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Abstract: Let G = (V(G), E(G)) be a graph. For a positive integer k, we call § C V(G) a k-component
independent set of G if each component of G[S ] has order at most k. Moreover, S is maximal if there
does not exist a k-component independent set S’ of G such that § € S’ and |S| < |S’]. A maximal
k-component independent set of a graph G is denoted briefly by Mk-CIS. We use #(G) to denote the
number of Mk-CISs of a graph G. In this paper, we show that for a forest G of order n,

33, if n=0(mod3)andn >3,

4.3%, if n=1(mod3)andn >4,
LG <y 5 it n=s5,

42.3"% if n=2(mod3)andn > 8,

with equality if and only if G = F,, where

2P;, if n=0@mod3)andn > 3,
P s %P3 UK;3, if n=1(mod3)andn >4,
" K if n=5,

3P U2K,5, if n=2(mod3)andn > 8.
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Mathematics Subject Classification: 05C30, 05C69

1. Introduction

Let G = (V(G), E(G)) be a graph. A set S C V(G) is called an independent set of G if no two
vertices of S are adjacent in G. A maximal independent set is an independent set that is not a proper
subset of any other independent set. Let k be a positive integer. We call §' a k-component independent
set of G if each component of G[S] has order at most k. Clearly, the 1-component independent sets are
the usual independent sets. A k-component independent set is maximal (maximum) if the set cannot be
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extended to a larger k-component independent set (if no k-component independent set of G has larger
cardinality). A maximal k-component independent set of a graph G is denoted briefly by Mk-CIS. We
use 1;(G) to denote the number of Mk-CISs of G.

In 1986, Wilf [12] proved that the maximum number of maximal independent sets for a tree of order
nis2'7 if nis odd and 257! + 1 if n > 2 is even. In 1988, Sagan [9] gave a simple graph-theoretical
proof and characterized all extremal trees. In 1991, Zito [15] determined that the maximum number
of maximum independent sets for a tree of order n is 2'7 if n > 1is odd and 2" + 1 if n is even, and
also characterized all extremal trees. In 1993, Hujter and Tuza [4] proved that the maximal number of
maximal independent sets in triangle-free graphs is at most 2 if n > 4 is even and 5 - 27 ifn > 5
is odd, and characterized the extremal graphs. The number of the maximal independent sets on some
classes of graphs were also studied in [5, 6,10, 13].

In 2021, Tu, Zhang and Shi [11] showed that the maximum number of maximum 2-component
independent sets in a tree of order 7 is 35714 5+ lifn=0(mod 3), 3514 lifn=1 (mod 3), and
37~1if n = 2 (mod 3), and also characterized the extremal graphs.

In 1981, Yannakakis [14] proved that the problem of computing the number of maximum 2-
component independent sets for bipartite graphs is NP-complete. The complexity of the problem on
some special families of graphs were studied in [1,2,7,8].

In this paper, we establish a sharp upper bound for #,(G) of a forest G of order n and characterize
all forests achieving the upper bound.

2. The main result

Let G be a graph and v a vertex in G. The neighborhood N (v) is the set of vertices adjacent to v and
the closed neighborhood Ng[v] is Ng(v) U {v}. In the sequel, we use #(G) to present 1,(G) for simplicity
and S denotes an M2-CIS of a tree T under consideration.

Theorem 2.1. For any forest F of order n > 3, t(F) < f(n), where

35, if n=0(mod3)andn >3,
4.3, if n=1@mod3)andn >4,
5, if n=35,

2.3, if n=2(mod3)andn > 8,

f(n) =

N

with equality if and only if

Lps, if n=0@mod3)andn >3,
P ”3;4P3UK1’3, if n=1(mod3)andn > 4,
" K1,4’ lf‘ n= 5’

”;—8P3 U2K,3, if n=2(mod3)andn > 8.

Lemma 2.2. (Cheng, Wu [3]) Let n and k be two integers withn > k + 1 > 2. For any tree T of order
n, there exists a vertex v such that T — v has d(v) — 1 components, each of which has order at most k,
but the sum of their order is at least k. In particular, every nontrivial tree T has a vertex v such that all
its neighbors but one are leaves.
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Lemma 2.3. For any positive integer n > 1,

I, if 1<n<2,
n, if n>3.

t(Kl,n—l) = {

We define five special trees, denoted by 7; for each i € {1,...,5}:

T, is a tree of order n obtained from K 3 by subdividing an edge of K; 3 n—4 times, where 5 <n < 9.

T, is obtained from 2P4 U P; by adding edges connecting a leaf of each copy of P, to a leaf x of Ps.

T is obtained from (K3 U P4) U P; by adding edges connecting a leaf of K3 and P, to a leaf x
of P 3.

T4 1s obtained from aK, 3 U P3 by adding edges connecting a leaf of each copy of K 3 to a leaf x of
P; for an integer a > 2.

T’ is obtained from bK ; by adding edges connecting a leaf of each copy of K| ;5 to a fixed vertex x
for an integer b > 2, as shown in Figure 1.

o S W T, * o s~

Figure 1. T7;,i € {2,...,5}.

Lemma 2.4. «(T;) < t(F,) foreachi € {1,...,5}.

Proof. By a straightforward calculation,

4<5= I(K1,4) = (F5), if n=35,
6 < 3% = t(2P3) = H(Fg), if n=06,
(Ty) =1 10<4-3=1tP;UK3)=tF7), if n=7,
13 < 42 = 12K, 3) = t(Fy), if n=38§,
17 < 33 = 1(3P;) = 1(Fo), if n=09.

Obviously, |V(T,)| = [V(T3)| = 11, (T,) = 28 < 42.3 = 12K 3 U P3) = t(Fy;), and #(T5) = 31 <
42.3 = t(2K1’3 U P3) = t(Fyy).

Note that |V(T4)| = 4a + 3. Observe that for an M2-CIS S of Ty, either x ¢ S or x € S with
drsi(x0) < 1. Let us define 22 = [{S : dppsy(x) = O} = 2% 11 = |{S : dygsy(x) = 1] = (@ +3) - 3¢,
te =S : x ¢ S} =4% Thus, t(Ty) = 2 + 1! +1; = 4° + (a + 3) - 3! + 29. We consider three cases in
terms of the modularity of a (mod 3).

If a = 3s, s > 1, then |V(Ty)| = 125 + 3 and #(Fj253) = 3**!. Moreover, since 4*° < 3% and
(s+1)-3% +23 <2.3% forany s > 1, it follows that for any s > 1,

(Ty) =45 +(s+1)-3%+25 <34 12.3%
= 3% = 1(Fiog.3).

Ifa=3s+1,s>1,then |V(Ty)| = 125 + 7 and t(F2,.7) = 4 - 3**1. Moreover, since 43! < 4. 3%
and (35 +4) - 3% + 231 < 8.3% for any s > 1, it follows that for any s > 1,

1(Ty) =4%" + B3s+4)-3% + 2%+
S 4 . 34S + 8 . 345 — 4 . 34S+] — t(F123+7),
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Ifa =3s+2,s >0, then |V(Ty)| = 12s+11 and #(F15,.11) = 42-3**1. Moreover, since 4°*? < 42.3%
and (3s + 5) - 331 +235%2 < 32. 3% for any s > 0, it follows that for any s > 0,

1(Ty) =432+ Bs+5)- 335+ 42342
< 42 .34 1 32 .34 — 42 . 34stl 1(Fiase11)-

Note that |V(Ts)| = 4b + 1 and #(Ts5) = 4° + b - 3b~1 — b - 2b-!. We consider three cases in terms of
the modularity of b (mod 3).

If b = 3s, s > 1, then |V(Ts)| = 12s + 1 and #(Fia,41) = 4 - 3*~!. Moreover, since 4> < 3* and
s - 3% < 3*~! forany s > 1, it follows that for any s > 1,

I(T5) — 43S +5- 33x —3s- 23s—1 < 34s + 34s—1
=435 = ((Fipe).

Ifb=3s+1,s>1,then |V(Ts)| = 125 + 5 and #(F25.5) = 4° - 3*~1. Moreover, since 43*! < 4.3%
and (3s + 1) - 3% <4 .3%! for any s > 1, it follows that for any s > 1,

(Ts) =431 +@Bs+1)-3%-3s+1)-2%
<4.3% 44351 = 42387 = ((Flas).

If b =3s+2,5 >0, then [V(Ts)| = 125 + 9 and #(F}2,.9) = 3**3. Moreover, since 4**2 < 42 . 3%
and (3s +2) - 33! < 11 - 3* for any s > 0, it follows that for any s > 0,

H(Ts) =432+ 3s+2) 31 - (35 +2) .23+
< 42 . 34s +11- 34s — 34s+3 — I(F12S+9),

3. The proof of Theorem 2.1

In this section, we give the proof of Theorem 2.1.

Proof. Let F be a forest of order n. It is straightforward to check that the result is true if n < 5. We
proceed with the induction on the order n of F. If F = K| ,_;, then by Lemma 2.3, the result trivially
holds. Next we assume that F' is not a star. By Lemma 2.2, for a tree T, there exists a vertex x with
d(x) — 1 neighbors being leaves. Let N(x) = {xi,..., X4ux-1,y}, Where y is the neighbor of x which is
not a leaf of 7', as shown in Figure 2.

EEEAN

Figure 2. T
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Claim 1. If d(x) > 6, then (T) < t(F,).

Proof. Let T, and T, be two components of 7' —xy containing x and y respectively. Then [V(T,)| = d(x).
Observe that for an M2-CIS § of 7', either x ¢ S or x € § with dy(s)(x) = 1. Let us define
tr=1{S : x ¢S},
=S : dris)(x) = 1]
=[S 1 drsi(x) = L{ix,y} S SH+ IS @ drsi(x) = 1,{x, x5} C S,
ie{l,....dx) - 1}}.
Thus, #(T) = t; + 1. Since t; = «(T,) and £} < d(x) - «(T,), we have

HT) < (d(x) + 1) - «(Ty). 3.1

Let V(T}) = V(T,). We consider three cases in terms of the modularity of d(x) (mod 3).

Casel.d(x) =3s,5s>2
Let T, = sP5. Then «(T;) = 3°. By (3.1), it follows that for any s > 2,

(T) < Bs+1)-(T) < 3° - «(T}).

By the induction hypothesis, #(T}) < t(F,—4x). Hence, t(T) < t(F),).

Case2.d(x)=3s+1,5s>2
LetT. = (s — 1)P3 U K, 3. Then #(T") = 4 - 3*"'. By (3.1), it follows that for any s > 2,

HT) < Bs+2)-4T,)) <431 KT)).

By the induction hypothesis, (T}) < t(F,_4x). Hence, t(T) < t(F),).

Case3.d(x)=3s+2,5s>2
Let T/ = (s — 2)P3 U 2K, 3. Then «(T?) = 4% - 372, By (3.1), it follows that for any s > 2,

HT) < Bs+3)-«T,) <4%- 32 (T,).
By the induction hypothesis, #(Ty) < t(F,—4). Hence, «(T) < t(F,). O

Claim 2. If d(x) = 4 or 5, then #(T) < t(F),).

Proof. The meanings of notations here are same as those adopted in Claim 1. Let F; = T —(N[x]\ {y}),
F, =T — N(x) - N(y) and F3; = T — N[x]. Combining these observations with the definition of F;, we
get that t; = t(Fy), t! = t(F2) + (d(x) — 1) - t(F5). Since #(T) = t; + ., we have

(T) = t(Fy) + 1(F2) + (d(x) = 1) - 1(F3). (3.2)

Let n; be the order of F; for each i € {1,2,3}. Then ny = n — d(x), n, = n — d(x) — d(y) and
n3 = n—d(x) — 1. We consider three cases in terms of the modularity of n ( mod 3).

Casel.n=3s,5s>2

Subcase 1.1. d(y) = 31,1 > 1

AIMS Mathematics Volume 7, Issue 7, 13537-13562.
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Ifd(x) =4,thenn; =3(s-2)+2,n, =3(s—1-2)+2and n3 = 3(s — 2) + 1. By the induction
hypothesis, #(F) < 4% - 35 #(F,) < 4*-37'=* and #(F3) < 4 - 3*73. Moreover, since ‘;—? +52 < 3* for
any [ > 1, by (3.2), it follows that for any s > 2 and [ > 1,

42 4?
HT) =4+ T4 3%).34 = (37 +52) 374 < 3° = ((F,).

Ifd(x) =5,thenn; =3(s-2)+1,n, =3(s—-1[—-2)+ 1 and n3 = 3(s — 2). By the induction
hypothesis, #(F)) < 4 - 373, 1(F,) < 4 -3 and 1(F3) < 3*"2. Moreover, since 3 + 16 < 3 for any
[ > 1, by (3.2), it follows that for any s > 2 and [ > 1,

4 4
(T)=4+ 3 +12)-33 = (§ +16) - 3773 < 3% = ((F,).

Subcase 1.2. d(y) =31+ 1,1 > 1
If d(x) = 4, then n, = 3(s — [ — 2) + 1. By the induction hypothesis, #(F,) < 4 - 3*7=3. Moreover,
since £ + 52 < 3* for any [ > 1, by (3.2), it follows that for any s > 2 and [ > 1,

12 12 .
HT) =4+ ET 4.3%) .37 = (? +52)-3"* <3 = «(F),).

If d(x) = 5, then n, = 3(s — [ — 2). By the induction hypothesis, #(F,) < 3°7-2. Moreover, since
% +16 < 3% for any [ > 1, by (3.2), it follows that for any s > 2 and [ > 1,

3 3
+12)-33 = (= +16)-3°72 < 35 = «(F,).

(T) =@+ 3 =

Subcase 1.3. d(y) =3[ +2,1>0
If d(x) = 4, then n, = 3(s — [ — 2). By the induction hypothesis, #(F,) < 3°7-2. Moreover, since
39—, +52 < 3*for any [ > 0, by (3.2), it follows that for any s > 2 and [ > 0,

9 9
HT) = (4 + 74 3%).357% = 31+ 52)-3°* <3 = «(F,).

If d(x) = 5, then n, = 3(s — [ — 3) + 2. By the induction hypothesis, #(F,) < 4? - 3°~=5. Moreover,
since ‘;—? + 144 < 3° for any [ > 0, by (3.2), it follows that for any s > 2 and [ > 0,

42 4
HT) = (437 + 55 443737 = (5 + 144) - 377 < 3" = 1(F,).

Case2.n=3s5s+1,5s>2

Subcase 2.1. d(y) = 31,1 > 1

Ifd(x) =4,thenn; =3(s—1),n, =3(s—1—-1) and n3 = 3(s — 2) + 2. By the induction hypothesis,
1(Fy) <3, 1(F,) < 3! and 1(F3) < 4*-3°*. Moreover, since 5 +25 < 4-32 forany [ > 1, by (3.2),
it follows that for any s > 2 and [ > 1,

o 9
()= (34544937 = (542537 <437 = «(F)).
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Ifd(x) =5,thenn; =3(s-2)+2,n, =3(s—1-2)+2and n3 = 3(s — 2) + 1. By the induction
hypothesis, t#(F}) < 4% - 374, t(F,) < 4*-3*~*and #(F3) < 4 - 3°73. Moreover, since ‘;—f +64 <4-3° for
any [ > 1, by (3.2), it follows that for any s > 2 and [ > 1,

42 42
HT) =4+ 7+ 4%.3).374 = (37 + 64) -3 < 4.3 = ((F)).
Subcase 2.2. d(y) =31+ 1,1 > 1

If d(x) = 4, then n, = 3(s — [ — 2) + 2. By the induction hypothesis, #(F,) < 4 - 3*~=%. Moreover,

since 3‘,‘% +25<4-32for any [ > 1, by (3.2), it follows that for any s > 2 and [ > 1,

2 2

4 4
_ 2 2 s=3 _
(T) =3P+ 5 +4)-37 = (5

+25)-33 <437 = ¢(F).

If d(x) = 5, then n, = 3(s — [ — 2) + 1. By the induction hypothesis, #(F,) < 4 - 3773, Moreover,
since 13—? +64 <4-33forany [ > 1, by (3.2), it follows that for any s > 2 and [ > 1,

12 12
HT) = (4" + 7+ 42.3).374 = (57 +64) 374 < 4.3 = (F)).

Subcase 2.3. d(y) =3[+2,1>0
If d(x) = 4, then n, = 3(s — [ — 2) + 1. By the induction hypothesis, #(F,) < 4 - 373, Moreover,
since % +25 < 4-3%forany [ > 0, by (3.2), it follows that for any s > 2 and [ > 0,

4 4
HT)=(3*+ T 4%) .33 = T 25)-33 < 4.3 = «(F,).
If d(x) = 5, then n, = 3(s — [ — 2). By the induction hypothesis, #(F,) < 3°~/~2. Moreover, since
g—f + 64 < 4 - 3% for any [/ > 0, by (3.2), it follows that for any s > 2 and / > 0,
32 3

2
HT) = (4% + e 42.3).37% = (57 +64- 3t <4.37 = ((F,).

Case3.n=3s+2,5s>2

Subcase 3.1. d(y) = 31,1 > 1

Ifd(x) =4,thenn; =3(s—-1)+1,n, =3(s—-[-1)+1 and n3 = 3(s — 1). By the induction
hypothesis, #(F;) < 4 - 32, 1(F,) < 4-3*"% and 1(F3) < 3*"'. Moreover, since 3 + 13 < 4 for any
[ > 1, by (3.2), it follows that for any s > 2 and [ > 1,

4 4
H(T) =4+ 3 32).352 = (§ +13)- 352 <4%.352 = ((F)).

Ifd(x) =5,thenn; =3(s—1),n, =3(s—[—1) and n3 = 3(s — 2) + 2. By the induction hypothesis,
t(Fy) < 351 #(F,) < 377! and #(F5) < 4% - 3*™*. Moreover, since g—j +91 < 4.3 forany [ > 1,
by (3.2), it follows that for any s > 2 and / > 1,

33 33

(1) = (3 + 5 +4)-37 = (5 +91)-37 <4737 = 1(F,).
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Subcase 3.2. d(y) =3[+ 1,1 > 1
If d(x) = 4, then n, = 3(s — [ — 1). By the induction hypothesis, #(F,) < 3°~'~!. Moreover, since
% + 13 < 4% forany [ > 1, by (3.2), it follows that for any s > 2 and [ > 1,

3 3
H(T) =4+ 3 3%).32 = o 13) - 3572 < 4% . 352 = ((F,).

If d(x) = 5, then n, = 3(s — [ — 2) + 2. By the induction hypothesis, #(F,) < 4 - 3~=%, Moreover,
since ‘;—7 +91 <4?.32for any [/ > 1, by (3.2), it follows that for any s > 2 and [ > 1,

3 42 3 s—4 42 s—4 2 s—2
=@ +§+4 )- 3 :(§+91)-3‘ <4°-.37 = (F,).

Subcase 3.3. d(y) =3[+2,1>0

If d(x) = 4, then n, = 3(s — [ — 2) + 2. By the induction hypothesis, #(F,) < 4 - 374, Moreover,
since 3‘,‘% + 13 < 42 for any [ > 0, by (3.2), it follows that for any s > 2 and [ > 0,

2 2

t(T):(4+4—+32)-3H:(4

3 3 H13)- 37 <4737 = u(F).

If d(x) = 5, then n, = 3(s — [ — 2) + 1. By the induction hypothesis, #(F,) < 4 - 37/=3. Moreover,
since 17 + 91 < 4% - 3% for any [ > 0, by (3.2), it follows that for any s > 2 and [ > 0,

12 12
«T) =3+ ET 4%). 3574 = (7 +91)-35* <4%.32 = ((F,).

Claim 3. «(T) < t(F,) if one of the following conditions holds:
(D)n>=6,n=0o0r1 (mod 3), d(x) = 3;
2)n>8,n=2(mod 3), d(x) =3,d(y) > 3, where y € N(x).

Proof. The meanings of notations here are same as those adopted in Claims 1 and 2. By (3.2), we have
HT) = t(Fy) + t(F) + 2t(F3). (3.3)
Let n; be the order of F; for each i € {1,2, 3}. We consider three cases in terms of the modularity of

n (mod 3).

Casel. n =3s, s > 2.
n; = 3(s — 1), n3 = 3(s — 2) + 2. By the induction hypothesis, #(F;) < 3°~! and #(F3) < 4% - 3°7%.

Subcase 1.1. d(y) = 3,1 > 1
Since n, = 3(s — [ — 1), by the induction hypothesis, #(F,) < 3*7-!. Moreover, since 33—7 +59 < 34
for any [ > 1, by (3.3), it follows that forany s > 2 and [ > 1,

33 33
(7)< 3+ T+ 2.4%) .35 = (§ +59)- 34 <35 = «(F,).

Subcase 1.2. d(y) =31/ + 1,1 > 1

AIMS Mathematics Volume 7, Issue 7, 13537-13562.
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Since n, = 3(s — [ — 2) + 2, by the induction hypothesis, #(F,) < 4% - 37, Moreover, since
‘;—f +59 < 3*forany [ > 1, by (3.3), it follows that for any s > 2 and [ > 1,
42 42
HT) < (3 + T +2 4%).3574 = (37 +59)- 3574 < 3% = ((F,).
Subcase 1.3. d(y) =3[ +2,1>0

Since ny = 3(s—I-2)+1, by the induction hypothesis, #(F>) < 4-3°7=. Moreover, since £ +59 < 3*
for any [ > 0, by (3.3), it follows that for any s > 2 and [ > 0,

12 12
(7)< (3 + e 2-4%) .34 = (? +59) -3 <35 = ¢(F,).

Case2.n=3s5s+1,5s>2
By the definition of n;, n; = 3(s — 1) + 1, n3 = 3(s — 1). By the induction hypothesis, #(F;) < 4 - 3°72
and #(F3) < 3571,

Subcase 2.1. d(y) = 31,1 > 1
Since n, = 3(s—I-1)+1, by the induction hypothesis, #(F,) < 4-3°7-2. Moreover, since 3+10 < 43
for any [ > 1, by (3.3), it follows that forany s > 2 and [ > 1,

4 4
t(T)s(4+§+2.3)-35‘2 =3+ 10)- 32 < 4.3 = ¢(F,).
Subcase 2.2. d(y) =3[+ 1,1 > 1

Since n, = 3(s — [ — 1), by the induction hypothesis, #(F,) < 3*7"!. Moreover, since % +10<4-3
forany [ > 1, by (3.3), it follows that for any s > 2 and [ > 1,

3 3
«(T) < (4+§+2-3)-3S-2 = (§ +10)-32<4.3 = ¢(F,).

Subcase 2.3. d(y) =3[+2,1>0
Since n, = 3(s — [ — 2) + 2, by the induction hypothesis, #(F,) < 42 . 357I=% " Moreover, since
‘;—f +90 < 4-33forany [ > 0, by (3.3), it follows that for any s > 2 and [ > 0,

42 42
(T) < (4-3"+ — ¥

3 +2:3):37 = (5 +90) -3 <437 = 1(F,).

Case3.n=3s5+2,5s>2
By the definition of n;, n; = 3(s—1)+2, n3 = 3(s—1)+1. By the induction hypothesis, #(F;) < 4%.353
and #(F3) < 4 - 372,

Subcase 3.1. d(y) = 31,1 > 1
Since n, = 3(s — [ — 1) + 2, by the induction hypothesis, #(F,) < 4% - 373, Moreover, since
‘;—f +40 < 4% .3 forany [ > 1, by (3.3), it follows that for any s > 2 and [ > 1,
42 42

H(T) < (4% + >+ 8-3)-373 = (§ +40) - 357 < 4%. 352 = ((F)).
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Subcase 3.2. d(y) =3+ 1,1 > 1
Since n, = 3(s — [ — 1) + 1, by the induction hypothesis, #(F,) < 4 - 35-=2_ Moreover, since
13—% +40 < 4% .3 forany [ > 1, by (3.3), it follows that for any s > 2 and [ > 1,

12 12
HT) < (4 + ET 8§-3)-373 = (? +40) -3 < 4%.352 = ((F,).
Subcase 3.3. d(y) =3[+ 2,1 > 1
Since n, = 3(s — [ — 1), by the induction hypothesis, #(F,) < 3*7*-!. Moreover, since 33—3 +40<4%.3
for any [ > 1, by (3.3), it follows that forany s > 2 and [ > 1,

2 2

HT) < (4% + % +8-3)-373 = (% +40) -3 <4%.372 = ((F)).

In view of Claim 3, we consider the case that d(y) = 2 and n = 35 + 2 where s > 2.

Claim 4. Assume that d(y) = 2 for the remaining neighbor y of x and d(z) > 1 for the neighbor of y
other than x, as shown in Figure 3. If T — z has an isolated vertex or an isolated edge, then #(T") < #(F,).

Figure 3. T.

Proof. Let T, and T, be two components of 7 — xy containing x and y respectively.

Case 1. T — z has exactly an isolated vertex.
By Lemma 2.4, we distinguish two subcases in terms of d(z) > 3.

Subcse 1.1. d(z) = 3
Observe that for an M2-CIS §’ of T, either y ¢ S’ or y € S’ with drigq(y) < 1. Let us define
1) =S" : drish(y) = Ol 7} = {S” = drsy () = VI, 5 = {S" : y ¢ S"}|. Thus, (7)) = 7) + 7} + F;.
Observe that for an M2-CIS § of T', eithery ¢ S ory € § with dr51(y) < 1. Let
0 = (S : dris)(y) = 0} = &,
ty=HS : dris)(y) = 1|
=[S 1 drisi(y) = L{x,y} S SH+ S  drisi(v) = L {y, 2} € S}
=10 +1.

=S :ye¢SH=US:yeS,xeSH+{S :yeS,x¢ S}
< () + 21, + 2f) + Iy = 1) + 21} + 3F;.
Clearly, «(T) = 1 + 1} + t; < 31 + 31, + 3f;. Since «(Ty) = 1) + Ty + &y, «(T) < 3¢(T,) = (T, - (Ty).
By the induction hypothesis, #(T) < #(F,-3). Hence, ((T') < (T ) - t(F,—3) < t(F,).

Subcase 1.2. d(z) > 4
LetT —yz = T,UT, where z € T,. Observe that for an M2-CIS §’ of T, either z ¢ S’ or z € §’ with
drisn(z) = 1. Letus define z = [{S” : z ¢ S} and #; = {S” : drs1(2) = 1}]. Thus, (T) = 1; + 1.
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The meanings of notations here are same as those adopted in Subcase 1.1. Note that tg + tyl. <t 42t

and t; = 24(T,) + t}. Thus, «(T) < 2«(T,) + 2(1} + t;). Since (T,) = t: + 1}, (T) < 4«(T,) = «(T,) - «(T,).
By the induction hypothesis, #(T) < #(F,-4). Hence, t(T) < (T}) - t(F,,—4) < t(F},).

Case 2. T — z has two isolated vertices.

The meanings of notations here are same as those adopted in Subcases 1.1 and 1.2. Note that
WT) =t +1, 1) = bz, 1) S tz+1), 15 = 20(T2) + 1} Thus, «(T) < 26(T,) +2(t} +1z) = 4«(T,) = «(Ty) - (T>).
By the induction hypothesis, #(T,) < t(F,_4). Hence, t(T) < «(Ty) - t(F,,—4) < t(F).

Case 3. T — z has an isolated edge.
Note that 7! + 7z < «(T,). By a similar argument as in the proof of Case 2, we show that #(T) <
t(F n)- O

In view of Claim 4, we consider the case that d(z) = 2.

Claim 5. Assume that there exists a path P := xyzw in T with d(x) = 3,d(y) = d(z) = 2, as shown in
Figure 4. We have #(T) < #(F,) if one of the following conditions holds:

(1) T — w has an isolated vertex or an isolated edge;

(2) T — w has no isolated vertex or isolated edge, where d(w) # 2.

Figure 4. T.

Proof. Let N(w) = {wy, ..., Wau)-1,2}. We consider two cases in the following.
Case 1. T — w has an isolated vertex or an isolated edge.

Subcase 1.1. 7 — w has an isolated vertex.

LetT —yz =T,UT, where z € T,. Observe that for an M2-CIS S’ of T, either z ¢ S’ or z € §’ with
drisi(z) < 1. Let us define 70 = [{S” : drs(2) = O}, &= = {S” 1z ¢ S’} &} = {S” : drys/1(z) = 1}I. Thus,
HT,) =10 +17 +E.

Observe that for an M2-CIS § of T', either z ¢ S or z € S with drs1(z) < 1. Let

1) =S : dris)(z) = 0} = 27,

lzl =[{S : drsi(z) = 1}

= S : drisy(2) = 1, (3,2 S SH+ (S : drsi(@) = 1, {z, w) € S}

=S :z¢ S}

=S :z2¢S8,y€ S, drs;() =0} +{S : 2 ¢ S,y €S,dris)(y) = 1}
+H{S :z¢S,y¢ S}
=+({S :z¢S,yeS,drsi(y) =1L,wé¢S}
+{S 1 z¢ S,y€eS,drs;(v) = L,we S}|) + 2%
<3+ @+ 1) =10+ 4F.

Obviously, ((T) = 12 + 1} + t; < 472 + 31} + 4f;. Since (T,) = 10 + 1. + &z, (T) < 4«(T,) = «(T)) - «(T,).

By the induction hypothesis, #(T") < #(F,-4). Hence, t(T) < t(T}) - t(F,,—4) < t(F},).
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Subcase 1.2. T — w has an isolated edge.

By Lemma 2.4,d(w) > 3. LetT —zw =T, UT, where w € T,, and T] = K, 4 where V(T)) = V(T,).
Then #(T]) = 5. Observe that for an M2-CIS §’ of T\, either w ¢ S’ or w € §’ with dyig/(w) < 1.
Let us define t?v = |{S" : drsqw) = 0}, t5 = {S" : w & S}, t}v = |{S’ : drisn(w) = 1}|. Thus,
HT,) =10+t +1,.

The meanings of notations here are same as those adopted in Subcase 1.1. Note that tg = 2,
1t <200 +1) + 2t and 1; = ((T,) + 19, + 3t

We obtain that #(T) = 2+ 1! +#; < «(T,,) + 310 + 4t} + 41, Since «(T,,) = 10 + 1} + 1, «(T) < 5¢(T,) =
«(T?}) - «(T,). By the induction hypothesis, #(T\,) < 1(F,_s). Hence, (T) < «(T}) - t(F,—s) < t(F,).

Case 2. T — w has no isolated vertex or isolated edge, where d(w) # 2.

The meanings of notations here are same as those adopted in Subcase 1.1. Let F; = T —(N[x]U{z}),
F, =T -N[x]-V(P), F; =T —N[x] - V(P)-—N(w)and Fy = T — N[x] — V(P) = N(w) — N(w,).
Combining these observations with the definition of F;, we get that t? = 21(F»), tzl = t(F,) + 3t(F5),
t: = t(Fy) + t(F3) + 3(d(w) — 1) - t(F4). Since (T) = tg + 1} + t;, we have

HT) = t(Fy) + 3t(F,) + 4t(F5) + 3(d(w) — 1) - t(Fy). (3.4)

Let n; be the order of F; for each i € {1,2,3,4}. Then n; = 3(s — 1), n, = 3(s —2) + 2. By
the induction hypothesis, #(F;) < 3*! and #(F,) < 4 - 3*"*. We consider three cases in terms of the
modularity of d(w) (mod 3).

Subcase 2.1. d(w) = 3L 1> 1
Since n3 = 3(s — [ — 1), ny < 3(s — [ — 2) + 2, by the induction hypothesis, #(F3) < 3*7"! and
t(F4) < 4% - 3%7=* Moreover, since 481;720 +25 < 4% .3 forany [ > 1, by (3.4), it follows that for any
s>2and/ > 1,
(T) < (3 +4% + 42 4 20Dy 303
= (88420 125) 3773 <4232 = ((F,).

Subcase 2.2. dw) =3[+ 1,/ > 1
Since n3 = 3(s — [ —2) +2, ny < 3(s—[—2) + 1, by the induction hypothesis, #(F3) < 4> -3°7'~* and
t(Fy) < 4 - 33 Moreover, since 10831764 +75 < 4% .32 for any [ > 1, by (3.4), it follows that for any
s>2and/>1,
(T) < (3g +47 .3 4 & 4 2y 3
— 1081+64 +75) 35 -4 <42 38 2 _ Z(F)

Subcase 2.3. dw) =31+2,[> 1
Since n3 = 3(s — 1 —2) + 1, ny < 3(s — [ — 2), by the induction hypothesis, #(F3) < 4 - 3*7= and
1(F4) < 3""2. Moreover, since 252 + 25 < 4% .3 for any [ > 1, by (3.4), it follows that for any s > 2
and [ > 1,
(T) <F+8s £y QD) 353
— 27l+25 +25) 35 3 <42 35 2 _ I(F)

In view of Claim 5, we proceed to consider the case that d(w) = 2
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Claim 6. Assume that there exists a path P := xyzwu in T with d(x) = 3,d(y) = d(z) = d(w) = 2, as
shown in Figure 5. We have #(T) < #(F,) if one of the following conditions holds:

(1) T — u has an isolated vertex or an isolated edge;

(2) T — u has no isolated vertex or isolated edge, where d(u) # 2.

Figure 5. T.

Proof. LetT —wu =T, UT, where u € T, and N(u) = {u, ..., Ugu-1, w}.
Case 1. T — u has an isolated vertex or an isolated edge.

Subcase 1.1. 7 — u has an isolated vertex.

By Lemma 2.4, d(u) > 3. Let T|, = 2P5 where V(T|) = V(T,,). Then «(T|) = 9. Observe that for
an M2-CIS S’ of T,,, either u ¢ S’ or u € S’ with dy(s-j(u) = 1. Let us define r! = [{S” : dris/(u) = 1},
ti =S’ :u ¢S’} Thus, «(T,) = 1} + 1.

Observe that for an M2-CIS S of T, either w ¢ § orw € § with dr(s;(w) < 1. Let

fo, =S : drs)(w) = 0] < 415,

t, =S : dris)(w) = 1)

S : drisiw) = 1, dw,u) € Y+ S : drgsiw) = 1, {w, 2} € S}
41 + () + 41) = 51 + 44,
S :w ¢S}
S :wgS.z€8,drsi(@) = )| +I(S 1w ¢ S,z€S,drsi(@) = 1}
+H{S :weéS,z¢ S}

=2t + «(T,) + 1) = 3t) + «T,).

Clearly, «(T) = 2 + ¢t} + 1, < «(T,) + 8(t! + 1;). Since «(T,) =t} + t, (T) < 9«(T,) = «(T),) - (T,).
By the induction hypothesis, (T,) < t(F,_¢). Hence, «(T) < (T}) - t(F,-¢) < t(F,).

i IA

Iy

Subcase 1.2. T — u has an isolated edge.
The meanings of notations here are same as those adopted in Subcase 1.1, with exception that
adding the definition of 2. More precisely, let £ = [{S” : drs/y(u) = 0}|. Then «T,) = £ + ¢} + 1.
Note that 1 = 2¢;, 1} < 41} + 31; and 1, < 262 + 3¢} + «(T,). Thus, «T) = € +1! +1;, <
«T,) + 262 + 7t} + 5t;. Moreover, «(T,) = 2 + 1! + t, T) < 8«(T,) < 9«(T,) = «(T’) - «(T,)). By the
induction hypothesis, #(T,) < #(F,_¢). Hence, t(T) < «(T)) - t(F,—¢) < t(F).

Case 2. T — u has no isolated vertex or isolated edge, where d(u) # 2.

The meanings of notations here are same as those adopted in Subcase 1.1. Let Fy = T—N(x)-V(P),
F,=T-Nx)-(V(P)\{u}), F; =T —N(x) - V(P)—=N(u)and Fy =T — N(x) = V(P) — N(u) — N(u,).
Combining these observations with the definition of F;, we get that £ = 2¢(F)), ¢, = 31(F)) + 41(F3),
ty = t(F2) + 2t(F3) + 3(d(u) — 1) - t(Fy). Since (T) = 12 + 1}, + 1;;, we have

HT) = 5H(Fy) + t(F) + 6t(F3) + 3(d(u) — 1) - t(Fy). (3.5)
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Let n; be the order of F; fori € {1,2,3,4}. Then n; = 3(s —2) + 1 and n, = 3(s — 2) + 2. By the
induction hypothesis, #(F;) < 4 - 3 and #(F,) < 4 - 3**. Now we consider three subcases in terms
of d(u) (mod 3).

Subcase 2.1. d(u) =3, 1> 1

By the definition of n;, n3 = 3(s — [ —2) + 2 and ny < 3(s — [ — 2) + 1. By the induction hypothesis,
t(F5) < 4% -3%% and #(F4) < 4 -3°7'73. Moreover, since 10831—760 +76 < 4?.3%forany [ > 1, by (3.5), it
follows that forany s > 2 and [ > 1,

(T) =(5-4-3+4 488 4 200D 3
— (108357—60 + 76) X 35_4
< 42372 = ((F,).

Subcase 2.2. d(u) =31+ 1,/ > 1

By the definition of n;, n3 = 3(s — [ —2) + 1 and ny = 3(s — [ — 2). By the induction hypothesis,
1(F3) < 4 -3 and 1(F,) < 3*2. Moreover, since #1572 + 76 < 42 . 3% for any [ > 1, by (3.5), it
follows that for any s > 2 and [ > 1,

(T) =(5-4-3+4%+ 824 3. 34
— (811+72 +76) - 3574
< 4%.352 = (F,).

Subcase 2.3. d(u) =31+2,/> 1

By the definition of n;, n3 = 3(s — [ — 2) and ny = 3(s — [ — 3) + 2. By the induction hypothesis,
1(F3) < 3*"% and #(F4) < 4% -3*%. Moreover, since 2470 + 76 < 42 - 3% for any [ > 1, by (3.5), it
follows that for any s > 2 and [ > 1,

I(T) :(5.4.3+42+6é_3;2+ 4(3l+1)) 35— —4
< (880 4 76) - 35
< 42 . 3S—2 — t(Fn)

In view of Claim 6, we proceed to consider the case that d(u) =

Claim 7. Assume that there exists a path P := xyzwuq in T with d(x) = 3,d(y) = d(z) = d(w) = d(u) =
2, as shown in Figure 6. We have #(T) < t(F,).

Figure 6. T

Proof. LetT —ug =T, U T, where g € T, and N(q) = {q1, ..., Quq-1, U}
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Case 1. T — g has an isolated vertex.

By Lemma 2.4, d(q) > 3. Let T, = P3 U K, 3 where V(T|) = V(T,). Then «(T) = 12. Observe that
for an M2-CIS S’ of T, either g ¢ S’ or g € S’ with dr(s/1(q) = 1. Let us define t; =|{S’ : drisn(q) =
Y, 2, =S’ : ¢ ¢ S'}|. Thus, «(T,) = t; +1;.

Observe that for an M2-CIS S of T, either u ¢ S or u € S with dy(s1(u) < 1. Let

2 = (S : drysy(u) = O)]

={S : dps)(w) =0,z € S,drs)(2) = 1} + S : dris)(w) =0,z €S,
dris1(z) = O}
< 215 + (1 + 17) = 1, + 315,
ty =S : dris)(u) = 1}]
NS @ drisy(w) = 1,{u,q} € S} + IS : drisy(w) = 1,{w,u} C S}
41y + (613 + 1) = 51} + 615,
S u¢ S}
{S:u¢S,we S,dT[S](W) =0} +{S:ué¢S,we S,dT[S](W) =1}
+{S :uéS,wéS}
=21, + 31(T,) + 1, = 31, + 31(T,).

Clearly, ((T) = 1) + 1, + tz < 36(T) + (1, + t). Since (T)) = 1, + 17, (T) < 126(T,) = «(T}) - t(T).

By the induction hypothesis, #(T,) < #(F,—7). Hence, «(T) < «(T,) - t(F,—7) < t(F,).

VAN

Ia

Case 2. T — g has no isolated vertex.

The meanings of notations here are same as those adopted in Case 1. Let F; = T-N(x)-V(P)—-N(q),
Fr, =T —-N(x)-V(P)-N(g) — N(gi), F3 =T = N(x) - V(P) and Fy = T — N(x) — (V(P)\{g}).
Combining these observations with the definition of F;, we get that 0 = 31(F3), t! = 41(F)) + 41(F3),
ta = 2t(Fy) + 3(d(q) — 1) - t(F,) + 3t(F,). Since t(T) = £ + t. + t;, we have

HT) =6t(F)) +3(d(q) — 1) - t(F,) + Tt(F3) + 3t(F4). (3.6)

Let n; be the order of F;; fori € {1,2,3,4}. Then n; = 3(s—2) and ny = 3(s—2)+ 1. By the induction
hypothesis, #(F}) < 3*2 and #(F4) < 4 - 3*~3. We consider three subcases in terms of d(g) (mod 3).
Subcase 2.1. d(q) = 31,1 > 1

By the definition of n;, ny = 3(s =/ —2)+ 1 and n, < 3(s — [ — 2). By the induction hypothesis,
1(F1) <4 -3 and 1(F,) < 372, Moreover, since 222 + 11 < 4% for any [ > 1, by (3.6), it follows
that forany s > 2 and / > 1,

() < S+ 30411372 < (%3 411 - 352

< 42 . 3s—2 — I(Fn)

Subcase 2.2. d(q) =3[+ 1,1 > 1

By the definition of n;, ny = 3(s =/ — 2) and n, < 3(s — [ - 3) + 2. By the induction hypothesis,
1(Fy) < 372 and 1(F,) < 4% - 3*"3. Moreover, since %18 + 33 < 42. 3 for any [ > 1, by (3.6), it
follows that for any s > 2 and [ > 1,

(T) < (8 +41433). 373 < (L0184 33). 353
<42.32 = ((F,).
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Subcase 2.3. d(q) =31+ 2,1 >0

By the definition of n;, ny = 3(s =1 —3) + 2 and n, < 3(s — [ - 3) + 1. By the induction hypothesis,
1(Fy) < 4% -3 and t(F,) < 4 - 3% Moreover, since 22 + 99 < 4% 3% for any [ > 0, by (3.6), it
follows that for any s > 2 and [ > 0,

(T) < (23] + 12(3l+1) + 99) 3s—4 < (36l+44 + 99) .34
<4%.372 = t(F ).

By Lemma 2.2, we consider the case that there exists a vertex with one neighbor being leaf.

Claim 8. Assume that there exists a path P := xyz in T with d(x) = 1,d(y) = 2, as shown in Figure 7.
We have #(T) < t(F,) if one of the following conditions holds:

(1) T — z has an isolated vertex or an isolated edge other than the component xy;

(2) T — z has no isolated vertex or isolated edge, where d(z) > 3.

© 2d)-1

Figure 7. T.

Proof. LetT —yz =T,UT, wherez € T, and N(2) = {z1, ..., Za@-1, Y}
Case 1. T — z has an isolated vertex.
Let T| = P53 where V(T7) = {x,y,z1}. Then «(T7}) = 3

Subcase 1.1. T — z has exactly an isolated vertex, say z;.
Observe that for an M2-CIS S’ of T, — z;, either z ¢ S” or z € S’ with drs/1(z) < 1. Let us define
=S 1drisn@ =0}, z=1S":2¢ S'}, 11 = {S" : dris1(z) = 1} Thus, (T, —z1) = 10 + 1} + £
Observe that for an M2-CIS § of T', eithery ¢ S ory € S with dr5(y) = 1. Let
=S :yeSH<uT,—z)+1t,
ty =S : drisy () = 1|
= {S 1 dris1(y) = L{x,y} S SH+ IS @ drsi(v) = 1,{y, 2} € S}
<HT,—z1)+ 1+t
Clearly, {(T) = ty + 1} < 20(T. —z1) + 12 + 1} + z. Since (T, —z1) = 10 + 1} + 1z, (T) < 3((T. - z)) =
t(T}’,) (T, — z1). By the induction hypothesis, #(T, — z;) < t(F,—3). Hence, (T) < t(Ty’) -t(F,—3) < ((F)).

Subcase 1.2. T — z has two isolated vertices.

Observe that for an M2-CIS S’ of T, — z;, either z ¢ S” or z € §’ with dris/\(z) = 1. Let £z = {S’
z¢ S’} t; =|{S’ :dpisy(z) = 1}|. Then (T, —z1) = t: + tzl.

The meanings of notations here are same as those adopted in Subcase 1.1. Note that #; < 2tZ1 and
ty < 2t: + (T, — z1). We have (T) = t; + 1, < (T — ;) + 2(tz + t}). Moreover, (T, — z;) = : + 1},
«T) < 30T, — z1) = «(Ty) - (T, — z1). By the induction hypothesis, #(T, — z1) < #(F,-3). Hence,
«(T) < KT7) - 1(Fy-3) < t(Fy).
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Case 2. T — z has an isolated edge, say z;z;.

Let Ty’ = K, 3 where V(Ty’) ={x,v,21, z{}. Then t(Ty’) = 4. The meanings of nations here are same as
those adopted in Subcase 1.1. It is sufficient to note that £ + ! < (T, — z1z}), t; < (T, — z12}) + 12 + 1
and 1} < 20T — z1z;). Thus, «(T) = t5 + 1] < 4T — z12;) = «(T}) - (T — z1z}). By the induction
hypothesis, (T, — z1z}) < #(F,_4). Hence, (T) < (Ty) - t(Fy-g) < 1(F). O

In view of Claim 8, we consider the case that d(z) = 2.

Claim 9. Assume that there exists a path P := xyzw in T with d(x) = 1,d(y) = d(z) = 2, as shown in
Figure 8. We have #(T) < #(F,) if one of the following conditions holds:

(D)n>6,n=00r1 (mod 3);

2)n=>8,n=2(mod 3),dw) > 3.

Xy z w

)
Figure 8. T

Proof. Let F{ =T — N[y], F, =T — V(P),and F; =T — V(P) — N(w). Observe that for an M2-CIS §
of T, either z ¢ S or z € § with dr5)(z) < 1. Let us define
=S 1z¢ S} =1F)), =S : drsi(z) = 0} = 1(F2),
le =|{S : drisy(z) = 1}
={S 1 dris1(2) = L{y,zt S SH+ IS @ dris1(@) = L {z,w} S S}
= 1(Fy) + 1(F3).
Since (T) = t; + 1° + 1}, we have

t(T) = t(Fy) + 2t(F») + t(F3) 3.7

Let n; be the order of F; for each i € {1,2, 3}. We consider three cases in terms of the modularity of
n (mod 3).
Casel.n=3s, 5 > 2.

By the definition of n;, n; = 3(s — 1), n, = 3(s — 2) + 2. By the induction hypothesis, #(F;) < 3*7!
and #(F,) < 4% - 3°~*. We distinguish three subcases according to d(w) (mod 3).

Subcase 1.1. dw) =3, 1> 1,
Since n3 = 3(s — [ — 1), by the induction hypothesis, #(F3) < 3*7~!. Moreover, since 33—3 +59 < 3%
for any [ > 1, by (3.7), it follows that forany s > 2 and [ > 1,

3 3
(T <3P +2-4+ %) 3= % 15937 < 3 = (F).

Subcase 1.2. dw) =31+ 1,/> 1
Since n3 = 3(s — [ — 2) + 2, by the induction hypothesis, #(F3) < 4% - 37, Moreover, since
‘;—3 +59 < 3* for any /[ > 1, by (3.7), it follows that for any s > 2 and [ > 1,
42 42
H(T)< (3 +2-4%+ 3 354 = (37 +59)- 3574 <35 = (F,).

AIMS Mathematics Volume 7, Issue 7, 13537-13562.



13554

Subcase 1.3. dw)=3[+2,1>0

Since n3 = 3(s—[—2)+1, by the induction hypothesis, #(F3) < 4-3°-3. Moreover, since 1z +59 < 3*
for any [ > 0, by (3.7), it follows that for any s > 2 and [ > 0,

12 12
H(T)< (3 +2-4%+ 3 334 = (37 +59)- 334 < 3% = «(F,).

Case2.n=3s+1,5s>2

By the definition of n;, n; = 3(s — 1) + 1, n, = 3(s — 1), by the induction hypothesis, #(F;) < 4 - 3572
and #(F,) < 37!,
Subcase 2.1. dw) =3[, 1> 1

Since n3 = 3(s—I—1)+1, by the induction hypothesis, #(F3) < 4-3°7-2, Moreover, since ;‘—,+ 10<4-3
for any [ > 1, by (3.7), it follows that for any s > 2 and [ > 1,

4 4
(7)< (4+2-3+ 37 3572 = (3 +10)- 32 < 4.3 = ((F)).

Subcase 2.2. dw) =31+ 1,1> 1
Since n3 = 3(s — [ — 1), by the induction hypothesis, #(F3) < 3*""!. Moreover, since 3 + 10 <4 -3
for any [ > 1, by (3.7), it follows that forany s > 2 and [ > 1,

(T)y<@+2-3+ %) 372 = (% +10)-3"2 <437 = (F,).

Subcase 2.3. dw) =3[+2,/>0
Since n3 = 3(s — [ — 2) + 2, by the induction hypothesis, #(F3) < 4% - 3%, Moreover, since
‘;—j +90 <4-33forany ! >0, by (3.7), it follows that for any s > 2 and [ > 0,

(T)<(4-32+2-33+ =) 34 =(=+90)-3* < 4.3 = ¢F).
[

4? 4?
3! 3

Case3.n=3s+2,5>2

By the definition of n;, n; = 3(s — 1) + 2, n, = 3(s — 1) + 1. By the induction hypothesis, we have
H(F)) <4%.33 and H(F,) < 4 - 32,
Subcase 3.1. d(w) =3, 1> 1

Since n3 = 3(s — [ — 1) + 2, by the induction hypothesis, #(F3) < 4% - 3°~=3. Moreover, since
‘;—? +40 < 4% -3 forany [ > 1, by (3.7), it follows that for any s > 2 and [ > 1,

42 42
(T)<(@*+8-3+ y) L3573 = (y +40) -3 <4%.32 = ((F)).

Subcase 3.2. dw) =31+ 1,1>1
Since n3 = 3(s — [ — 1) + 1, by the induction hypothesis, #(F3) < 4 - 357=2_ Moreover, since
13—% +40 < 4% .3 forany [ > 1, by (3.7), it follows that for any s > 2 and [ > 1,
12

12
(T)< (4 +8-3+ ?) 3573 = (? +40) -3 <47 .32 = ((F,).
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Subcase 3.3. dw) =31+2,1> 1
Since n3 = 3(s — [ — 1), by the induction hypothesis, #(F3) < 3°~/~!. Moreover, since g—j +40<4%.3
for any [ > 1, by (3.7), it follows that forany s > 2 and [ > 1,

2 2
ta)sm?+&3+%ﬂ-§4:(%+4m.y454?3ﬁzzxng

In view of Claim 9, we proceed to consider the case that d(w) = 2 and n = 35 + 2 where s > 2.

Claim 10. Assume that there exists a path P := xyzwu in T with d(x) = 1,d(y) = d(z) = d(w) = 2, as
shown in Figure 9. We have #(T') < #(F),) if one of the following conditions holds:

(1) T — u has an isolated vertex or an isolated edge;

(2) T — u has no isolated vertex or isolated edge, where d(u) > 4.

Figure 9. T.

Proof. Let N(u) = {uy, ..., Uguy-1, W}
Case 1. T — u has an isolated vertex or an isolated edge.

Subcase 1.1. 7 — u has an isolated vertex.
LetT —zw = T, U T, where w € T,. Observe that for an M2-CIS S’ of T, either w ¢ S’ or
w € S’ with drsq(w) < 1. Let us define % = [{S’ : drisy(w) = O}, 7L = [{S” : drisy(w) = 1},
fo=1S" :w ¢S’} Then «(T,) =2 + 17 + 7.
Observe that for an M2-CIS § of T', either w ¢ S or w € § with dys;(w) < 1. Let
t& =[{S : dris;(w) = 0}| = f?v,
t, =S : dris)(w) = 1}
=[S :drsi(w) = L{z,w} CSH+I{S @ drisi(w) = L {w,u} C S}
=1, +1,
ty =[S :w ¢S}
=[{S:wegS,ueS,drsi(w)=1}|+|{S :weé&S,u¢gS}
<37 +10.
It is easy to see that ((T) = 10 + ¢} + t; < 3% + 7 + 37;. Since «(T,,) = 2 + 7 + 7, t(T) < 34T,,) =
«(T,) - t(T,,). By the induction hypothesis, #(T,,) < t(F,_3). Hence, «(T) < «(T,) - t(F,_3) < t(F,).

Subcase 1.2. T — u has an isolated edge.

LetT —wu=T,UT,whereu € T, and T,, = K, 3 where V(T) = V(T,,). Then (T = 4. Observe
that for an M2-CIS S’ of T,,, eitheru ¢ S’ oru € S’ dris/j(u) < 1. Letus define 2 = |{S” : dr(sy(u) = 0},
ti=HS" :uegS'), 1! =S’ : drish(u) = 1}|. Then «(T,) = 12 + 1! + 1.

The meanings of notations here are same as those adopted in Subcase 1.1. Note that £ = 1,
tl <t +t;and t, = ((T,) + 12 + 2t

AIMS Mathematics Volume 7, Issue 7, 13537-13562.



13556

By the induction hypothesis, #(T},) < t(F,_4). Hence, t(T') < (T - t(F—4) < t(F).

Thus, #(T) = 2 +1! +t; < ((T,)+12+3t1+2t;. Moreover, «(T,) = 2+t +1;, (T) < 41(T,) = «(T.)-«(T,,).

Case 2. T — u has no isolated vertex or isolated edge, where d(u) > 4.

The meanings of notations here are same as those adopted in Subcase 1.1. Let F; = T —(V(P) \ {u}),
F,=T-V(P),F3=T-V(P)-N(u)and Fy = T — V(P)— N(u)— N(u;). Combining these observations
with the definition of F;, we get that £ = #(F,), 1} = t(F,)+t(F3) and t;; = t(F)+1(F3)+2(d(u)—1)-t(F}).
Since #(T) =2 + 1! + t;;, we have

(T) =t(Fy) + 2t(Fp) + 2t(F3) + 2(d(u) — 1) - t(F4). (3.8)

Let n; be the order of F; for each i € {1,2,3,4}. Thenn; = 3(s — 1) + 1, n, = 3(s — 1). By the
induction hypothesis, #(F) < 4 - 3°2 and #(F,) < 3*~'. We want to prove that #(T) < 4% - 3*2 = «(F,)
for any s > 2. By (3.8), we complete the proof by showing that for any s > 2,

1(F3) + (d(u) — 1) - 1(Fy) < 37\, (3.9)

Subcase 2.1. d(u) =31, 1> 2
Since n3 = 3(s — [ — 1) + 1, ny < 3(s — [ — 1), by the induction hypothesis, #(F3) < 4 - 3*7~2 and
1(F4) < 3*7!. Moreover, since 2% < 3 for any I > 2, it follows that for any s > 2 and [ > 2,

97+ 1

33

4.3772 4L 31 -1)-3" =

1.e., (3.9) holds.

Subcase 2.2. d(u) =31+ 1,/>0
Since n3 = 3(s — [ — 1), ny < 3(s — [ —2) + 2, by the induction hypothesis, #(F3) < 3*! and

t(F4) < 4% - 3% Moreover, since 1631—79 < 32 for any [ > 0, it follows that for any s > 2 and [ > 0,

160+9 45 gt

s—I-1 2 s—1-3 _
3 +4-3 =3 <

i.e., (3.9) holds.

Subcase 2.3. d(u) =31+2,[>1
Since n3 = 3(s — [ —2) +2, ny < 3(s —[—2) + 1, by the induction hypothesis, #(F3) < 4> - 3% and

t(F4) < 4 - 3573, Moreover, since % < 33 for any > 1, it follows that for any s > 2 and [ > 1,

360 + 28
3

1.e., (3.9) holds. O

437 1431+ 1) .37 = P <3

In view of Claim 10, we proceed to consider the case that d(u) = 2 and d(u) = 3 respectively.

Claim 11. Assume that there exists a path P := xyzwug in T with d(x) = 1,d(y) = d(z) = d(w) =
d(u) = 2, as shown in Figure 10. We have #(T") < t(F).
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Figure 10. 7.

Proof. Let N(q) = 1{qi, ..., qag-1-u}and T —wu =T, UT, whereu € T,,.

Case 1. T — g has an isolated vertex.

Let 7|, = K, 3 where V(T,) = V(T,,). Then «(T)) = 4. Observe that for an M2-CIS S’ of T, either
u¢ S oru € §" with drigj(u) < 1. Let us define 52 =S’ : drisw) =0}, 7z = {S’ : u ¢ S’}
L =|{S" : drisy(u) = 1}|. Thus, (T,) = ©° + 71 + 7.

Observe that for an M2-CIS S of T, either u ¢ S or u € S with dps)(v) < 1. Let

10 =S : dris)(u) = 0} = 27,

ty =S : dris)(u) = 1}]

=[S :drsy(w) = L{iw,u} S SH+ S : drisy(w) = 1,{u,q} € S}
=1+ 37
=S 1ugS}
=S :ugS,weSH+HS :ugS,weS,drgiw)=1}+{S :ué¢s,
w e S, drs)(w) = 0}
=L+ @+ +15 =10 +30.

Then «(T) = £ + ¢! +1; = 47° + 37! + 37,. Moreover, #(T,) = 2+ . + &, (T) < 41(T,) = (T’ - (T.,).
By the induction hypothesis, #(T,) < t(F,_4). Hence, t(T) < (T - ((T,,) < t(F,_4).

Case 2. T — g has no isolated vertex.

The meanings of notations here are same as those adopted in Case 1. Let F; = T-V(P)-N(q), F» =
T-V(P)-N(q)—N(q), F3 =T —-V(P)and F, =T — (V(P)\{g}). Combining these observations with
the definition of F';, we get that tS = 21(F3), t,i =3t(F)+t(F5)and t; = t(F)+2(d(q)—1)-t(F5) +t(Fy).
Since #(T) = £° + ¢! + t;, we have

HT) = 41(F)) + 2(d(u) — 1) - t(F,) + 3t(F3) + t(F). (3.10)

Let n; be the order of F; fori € {1,2,3,4}. Then n3 = 3(s — 2) + 2, ny = 3(s — 1). By the induction
hypothesis, #(F3) < 4% - 3°* and #(F,;) < 3*'. We want to prove that #T) < 4% - 3°72 = «(F,,) for any
s > 2. By (3.10), we complete the proof by showing that for any s > 2,

A41(F)) +2(d(q) — 1) - t(F,) < 23 - 3573, (3.11)

Subcase 2.1. d(q) =31, 1> 1
n; = 3(s—I-1), ny < 3(s—1-2)+2, by the induction hypothesis, #(F;) < 3*7~! and #(F,) < 4%.3574,

Moreover, since 227¢ < 23 - 3 for any [ > 1, it follows that for any s > 2 and [ > 1,

96/ + 76

3T <2337

4.3 124231 - 1) - 357 =
i.e., (3.11) holds.
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Subcase 2.2. d(q) =31+ 1,1>0
n =3(s—1-2)+2,n, <3(s—1-2)+ 1, by the induction hypothesis, #(F,) < 4*-3** and

1(Fy) <4 - 373 Moreover, since 25 < 23 - 3 for any [ > 0, it follows that for any s > 2 and [ > 0,

721 + 64

3 s—[-4 s—1-2 _
4374813 = g

. 3x—4 < 23 . 33‘—3.

i.e., (3.11) holds.
Subcase 2.3. d(q) =31+ 2,1>0
ny; = 3(s—1-2)+1, ny < 3(s—I1-2), by the induction hypothesis, #(F) < 4-3°7'=3 and t(F,) < 3*2.
Moreover, since 5422 < 23 for any [ > 0, it follows that for any s > 2 and [ > 0,
181+22 . )
3—f 1353 <2333,

1.e., (3.11) holds. O

42.35 1231+ 1) -3 =

Claim 12. Assume that there exists a vertex x with d(x) > 3 such all components of T — x are
isomorphic to K 3, but one, denoted by T, where y is the neighbor of x lying in 7Y, is not isomorphic
to K 3, as shown in Figure 11. We have #(T') < #(F),).

Figure 11. 7.

Proof. For an integer a > 2, assume that N(x) = {x,...,x,,y}. Let T —xy = T, UT, where y € T,.
Then |V(T,)| = 4a + 1.

Case 1. T — y has no isolated vertex.
Observe that for an M2-CIS S’ of Ty, either y ¢ §" or y € S’ with drisq(y) < 1. Let us define
t;) =S 1 drsn ) =0}, 5, =1{S" : y & S’}, tyl, =|{S" : dris/)(y) = 1}]. Thus, (T}) = tg + tyl + 8.
Observe that for an M2-CIS S of T, either x ¢ S or x € S with dys(x) < 1. Let
tg = |{S : dT[S](X) = 0}| <2¢. ([; + ty),
=S : dris)(x) = 1]
=S 1 drsi(x) = L,y e SH+ S 1 drsy(x) = 1,y € S}
<3 () +15) +a- 37" - (T,
fry = {8 1 x ¢ S, drisi(xi) = 1 or drisy(x;) = drisy(x;) = 0,6, j € {l,...,al}l
=4 -2"-a-2"-«T)),
ty = S 1 x ¢ S, dris)(y) = 1,dris)(x) # 1,3 exactly one x;, dris)(x;) =
Oorx;¢S,ie{l,...,a}l}|
=Q%+a-2Y 1,
lgy = |{S X ¢ S,dT[S](y) = 0, dT[S](xi) * 1,)C,' ¢ S,l (S {1, N ,a}}l
=a-2"-1),
=[S :x ¢ SH = tey + 13, +13,
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= (47 =20 =g 2 H(Ty) + (27 +a- 20Nl 42040,
Since #(T)) = 0+ 11 + 15, (271 +a- 2971 41 + (3 +a-2071) - 0 4+ (37 +29) - 15 < (37 +a-2971) - (T,
Moreover, #(T) = t° + ¢! + t;. We get that

HT) < [4°+ (a+3)37" = 2°- «(T)).

Let V(T;) = V(T,). Then (T, U T,) = «(T;) - (T). By the induction hypothesis, #(T) < t(F,—4a+1))-
We want to prove #(T') < «(T7}) - t(Fy—@4a+1)) < t(F,) for any a > 2. Therefore, we need to show that for
any a > 2,

49+ (a+3)-31 =29 < KT)). (3.12)
We distinguish into three cases based on the modularity of a (mod 3).

Subcase 1.1. a = 3s, s > 1
Let T/ = (4s — 1)P3 U K 3 where |V(T?)| = 12s + 1. Then #(T’) = 4 - 3*~!. Since 4** < 3* and
(s +1)3% < 3% for any s > 2, by (3.12), it follows that for any s > 2,

49 4 (s+ 1)3% =23 <39 4 3871 = 4381 = (7).

If s = 1, then a = 3. Note that £} < 8(t} +15), 1, < 231 +25t;+291(T ) and t; = 441(T,) + 201, + 121,
Meanwhile, «(Ty) = ) + 1, + t5, {(T) < 1084(T,) = «(T) - t(T). By the induction hypothesis, #(T}) <

H(Fy—4ar1y)- Hence, (T) < «(T7) - t((Fy_gas1y) < 1(Fy).

Subcase1.2. a =3s+1,5s>1
Let T’ = (45— 1)P3U2K, ; where |V(T?)| = 3(4s+1)+2. Then (T") = 4*>-3*~1. Since 4%+ < 4.3%
and (3s + 4)3° < 4-3%7! for any s > 2, by (3.12), it follows that for any s > 2,

A4 Bs+4)30 -2 <430 14307 = 4238 = (7).

The result is true for s = 1.

Subcase1.3.a=3s5s+2,5s>0
Let T, = (45 + 3)P; where |V(T?)| = 3(4s + 3). Then #(T’) = 3**3. Since 4**2 < 4% - 3% and
(Bs+5) -3 < 11-3% for any s > 1, by (3.12), it follows that for any s > 1,

43s+2 + (3S + 5) X 335+1 _ 23s+2 < 42 X 343 +11- 34s — 34s+3 — Z‘(T;).

The result is true for s = 0.

Case 2. T — y has an isolated vertex.
By Lemma 2.4, d(y) > 3. The meanings of notations here are same as those adopted in Case 1.
Thus #(Ty) = 1} + 15,19 < 2" - 15,00 < a- 371 1(T)), 1 < (4° =2 —a- 2N - o(T)) + (2“ +a-27") - 1.

Furthmore, 2! - 1; + (24 + a - 2971) - ty1 <@B+a-2N-«T,), «(T) < [4°+ (a+3)3 1 =2 «(T,).
By a similar argument as in the proof of Case 1, we show that #(T") < ¢(F,). O

In view of Claim 11, it remains to consider the case that d(u) = 3.

Claim 13. Assume that there exists a path P := xyzwu in T with d(x) = 1,d(y) = d(z) = d(w) =
2,d(u) = 3. If T — u has no isolated vertex or isolated edge, then #(T") < t(F,).
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Proof. By Claims 1-12, it is not difficult to observe that there exists a vertex x such that 7 — x has two
components, one is isomorphic to Py, the other one is isomorphic to P, or K 3, as shown in Figure 12.
The meanings of notations adopted here are same in Case 1 of Claim 12. Let T — xy = T, U T, where
y€T,and T = 3P; where V(T;) = V(T,). Then (T) = 33,

XN e X e
X y 8: o :/ X y N é )
X2 X2

Figure 12. T — x has two components, one is isomorphic to P, the other one is isomorphic
to P4 or K1,3.

Case 1. T — x has two components which are isomorphic to Py.

Subcase 1.1. T — y has no isolated vertex.

Note that ) < 4(r) +15), 1} < 61(Ty) +9(1) + 1), £z < 61(T)) + 31} +21). Meanwhile, «(T) = 1) +1, + 5.
This implies that #(T') < 12¢(T,)+ 151;’+ 12ly1 +4t;. Since (T)) = t§3+ty1 +15, (T) < 33t(Ty) =t(T;)-1(Ty).
By the induction hypothesis, #(T) < #(F,—9). Hence, {(T) < «(T}) - t(F,—9) < t(F,).

Subcase 1.2. T — y has an isolated vertex.

By Lemma 2.4, d(y) > 3. Note that 1 < 4«(T}), 1, < 9t} + 615 and 1z < 61(T,) + 3. Since (T) =
1)+ 1y + 1z, 1(T) < 106(T,) + 12t] + 6t5. Moreover, ((T)) = t; + 15, (T) < 22¢(T,) < 3°(Ty) = (T}) - «(T).
By the induction hypothesis, #(T) < #(F,-9). Hence, (T') < «(T7) - t(F,—9) < t(F,).

Case 2. T — x has two components which are isomorphic to P, and K| 3, respectively.

Subcase 2.1. T — y has no isolated vertex.

Note that 7; < 61(T) + 9(1) + 1;), 1) < 4(t; + 15), 1z < TH(Ty) + 5t + 31). Since «(T) = 1 + 1, + 15,
1(T) < 136(Ty)+121)+9¢; +13t5. Moreover, #(Ty) = )+t +1t; and «(T) < 261(T) < 3°(Ty) = (T})-1(T).
By the induction hypothesis, #(T) < #(F,-9). Hence, ((T') < «(T7) - t(F,—9) < t(F,).

Subcase 2.2. T — y has an isolated vertex.

By Lemma 2.4, d(y) > 3. Note that ¢! < 9(t; + t5), P < 41(Ty) and tz < 7((Ty) + St;. Since
(T) = 1)+ 1, + tz, (T) < 11(Ty) + 141 + 915. Moreover, #(T) = t} + t; and «(T) < 25¢(T,) < 3°(T,) =
«T?) - ((Ty). By the induction hypothesis, #(T) < t(F,—9). Hence, {T) < «(T) - t(F,—9) < t(F). O

From the above discussion, we proceed to consider the following.

Claim 14. Assume there exists a path P := xyz in T with d(x) = 1 or d(x) = 3 such that two neighbors
of x distinct from y being leaves, d(y) = 2 and d(z) > 3. If T — z has no isolated vertex or isolated edge,
then «(T') < t(F),).

Proof. By Claims 1-11 and 13, it remains to consider the case that there exists a vertex w such that
T — w has at least two components which are isomorphic to K; 3. By Lemma 2.4 and Claim 12, we
have «(T) < t(F ). O

This completes the proof of theorem. O
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4. Conclusions

In this paper, we determine the maximum number of maximal 2-component independent sets of
a forest of order n. It is an interesting problem to determine the maximum number of maximal 2-
component independent sets of graphs of order n over some other families, such as trees, bipartite
graphs, triangle-free graphs, all connected graphs.
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