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Abstract: In this paper, a (3+1)-dimensional nonlinear evolution equation is considered. First, its
bilinear formalism is derived by introducing dependent variable transformation. Then, its breather
wave solutions are obtained by employing the extend homoclinic test method and related figures are
presented to illustrate the dynamical features of these obtained solutions. Next, its resonant multi-
soliton solutions are obtained by using the linear superposition principle. Meanwhile, 3D profiles and
contour plots are presented to exhibit the process of wave motion. Finally, M-breather wave solutions
such as one-breather, two-breather, three-breather and hybrid solutions between breathers and solitons
are constructed by applying the complex conjugate method to multi-soliton solutions. Furthermore,
their evolutions are shown graphically by choosing suitable parameters.

Keywords: breather wave solutions; rouge waves; resonant multi-soliton solutions; M-breather
solutions; hybrid solutions
Mathematics Subject Classification: 35A25, 35G50, 35Q35, 37K10

1. Introduction

It is known that Hirota bilinear method [1] is a direct and effective method to solve a large number of
nonlinear evolution equations, which can depict physical phenomenon in nonlinear science. Recently,
Professor Ma considered the Hirota conditions of a (2+ 1)-dimensional combined equation and derived
its the N-soliton solution in [2]. Furthermore, Ma presented N-soliton solutions of the combined pKP-
BKP equation in [3] and soliton solutions to the B-type Kadomtsev-Petviashvili equation under general
dispersion relations in [4] by using Hirota bilinear method. In recent literature, many types of exact
solutions have been obtained by employing the Hirota bilinear method, such as soliton solutions [5-7],
breather solutions [8,9], lump wave solutions [10], interaction solutions [11,12], rogue wave solutions
[13, 14], resonant multi-soliton solutions [15—17], bifurction solitons [18, 19], bright and dark soliton
solutions [20,21] and so on.
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In 2009, Dai proposed the homoclinic test approach and extended homoclinic test approach to
search solitary-wave solution of high dimensional nonlinear equation in [22]. Then Xu proposed the
homoclinic breather limit method for searching rogue wave solution to nonlinear evolution equation
in [23]. In 2011, Ma constructed the resonant multi-soliton solutions of nonlinear equations by
introducing introducing the linear superposition principle [24]. Afterwards the linear superposition
principle was used to establish the resonant multiple wave solutions of a (3+1)-dimensional generalized
Kadomtsev-Petviashvili equation by Lin in [25]. By comparing the linear superposition principle
and the velocity resonant condition, Kuo [26, 27] concluded that the linear superposition principle
is more effective, although they could result in the same results. In recent years, the complex conjugate
method was applied to N-soliton solutions to construct M-breather solutions and corresponding hybrid
solutions in [28-30]. As early as 1977, lump wave solutions were first proposed by Manakov et
al. [31] to indicate that the type of wave does not decrease in the direction of (x,y)-plane. Later,
Satsuma and Ablowitz [32] proposed the long wave limit method for seeking M-lump solutions based
on the collision effects of lump and N-soliton. And it is proved to be the most effective method to
construct M-lump solutions of nonlinear evolution equationsin the past few years, a lot of literature on
M-lump solutions and hybrid solutions between lump and solitons of nonlinear evolution equations
has been appeared such as the (2+1)-dimensional combined pKP-BKP equation [33], the (3+1)-
dimensional potential-YTSF equation [34], a (2+1)-dimensional generalized KDKK equation [35],
the (2+1)-dimensional asymmetrical Nizhnik-Novikov-Veselov equation [36], (2+1)-dimensional HSI
equation [37], (3+1)-dimensional Kadomtsev-Petviashvili equation [38], (3+1)-dimensional gCH-KP
equation [39], the (4+1)-dimensional Boiti-LeonManna-Pempinelli equation [40] and so on.

Recently, Zhang etc [41] considered a (3 +1)- dimensional nonlinear evolution equation which was
written by

— Aty + Uy, + 3auyy + 4uyuty, + 2uu, = 0. (1.1)

Its M-lump and interactive solutions of Eq (1.1) were given in [41] by using long wave limit method.
when @ = 1, Eq (1.1) can be reduced to the potential-YTSF equation [34], whose nontravelling wave
solutions were discussed by Yan in [42]. Based on the above literature, we aim to consider the breather
wave solutions and resonant multi-soliton solutions, M-breather solutions of Eq (1.1).

The rest of this paper is organized as follows. In Section 2, the bilinear formalism of the (3 + 1)-
dimensional equation (1.1) is derived via introducing variable transformation; In Section 3, breather
wave solutions are derived by using the extend homoclinic test approach. Meanwhile, a rouge wave
solution is derived by using the homoclinic breather limit method ; In Section 4, resonant multi-soliton
solutions are obtained by using linear superposition principle; In Section 5, multi-soliton solutions are
derived by Hirota bilinear method, then its M-breather solutions and hybrid solutions are constructed
based upon the obtained multi-soliton solutions. Finally, related remarks are given.

2. Bilinear formalism for the (3 + 1)-dimensional equation (1.1)

Through simple calculation, we can see that it is impossible to establish the Hirota bilinear
formalism of the (3 + 1)-dimensional equation (1.1) directly. By introducing a dependent variable
transformation ¢ = x + kz in (1.1), the (3 + 1)-dimensional equation (1.1) can be transformed into the
following form

— dug + kugzge + 3auyy, + 6kugug: = 0, 2.1)
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where k is a real constant. In what follows, we introduce another potential transformation
U= cq. (2.2)
By substituting (2.2) into (2.1), we can get

E(C]) = —4C‘q§§, + Ck(]gf&cg + 3acq§yy + 6k02q§§q§§§ =0. (23)

Integrating the Eq (2.3) with respect to £ once, we have
—4cqe + ckqeeee + 3caqyy + 3cqu§f =0. 2.4)

According to the results between Bell polynomials and bilinear formalism in Ref. [43] and taking
¢ = 1, the above expression (2.4) leads to the following bilinear form of (2.1)

|-4D:D, + kDf + 3aD?| ¢ - ¢ = 0, (2.5)
with the help of the following transformation relationship
q=2ln(p) ®u=¢q:=2(n go)f. (2.6)

3. Breather wave and rouge wave solutions

In the beginning, we aim to investigate the breather wave solutions of Eq (1.1) by using the extend
homoclinic test method [22]. We choose the test function as the following form

@ = exp(—=p1(€ + myy + c1f)) + 61€08(p2(§ + may + c21)) + 62exp(p1(€ + myy + c1)), (3.1)

where py, po,my, my, ¢y, 2, 01,0, are undetermined real constants. By substituting Eq (3.1) into Eq
(2.5), an algebraic equation can be obtained. Setting all coefficients for the powers of exp(xp;(¢ +
myy + cit)), sin(p, (€ + myy + c,t)), cos(p2(€ + myy + c>t)) to be zero, some algebraic equations can be
obtained. Taking p; = p, = p, we can get

2p*(=6admimy + 4c16; + 4c261) = 0,

2p2(3a61m% - 304(51m§ — 4p%ké, — 4c16) + 4c6;) = 0,

2p2(3a/6162m% - 3a/(5152m§ —4p%k6,65 — 4¢16105 + 4¢2010,) = 0, 3.2)
2p*(6a8,6,m1my — 41610, — 4¢26,6,) = 0,

2p*(=3adim; + 4p*ké; + 12a6,m7 + 16p*ké, + 4¢267 — 16¢16,) = 0.

Solving the obtained equations (3.2) by means of symbolic computation, two cases are obtained:
Case 1.

> A(my —my)’a + 4p*h)6, . (3m7 + 6mymy — 3m3)a ~ ﬁc
LT - mPa—4pk 8 2
_ (=3m} + 6mimy + 3m))a  p*k

Cyr = 3 2

(3.3)
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4((m1—m)?a+4p*k)5, >0

in which p, 6,,m;, m, are arbitrary real numbers with e Padp’k

Case 2.

3m§af p*k 3m§af p*k
4 2T T4 T

in which 65, p, m;, m, are arbitrary real numbers with ¢, < 0.

For Case 1, substituting (3.3) along with £ = x + kz into (3.1), we obtain the following results

61 = —46;,¢) = (3.4)

¢ = exp(—p(x+my+kz+Q 1)) £ \VQycos(p(x+myy+kz+Q31)) + 0exp(p(x +myy +kz+Q1)), (3.5)

(3m%+6m1mz—3m§)a P2k A((my—ma)*a+4p*k)S, (—3m?+6m1m2+3m§)a P’k
where Q; = 8 - T,-Q-Z = (m—-my)*a-4p%k Q; = 8 + 2

When 6, > 0, (3.5) can be reduced to the following equation

1
@ = 2+/8,cosh(p(x + myy + kz + Q1) + SIn(6,)) VQsc08(pa(x + may + kz + Q30)). (3.6)
According to the variable transformation u = 2In(¢p),, we obtain the exact wave solutions for (1.1) as

4p N6 sinh(p(x + myy + kz + Qi) + %ln(éz)) —2p Vsosin(p(x + myy + kz + Q31))

i = , 3.7
: 2 \6,cosh(p(x + myy + kz + Q1) + %ln(éz)) + VQcos(p(x + myy + kz + Q3t))
4p \osinh(p(x + myy + kz + Qqf) + 11n(62)) + 2p VQusin(p(x + may + kz + Qs1)) 38)
U, = ) .

2\ cosh(p(x + myy + kz + Q1) + %111((52)) — VQcos(p(x + myy + kz + Q3t))

where u; and u, are two homoclinic breather wave solutions of (1.1). Their dynamical properties are
much similar, so we only discuss u, for an example. By selecting appropriate parameters, the profile
of u, is shown in Figure 1, which is of great value in understanding the dynamical behaviors of the
breathers (3.7) and (3.8).

For u, in Eq (3.8) at p = 0, taking §, = 1, we can obtain the following Taylor expansions

sinh(p(x + myy + kz + Q1)) = p(x + myy + kz + Q) + O(pz),
sin(p(x + myy + kz + Qa1)) = p(x + myy + kz + Qat) + O(p?),

1

cosh(p(x +my + ke + Q) = 1+ > (plx-+miy + ke + Q)+ 0(p), (3.9)
1

cos(p(x + myy + kz+ Q1) =1 - 3 (p(x + may + kz + Q30)* + O(p?).

Supposing an arbitrary constant u, is the equilibrium solution of Eq (1.1), substituting above Taylor
expansions into Eq (3.8), then the following rouge wave solution for Eq (1.1) can be obtained

8x + 4(my + my)y + 8kz + 6mymyt

Uz = ug + (3.10)
(3m%+6m1mz—3m%)aft

X+ my+kz+ g

(—3m%+6m1m2+3m% )at )2
8

2
) +(x+m2y+kz+

By choosing the same parameters as in Figure 1, we exhibit the profile of rouge wave solution (3.10)
in Figure 2.
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(@) (b)

Figure 1. (Color online) Plots of breather solution (3.8) witha = 2,p = 1,6, = 1,m; =
3,my=1,k=-1,z=1attime ¢ = 0. (a) 3D plot; (b) Overhead view of the wave.

() (b)

Figure 2. (Color online) Rouge wave for Eq (1.1) described by (3.10) withuy = 1, = 2,k =
3,m =2,my =—1,z=1att=2.(a) 3D profile; (b) Vertical view of the wave.

We can see that there is one peak and one trough in Figure 2(a). For any given time ¢, when
x? +y? + 72 — 400, u3 tends to the equilibrium solution u. If taking uy = 0, when p tends to 0, us is
exactly the limit of u, . From the mathematical point of view, the rogue wave solution (3.10) is a limit
behavior of breather wave solution (3.8). From the physical point of view, we may think perhaps the
energy collection and superposition of breather waves in many periods generate a rogue wave.
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For Case 2, when 6, < 0, (3.5) can be reduced to the following equation

1
@ = =2+/=0sinh(p(x + myy + kz + Q1) + Eln(—éz)) + VQscos(par(x + mopy + kz + Qst)).  (3.11)

According to the variable transformation u = 2In(¢),, we obtain the exact wave solutions for (1.1) as

4p \V—-dcosh(p(x + myy + kz + Qi) + %ln(—éz)) + 2p VQosin(p(x + myy + kz + Qst))

Un = (3.12)
! 2 4/=0,sinh(p(x + myy + kz + Q1) + %ln(—éz)) — Vscos(p(x + myy + kz + Qst))
4p \V—-0cosh(p(x + myy + kz + Qi) + %ln(—éz)) = 2p VQosin(p(x + myy + kz + Qst)) (3.13)
Us = , .

2 V=5sinh(p(x + myy + kz + Q1) + 1In(=6,)) + Vscos(p(x + myy + kz + Qs1))

where u, and us are also two homoclinic breather wave solutions of (1.1). They also have similar
dynamical properties , here we only choose u, for an example. By selecting proper parameters, we
present the profile of us in Figure 3, which will help us better understand the dynamical behaviors of
the breather wave solutions (3.12) and (3.13).

(@) (b)

Figure 3. (Color online) Breather wave for Eq.(1.1) described by (3.13) with @ = -2, p =
1,60 = —=1,m; = 2,mpy = 1,k = =1,z = 2 at time ¢t = 1. (a) Front view of the wave. (b)
Overhead view of the wave.

Substituting (3.4) along with & = x + kz into (3.1), we have the following expression

@ =exp(—p(x + myy + kz + ©1)) £ 2 y/=0,cos(p(x + myy + kz + O,1)

(3.14)
+ 02exp(pi1(€ + myy + kz + @11)),

3m§a
4

@ = =2+/=02sinh(p(x + myy + kz + O11)) £ 2 /=,c08(p(x + myy + kz + Oyt). (3.15)

2
3msa

Tt pTzk. When 6, < 0, (3.14) can be reduced to the following equation

P’k
where q)l = - T,(DQ =

AIMS Mathematics Volume 7, Issue 9, 15795-15811.
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According to the variable transformation u = 2In(¢),, we obtain the breather wave solution for (1.1) as

_ 2pcosh(p(x + myy + kz + ®11)) + 2psin(p(x + myy + kz + Oy1)
~ sinh(p(x + myy + kz + @11)) — cos(p(x + myy + kz + Dt)

, (3.16)

_ 2psinh(p(x + my + kz + ®@11)) — 2psin(p(x + moy + kz + D11)

~ sinh(p(x + myy + kz + ®1)) + cos(p(x + myy + kz + ©,1)
where ug and u; are another two homoclinic breather wave solutions of (1.1). They also have similar
dynamical properties , here we only choose u; for an example. By selecting appropriate parameters,
the profile of u; is presented in Figure 4. By comparing the other two pairs of breather wave solutions,
we can better comprehending the dynamical behaviors of the breather wave solutions (3.16) and (3.17).

, (3.17)

(@) (b)

Figure 4. (Color online) Breather depicted by(3.17) with @ = 2,p = 1,6, = —1,m; =
1,m, = %, k =1,z =1att = 1. (a) Perspective view of the wave. (b) Overhead view of the
wave.

4. Resonant multi-soliton solutions of Eq (1.1)

In what follows, we would like to construct the resonant multi-soliton solution of Eq (1.1). For the
bilinear formula Eq (2.5), we choose N-exponential wave function as the following form

N N
= Zﬂj‘/’j = Zﬂjexpéj = pU1€Xpdy + Ua€Xpdn + - - + UnEXPLy. 4.1)

=1 =1
in which the resonant multi-soliton variables {; = h;¢€ + [;y + r;t and u; are nonzero (1 < j < N). On

the basis of the properties of differential operator to exponential functions, substituting the expression
(4.1) into the bilinear equation (2.5), we have

N
|-4D¢D, + kD} + 3aD}| ¢ - ¢ = Z pisiP(hy = hiy 1 = Ly = r)exp(d; + &) = 0. 4.2)

=l
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therefore the Eq (4.2) holds if and only if P(h;—h;,1;—1I;, rj—r;) = 0. Hence the resonant multi-soliton
condition can be written as

khi — 4khihj + 6kh; S — Akhihy + ki + 3al} — 6alil; + 3al; — Ahir; + 4rjh; + 4hjr; — 4r;h; = 0. (4.3)
By balancing the power of &;, [;, r;, we conjecture the following wave related numbers
hj=hj,l;=cihi,ry = b (4.4)
Substituting (4.4) into (4.2), we can obtain the following solution for bilinear equation (2.5)

@ = wexp(hé+ clh%y + czh:ft) + ppexp(haé + clhﬁy + czhgt) + -+ uyexp(hyé + clh]zvy + czhf\,t), 4.5)

with the condition ¢; = \/g, ¢y = k. Through the transformation u = 2In(¢)¢ and & = x + kz, we can
derive the resonant multi-soliton solution of the equation (1.1), which can be written as

J. (< k
U= 2aln (Z ujexp(hx + \/;hiy —khjz + kh?t)) . (4.6)
=1

Especially, the 2-kink solution is written as

Dhipexplhnx + £y + khiz + ko) + 2hopexppx + [EIy + khoz + khd)
Ukink = . 4.7)

pexp(hux + 512y + khyz + ko) + poexplhox + [y + ko + ki)

In Figure 5, the physical behaviors at ¢t = 2 are vividly presented by selecting proper parameters. For
(a) and (d) with the following parameters: N = 2,u; = 1,u, =3,h; =05, h, = L,k=4,0a =3,z =1;
For (b) and (e) with the following parameters N = 4,u; = 1,u; = 3,u3 = 0.5,u4 = 2,h;y = 0.5,h, =
1,hs = 02,hy = 3,k = 4, = 3,z = 1; For(c) and (f) with the following parameters: N = 6,u; =
0.5,/.12 = 1.5,/.13 = 2,,LL4 = O.6,,LL5 = 0.7,/16 = 1.4,]’11 = 0.8,h2 = 3,h3 = 1.2,h4 = 0.5,h5 = 1.4,h6 =
1.8,k = 2, = 4,z = 0. As a matter of fact, the waves shown in Figure 5 are inelastic. It is clear
that two convex waves appeared in (a) and (d), three convex waves appeared in (b) and (e), while
four convex waves appeared in (c) and (f). Their fashions and motion trend in (x, y)-plane are vividly
exhibited separately. Consequently, the resonant solutions expressed by (4.6) emerge a novel type of
interactions.
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15803

(a) N=2 (b) N=4 (c) N=6

-200 -100 q 0] 100 200
-300 -200 -100 100 200 300
-50

-300

(d) N=2 (e) N=4 (f) N=6

Figure 5. (Color online) 3D profiles and contour plots for solutions (4.6) at t = 2 with
parameters mentioned above.

5. M-breather and hybrid solutions

In the end, we aim to derive M-breather and hybrid solutions of Eq (1.1) by using complex conjugate
method. To achieve this goal, we consider its multi-soliton solutions. Based upon the bilinear
formalism (2.5), we expand function ¢(&, y, ) into a series of infinitesimal &,

0=1+¢Ve+ P& + Ve +.... (5.1)

Substituting Eq (5.1) into Eq (2.5), we obtain the following bilinear equations by comparing the
coeflicients of the same power with respect to &

4y + kg + 3agy) = 0. (5.22)
|-4DeD, + kDY + 3aD2] oV - oV = 2 (492 - ke, — 3aly)). (5.2b)
—490S) + kgogfg + 3&908) = [4D§D, - kD;1 - 3a/D§] M@, (5.2¢)

From the (5.2a), we can get a solution of ¢! in this form ¢ = exp(,), 71 = [}(E+my+nt)+n01, 0 =

2 amz . . .
kll+j L. Substituting ¢V into (5.2b), we have 49023) - kgogc)ff —3a¢y) = 0. If we take ¢ = 0, we can

S) + kcpg’f)ff + 3agly) = 0 from (5.2¢) such that ¢ = 0. Continuing to study like this, we

derive —4¢
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can further derive ¢ = ¢® = ... = 0. So a finite form of series (5.1) can be derived by truncation.
If taking € = 1, we have ¢ = 1 + exp(77;). By means of transformation u = 2In(¢);, we derive the
one-soliton solution u = Z%In(l + exp(n,)) of equation (1.1), and 1, = [;(x + myy + kz + nyt) + 179;. On
account of the linear property for Eq (5.2a), ¢V = exp(1;) +exp(1,) is also its solution. By substituting

¢V = exp(n;) +exp(n,) into (5.2b), according to the identity of Hirota bilinear operators, it is clear that
_ A =b)(hm=bny)=k(hi=b)* =3a(im ~lmy)*

(4(11+lz)(11n1+lzn2) k(l|+lz)4 3(t(llm1+lzm2)2’ i

I;(€ +m;y+n;t) +1n0; and n; is defined as before. From (5.2b), we can further obtain ¢ = ¢ = ... = 0.
Thus, the truncation solution at € = 1 with go = 1 +exp(n;)+exp(n,) +exp(n; +1, +Aj,) can be derived.
In addition the two-soliton solution u = 2 ~(In(1 + exp(1) + exp(n2) + exp(n; + 72 + Ap2)) can also be
obtained. According to the existence theorem of N-soliton solution, with the help of the mathematical
induction, N-soliton solution for the (3+1)-dimensional equation (1.1) can be derived. Therefore, we
have the following conclusions

on = Z exp [Z ;i + Z 21 A,J} (5.3)

1=0,1 i<j

©? = exp(n; +n, + Aj») is a solution of (5.2b), where A, =

through transformation u = 2In(¢); and & = x + kz, N-soliton solutions of equation (1.1) can be written

as
0
u=2-"In|1 + > exp Z Am; + Z LA (5.4)
X 2;=0,1 i<j
. . A=) ini=Lin ) —k(l; —1))*=3a(limi—1;m;)* k12+3am
in which exp(4;)) = —20al )(l,n,+l,nj) k) 3alom ) mj)za i = L(E+my + nit) + noi, ;= s 2i1=0,1 18

all possible sums with regard tod; =0or1l under the condition 1 < i < J<N. Furthermore l;, m; are
non-zero constants.

In what follows, we would like to construct M-breather based on multi-soliton solutions. By taking
N = 21in (5.4), we can obtain the following result

0
u= 25(111(1 +exp(n1) + exp(n2) + exp(n; + 172 + A2)). (5.5)

By selecting [y = I = a; + axi,m; = my in solution (5.5), we can derive the one-breather solution.
Hence the function ¢ can be expressed as

¢ = 1 + 2cosh(8)cos(p) + 2sinh(f)cos(p) + exp(A;2)(cosh(26) + cosh(26)). (5.6)

where

kl%+3am%
0=a |x+my+kz+ ———t],

4
5.7
kl% + SQm% -7)
p=bi|x+my+kz+ Tt .
Therefore, we obtain the 1-breather solution of Eq (1.1) as the following form
_ 2(cosh(6) + sinh(6))(a;cos(p) — bisin(p)) + 2a;exp(A2)(cosh(26) + cosh(20)) (5.8)

1 + 2cosh(8)cos(p) + 2sinh(f)cos(p) + exp(A;»)(cosh(26) + cosh(26))
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If taking N = 4 in (5.4), the function ¢ can be written as the following form

@ = 1 +exp(n) + exp(n2) + exp(n73) + exp(n4) + exp(n1 + M2 + Ar2) + exp(n2 + 173 + An3)

+exp(m3 + s + Azg) + exp(m1 + 173 + A13) + exp(1 + 14 + A1a) + exp(n2 + 14 + Ags)

+exp(n +m+n3 + A + Az + Aps) +exp(mz + m3 + 14 + Aoz + Aog + Asg) (5.9
+exp(m +m+ns+ A+ A+ Axy) +exp(n +n3+ 0+ Az + Ay + Azg)

+expm +m+m+mt+An+Ai+ A+ Ay + Ay + Az).

which is exactly the four-soliton solution for bilinear equation (2.5). According to the complex
conjugate method, taking special selections [} = I = a;+byi, 1, = [} = ay+byi,my = m; = ¢, +d,i,my =
m, = ¢ + db1 1n (5.4), then the two-breather solution can be derived. By taking N = 6 and selecting
[ = lz =a1+bii, 1, = l; = a, +bsi, l3 = lg = a3+b3i,m1 = mZ =ci+dii,my = m; = Cz+d2i,m3 = mg =
c3 +dsiin (5.4), hence the three-breather solution will be obtained. As the expressions of two-breather
solution and three-breather solution are too complex, so we omit their expressions here.

In order to describe their evolution process, appropriate parameters for two-breather are selected
withN =4 k=1a=2,a,=1,b =2,a0=1,bb =3,¢c; =2,dy =3,¢0 =2,d, =5att =-5,0,5.
The motion pattern of the wave is shown in Figure 6. By the similar way, we select suitable parameters
for three-breather solution with N =6,k =2, =3,a; =0,a, =0,a3, =0,b1 =4,b, =3,b3 =2,¢1 =
l,co0=2,c3=2,dy=2,d, =3,d; = 1att = -30,0,30. Its fluctuation form is shown in Figure 7.

By analyzing these pictures, several column waves emerge for two-breather while many column
waves emerge for three-breather. In Figure 6, when ¢t = -5, it appears three peaks, two of them are
taller than the third one. Then their heights are different from each other at # = 0. At ¢ = 5, it appears
four or more peaks. As can be seen from Figure 7, when ¢ = —30, it appears many peaks and troughs
with different heights. Then their numbers decrease at t = 0. At r+ = 30, it appears many peaks and
troughs, but their height differences are not obvious. They maintain a froward posture for both the
two-breather and three-breather waves.

(a) t=-5 (b) t=0 (©) t=5

Figure 6. (Color online)Profiles of two-breather solution at different times with parameters
described above:(a) At = =5 withz=1;(b) Atr=0withz=1;(c) Att =5 withz = 1.
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(a) t=-30 (b) t=0 (c) t=30

Figure 7. (Color online)Profiles of three-breather solution at different times:(a) At t = —30
with z = 4; (b) At = 0 with z = 4; (¢) At ¢t = 30 with z = 4.

In the next, we would like to construct hybrid solutions based on multi-soliton solutions. Taking
N = 31in (5.5), the function ¢ can be written as the following form

¢ =1 +exp(n) + exp(n2) + exp(n3) + exp(n; + ny + A1) + exp(ny + m3 + Ay3)

(5.10)
+exp(ny +1m3 + Axz) +exp( + 172 + 13 + Ay + Az + Ap3),

which is exactly the three-soliton solution for bilinear equation (2.5). By selecting [} = I = a; +
bii,my = mj = ¢; +d,i in (5.10), we can derive the hybrid solution between one-soliton and one-
breather. Similarly, by selecting N = 5and ky = kK = a; +byi,ky = k) = ay + byi, |, = [ = ¢, +d,i, ], =
[} = ¢ + dyi in (5.4), the hybrid solution between one-soliton and two-breather can also be obtained.
As their expressions are very long, we omit them here in order to save space.

In order to depict the evolution progress of hybrid solutions between breather and soliton, proper
parameters are selected with N = 3,k = 2, = 4,a; = 3,b; = 1,¢; = +,d, = 1 att = =20,0,20 to
exhibit its wave motions. Meanwhile, proper parameters are selected with N = 5,k = 1, = 3,a, =
1—10,612 = %,b] = %,bg = %,C] = %,CQ = %,dl = %,dz = 19—0,](5 = %,15 =3atr = -50,10 to
depict its fluctuations. As is shown in Figure 8, it appear many breathers at 1 = —20. When colliding
occurs at t=0 between the breather and soliton, we can see that the breather changes a lot at r = 20. It
keeps moving forward over time. It can be seen from Figure 9, two parts constitute the hybrid wave
solution. It is clear that one part is soliton wave and the other part is two parallel breathers. Both
the two parallel breathers maintain their original propagation path. They gradually separate from each
other after colliding with solitons.
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(a) t=-20 (b) t=0 (c) t=20

Figure 8. (Color online)Evolution progress of hybrid solution between one-soliton and one-
breather:(a) Profile of hybrid solution at = —20 with z = 3; (b) Profile of hybrid solution at
t = 0 with z = 3; (c¢) Profile of hybrid solution at t = 20 with z = 3.

T

PP N S P P P O P P

(a) t=-5 (b) t=0 (c) t=10

Figure 9. (Color online)Evolution progress of hybrid solution between one-soliton and two-
breather:(a) Profile of hybrid solution at t = —5 with z = 2; (b) Profile of hybrid solution at
t = 0 with z = 2; (c¢) Profile of hybrid solution at = 10 with z = 2.

6. Conclusions

In order to establish the bilinear formalism of a (3+1)-dimensional equation, a dependent variable
transformation was introduced. This bilinear expression plays a key role in this paper. Then we derived
three pairs of breather solutions by employing the homoclinic test method. Among these breather
solutions, the rouge wave solution can only be derived from a from u, . Next we obtained resonant
multi-soliton solutions by employing the linear superposition principle. Obviously, the resonant multi-
soliton solutions which we obtained don’t depend on dispersion relation. By choosing N = 2,4, 6, the
physical shape of the waves were shown graphically. In what follows, M-breather solutions including
one-breather, two-breather and three-breather were obtained by applying the complex conjugate

AIMS Mathematics Volume 7, Issue 9, 15795-15811.
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method to the multi-soliton solutions, and their evolution progress were exhibited by choosing
appropriate parameters. Compared their dynamical behaviors, we can see that breather solutions which
were derived by using the homoclinic test method are different from the ones which were derived by
using the complex conjugate method. Finally, the hybrid solutions between breathers and solitons
were constructed and their dynamic properties were exhibited in the form of plotting.Hence, these
solutions would amend the existing literature on the exact solutions of nonlinear evolution equation.
Furthermore, the method in this paper can be more effectively used in other nonlinear evolution
equations.
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