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1. Introduction

Throughout this paper, the word “meromorphic” means meromorphic in the complex plane C.
Assuming the reader is familiar with the elementary Nevanlinna theory, we will adopt the standard
notations associated with the theory, such as the characteristic function 7'(r, f), the counting function
of the poles N(r, f), and the proximity function m(r, f). For standard terms and symbols of
Nevanlinna theory, one can refer to [3, 12]. We denote by S(r,f) any quantity satisfying
S, f) = o(T(r,f)) as r tends to infinity outside a possible exceptional set of finite logarithmic
measure. In addition, the order p(f), the hyper order p,(f) of a meromorphic function f are defined in
turn as follows:

, log T (1, f) . loglog T (r, f)
p (1) =timsup ELEL) () = timsup PERELED)
roo ogr rc0 log r

In the past two decades, Nevanlinna theory has been used to study solvability and the existence of
entire or meromorphic solutions of differential or difference equations in complex domains (see [8,9,
16, 18]). In this paper, we consider general differential-difference equations, which can be traced back
to 1962.
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In [3], Clunie gave a proof for the result of a,(z)(f(z) + ¢)" = b(z)e"*® provided from

a2 f" @) + a1 (D)7 @) + -+ ap(2) = b)) (an(z) £ 0), (1.1)

where f and g are entire functions, and a;(i = 0,1, ...,n) and b, ¢ are small functions of f. In [5],
Hayman considered the following nonlinear differential equation:

'@ + Qu(z, f) = g(2), (1.2)

where f and g are nonconstant meromorphic functions, Q,(z, f) denotes a differential polynomial in
f of degree d with coefficients being small functions and d < n — 1 in (1.2). And he got that if
N(r, f) + N(r, é) = S(r, f), then g(z) = (f(z) + )", where y is meromorphic and a small function of
f(z). From above we also have N(r, g) + N(r, é) = S(r, f). Further, if f has finite order, then g(z) is of
the form b(z)e#®, where 8 is a polynomial.

In [15], Yang and Laine investigated finite order entire solutions f(z) of nonlinear differential-
difference equations of the form

f'(@) + Lz, f) = h(2), (1.3)

where L(z, f) is a linear differential-difference polynomial in f with coefficients being small functions,
h(z) is meromorphic, and n > 2 is an integer. In particular, it is known that the equation f2(z) +
q(2)f(z + 1) = P(z), where P(z), g(z) are polynomials, has no transcendental entire solutions of finite
order. In [13], Wen et al. considered the finite order entire solutions f of the nonlinear difference
equation

@)+ q(2)e?? f(z + ¢) = P(2), (1.4)

where P(z), q(z), and Q(z) are polynomials, Q(z) is not a constant, and n > 2 is an integer. In [11],
Remark 1 (a), Liu showed that every meromorphic solution f of (1.4) is entire with the help of idea that
appeared in Naftalevich [12]. Motivated by (1.4) and some results (see [10]), Chen et al. [2] discussed
the following nonlinear differential-difference equation:

'@+ wf' " @f (@) + 9(2)e?? f(z + ¢) = u(z)e"?, (1.5)

where n i1s a positive integer, g Z 0, Q, u, and v are nonconstant polynomials, and ¢ # 0 and w are
constants. They proved the following result.

Theorem A. Let n be an integer satisfying n > 3 for o # 0 and n > 2 for v = 0. Suppose f is
a transcendental entire solution of finite order of (1.5). Then, every solution f satisfies one of the
following:

(1) p(f) < degv = deg Q and f(z) = Ce ¥/, where C is a constant.

(2) p(f) = deg Q > degv.
Remark 1.1. Li [6] proved that this result still holds forn = 2, w # 0.

It is natural to ask what happens if the higher-order differential is included in dominant term on
the left-hand side of (1.5)? In this paper, we consider this problem. We need some notations to state
the following results. Suppose that p is a positive integer and ¢ € C U {oo}. We use N, (r,1/(f -
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¢)) (N(r, 1/(f = ¢))) to denote the counting function of zeros of f — ¢, whose multiplicities are less
than or equal to p (greater than or equal to p). Define

o(c, f) = 1—1imsupw

S TTEn
Sp(c. f) = 1 - limsup Nm(r’Tt: (;)— 2

Specifically, if the dominant term f"(z)+w f"~'(z) f'(z) is replaced by bf*(z)+af" () f®(z) in (1.5),
we obtain the following Theorem 1.2.

Theorem 1.2. Let n > 3 and k > 1 be integers, ¢ # 0, a, and b be constants, and (a, b) # (0,0), g, O,
u, and v be nonconstant polynomials. Suppose that the nonlinear differential-difference equation

bf'(2) + af" ' () fP(@) + 9(2)e?? f(z + ¢) = u(z)e’™ (1.6)

satisfies bf"(z) + af" ' (z)f®P(z) £ 0 and admits a transcendental entire solution of finite order f(z)
with 61,(0, f) > 0. Then p(f) = deg Q > degv.

Remark 1.3. Obviously, the condition bf"(z) + af" '(z)f®(z) # 0 in Theorem 1.2 is necessary.
Otherwise, we can obtain the form of the solution directly. In particular, from the proof of Theorem
A, it can be seen that the reason for conclusion (1) is f*(z) + wf" '(z)f'(z) = 0. Now, we provide an
example to illustrate the necessity of the condition.

Example 1.4 ( [2, Example 1.5]). The function f(z) = 2¢7° is a transcendental entire solution of the
differential-difference equation

B+ FAOF @) + 28 fz+ 1) = 2267

By Example 1.4, we can observe that f3(z) + f2(z)f"(z) = 0, and the solution f(z) is not consistent
with the conclusion of Theorem 1.2.

Remark 1.5. (a) If only ¢g(z) = 0 in Eq (1.6), then Eq (1.6) can be rewritten to the form bf"(z) +
af" ' (2)fP(z) = u(z)e"@. Obviously, degv < p(f). If degv < p(f), Eq (1.6) can be also rewritten
to bf"(2) + af"™'()f®(2) = ui(2), where T(r,u1(2)) = S(r, f). Thus, N(r, ;) = S(r, f) forn > 2.

By Lemma 2.1 in Section 2, we have m(r, Jll.) = S(r, f). Thus, T(r, f) = T(r, %) +0(1) =S8, [),a
contradiction. Therefore, p(f) = degv.

(b) If Q(z) = C with ¢(z), u(z), v(z) £ 0 in Eq (1.6), where C is a constant, then Eq (1.6) can be
rewritten to

bf'(2) + af" ' @ fP@) + 1) f (2 + ©) = u(z)e"?,
where T'(r, q1(z)) = S(r, ). Obviously, degv < p(f). If degv < p(f), Eq (1.6) can be rewritten to

bf'(@) +af" ' @ fPQ@f + q@f(z+ ¢) = ux(2),

where T'(r,u,(z)) = S (r, f). From the proof of Lemma 2.7 in Section 2, we have degv = p(f).
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Remark 1.6. Let us recall the definition of an exponential polynomial of the form
(@) = Pi(2)e?"@ + - -+ + Pi(2)e%, (1.7)
where P;(z) and Q;(z)(j = 1, ..., k) are polynomials. Denote
I = {¢"@ : a(z) is a noncontant polynomial}.

The condition “6;(0, f) > 0” due to an idea that appeared in [7]. Obviously, if a solution f(z) belongs
to I', then 6,(0, f) = 1 > 0. Therefore, if solutions f(z) of Eq (1.6) belong to I', we can eliminate the
condition “61(0, f) > 0” in Theorem 1.2.

Next, we give an example to illustrate the existence of the solution in Theorem 1.2.

Example 1.7. The function f(z) = €° is a transcendental entire solution of the differential-difference
equation

F@+ FRQf @) +z2e5 flz+ 1) = 2+ 7)™

By Example 1.7, we can observe that for

bf'(2) + af" (2 fP@) = £ @) + FFRf (2) £0,

where n = 3, k = 2, 61)(0, f) = 1, p(f) = degQ = degv is consistent with the conclusion of
Theorem 1.2.

In [2], Chen et al. also considered the entire solutions with finite order to the following differential-
difference equation:

'@+ wf" N @f @) + g%V fz + ) = pre® + pre™, (1.8)

where 7 is an integer, c, 4, p;, and p, are nonzero constants and w is a constant, and ¢ # 0, Q are
polynomials such that Q is not a constant. They proved the following result.

Theorem B. If f(z) is a transcendental entire solution with finite order to (1.8), then the following
conclusions hold:
(D) Ifn >4 for w # 0 and n > 3 for w = 0, then every solution f(z) satisfies p(f) = deg Q = 1.
2)If n > 1 and f(z) is a solution to (1.8) which belongs to I', then

1
f@ =" 0@) = ‘n;: +b
or |
+
f(Z) — e—/lZ/n+B’ Q(Z) — nT/lZ + b’
where b, B € C.

Remark 1.8. We can find the prototype of (1.8) in many places (see [1,14,18]). If » > 3 and w = 0 in
Theorem B, we also can obtain the conclusions (1) and (2) by Chen et al. [1].

If f(z) + wf"'(2)f'(z) be substituted by bf"(z) + af"'(z) f®(z) in Theorem B, we can obtain the
following theorem.
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Theorem 1.9. Let n > 3, k > 1 be integers, c # 0, p1 # 0, p, # 0, a, b, 1 # 0 be constants with
(a,b) # (0,0), g, Q be nonconstant polynomials. Suppose that the nonlinear differential-difference
equation

bf' @ +af" @ fP@) + q2)e?? f(z +¢) = pre’ + pre” (1.9)

satisfies bf"(2) + af" ' (2)fP(z) £ 0 and admits a transcendental entire solution of finite order f(z)
with 61)(0, f) > 0. Then p(f) =deg Q = 1.

Remark 1.10. In Theorem 1.9, by adding the condition (0, f) > 0, we prove that the conclusion (1)
is still true when n = 3, w # 0 in Theorem B. However, if a solution f belongs to I', then 6,)(0, f) = 1 >
0. Therefore, if solutions f(z) of Eq (1.9) belong to I', we can eliminate the condition “6,(0, f) > 0”
in Theorem 1.9.

Remark 1.11. (a) If p;e® + pre™ = C in Eq (1.9), where C is a constant, then we can obtain p(f) =
deg Q by Lemma 2.7 in Section 2. Thus, we default to p;e®* + p,e™ # 0 in Theorem 1.9. If either p,
or p, is equal to zero, then Theorem 1.9 is equivalent to Theorem 1.2.

(b) If g(z) = C; or Q(z) = C, in Eq (1.9), where Cy, C, are constants, then we can see that p(f) = 1
directly from Eq (1.9).

(c) If g(z) is not a constant, Q(z) = C, n = 3, when a = 0 in Eq (1.9), where C is a constant, then we
obtain that the equation does not have any transcendental entire solution of finite order by [14, 18].

Next, we give an example to illustrate the existence of the solution in Theorem 1.9.

Example 1.12. The function f(z) = € is a solution of the differential-difference equation

PO+ LR @+ %e—“z Flz+10g2) = 26% + &%,

By Example 1.12, we can observe that n = 3and k =2, a=b =1,p; =2, p, = 1,4 = 3,
61y(0, ) = 1. Thus, the conclusion p(f) = deg Q = 1 is consistent with the conclusion of Theorem 1.9.

2. Preliminary lemmas

Lemma 2.1 ([17, Theorem 1.22]). Let f be a meromorphic function and let k € N. Then

s 9
T f(2)

where S(r, f) = O(log T(r, f) + logr) (r = co,r ¢ E, mesE < o).

)=S(F,f),

Lemma 2.2 ( [4, Theorem 5.1]). Let f be a nonconstant meromorphic function, € > 0, ¢ € C. If
02(f) < 1, then

m(r f(Z+C)):0(T(F,f))
T f@ ri=p-e ]’

(r > oo, r¢ E,mesE < 00).
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Lemma 2.3 ([15, Lemma 2.2]). Let f be a transcendental meromorphic solution of finite order p of a
difference equation of the form

H(z, )Pz, f) = Oz, ),

where H(z, f), P(z, f), and Q(z, f) are difference polynomials in f such that the total degree of Q(z, f)
is less than or equal to that of H(z, f). If H(z, f) contains just one term of maximal total degree, then
for any g > (),

m(r, P(z, ) = O("™"*) + S (r, f),

possibly outside of an exceptional set of finite logarithmic measure.

The following result is a Clunie-type lemma [3] for the differential-difference polynomials of a
meromorphic function f. It can be proved by applying Lemma 2.3 with a similar reasoning as in [16].
It is stated as follows.

Proposition 2.4. Ifin the above lemma H(z, f) = f", then a similar conclusion holds if P(z, f), Q(z, f)
are differential-difference polynomials in f.

Lemma 2.5 ( [7, Lemma 2.4]). Let Q(z, f) be a differential polynomial in f of degree d with small
functions of f as coefficients. Then, we have m(r, Q) < dm(r, f) + S(r, f).

Lemma 2.6 ( [17, Theorem 1.51]). Suppose that fi, f>, ..., f, (n = 2) are meromorphic functions and
g1,82,-..,8&n are entire functions satisfying the following conditions:

(1) 2, fiet = 0;
(2) gj — gx are not constant for 1 < j <k < n;

QB)T(r, fj) = o(T(r,e"78)) (r = oo, r ¢ E,mesE < ), 1 < j<n,1 <h<k<n. Then, fj =0,
j=1,...,n

Lemma 2.7. Let n > 3, k > 1 be integers, ¢ # 0, a, b be constants with (a,b) # (0,0), g(z) # O,
0(z) # 0 be polynomials, and u(z) be a small function of f(z). Suppose that the nonlinear differential-
difference equation

bf'(2) + af" fP2) + q(2)e? P f(z + ¢) = u(z) (2.1)

satisfies bf"(2) + af" () f®(z) # 0 and admits a transcendental entire solution of finite order f(z).
Then p(f) = deg Q.

Proof. Set f(z+ c) = f.. From Lemmas 2.1 and 2.2, we see that

T(r.e2) = m(r, @) = m(r’ u—bfr— afn—lf(k))
qfe

; ) +m(r,u) + m(r,bf" + af"' f©) + 0(1)

c

< m(r, %) + m(r, %) +nT(r,f)+S(rf)

<(m+ DT )+ ST, f). (2.2)

< m(r,
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Thus, we deduce that deg Q < p(f). If deg Q < p(f), then T(r,e?) = S(r, f). Equation (2.1) can be
written as

f7Hof +af®) = u@ + ¢ f. (2.3)
where T(r,q,) = S(r, f). Since n > 3, from Proposition 2.4, that m(r,bf + af®) = S(r, f), m(r,bf* +
af f®) = S(r, f). Furthermore, we note that f is entire; thus, T(r, bf + af®) = S(r, ), and T(r, bf* +
aff®) =S, f). By bf" + af"' f® £ 0, we conclude that

T(r,f)<Trbf* +affy+T (r, ) =S f),

1
bf +af®

which is absurd. Hence, p(f) = deg Q.
This completes the proof of Lemma 2.7.

3. Proof of Theorem 1.2

Suppose that f is a transcendental entire solution of finite order of Eq (1.6) with 6,)(0, ) > 0. Set
f(z+c¢) = f.. Lemmas 2.1 and 2.2 indicate that

T(l’,eQ) — I’H(l’,eQ) _ m(r, ue’ —bf" — afnlf(k))
qfe

; ) + m(r,ue’) + m(r,bf" + af”_lf(k)) + O(1)

c

f

c

< m(r,

<m (r, ) +m (r, ]lc) +nT(r, f)+T(r,e")+ S(r,e")

Sm+ DT f)+Sr f)+T(re")+S(re). (3.1

We consider the following three cases.
Case 1. If p(f) < degv, then we obtain from (3.1) that T(r,e?) < T(r,e") + S(r,e"). Thus, deg Q <
degv. We shall show that deg Q = degv. By Lemmas 2.1 and 2.2, we have

qe?f. + bf" + af"‘lf(k))

T(r,e") =m(r,e’) =m (r,
u

< m(r,qf.) + m(r,e2) + m(r,bf" + af" ' fO)+ S, f)
<m (r, %) +m(r, )+ T(r,e?) + nT(r, )+ S(r, f)

<+ DT H)+S, )+ T, e?) +S(r,e)
< T(r,e2) + S(r,e").

Thus, we deduce that deg Q = degv, and p(f) < deg Q.
By differentiating both sides of Eq (1.6), we have

bnf" U f +atmn— D2 O 1 af T Y 2 (@ f+ qf + qf.0)e2 = (W + w)e. (3.2)

From (1.6) and (3.2), we have
Are? = Ay,

AIMS Mathematics Volume 7, Issue 9, 15904-15916.
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where

Ay =bW +w) "+ a(’ + w7 O — bru
_ a(n _ 1)ufn—2f/f(k) _ auf”_lf(k“),
Ay =u(q fe + qf] + qfc0) — q(u’ + w')f..

We discuss two subcases in the following:

Case 1 (i). If A, # 0, then we obtain ¢ = f‘—;. Noting that p(f) < deg Q, we obtain T(r, ) = S (r, €2),
and T(r,A;) = S(r,e9), j = 1,2. Thus, T(r,e?) < S (r, ¢2), which yields a contradiction.

Case 1 (ii). If A, = 0, then we have

’

/ /
u
i+£+g:—+w
u

Je

By integrating, we obtain f, = %u(z)ev(Z)‘Q(Z), where ¢, is a nonzero constant.

If ; = 1, then qf. = ue’"2. We substitute this expression back into (1.6), and we obtain bf" +
af" ! f® = 0, a contradiction to the assumption that bf" + af"~' f® % 0.

If t; # 1, then we have f(z) = g,(z)e"'@ with

210 = ——, wi(@) = vz — ) - 0z — ).
q(z—c)

Then, we substitute this expression back into (1.6), it is not hard to see that
(bg} +agi™' Lye™ = (1 - 1y)ue’,

where L is a polynomial in gl,g'l,g;’,...,g(lk),w’l,w]’,...,w(lk), so that degw; = degv, which is a

contradiction to degw; = p(f) < degv.
Case 2. If p(f) > degv, then T'(r,e") = S(r, f). By Lemma 2.7, we conclude that deg v < deg Q = p(f).

Case 3. If p(f) = degv, from (3.1), we have deg O < p(f). Now, we claim that deg Q = p(f). Suppose
that deg Q < p(f). Denote D = g(z)e?@; then, T(r, D) = S (r, f). By (1.6), we obtain

bf*+af" ' fO + Df. = ue'. (3.3)
Differentiating both sides of (3.3), we have
bnf" ' f +an - D" fO +af ' f O LD f+ D =+ w)e'. (3.4)
By eliminating e’, from (1.6) and (3.4), we have
f"%p = D'uf. + Duf, — D' + w')f., (3.5)

where

o =bW +w)f*+a +uw)ffO —bnuff —amn - Duf’ f® —auf e, (3.6)
Since n > 3, it follows from Proposition 2.4 that we have m(r, ¢) = S (r, ). By combining with the fact
that f is entire, we obtain 7(r, @) = S(r, f).

AIMS Mathematics Volume 7, Issue 9, 15904-15916.
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If ¢ # 0, then from (3.6), we obtain
1
f
By Lemmas 2.1 and 2.5, we have

1 (k) (k) 7 (k) (k+1)
= (,—0 (b(u’ +u') +a(u’ + uv’)f— - bnuif— —an - l)u]if— - auf ) .

f rr rr f

2m (r, %) <T(r,o)+ S, ) =S, f).

On the other hand, if z, is a multiple zero of f which is not a zero or pole of u and v, then it follows
from (3.6) that zy be a zero of ¢. Thus,

No (r, l) < 2N (r, l) +S(r, =8 f),
f ¢

T(r f)= T(r,%)+S(r,f) :m(r,%)+N(r, })+S(r,f) :N])(r, })+S(r,f),

which contradicts the assumption that 61,(0, f) > 0.
If ¢ = 0, then from (3.5), we have

’

/ /
. u
i+£+Q:—+%
u

fe
By integrating, we obtain f. = %u(z)eV‘Q, where ¢, is a nonzero constant.
If , = 1, then qf. = ue"2. We substitute this expression back into (1.6), and we obtain bf" +

af" ! f® = 0, which is a contradiction to the assumption that bf" + af"~! f® % 0.
If t, # 1, then we have f(z) = g,(z)e"*® with

1)

giz—c¢)’
wy(2) =v(z —¢) - O(z - o).

Then, substituting this expression back into (1.6), we obtain

8(2) =

(bgh + agy'$)e™ = (1 - ty)ue",

(k)

where § is a polynomial in g;, 85,85, ....8, , W5, W5, ...,w(zk). By Lemma 2.6, we can obtain #, = 1,

which yields a contradiction.
This completes the proof of Theorem 1.2.

4. Proof of Theorem 1.9

Suppose that f is a transcendental entire solution of finite order of Eq (1.9) with 6,,(0, f) > 0. Set
fe+o) = fo, P@)=pie¥+pre ™ 2C,

AIMS Mathematics Volume 7, Issue 9, 15904-15916.
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then p(P) = 1. From Lemmas 2.1 and 2.2, we can deduce that
P— bfn _ afn—lf(k))
q/fc
1
7 ) +m(r, P) + m(r,bf" + af"" f©) + 0Q1)

c

T(r, eQ) = m(r, eQ) =m (r,

< m(r,

q];c) + m(r, %) +nT(r, f)+ T(r,p)+ O(1)

S+ DT f)+S, f)+T(r,P). 4.1)

< m(r,

We consider the following three cases.

Case 1. If p(f) < 1, from (4.1), we obtain T(r,e?) < T(r,P) + S(r,P), degQ < 1. Recall that
deg Q > 1. Thus,deg Q = 1. Let Q = mz + n, m # 0, and n be constants. In this case, Eq (1.9) can be
written as

bf" +af" fU + q@)e" " f(z + ) = pre® + et (4.2)

By differentiating both sides of Eq (4.2), we have

nbfn—lf/ + (l’l _ l)afn—2f/f(k) + afn—lf(k+l)
+ (' fe + qf. + mqf)e™" = /lpleﬂZ - ﬂpze_ﬂz. 4.3)

Eliminating e~ from (4.2) and (4.3) yields

b/lfn + (l/lfn_lf(k) + nbfn—lf/ + (l’l _ l)afn—2f/f(k) + afn—lf(k+l)
+(qAf. + 4 f. + qf. + mqf.)e™™" = 2Ap,e™. (4.4)

By differentiating both sides of Eq (4.4), we obtain

bﬁl’lfn_lfl + Cl/l(l’l _ l)fn—2f/f(k) + a/lfn—lf(k+1) + l’l(l’l _ 1)bfn—2(f/)2 + nbfn—lf//

+ (0= D =2af (O + (1= Daf*f7 O
+20n— Daf' 2 f 40 +af'™ [P + (A + mA)e"™" = 2% e, (4.5)

where A = gAf, + q'f. + qf + mqf.. Eliminating ¢% from (4.4) and (4.5) yields

bA "+ a7 fO 4 nbAf" f + (0= Dadf* 2 f f© + aafr! fD
= bAnf" ' = adn = DL Y = adf D = nn = DbFHS)
—nbf' " = (n = D = af > (fPfY = (0 = Daf* £ f©
=2 = Daf*2f fO0 —af™! fEP 1 (A1 - A" - mA)e™" = 0.

Note that when p(f) < 1 and m # 0, we have Al — A"’ — mA = 0. If 4 # m, by integration, we see
that there exists constant C; # 0 such that A = C;e“ ™%, Thus, p(A) = 1. Since p(A) = p(f) < 1,
we obtain a contradiction. If 4 = m, then A” = 0. By integration, we see that there exists constant
C, # O such that gAf. + ¢’ f. + qf. + mqf. = 2Aqf. + (qf.) = C,. Solving this equation, we obtain
qf. = —=$2e™* + C3e7>%, where C; is a constant. Thus, we have p(f.) = p(f) = 1, a contradiction.
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Case 2. If p(f) > 1, then T'(r, P) = S(r, f). Rewrite (4.3) as
nbf" ' f" + (n = Daf"f O +af [V + HeC = P (4.6)
where H = ¢'f,. + qf! + Q'qf.. Eliminating ¢? from (1.9) and (4.6) yields
f"¢ = PH - P'qf.,

where
¢ =bHf* +aHffY —nbqff fo = (n = Dagf O f. — aqf f** V.. 4.7)
We discuss two subcases in the following:

Case 2 (i). If ¢ = 0, then PH — P'qf. = Pq'f. + Pqf. + PQ'qf. — P'qf. = 0. This gives that

By integration, we see that there exists a constant C4 # 0 such that g f. = C4Pe?. Thus,

_ C4P(z - C)eQ(z—c)

f(@ = g(2)e"?,
q(z—c¢)
where g(z) = f; ((ZZ:CC; ,  w(z) = Q(z — ¢). Then, substituting this expression back into (1.9), we obtain
(bg" + ag"'Y)e™ + C4Pe*? = P,
where Y is a polynomial in g, g’, g”, ..., g, w’,w”, ...,w®. By Lemma 2.6, we can obtain P = 0, which

yields a contradiction.

Case 2 (ii). If ¢ £ 0, it follows from Propositions 2.4 and n > 3 that m(r, ¢) = S(r, f). By combining
with the fact N(r, f) = S(r.f), we have T(r, ¢) = S(r, f). From (4.7), we have

L Lo o marf o leef 1Y seft0)
oo\ f ff ff f fr frfr

+ qf7 + qQ’]%. By Lemma 2.1 and Lemma 2.5, we have

H _ ol
wheref—qf

&4ngsrm@+smﬂ=smﬁ.

On the other hand, if z; is a multiple zero of f which is not a zero or pole of g and Q, then it follows
from (4.7) that z, 1s a zero of ¢. Hence,

N(z (I”, %) < 2N(l", %) + S(V‘,f) = S(I",f),

T(r,f)= T(r, %)+S(r,f) :m(r, %)+N(r, %)+S(r,f) = Nl)(r, %)+S(r,f),

which contradicts the assumption that 6;,(0, f) > 0.

Case 3. If p(f) = 1, from (4.1), we obtain deg Q < 1. Recall that deg Q > 1. Thus, p(f) =degQ = 1.
This completes the proof of Theorem 1.9.
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5. Conclusions

In this paper, we have described the growth of entire solutions for certain nonlinear
differential-difference equations. Clunie lemma plays a key role in the proof. Our results generalize
and complement some results obtained by Chen et al. and references therein. In addition, we have
given specific examples and remarks to illustrate our results.
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