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1. Introduction

Fréshet [1] introduced the concept of a distance between two abstract objects. A well known Banach
contraction principle [2] in metric spaces has been extended in various directions [3—7]. Zadeh [8]
introduced the concept of a fuzzy set, back in 1965, as an extension of a crisp set where each element
of a set has some membership values between [0, 1]. Since then, several mathematical structures have
been transformed to fuzzy sets, see [9-15]. Kramosil and Michalek [16] applied this theory to metric
spaces and defined fuzzy metric space which could be viewed as a reformulation of statistical metric
spaces [17]. Grabiec [18] first defined the concept of convergence of a sequence and a Cauchy sequence
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and then proved the Banach and Edelstein contraction principles in fuzzy metric space. In 1994, George
and Veeramani [19] modified the definition of a fuzzy metric space given in [16]. This generalized
definition of a fuzzy metric space is now being used widely [20-26].

Bakhtin [27] introduced the concept of a b-metric space which generalizes the notion of metric
space. In 1993, Czerwik [28] studied some contractive mappings in b-metric space. Branciari [29]
introduced rectangular metric spaces and proved Banach-Caccippoli type fixed point result in this new
setup. In 2016, Roshan et al. [30] extended the notion of a rectangular metric space by introducing b-
Branciari or b-rectangular metric space. Nadaban [31] generalized the notion of a fuzzy metric space
in the sense of Kramosil and Michalek by introducing fuzzy b-metric space. He also introduced the
concept of fuzzy quasi b-metric space as the generalization of a fuzzy quasi metric space. In [32],
authors replaced the constant b in the definition of b-metric space with some function 6 and introduced
the extended b-metric space, while in [33] the definition of a fuzzy b-metric space was generalized
to extended fuzzy b-metric space. The generalization of a fuzzy rectangular metric space to fuzzy
rectangular b-metric space is given in [34]. Asim et al. [35] proved fixed point results for contractive
mapping in extended rectangular b-metric space. Sezen [36] introduced the concept of controlled fuzzy
metric space by using a controlled function A and proved some interesting fixed point results in this
space. Mani [23] et al. introduced the concept of a fuzzy triple controlled bipolar metric spaces and
proved the existence and uniqueness of the solution of an integral equation.

In this paper, we follow the definition of George and Veeramani and define extended rectangular
fuzzy b-metric space as an extension of fuzzy rectangular h-metric space, fuzzy rectangular metric
space, extended fuzzy b-metric space, fuzzy b—metric space and fuzzy metric space. We generalize
the Banach contraction principle in the framework of extended rectangular fuzzy b-metric space.

2. Preliminaries

Definition 2.1. [37] A binary operation = : [0, 1] X [0, 1] — [0, 1] is called a continuous t-norm if
1) = is continuous, commutative and associative,
2)ax1=aforallac|0,1],
3)axb<cxdforalla,b,c,d € [0,1] provided that a < ¢,b < d.

Definition 2.2. [38] Let X be a non-empty set, = be a continuous t-norm. A fuzzy set M, : X X X X
(0,00) —> [0, 1] is called a fuzzy rectangular metric on X, if for distinct u, x,y,z € X and t,s,w > 0,
following conditions hold:

(M, 1) M,(x,y,1) =0,

(M,2) M,(x,y,t) = 1 forallt > 0 if and only if x = y,

(M,3) M,(x,y,1) = M,(y, x,1),

(M, 4) M (x,z,(t+ s+ w) 2 M (x,y,0) = M, (y, u, s) =« M,(u, z, w),

(M,5) M,(x,y,") : (0,00) —> [0, 1] is left continuous and lim,_,. M,(x,y,?) = L.

The triplet (X, M,, %) is called a fuzzy rectangular metric space.
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Definition 2.3. [34] Let X be a non-empty set, = be a continuous t-norm and b > 1 be a real number.
A fuzzy set M, : X X X X (0,00) —> [0, 1] is called a fuzzy rectangular b-metric on X, if for distinct
u,x,v,z€ Xandt,s,w > 0, following conditions hold:

(Myp1) Myp(x,y,1) =0,

(M,,2) Mp(x,y,8) =1 forall t >0 if and only if x =y,

(M;53) Myp(x,y, 1) = M(y, x, 1),

(Mp4) Myp(x, 2, b(t + 5 + W) = Mp(x, 3, 1) % Myp(y, u, 5) = M, z, w),

(M,,5) M, (x,v,) : (0,00) —> [0, 1] is left continuous and lim,_,., M,,(x,y,1) = 1.

The triplet (X, M,;, *) is called a fuzzy rectangular b-metric space.
3. Main results

In this section we will define the notion of an extended rectangular fuzzy b-metric space that
generalizes many fuzzy metric spaces in the literature.

Definition 3.1. Let X be a non-empty set, * be a continuous t-norm and @ : X X X — [1, o). A fuzzy
set M : X X X X (0,00) — [0, 1] is called an extended rectangular fuzzy b-metric on X, if for distinct
u,x,v,z€ Xandt,s,w > 0, following conditions hold:

(M1) M(x,y,t) >0,
(M2) M(x,y,t) =1 forallt > 0 if and only if x =y,
(M3) M(x,y, 1) = M(y, x,1),
(M4) M(x,z,a(x,2)(t + s +w)) = M(x,y,t) * My, u, s) * M(u,z, w),
(M5) M(x,y,-) : (0,00) — [0, 1] is continuous.
The triplet (X, M, *) is called an extended rectangular fuzzy b-metric space.

Remark 3.1. (i) Taking a(x,z) = b > 1 in (M4), then an extended rectangular fuzzy b-metric space
reduces to a fuzzy rectangular b-metric space [34].

(ii) Taking a(x,z) = 1 in ([M4)]), then an extended rectangular fuzzy b-metric space reduces to a fuzzy
rectangular metric space [38].

(iii) Taking u = z and s + w = t' in ([M4)), then an extended rectangular fuzzy b-metric space reduces
to extended fuzzy b-metric space [33].

(iv) Taking u = zand s + w = t' and a(x,z) = b > 1 in ([M4]), then an extended rectangular fuzzy
b-metric space reduces to fuzzy b-metric space [31].

(iv) Taking u = zand s +w =t and a(x,z) = 1 in ([M4)), then an extended rectangular fuzzy b-metric
space reduces to fuzzy metric space [19].

We now give an example of an extended rectangular fuzzy b-metric space.
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Example 3.1. Let X = {1,2,3,4}. If we defined : X x X — [0, o) by d(x,y) = (x —y)* for all x,y in
Xanda: X x X = [1,0) by a(x,y) = x> + y* + 1. Then M : X x X x (0, 0) — [0, 1] given by

M(x,y,1) = X forallt>0,

t
t+d(x,y

is an extended rectangular fuzzy b-metric on X provided that = is a minimum t-norm, that is, a * b =
min{a, b} for all a,b € [0, 1].

Clearly,
a(1,2) =a2,1)=6,a(1,3) =a3,1) = 11,a(1,4) = a(4,1) = 18,
a(2,3) = a(3,2) = 14,a(2,4) = a(4,2) = 21, a(3,4) = a(4, 3) = 26,
a(l,1)=3,a2,2) =9,a((3,3) =19, and a(4,4) = 33,

and

d(1,2) =d2,1)=d(2,3) =d(3,2) =d3,4) =d4,3) =1,
d(1,3) =d3,1)=d(2,4) =d4,2) =4, d(1,4) =d4,1) =9, and
d(x,x) =0, forall x € X.

Note that first three axioms (M1-M3) clearly hold. To prove the axiom (M4), we discuss the following
cases:

Case 3.1. Let x =1,z =4. Then, we have

a(l,H(t+s+w) 18(t+ s+ w)
M1, 4, a(1,4)(t + s + = = ,
(Lol + s +w)) = e T v d(1.4) - 18G+s+w)+ 9
2t s+w) B 1
C2(t+s+w)+1 0 2@+ s+w)+ 1
Also,
t t 1
1,2, = = =1-—,
M ) t+d(1,2) t+1 t+1
s Ky 1
2.3,5) = = —1-——, and
M2.3.9= a3 T s+ s+ 10"
w w 1
34 = = = - .
MB AW = G - wel w1
Note that
1 B 1 oy !
20+s+w)+1 204+ 2s+2w+ 1 t+1
Thus,

M(1,4,a(1,4)(t + s +w)) > M(1,2,1),

similarly, we have

M(1,4,a(1,4)(t+ s +w)) > M(2,3, ),
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and
M@, 4,a(1,4)(t + s +w)) > M@B3,4,w).

Hence

M, 4,a(1,4)(t + s +w)) > M(,2,1) « M(2,3,s) « M(@3,4,w).
Case 3.2. Let x =2, and z = 4. Then

a2, + s+w) 21t + s+ w)
2.4, (2, 4)(t - - ,
ME. 4, 0@ D+ s+ W) = o T dad) G tstw+a
4
S 21(t+s+w) +4
and
1t t 4
2.3.1) = = —1- ,
M2.3,9 r+d2.3) 1+1 A+ 4
s S 4
391’ = = :1_—5
MB L= 061D " 554 514
w w 9
14 = = :1— .
M1, 4, w) wrd(l,4) w+9 w+9
Now
4 4 4

1- >1- >1- ,
21t +21s + 21w + 4 21t + 4 4t + 4
implies that
M2, 4,a2,4)(t + s +w)) > M(Q2,3,1).

Similarly, we obtain that
MQ2,4,a(2,4)(t+ s +w)) > M3, 1,s),

and
MQ2,4,a2,4)(t + s +w)) > M(1,4,w).

Hence

M2,4,a(2,4)(t+ s +w)) > M(2,3,1) * M3, 1, 5) * M(1,4,w).

Case 3.3. If x = 3, and 7 = 4, then we have

a3, )+ s+w) 26(t + s + w)
3,4, 3,4t = = y
M4, 0@ A+ s+ W) = e ) 7 dB.A)  26G st + 1
104 +s+w) _ 4
C104(t+s+w)+4 104(t+ s+ w) + 4
Also,
t t 4
3,1, = = =1-—
M ) t+d3,1) t+4 t+4
M(1,2,5) = > i - , and

= :1 e
s+d(1,2) s+1 s+1
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w w 4
2,4,w) = = =1- .
MRAw = e T wia w4
Now
4 4 4
1- >1- >1 - —
104t +s+w)+ 4 104t + 4 t+4

implies that
M@3B,4,a3,4)(t + s +w)) > M3, 1,1).

Similarly,

M@3,4,a3,4)(t+ 5 +w)) > M(2,4,w).
Now

26(t+s+w) ! 1

26t+s+w)+1 26(t+s+w)+ 1’
— > 1 — L,
265 + 1 s+ 1

gives that

M@B,4,a3,4)(t + s +w)) > M(1,2, 5).
Hence

M@B,4,a3,4)(t+ s+ w)) > M@B3, 1,1) « M(1,2, 5) « M(2,4,w).
Thus in each case, we have,

MO, y, a(x, y)(t+ s +w)) > M(x,z,t) * M(z, u, s) * M(u,y, w)
for all distinct u, x,y,z € X and t, s,w > 0. Hence (X, M, %) is an extended rectangular fuzzy b-metric
space.

We now give an example of extended rectangular fuzzy b-metric space with product z-norm but is
not an extended rectangular fuzzy b-metric space with minimum #-norm.

Example 3.2. Let X ={1,2,3,4}. Definea : X x X — [1, ) by
a(x,y)=x+y+1.
Define a mapping M : X X X X (0, 00) — [0, 1] by
min{x, y} + ¢
M(x,y,1) = ﬁ)}i}}”.
Then (X, M, x) is an extended rectangular fuzzy b-metric space with product t-norm, that is, ax b = ab
foralla,b € [0,1].
Note that,
a(l,2) =a2,1) =4, a(1,3) = a3,1) =5,
a(l,4) =a4,1) =6, a(2,3) = a(3,2) =6,
a2,4) =a4,2) =7, a3,4) = a(4,3) =8,
a(l,1) =3, a2,2) =5, and a(3,3) =7, a(4,4) = 9.
It is straight forward to verify axioms (M1) to (M3). We verify axiom (M4). For this, we consider the
following cases:
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Case 34. If x = 1, and 7 = 4, then either y =2 and u = 3 ory = 3 and u = 2. We prove the case for
y =2 and u = 3. Note that

min{l,4} + a(1,4)( + s + w)
max{l,4} + a(1,4)(t+ s +w)’
_1+6(+s+w)
A+ 6(t+s+w)

1+6\24+5\3+w
Z(2+t)(3+s)(4+w)’

= M(1,2,1) * M(2,3,5) * M(3,4,w).

M@, 4,a(1,4)(t+ s+ w)

implies that
ML, 4, (1, (@ + s+ w) = M(L,2,0) * M(2,3, 5) « M3, 4, w).

The proof of the case for y = 3 and u = 2 is similar. Similarly, one can verify the remaining
cases. Hence (X, M, *) is an extended rectangular fuzzy b-metric space with product t-norm. However,
M(x,y,*) is not an extended rectangular fuzzy b-metric space with respect to minimum t-norm. For
instance, if we take

x=1y=2,u=4,z=3 and t=0.01,s=0.02,w = 0.03,

then
1 +5(0.06
M(L. 3, a(1,3)(0.01 + 0.02 + 0.03)) = W = 0.3939, and
1+0.01
M(1,2.0.01) = oo = 0.5025,
+0.
M(2.4,0.02) = oo = 0.5025,
M(4.3,0.03) = 4:0:03 = 0.7519.
Clearly,

M(1,3,a(1,3)(0.01 + 0.02 + 0.03)) £ M(1,2,0.01) = M(2,4,0.02) = M(4,3,0.03).
Example 3.3. Let X = N. Define

n - x)?
M(Xl, X2, t) =e€ t

forallt > 0 with t, x t, = tjt, and a(xy, x2) = 3(x; + x2). Then (X, M, %) is an extended rectangular
Jfuzzy b-metric space but not a rectangular fuzzy metric space. Let xi, X», X3, X4 be distinct elements in
Xandt,s,w> 0. As

2 2
(X1 —x3)" = (X1 —x2 + X2 — X3 + X3 — X4)

< 3((x1 = 1)’ + 0 — x3) + (33— x0)°),
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we have
(x1 — x4)*

MC(xr, x4, (X1, x)(tE+ 5 + W) = e a(xi,x)(t+ s+ w),

3((X1 —x)? 4 (X2 — x3)* + (x5 — X4)2)

> e 31 +x)E+s+w)

((Xl — x2)% + (X2 — x3)% + (3 — X4)2)

— e_ t(x) + x4) + s(x1 + x4) + w(x; + x4) ,

(X1 — x)?
— ¢ Hx1 + x4) + 5(x1 + x3) + w(xy + x4)

(x2 — X3)2
e 11+ x4) + s(x1 + x4) + w(xy + x4)

(X3 — x4)?
e 11+ x4) + s(x1 + x4) + w(xy + Xx4) ,

(x1 — x2)? (x2 — x3)° (x3 — x4)°
>e t % e S % e w

b

= M(x1, x2, 1) = M(x2, x3, 8) = M(x3, X4, W).
Hence (X, M, %) is an extended rectangular fuzzy b-metric space.

Definition 3.2. Let X be a non-empty set and @ : X X X — [1,00). A function f : R — R is
called an a-non-decreasing if for t < s, we have f(t) < f(a(x,y)s). If a(x,y) = b > 1, then f is called
b-non-decreasing. if we take a(x,y) = 1, then f is called non-decreasing.

Lemma 3.1. Let (X, M, *) be an extended rectangular fuzzy b-metric space and @ : X X X — [1, o0)
be a continuous function, then M(x,y, .) is a-non-decreasing for all x,y € X.

Proof. Let0 <t < s, then
s—1

M(x, y, sa(x, y)) = M, x, ST‘G M0 MOy, S

=1+ M(x,y,1) 1,
= M(x,y, ).

Hence M(x,y, sa(x,y)) > M(x,y,t) which shows that M(x,y,.) is @-non-decreasing for all x,y € X.
|

)

On the basis of Lemma 3.1, we have following observations.

Remark 3.2. (i) An extended rectangular fuzzy b-metric is not increasing.

(ii) If we choose a(x,y) = b > 1, then every rectangular fuzzy b-metric is b-non-decreasing.
(iii) Every extended fuzzy b-metric is an a-non-decreasing, where a : X X X — [1, o0).
(iv) If we take a(x,y) = 1, then every rectangular fuzzy metric is non-decreasing.
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Definition 3.3. Let (X, M, *) be an extended rectangular fuzzy b-metric space, x € X and r € (0, 1).
An open ball with center x and radius r is denoted by B(x, r,t) and is defined as:

Bx,r,t) ={ye X : M(x,y,t) > 1 —r},

where, t > 0.

In the following example, we show that an extended rectangular fuzzy b-metric space is not
Hausdorft.

Example 3.4. Consider an extended rectangular fuzzy b-metric space as given in Example 3.1.
Consider the open ball with center x|, = 1, radius ry = 0.5 and t =7 as

Bi(1,0.5,7) = {y € {1,2,3,4} : M(1,y,7) > 0.5).

Now
7 7
MALD = o an =770 - b
7 7
M(1,2,7) = TrdD) = T = 0.8750,
7 7
M(1,3,7) = T1d.3) = T = 0.6364,
7 7
M@1,4,7) = T+ d.4) = 739 = 0.4375.
Hence,

B;(1,0.5,7) ={1,2,3}.

Now consider the open ball with center x, = 2, radius r, = 045 and t =7 as

B>(2,0.45,7) = {y € {1,2,3,4} : M(2,y,7) > 0.55}.

Now
7 7
M2,1,7) = 714D =7.1" 0.8750,
7 7
M2 =506 " 740 "
7 7
M2,3,7) = 71403 =5 1" 0.8750,
7 7
M2,4,7) = T+ do. b =T 1" 0.6364.
Hence,

B»(2,0.45,7) =1{1,2,3,4}.

Note that B1(1,0.5,7) N B,(2,0.45,7) = {1,2,3} N {1,2,3,4} = {1,2,3} # 0. Which shows (X, M, ) is
not Hausdorff.
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Analogous to the concepts of Cauchy sequence and the convergence of sequences given in [19], we
have the following definition in the settings of an extended rectangular fuzzy b-metric space:

Definition 3.4. Let (X, M, %) be an extended rectangular fuzzy b-metric space. Then a sequence {x,}
in X is called:

1) convergent sequence if there exists x € X such that,

lim M(x,, x,t) = 1, forall t > 0.

2) Cauchy sequence if and only if,

Hm My Xepo 8) = 1, p > 1,1 0.

n—oo

An extended rectangular fuzzy b-metric space is complete if every Cauchy sequence in X is
convergent in X.

Lemma 3.2. Let {x,} be a Cauchy sequence in an extended rectangular fuzzy b-metric space (X, M, *)
such that x,, # x, whenever m # n ,m,n € N. Then {x,} converges to at most one point in X.

Proof. On the contrary suppose that x, — x and x, — y for x # y. Then lim,_,., M(x,, x,7) = 1 and
lim, ., M(x,,y,t) = 1forall t > 0.

Consider
L L L
M(X,y,t)Zanxm; *Mxn’xm’; *Mxm’y’; s
( a(x, y)) ( a(x, y)) ( a(x, y))
— 1x1x1=1,
as n,m — oo. So M(x,y,t) = 1, a contradiction as x # y. m|

Following lemma is needed in the proof of our main results.

Lemma 3.3. [39] Let x,y be any two points in a fuzzy metric space (X, M, ). If for any k € (0, 1), we
have

M(x, y, kt) > M(x,y,1),
then x = y.

Definition 3.5. Let (X, M, %) be an extended rectangular fuzzy b-metric space. A mapping T : X — X
satisfying
M(Tx, Ty, kt) > C(x,y,t), forall x,y € X, (3.1

is called Ciri¢ type fuzzy contraction, where

My, Ty,30[1 + M(x,Tx,1)]

Clx,y,0) = mi”{ 1+ M(x,y,1)

M, Tx, ), M(y, Ty, 3t), M(y, Tx, t), M(x, y, t)}.

Now, we prove our main result in the settings of an extended rectangular fuzzy b-metric space.

AIMS Mathematics Volume 7, Issue 9, 16208—16230.
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Theorem 3.1. Let (X, M, %) be a complete extended rectangular fuzzy b-metric space, @ : X X X —
[1, %) be a continuous function with k € (0, 1) such that

lim M(x,y,1) =1,
{—o00

and T : X — X be a Ciri¢ type fuzzy contraction. Then T has a unique fixed point.

Proof. Let ay € X be an arbitrary point. If Tay = ao, then ay is the required fixed point. If Tay # ao,
then there exists a; € X such that Tay = a;. Continuing in this way, we define {a,} in X such that

api1 = Tn+1a0 = Tan

Note that

M(anv Anp+ls kt) = M(Tan—l s Tan’ kt) > C(an—l > Ap, t)’
where
M(an, Tam 3t)[1 + M(an—l’ Tan—l’ t)]

I+ M(an—l’ ay, t)
M@y, Ty, ), M(@y-1, an, 1)}
M(arh An+1, 3l)[1 + M(an—l » Ap,y t)]
1+ M(an—la ay, t)

M(an—l s Ap,y t)}

= min {M(an, An+1, 3t)’ M(an—la ay, t)’ 1}

C(an—19 ay, t) = min { ’ M(an—la Tan—l9 t)’ M(Cln, Tan’ 3t)7

) M(an—la ay, t)’ M(an’ Ap+l, 3t)’ M(ana ay, t)»

= min{

If min {M(an,an+1, 31, M(a,—1,a,,t), 1} =  M(a,,a,,1,3t) or 1, then Ma,, a,.1,kt) >
M(a,,a,,1,3t) or 1 and hence by Lemma 3.3, we have a, = a,,. If a, # a,, and
min {M(an,an+1, 31, M(a,—1, a,, t), 1} = M(a,,a,+1,3t) or 1, then we have a contradiction because
M(x,y,.) is a-non-decreasing. Now if min {M(an, Ape1, 1), M(a,—1,a,, t), 1} = M(a,-1,a,,t), then we
obtain that M(ay, @u1, kt) > M(a,-1,a,,t). Similarly, we have M(a,_1,a,,t) > M(a,-2,a,-1, ) and
M2, ap-1,7) = M(ay_3,a,-2, 1) and so on. Hence,

t
M(Cln, Al kt) > M(a()’ ai, F)’
which implies that
t
M(ana an+lat) 2 M(ao’ a, E) (32)
Consider the following two cases:
Case 3.5. If pisodd (say) p=2m+ 1 for m > 1, then

t t

3 3
M(ana Ap+2m+1s t) > M((ln, Ap+l, —) * M(an+1a anp+i2, —)
a’(an, an+2m+1) a'(an, an+2m+1)
I
3
* M(an+2a Ap2m+1, —)
a’(an, an+2m+1)
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t t

3 3
> M(ay s ————) % M(ape1, @z, —————
Q’(Cln, an+2m+1) a’(an’ an+2m+1)
t
32

G’(Cln, Ap+2m+1 )a(an+2, Ap+2m+1 )

* M(an+2’ ap+3,

Nl“

(l’(dn s An2m+1 )a'(an+2 > Ap+2m+1 )
3

32
b
a’(an’ an+2m+1)a/(an+2’ an+2m+1)
z z
3 3
Z M(an’ al’l+1 ’ ) * M(al’H—l ’ al’l+27 )
(l’(éln, Ap2m+1 ) (I’(Lln, Ap2m+1 )
3 1
32 32
* M(an+2a an43, ) * M(an+3, A4,
(an’ Api2m+1 )a(an+2’ an+2m+1) Cl’(Cln, an+2m+1)a'(an+2’ an+2m+1)
1

3

(an s An+2m+1 )a'(an+2 > An+2m+1 )a'(an+4 > Ap+2m+1 )
t
33

a(ay, Apsom1)(Ani2s Api2me1)(Apsay Qpiomsr)

* M(al’l+3’ Apis,

* M(Cln+4, Ap2m+1,

Apid, Apys,

@(Aps Apy2ms 1)U Ans2s Qps2mse 1)U Anids ni2me 1)U Ans6s Aniams1)
3
a(an’ Api2m+1 )a'(an+29 an+2m+l)a(an+4’ an+2m+1)a’(an+6a Ap2m+1 )

* M(

M
* M(dn+(,, Aan7, &
* M(

Api7, Ap+8s

t
3m

a’(am an+2m+1)a'(an+2, an+2m+1) e Q(an+2m,2, an+2m+1) .

By (3.2), the right hand side of the above inequality becomes,

>I</\/[(an+2m > An+2m+15

i I

3 3
M(an, aniamer» 1) = Mao, a -) = M(ao, ay, —)

a(an’ Ap+2m+1 )k a’(am Ap+2m+1 )k
t
32

* M(ao, a, )

a(ay, Aprome1)(Ani2, pioms )kn+2

t

32
*Mao,al, )

a’(ana Ap2m+1 )a(an+2’ Ap2m+1 )kn+3
1

(
(
« M(ag, ar, = )
(
(

a/(an, Ap+2m+1 )a(an+2, Ap+2m+1 )a'(an+4’ an+2m+l)kn+4
t
33
* M dp, d| )
’ ’ a’(am An+2m+1 )a(an+2’ An+2m+1 )a(an+4, Ap+2m+1 )kn+5
t
24
x Mlao, aj, : )

(an’ An+2m+1 )oz(a,,+2, An+2m+1 )a(an+4, Ap+2m+1 )a’(an+6, Ap+2m+1 )kn+6
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L

3m
*M(ao, ap,

a’(an, Ap+2m+1 )Q’((J,H_z, an+2m+1) o

Case 3.6. If p = 2m, m € N, that is, p is even, then

t

3
M(an’ Api2ms t) = M(ana pyl, — <
a'(ana an+2m)
!

3
Q(Cln, an+2m) ’

3
) * M(an+la ap+2,

3
> Myt~
a(an’ an+2m)
!
32

a(an ’ an+2m)a(an+2a an+2m)
3

32
a(an, an+2m)a/(an+2a an+2m) ’
¥

* M(Cln+2, An+2ms

* M(al’l+23 an+3 s

* M(an+3’ Ani4,

* M(an+4’ An+2ms

I3

2 M(an’ an+1 s ) * M(an+] 2 an+2’

t
32

((ln, an+2m)a/(an+2a an+2m)
t

a’(ana an+2m)

* M(an+2’ Ap+3,

: a’(an+2m—2» an+2m+1)

) * Ma(an+la aps2s

a/(an, an+2m)a/(an+2a an+2m) ’

Jent+2m )

t

)
oz(an, an+2m) ’

L

prr—
a’(an ’ an+2m)

L

)
a(an’ an+2m)

32
* M(an+3 ani4
’ ’ (am an+2m)a/(an+2’ an+2m)
o M( ¥
Api4, Apys
’ ’ (an’ an+2m)a’(an+2’ an+2m)a(an+4a an+2m)
!
33
* M(an+5 An+6
’ ’ (Cln, an+2m)a(an+2a an+2m)a(an+4’ an+2m)
3
34
* M(an+6’ Apt7s

(ana an+2m)a/(an+2a an+2m)a/(an+4a an+2m)a’(an+6a an+2m)

_t_
3m-1

*M(an+2m—23 An2m»
a’(an’ an+2m)a'(an+2’ an+2m) ..

From (3.2), the right hand side of the above inequality becomes,

t

. a’(an+2m—4’ an+2m) ‘

M(an, @nsam 1) = M(ag, a, .

—_———— | ¥ M(Clo, ai
a(an, an+2m)kn ) ’
1

32
+ M(ao, ar, )
Q’(Cln, an+2m)a'(an+2’ an+2m)kn+2
1
32
* M(Cl(), ap, )

Cl’((ln, an+2m)a'(an+2’ an+2m)kn+3
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W
2]~

* M(do a )
’ ’ (X(Cln, an+2m)a'(an+2’ an+2m)a'(an+4’ an+2m)kn+4
1
33
* M(Cl() ap )
’ ’ a(an, an+2m)a'(an+2’ an+2m)a'(an+4’ an+2m)kn+5
1
24
* M(a()’ ai, . )

a(am an+2m)a'(an+29 an+2m)a'(an+4a an+2m)a(an+6, an+2m)kn+6

t

3m-1
*M((lo, ay,

a(an’ an+2m)a(an+2’ an+2m) .o a(an+2m—4a an+2m)kn+2m_2 )

Thus,
lim M(a,, apep,t) = 1% 1% -- 51 =1.
Which show that {a,} is a Cauchy sequence in X. As X is complete, there exists some a € X such that
lim M(a,,a,t) =1, forall t > 0.

We now prove that a is the fixed point of 7. For this, consider

1 1 1
3 3 3
M(a,Ta,t) > M(Cl, ap, m) * M(an’ Api1, m) * M(an+l’ Ta, m),
I 1 1
> -3 3 Ta. Ta. —3——
= M(aa Ay, a(a, T(l)) * M(ana an+1, a[(a, Ta)k) * M( ay, 1 d, Q’(Cl, Ta))’
I z z
> -3 S 3 )\
- M(a, n> a(a, Ta)) * M(an, Gt a(a, Ta)k) ¥ C(a,,, @ ka(a, Ta))
Now
L M(a, Ta, o751 + M(an, Tan, o7s)] L
C(ana a, ﬁ) = mln{ ka(aTo) ( T ) 1 fo T ) s M(an’ Tana ﬁ)’
a(a,Ta) 1+ M(a,, a, m) a(a, Ta)
t t z
T I e——— T ns 37, o~ }’l’ ; 4
M. Ta, e 7oy M@ Tan o ) Mian a ka(a,Ta))}
M(a, Ta, =1 + M(ay, ey, )] :
:min{ fote.Ta) n T beta T M@y, gy, ————),
1+ M(a,,, a, m) kQ(Cl, Ta)
: L
T PN n b . o~ n’ 9 ; .
M, Ta, o T))M(’ 0 T T M@ )|
On taking limit as n — oo, we have
1 M(a,Ta, a)[1+M(a a e a)]
lim,C(a,, a, ﬁ) — min{ ka(a,Ta) ka(a,Ta) ’
a(a’ a) 1+ M(Cl a, ka(a, Tu))
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t

t
Ta, ———),
M(a, a, kata.Ta )) ,M( a,Ta, = (a,Ta))
L L
M b VN M 7 ’;
@a T M (a,Ta))}
. t
= mln{/\/((a, Ta, W), 1}
If lim, o C(@n . ogm) = 1. then M(@Ta,) > 1 %1+ 1 and hence a = Ta. If
10,0 G, @, o) = M@, Tat, polps), then we have Mi@.Ta.0) > 1 1x M@ Ta. griy) =
M(a, Ta, ot Ta)) Now a(a,Ta) < % implies that 1 < m, that is, ¢ < m and hence by

Lemma 3.3, we have a = Ta. To prove the uniqueness of a fixed point, let a’ be another fixed point of
T. Note that

M(a, a, t) = M(Ta, Td, t) > C(a,a’, i),

where,

M, Ta, *’)[1+M(a Ta,?1)]

ot , t T ) t ot
C(a, a, %) = mln{ , M a,Ta, %), M@, Td, E)’ M(d', Ta, %), M(a,d’, %)},

1+ Ma,a,
(M, 3t [1+M(a a, 1)l M M M Mad t
= min | T M@ (@a, D M@, d > (@ a2, M@, D),
: 2 t
= mln{m, 1, M(a,d’ k)}

If C(a a, —) =1,thena=d.If C(a a, —) M(a,a’, ), then M(a a, t) > M(a,a’, 1) and hence by

Lemma 3.3, we have a = . If C(a, a, i) = m, then we obtain that M(a a t) > W
As M(a,d’,%) < 1, m > 1 and M(a,a’,t) > 1. Now 1 > M(a,a’,t) > 1 implies that
M(a, a, t) = 1 which further implies that a = a’. |

Following example is to support our main result.

Example 3.5. Let X = {0, 1,2 3}, define a complete extended rectangular fuzzy b-metric space
(X, M, %) with a(x,y) = 3(x* + y* + 1) and

(r—yy?
Mx,y,t)=e t , forallt>D0,

under product t-norm t, x t = tity. Let T : X — X be a mapping defined as Tx = 3, for all x € X. To
satisfy the contractive condition 3.1 used in Theorem 3.1, we have the following cases:

Case3.7. If x =0,y =1, then

M(@O,T0,1) = 1,
1
M, T1,30) = e 121,
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1
M, TO,H=e 1 = MO, 1,1,
RS
ML T30+ MO.T0.0] _ e 12¢
1+ M(,1,1) 1
e_t
1
Clearly, C(0,1,t) = e t.Also,
1 1 |
M(TO,T1,kt) = e 4kt > e t =C(0,1,1), forall k € (Z’ D

Hence, M(TO,T1,kt) > C(0,1,1).
Case3.8. If x =0,y =2, then

M(,T0,1) = 1,
1
M@2,T2,31) = e 3t,
4
MR, TO, ) =e¢ t = M©0,2,1)
1
M@, T2,30[1 + M©.70.0] _, e 3t
1+ M(0,2,7) 4
1+e 3t

4
Clearly, C(0,2,) = e t. Also,
1 4

t

= - 1
M(TO,T2,kt) =e kt > e t =C(0,2,1), forall k € (4_1’ 1)

Hence, M(TO,T2,kt) > C(0,2,t). Similarly, for the other cases, we can calculate C(x,y,1t) for all

x,y € Xas:

2 1
C0,3,)=C3,0,1)=e 1,C(0,0,1) =1,C(1,0,n) =C(1,2,1) =C(2,1,1) =C(2,2,t) =e 1,
4 25

C,1,0=C2,0,0) =C2.3,0)=C3, 1,0 =CB.3,0)=e t,C1,3,0) = ¢ 41,C(3,2,1) = ¢ 4.

Observe that M(Tx,Ty,kt) = M(Ty,Tx,kt) and M(Tx,Tx,kt) = 1 for all x,y € X, after
simple calculation, we have the following observations:

9 1
M(TO,T3,kt) = e 4kt, M(T1,TO,kt) = MT1,T2,kt) = MT2,T3,kt) = e 4kt
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1 1
M(T1,T3,kt) =e t, M(T2,TO,kt) = e kt. Since

M(Tx, Ty, kt) = C(x,y,1)

where C(x,y,f) = min {M(}"Ty [it/)\[/(l(;ﬁ()x’Tx’t)] M(x, Tx, 1), M(y, Ty, 3t), M(y, Tx, 1), M(x, y, t)} holds for

k € (}L, 1) and for all x,y € X. All conditions of the Theorem 3.1 are satisfied, hence 0 is the unique
fixed point of T in X.

If we take C(x,y,1) = M(x,y,t) in the Ciri¢ type contraction (3.1), then we have the following
Banach contraction principle.

Theorem 3.2. Let (X, M, x) be a complete extended rectangular fuzzy b-metric space such that

lim M(x,y,t) =1

t—o0

anda : X x X — [1, %), where k € (0,1). If T : X — X is a mapping such that for all x,y € X, we
have
M(Tx, Ty, kt) > M(x,y,1). (3.3)

Then T has a unique fixed point.

Proof. By taking C(x,y,t) = M(x,y,t) in Theorem 3.1, the proof follows on the same lines. m|
We now present an example to support the above result.

Example 3.6. Let I = [0,1] and T : I — I a mapping given by

T 1-—e€
X =
2

Define M : I x I X (0, 00) —> I by

(o —yy?
M(x,y,t)=e t , forallt>D0.

Note that M(x,y,t) is a complete extended rectangular fuzzy b-metric space and

l—-e* 1-¢7

M(Tx, Ty, kt):M( 5 ,kt)
l—e® l1-e
( 26 B 2e )2
:e_ kt
(e
:e_ 4kt

>e 4kt forallx,y €l
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)

1
>e t  forallke [4_1’1)
= M(x, y,1).

Thus all the conditions of Theorem 3.2 are satisfied. Moreover, x = 0 is a unique fixed point of T.
Theorem 3.2 generalizes Theorem 2.1 in [34] in the following way.

Corollary 3.1. Let (X, M, x) be a complete fuzzy rectangular b-metric space such that

lim M(x,y,1) = 1.

t—00
If T : X — X is a mapping such that for k € (0, %) and for all x,y € X, we have
M(Tx, Ty, kt) > M(x,y,1).
Then T has a unique fixed point.

Proof. Choose a(x,y) = b > 1 and k € (0, %) in Theorem 3.2, rest of the proof follows on the same
lines. O

Remark 3.3. By taking a(x,y) = b > 1 in Theorem 3.2, our main result reduces to the main results
in [34].

Corollary 3.2. Let (X, M,*) be a complete fuzzy rectangular metric space such that
lim,eo M(x,y,8) = 1. If T : X — X is a mapping such that for all x,y € X, we have

M(Tx, Ty, kt) > M(x,y,1),
where k € (0,1). Then T has a unique fixed point.
Proof. Take a(x,y) = 1 in Theorem 3.2 remaining proof will follow on the same lines. m|

Remark 3.4. If we take a(x,y) = 1, then Theorem 3.2 generalizes the Banach contraction theorem for
fuzzy rectangular metric space [38].

4. Application
In this section, we consider the following integral equation
x(s) = f(s) + f F(s, r,x(r))dr, 4.1)
0

where s € [ = [0, 1]. Define a complete extended rectangular fuzzy b-metric space with a(x,y) = 3(x+
y+ 1)and forallt > 0, x,y € C(I,R) as:

sup,g Ix(s) = y(5)P
M(x,y,t)=e t ,

with product -norm, where C(/, R) is the space of all continuous functions defined on 1.
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Theorem 4.1. Consider an integral operator defined on C(I,R) as follows:

Tx(s) = f(s)+ fF(s, r,x(r))dr, f € C(I,R),
0

where F satisfies the conditions:
there exists f : I X I — [0, co] such that f € L'(I,R) and for all x,y € C(I,R) and r, s € I, we have

|F (s, r, x(r)) = F(s, 1, Y(D)IP < f2(5, Dlx(r) = ()P,

where

sup f F2(s,rdr < k < 1.
0

sel

Then the integral Eq (4.1) has a unique solution.

Proof. Let x,y € C([0,a],R), k € (0, 1). Note that

_supse, |T x(s) — Ty(s)l2

M(Tx(s), Ty(s), kt) = e kt
sup,.; | [) (F(s,r, x(r)) = F(s,r, y(r))dr’
= e_ kt
sup,; °1F (s, r, x(r)) = F(s, r,y(r)Pdr
> e_ kt
x(r) = y(r)P supy.; [ f2(s, )dr
>e kt
klx(r) = y(r)?
>e kt
x(r) = y()P
= e_ t

sup, [x(r) = ()P’
>e 1

Thus M(Tx(s), Ty(s),kt) > M(x,y,t), for all x,y € C([0,a],R). Since all the conditions of
Theorem 3.2 are satisfied so the integral Eq (4.1) has a unique solution. O

Example 4.1. Consider the differential equation
Y ($)=y(s) =cos(s), ¥0)=0, y(0)=0

which gives the following integral equation
y(s) =1 —cos(s) — f (s = r)y(r)dr.
0
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Here, F(s, r,y(r)) = (s — r)y(r). Note that
F(s.rx(r) = F(s. .y ()| = [(s = i) = s = 0o
= (s = )y
Take, f(s,r) = (s = r). Clearly sup, [." f*(s,r)dr < 1. Note that

sup,.; |ITx(s) — Ty(s)[*

M(Tx(s), Ty(s), k) = e kt
sup,; IfOS(F(s, r, x(r)) = F(s, r,y(r)))dr*
e kt
Sup ¢, fole(s, r, x(r)) — F(s, r,y(r))|*dr
> e kt
supe; [, (s, Nlx(r) = y(r)Pdr
> e kt
X(r) = Y sup,; [ (s = r)dr
> e kt
x(r) = y()P
=e¢ 3kt
x(r) = y()P 1
>e t ,forallkE[g,l)

sup,; [x(r) = y(r)P
>e t

Thus M(T x(s), Ty(s),kt) > M(x,y,t), for all x,y € C([0,a],R). Since all conditions of
Theorem 3.2 are satisfied so the integral Eq (4.1) has a unique solution.

5. Conclusions

In this article, we introduced the concept of an extended rectangular fuzzy b-metric space which
generalizes rectangular fuzzy b-metric space, fuzzy rectangular metric space, extended fuzzy b-metric
space, fuzzy b-metric, fuzzy metric space and proved Cirié type contraction results in such spaces. Our
result extended the Banach fixed point theorem to fuzzy rectangular metric space [38] and to fuzzy
rectangular b-metric space [34]. We studied the condition under which Cauchy sequence in an extended
rectangular fuzzy b-metric space can have at most one limit point. We also provided an example to
show that an extended rectangular fuzzy b-metric space is not Hausdorff. A result is presented to show
that an extended rectangular fuzzy b-metric space is @-non-decreasing. An application to integral
equation is presented here to support our main results.

The concepts presented in this paper could be employed to extend and unify the results in [40-45].
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