
take A = [0, 1], A1 = (0, 1), A2 = [0,+∞), it is easy to check that [Compact(A)] = 1, [Compact(A1)] =

[Compact(A2)] = 1
2 .

Theorem 4.3. Let (X,B) be a fuzzifying bornological linear space and f : (X,BX)→ (Y,BY) is a linear
mapping. Then for every A ⊆ X,

[Compact(A)] u [Bd( f )] ≤ [Compact( f (A))].

Proof. The proof is similar to that of Theorem 3.3 and it can be omitted.

Theorem 4.4. Let (X,BX) and (Y,BY) be fuzzifying bornological linear spaces. Then [Bd( f )] ≤
[Compact( f )].

Proof. For each [Bd( f )] > t > 0 and for every A ∈ 2X, if 1 − [Compact(A)] < a, we have for all

S ∈ N(A), there exist H ≤ S and x ∈ A such that [H
M
→ x] > 1 − a, i.e., there exists B ∈ Bal(X),

λnk → 0 such that H(nk) − x ∈ λnk B and BX(B) > 1 − a for all k ∈ N. Since [Bd( f )] > t, we have
1−BX(B) +BY( f (B)) > t. That is t −BY( f (B)) < a, which follows that t − [Compact( f (A))] < a. This
means 1 − [Compact(A)] ≥ t − [Compact( f (A))], which implies [Compact( f )] ≥ t.

Theorem 4.5. Let (X,B) be a family of fuzzifying bornological linear space and A ⊆ X. Then

[Compact(A)] ≤ [Com(A)].

Proof. By Theorem 3.5, we have

[Com(A)] =
∧

S∈N(A)
(1 − [CN(S )] +

∨
x∈A

[S
M
→ x])

≥
∧

S∈N(A)
(1 − [CN(S )] +

∨
x∈A

∨
H≤S

([H
M
→ x] ∧ [CN(S )])).
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For any t ∈ (0, [Compact(A)]), since [Compact(A)] =
∧

S∈N(A)

∨
H≤S

∨
x∈A

[H
M
→ x], then for all S ∈ N(D),

there exist H ≤ S , x ∈ A such that t < [H
M
→ x]. Thus

1 − [CN(S )] +
∨
x∈A

∨
H≤S

([H
M
→ x] ∧ [CN(S )]

≥ 1 − [CN(S )] + ([H
M
→ x] ∧ [CN(S )] > 1 − [CN(S )] + t ∧ [CN(S )] ≥ t.

By the arbitrariness of t and S ∈ N(A), it follows that [Com(A)] ≥ [Compact(A)]. This completes
the proof.

Theorem 4.6. Let (X,B) be a fuzzifying bornological linear space and A ⊆ X. Then, [Compact(A)] = t
if and only if A is bornological compact in (X,Br) for every r < t and A is not bornological compact
in (X,Br) for every r > t, where the notation Br is from [14, 26].

Proof. Necessity. Suppose [Compact(A)] = t > r, then for all S ∈ N(A), there exist H ≤ S and x ∈ A

such that [H
M
→ x] > r, i.e., there exist B ∈ Bal(X) and λnk → 0 such that B(B) > r and H(nk)− x ∈ λnk B

for all k ∈ N. Thus, B ∈ Br, which follows that A is bornological compact in (X,Br) for every r < t.
Suppose that there exists r1 > t such that A is bornological compact in (X,Br1), then for all S ∈ N(A),

there exist H ≤ S and x ∈ A such that H
M
→ x. Thus there exist B ∈ Bal(X) with B ∈ Br1 and λnk → 0

such that H(nk) − x ∈ λnk B for all k ∈ N. Thus [Compact(A)] = t ≥ r1, which makes a contradiction.
So, A is not bornological compact in (X,Br) for every r > t.

Sufficiency. If A is bornological compact in (X,Br) for every r < t, then for all S ∈ N(A), there
exist H ≤ S , B ∈ Bal(X) with B ∈ Br, λnk → 0 and x ∈ A such that H(nk) − x ∈ λnk B for all k ∈ N.
Thus, it is easy check that [Compact(A)] ≥ r. By the arbitrariness of r, we obtain [Compact(A)] ≥ t.
Suppose that [Compact(A)] > t, we can easily we can obtain a contradiction. Therefore, we
have [Compact(A)] ≤ t, which follows that [Compact(A)] = t.

Theorem 4.7. Let (X j,B j) be a family of fuzzifying bornological linear spaces indexed by a non-empty
set J and let X =

∏
j∈J

X j be the product of the sets X j. For every j ∈ J, let f j : X → X j is a canonical

projection and B =
∏
j∈J
B j. Then for all A ⊆ X∧

j∈J
[Compact( f j(A))] ≤ [Compact(A)].

Proof. Let
∧
j∈J

[Compact( f j(A))] > t. Then for all S ∈ N(A), j ∈ J, f j(S ) ∈ N(A j). Thus there exist

H j ≤ f j(S ) and x j ∈ f j(A) such that [H j
M
→ x j] > t. It follows that there exist B j ∈ Bal(X j) and λn j

k
→ 0

such that B j(B j) > t with H j(n
j
k)− x j ∈ λn j

k
B j for all n j

k ∈ N. Let B =
∏
j∈J

B j and H =
∏
j∈J

H j. It is obvious

that H ≤ S . SinceB (B) =
∧
j∈J
{B j

(
B j

)
| f j(B) = B j} ≥ t, which together with H(k)−x =

∏
j∈J

H j(n
j
k) − x j ∈∏

j∈J
λn j

k
B j = λkB, we obtain [Compact(A)] ≥ t. That implies

∧
j∈J

[Compact( f j(A)] ≤ [Compact(A)].

Definition 4.8. Let (X,B) be a fuzzifying bornological linear spaces. A unary fuzzy predicate
Precompact ∈ F (2X) is called bornological precompactness predicate if it satisfies the following
condition:

AIMS Mathematics Volume 7, Issue 9, 16706–16718.
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Precompact(A) := (∀S )(S ∈ N(A) −→L (∃H ≤ S )(H ∈ CN)).
The degree to which A is bornological precompact in (X,B) is defined by

[Precompact(A)] =
∧

S∈N(A)

∨
H≤S

[CN(H)].

Taking the same method in the proof of Theorem 3.3, the next Theorem holds clearly, here we omit its
proof.
Theorem 4.9. Let (X,B) be a fuzzifying bornological linear space and A ⊆ X. Then

[Preompact(A)] u [Bd( f )] ≤ [Preompact( f (A))].
Theorem 4.10. Let (X,B) be a fuzzifying bornological linear space. Then for every A ⊆ X

[Compact(A)] ≤ [Preompact(A)].

Proof. By Theorem 3.6, it is trivial.

Theorem 4.11. Let (X,B) be a fuzzifying bornological linear space and A ⊆ X.
Then [Precompact(A)] = t if and only if A is bornological precompact in (X,Br) for every r < t and A
is not bornological precompact in (X,Br) for every r > t.

Proof. Necessity. Suppose [Precompact(A)] = t > r, then for all S ∈ N(A), there exist H ≤ S such
that [CN(H)] > r, i.e., there exist B ∈ Bal(X) and λnk ,ml → 0 such that B(B) > r and H(nk) − H(ml) ∈
λnk ,ml B for all k, l ∈ N. Thus, B ∈ Br, which follows that A is bornological precompact in (X,Br) for
every r < t.

Suppose that there exists r1 > t such that A is bornological precompact in (X,Br1), then there exist
B ∈ Bal(X) with B ∈ Br1 and λnk ,nl → 0 such that H(nk) − H(nl) ∈ λnk ,nl B. Thus [Precompact(A)] ≥
r1 > t, which makes a contradiction. So, A is not bornological precompact in (X,Br) for every r > t.

Sufficiency. If A is bornological precompact in (X,Br) for every r < t, then for all S ∈ N(A), there
exist H ≤ S , B ∈ Bal(X) with B ∈ Br, λnk ,nl → 0 such that H(nk) − H(nl) ∈ λnk ,nl B for all k, l ∈ N.
Thus, it is easy check that [Precompact(A)] > r. By the arbitrariness of r, we
obtain [Precompact(A)] ≥ t. Suppose that [Precompact(A)] > t, we can easily obtain a contradiction.
Therefore, we have [Precompact(A)] ≤ t, which follows that [Precompact(A)] = t.

Theorem 4.12. Let (X j,B j) be a family of fuzzifying bornological linear spaces indexed by a non-
empty set J and let X =

∏
j∈J

X j be the product of the sets X j. For every j ∈ J, let f j : X → X j is a

canonical projection and B =
∏
j∈J
B j. Then for all A ⊆ X∧

j∈J
[Precompact(A j)] ≤ [Precompact(A)].

Proof. Similar to Theorem 4.6, here we omit it.

Theorem 4.13. Let (X,B) be a fuzzifying bornological linear space. Then for every A ⊆ X

[Compact(A)] = [Preompact(A)] u [Com(A)].

Proof. For every t < [Preompact(A)] u [Com(A)] =
∧

S∈N(A)

∨
H≤S

[CN(H)] + [Com(A)] − 1, there exists

H ≤ S such that [CN(H)] > t + 1 − [Com(A)]. Equivalently, [Com(A)] > t + 1 − [CN(H)], specially,
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we have 1 − [CN(H)] +
∨
x∈A

[H
M
→ x] > t + 1 − [CN(H)]. It implies

∨
x∈A

[H
M
→ x] > t. So [Compact(A)] =∧

S∈N(A)

∨
H≤S

∨
x∈A

[H
M
→ x] > t. By the arbitrariness of t, [Compact(A)] ≥ [Preompact(A)] u [Com(A)].

On the other hand, let [Compact(A)] > t, then for all S ∈ N(X), there exist H ≤ S and x ∈ A

such that [H
M
→ x] > t. Setting [CN(S )] = a, then [CN(H)] ≥ a. Since [CN(H)] ≥ [H

M
→ x] > t, we

obtain [CN(H)] ≥ a ∨ t. Furthermore, from Theorem 3.5, it implies that [S
M
→ x] ≥ t ∧ a. Thus,

[Preompact(A)] u [Com(A)]

=
∧

S∈N(X)

∨
H≤S

[CN(H)] +
∧

S∈N(X)
(1 − [CN(S )] +

∨
x∈A

[S
M
→ x]) − 1

≥ a ∨ t + 1 − a + a ∧ t − 1

= t,
which follows that [Preompact(A)] u [Com(A)] ≥ [Compact(A)]. That deduces [Compact(A)] =

[Preompact(A)] u [Com(A)].

5. Conclusions

In the present paper, the notions of fuzzifying Cauchy sequences, fuzzifying completeness,
fuzzifying compactness and precompactness are introduced and some interesting properties of them
are studied. The relationships among fuzzifying completeness, separation axiom and fuzzifying
bornological closed set are discussed. Particularly, it is proved that a subset is fuzzifying bornological
compact if and only if it is fuzzifying bornological precompact and bornological complete.

A direction worthy of future work is to study the fuzzifying complete bornologies. Also, studying
the characterisations of fuzzifying completely bornological spaces is of interest.
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