AIMS Mathematics, 7(7): 13258-13270.
DOI:10.3934/math.2022731
ATMS Mathematics Received: 08 March 2022

Revised: 02 May 2022

Accepted: 06 May 2022
http://www.aimspress.com/journal/Math Published: 13 May 2022

Research article

Solvability for a fractional p-Laplacian equation in a bounded domain

Zhiwei Lv', Jiafa Xu>* and Donal O’Regan’®

I School of Sciences and Arts, Sugian University, Sugian 223800, China
2 School of Mathematical Sciences, Chongqing Normal University, Chongqing 401331, China
3 School of Mathematical and Statistical Sciences, National University of Ireland, Galway, Ireland

* Correspondence: Email: xujiafa292 @sina.com; Tel: 18202339305; Fax: 18202339305.

Abstract: In this paper we use the topological degree and the fountain theorem to study the existence
of weak solutions for a fractional p-Laplacian equation in a bounded domain. For the nonlinearity
f, we consider two situations: (1) the non-resonance case where f is (p — 1)-asymptotically linear at
infinity; (2) the resonance case where f satisfies the Landesman-Lazer type condition.

Keywords: fractional p-Laplacian equation; weak solution; topological degree; fountain theorem;
(p — 1)-asymptotically linear; Landesman-Lazer type condition
Mathematics Subject Classification: 35A15, 35R11, 47A10

1. Introduction

In this paper we use topological degree and the fountain theorem to study the existence of weak
solutions for the fractional p-Laplacian equation

{(—A);u = ulP=2u + f(x,u) — g(x), xeQ,

1.1
M:O’ XERN\Q, ( )

where p > 2,5 € (0,1), A is a parameter, Q is a bounded domain in R¥(N > 3) with smooth boundary
0Q, f € C(AXR,R), and g : Q — R is a perturbation function. The operator (—A);, defined by
Ju(x) — u)IP > (u(x) — u(y)) J

N
|x_y|N+sp Y x eRY,

(=A),u(x) :=2lim
#=0 JrM\B,(x)

where B.(x) is the open g-ball with center x and radius &, is known as the fractional p-Laplacian and
leads to the study of the problem

{(—A);u(x) = h(x,u), x€Q, (1.2)

u=0, x € RM\Q.
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In the literature, there are many papers on the solvability for the fractional p-Laplacian, see for
example [2,4,5,7,8,13,15,17,18,22-26]. In [15] the author used the mountain pass theorem and the
fractional Moser-Trudinger inequality to study nontrivial solutions for (1.2), where 4 is superlinear at 0,
and is of subcritical or critical exponential growth at co, and does not satisfy the Ambrosetti-Rabinowitz
condition. In [8] the authors established existence and multiplicity results for weak solutions to (1.2)
using Morse Theory. In [4] the authors used truncation and comparison techniques to study the
Problem (1.2) with a nonlinearity of the form Ag(x, u) — f(x, u).

It has been observed that the Landesman-Lazer type condition is an important tool to study different
types of differential equations, see for example [6, 7, 10, 14, 20, 28]. In [28] the authors used the
condition

fg Fl—oo)gr(x)dx < fg (X (Ddx < fg F(+oo)pr(¥)dx (13)

(f(£00) = lim, 1 f(u)) to study weak solutions for the fourth-order Navier boundary value problem

A?u(x) + cAu(x) = Liu(x) + f(u(x)) — g(x), inQ,
u=Au=0, onodQ,

where A, is the first eigenvalue of the operator A% + cA, and ¢ is an eigenfunction associated with A;.
In [7] the authors used similar conditions in (1.3) to study weak solutions for (1.1), where A = A,(4; is
the first eigenvalue of the operator (—A);).

In [10] the authors used minimax methods to study the semilinear elliptic equation:

—Au = Au+ g(x,u) — h(x), xe€Q,
u=0, x € 0Q,

where £, g satisfy the Landesman-Lazer type condition:
f hudx < f F(x,—o0)u*dx — f F(x, +o0)u”dx,

liminf F(x,t) = F(x,—o0),limsup F(x,t) = F(x,+0c0) uniformly for x € Q,
f——00 _—

t—+00

2G(x,1)—g(x,0t t£0 t
F(x,t) = ! ’ T G(x,t) = f g(x, s)ds.
g2(x,0), r=0, 0

and

Motivated by the above works, in this paper we use topological degree to study weak solutions
for (1.1). When 4 = 0,g = 0, we use a (p — 1)-asymptotically linear growth condition at co to obtain
a weak solution result for (1.1). When A = Ay, and f, g satisfy the Landesman-Lazer type condition,
we obtain a weak solution result, where A; are the eigenvalues of the operator (—A)IS,. Our methods are
different from those in [7, 14,20], and the results here generalize and improve the corresponding ones
in their works and in [28].
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2. Preliminaries

Define the Gagliardo seminorm

B u(x) - u)lP .\
[u]s,p = (LN jléN |x _—y|N+Sp dXdy) s

where u : RY — R is a measurable function, and consider the fractional Sobolev space as follows:
WP (RN) = {u el? (RN) : u is measurable and [u],, < +0<>}

endowed with the norm 1

lallyp = (lledly + [217,)"
where || - ||, is the norm in L”(Q2). Let X(2) be the closed linear subspace
X(Q) = {ue W (RY) : u(x) = 0 ae. x e RM\Q}
which can be equivalently renormed by setting || - || = [-], ,(see [4,7,8]).

Lemma 2.1. (see [4,7,8]). (X(Q),||-|]) is a uniformly convex Banach space. Moreover, the embedding
X(Q) into L1(Q) is continuous for all 1 < q < p} and compact for all 1 < g < p;, where p; = lel;p if
sp < N and p; = +oo if sp > N.

Now, we list some basic results on the topological degree of type (S ).

Definition 2.1. (see [20]). Let X be a reflexive real Banach space and X* its dual. The operator
T : X — X' is said to satisfy the (S), condition if the assumptions u, — uy weakly in X and
limsup,_, ., (T (w,) , un — up) < 0 imply u, — uy strongly in X.

Definition 2.2. (see [11]). The operator T : X — X" is said to be demicontinuous if T maps strongly
convergent sequences in X to weakly convergent sequences in X*

Lemma 2.2. (see [20]). Let T : X — X" satisfy the (S), condition and let K : X — X" be a compact
operator. Then the sum T + K : X — X* satisfies the (S), condition.

Lemma 2.3. (see [1,20,21]). Let T : X — X" be a bounded and demicontinuous operator satisfying
the (S), condition. Let D C X be an open, bounded and nonempty set with the boundary 0D such that
T (u) # 0 for u € 0D. Then there exists an integer deg(T, D, 0) such that

(C1) deg(T, D,0) # 0 implies that there exists an element uy € D such that T (uy) = 0.

(C2) If D is symmetric with respect to the origin and T satisfies T(u) = —T (—u) for any u € 0D,
then deg(T, D, 0) is an odd number.

(C3) Let T, be a family of bounded and demicontinuous mappings which satisfy the (S ), condition
and which depend continuously on a real parameter A € [0, 1], and let T ,(u) # 0 for any u € 0D and
A€ [0,1]. Then deg (T ,, D, 0) is constant with respect to A € [0, 1].

Suppose that there exists a nontrivial weak solution ¢(x), x € Q of the problem

{emw:aww%,xeg, o

u = 0’ X € RN\Q,
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where A € R is a parameter. Now, A is called an eigenvalue of the eigenvalue Problem (2.1), and ¢ an
eigenfunction associated with the eigenvalue 1. Moreover, the set of all eigenvalues of (2.1) in X(Q),
denoted by o (s, p), has the following properties.

Lemma 2.4. (see [3,4,9, 16]). For the problem (2.1), we have

(D1) A1 = min o (s, p) is an isolated point of o (s, p);

(D2) all A,-eigenfunctions are proportional, and if u is a A;-eigenfunction, then either u(x) > 0 a.e.
in Qoru(x) <0a.e. in£;

(D3) if A € (s, p)\ {4} and u is a A-eigenfunction, then u changes sign in €;

(D4) all eigenfunctions are in L>(Q);

(DS) o (s, p) is a closed set.

For convenience, we use 4; and ¢i(k = 1,2, - - -) to stand for the eigenvalues and the corresponding
eigenfunctions for the Problem (2.1), respectively. We know that 0 < A4y < Ap <+ < 4 < -+, A = 0
as k — +oo(see [8,17]), and ¢; > 0, ¢r(k = 2,3, - - ) are sign-changing functions in €. In the following
section, we assume

loell = 1,k =1,2,--- .

On the other hand, let X; = span{g;}, ¥} = @le Xi, Zy = D, Xi» k=1,2,... Then from [30]
we have

H@:QBK:&GB&ﬂmn:k (2.2)
i=1

Definition 2.3. Let X be a real Banach space, J € C'(X,R) and ¢ € R. We say that J satisfies the (PS),
condition if any sequence {u,,} C X such that

J(u,) = cand J' (u,,) = 0as m — oo

has a convergent subsequence.

Lemma 2.5. (see [12,27,29]). Let Yy, Z; be defined in (2.2). Suppose that
(Al) J € C' (X(Q),R) is an even functional.
If for every k € N, there exist p; > r;, > 0 such that
(A2) Ay -= MaXyey;,|lull=px J(I/t) <0.
(AS) bk = infuezk,”u”:,k J(I/t) — oo as k — oo,
(A4) J satisfies the (PS). condition for all ¢ > 0.

Then J has an unbounded sequence of critical values.
3. Main results

Define the nonlinear operator A : X(€2) — X()* as follows:
- -2 _ B
(A, v) = f f ) = w2 @(x) = u)E) = V()
RN JRN

lx — y|V+op

dxdy,Yu,v € X(Q).

Clearly, A is odd, (p — 1)-homogeneous, and for all # € X(€2) we have
(A@), uy = lull”,  NA@Il. < llull”".
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Lemma 3.1. (see [4]). The operator A satisfies the (S), condition.

We first study the problem

{(—A);u = f(x,u), x€Q, A

u = O, X € RN\Q,

where p, s, N, Q are as in (1.1), and f satisfies the (p — 1)-asymptotically linear condition:
(H1) limy e £5 = b uniformly for x € Q with b # A,

Theorem 3.1. Let (HI) hold. Then (3.1) has at least one weak solution.

Proof. A weak solution of Problem (1.1) is a function u € X(Q) such that

(A(u),v) = fg;f(x, uyvdx,Yv € X(Q).
From (H1) there exist &y > 0 and M, > 0 such that
| (e, 1) < (Ib] + go)|tl”™", for x € Q, [t| > M.
When x € Q, |t| < My, f(x,¢) is bounded. Hence, there exists ¢y > 0 such that
lf(x, 0 < co+ (b + e)ltl”™!, x€Q, t€R. (3.2)

Let B,S : X(Q) — X(£)" be as follows:

(B(uw),v) = f lulP2uvdx, (S (u),v) = ff(x, u)yvdx,Yv € X(Q).
Q Q

Note that p < p3, f satisfies the subcritical Condition (3.2), and then B, § : X(2) — X(€)* are compact
operators.

From the definitions of A,S, we know that if there is an uy € X(Q) such that (A(uy),v) =
(S (up), v), Yv € X(Q), then uy is a weak solution for (1.1). Now, we define a homotopy

T:(u)=Au)—(1-1)Sw) —1t06B(u), forte[0,1],uc X(Q), (3.3)

where b is in (H1). From Lemma 3.1 and Lemma 2.2 we have that T, satisfies the (S), condition.
Now we prove that there exists R > 0 such that this homotopy (3.3) is admissible within the ball
Q(0,R) c X(Q). On the contrary, for any n € N, there exist 7, € [0, 1] and u, € X(Q), ||u,|| > n such
that T (u,) =0, i.e., A(u,) — (1 —7,)S (u,) — 7,bB(u,) = 0, and this can be rewritten in the form

f f (%) = (NP2 (W(X) = U, ()W) = V()
RN JRN

dXdy_(l_Tn) f f(x’ un)Vd-x_Tnbf |1/ln|p_21/andx =0.
Q Q

|x — y[¥+sp
(3.4)
Let w, = ﬁ Then, dividing (3.4) by ||lu,||”", we have
f f | (%) = W (MIP 2 (Wr(X) = W (Y))(V(X) = V(y)) dxd
N+s xay
RN JRN |x - )’| p (35)

-(1- Tn)f FOx ) lw,|P 2w, vdx — Tnbf lw,|P 2w, vdx = 0.
Q o

|unlP~2uy,
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Note the definitions of w,, 7,, and we may assume that w, — w weakly in X(Q), w, — w strongly in
LP(Q), and 7, — 7 € [0, 1]. Moreover, we also have a basic result from Lemma 2.2 of [19]:

f S 02 i — f blowl”2wvdx. (3.6)
Q Q

-2
179 o 7™

Therefore, let n — oo in (3.5) and we have
(A(w),v) — (1 = 1) f blwlP2wvdx — b f lwlP2wvdx = 0,
Q Q

i.e., (A(w),v) = b(B(w),v),Yv € X(£), and this contradicts b # A;. Thus our claim is true, i.e., the
homotopy T’ is admissible within the ball Q(0, R). Hence, from Lemma 2.3(C3) we have

deg(A-S,0(0,R),0) =deg(A - bB,Q(0,R),0). (3.7)

Note that the right-hand side of (3.7) is an odd number by Lemma 2.3(C2) and b # A;. Hence
deg(A - S, Q(0,R),0) # 0, and Lemma 2.3(C1) implies that (1.1) has a weak solution. This completes
the proof. O

In Section 2 we know that for any fixed k € N, dim ¥; = k < oo, and all norms in finite dimensional
spaces are equivalent, and thus for all u € Y; there exists a positive constant y; such that

pllll” < Nlully, w € Y. (3.8)

Condition (HI) is only needed to guarantee that (1.1) has at least one weak solution (see
Theorem 3.1). To obtain that (1.1) has infinitely many weak solutions, we need an extra assumption,
namely

(H2) f(x,t) + f(x,—t) =0 forx € Q,t € R.

Theorem 3.2. Let (HI) and (H2) hold with b > ,u]‘l. Then (3.1) has infinitely many weak solutions.

Proof. We define the energy functional J as follows:
1
J(u) = —[lull” - f F(x,u)dx, (3.9)
p Q

where F(x,u) = fou f(x,0)dt. Note that (3.2) implies that J is well defined on X(Q), and of class C'.
We first prove that J satisfies the (PS). condition for all ¢ > 0. Assume that {u,} C X(Q) is a (PS).
sequence, i.e.,

J(u,) — cand J' (u,) > 0asn — . (3.10)

Now, we claim that {u,} is bounded in X(Q). If not, we may assume that there is a subsequence of {u,},
still denoted by {u,}, such that ||u,|| — +coasn — oo. Let w, = ”Z—” Then {w,} is bounded, ||w,|| = 1,
and there exists w € X(Q) such that

w, — w weakly in X(Q), w, — w strongly in L7(Q) with g € [1, p}), w,(x) = w(x), a.e. x € Q.
(3.11)
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If w(x) =0, x € Q, note that J (u,) — ¢, ||u,|| = +o0 as n — oo, then dividing (3.9) by ||u,||” we have

1 fF(x, tn) o I ()
Q

p |7 llunllP

— 0, asn — oo. (3.12)

From (3.2) we have

1
f f(x,us)uds
0

Together with this and the Lebesgue dominated convergence theorem we find

F(x,u, F(x,u, colu,l + (16| + £o)|u,|P
fﬁdx‘ < udx < f olits] + (b1 + &0) |wp|Pdx — 0, as n — oo.
Q Q Q

llun] 7 llun| 7 |ua|P

1
|[F(x, u)| = < f (co + (b| + go)lusP Hlulds < colul + (|b] + £o)|ul”,Vx € Q,u € R.
0

This is a contradiction with (3.12), and hence w(x) # 0, x € Q.
Note that J’ is

J' (), vy = (A(u),v) — ff(x, uyvdx, Yv € X(Q).
Q
Then, dividing this equation by ||u,||’~' we have

W) v) _ (Aw)v) f feew)
Q

lleallP~! lleallP~! a1

and from (3.10) we obtain

(A(w,), V) = f JOsttn) o020 v+ o(1).
Q

|unlP~2u,

Let n — oo. Then from (3.6) and (3.11) we have

(A(w),vy = b f lwlP2wvdx.
Q

This is a contradiction with b # A;.
As aresult, {u,} is a bounded sequence. Thus, there exist a subsequence(still denoted by {u,}) and
u € X(Q) such that

u, — u weakly in X(Q), u, — u strongly in L/(Q) with g € [1, p}), u,(x) — u(x), a.e. x € Q. (3.13)

Consequently, from (3.2) we have

fg (FCra ) — e )1ty — w)dx

< f 12¢o + (Ib] + o) ([unl? ™" + P~ Ml — uldx
Q

i _ _
< 2colmeas(Q)] 7 lluy = ull, + (b1 + eo)lutallh ™" + leally™"llety = ull,

— 0.
Obviously, (J'(u,) — J'(u), u, — u) = o(1). Hence, we have

(A(u,) — A(u),u, —uy =0, asn — oo, (3.14)
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Using the Holder inequality, we get

f (%) = ua(NIP 2 (14(X) = 1, (1)) () = u(y)) dxdy
RN JRN

|x — y[¥+sp

_ f (%) = NP (W4 (X) = 1 () (U(X) = u(y)) dxdy
RN RN

(x = yIV+2) T (1x = yV+sr) s
<
URN /.

-1
= [letl 1"~ Nuall-

p-1

ol ([,

1
p 1

lit () = U DI (Un(X) = 1n(y)) dxdy)p

p=1
(Ix = y|Vesp) 7

u(x) — u(y)

(lxx = y[V+sp)s

Combining this with (3.14) we have

o(l) :f |utn(x) — un(y)lpdxdy _f f |14 (X) = 1 IP~? (14 (X) = 1 (9)) () = M(Y))dxdy
RN JRN RN JRN

|X _ y|N+sp |X _ y|N+sp
B f Ju(x) = )P ((x) = u(¥)) (1 (X) = x(y)) dxdy + f |u(x) — u(y)l” dxdy
RN JRN |x — y[V*sp RV Jry o — y[NEsp
> {[utl|” = Noallllotal?~" = et lloall?~" + [lue]”
= (letall = Nl DCUlot 1P~ = el
> 0.

This implies that |u,|| — ||u||, i.e., u, — u strongly in X(Q). Therefore, J satisfies the (PS). condition
for all ¢ > 0, as required.
From (H1) we have limy_,, lj;l(%)t > ,u;l uniformly for x € Q, and there exits £; > 0, ¢; > 0 such that

fOo ) = (' +e)ltfP*t—cy, forte R, x € Q.
This implies that
1y

+ &
F(x,t) > —|t|P = c1lt], fort € R, x € Q.

For any u € Y;, and from (3.8) we obtain

1 uit + &
J(u) < —|lull” - f [ ! ulP — c1lul
p Q P

Note that 1 — (u;' + &)1 < 0 and p > 2, there exist positive constants d such that

1 _
dx < ;Ilullp(l —(uy' + 81)#1) + cllully.

Jw) <0, foru € Y, ||ul| = di. (3.15)

Note that 4y — +o00 as k — oo, and thus there exists k € N such that b < ;1. Then using the limit
limy— 0 I{IEL-Z < Ay41 uniformly for x € Q, and there exits &, > 0, ¢, > 0 such that

Fx, 1) < Qg1 — )Pt + ¢, fort € R, x € Q.
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This implies that
A —
F(on) < 22210 4o, forre R x e Q.
p

For all u € Z, let By = sup,cz, =1 lull,- From Lemma 2.1 and Lemma 4.1 in [30], By — 0 as k — oo.
Note that from (2.2) and [8, Lemma 4.5] we have

ull” = s llully, for u € Z.

Therefore, we obtain

1 Apat — 1 Ay — -
Jw) > —|lull - f [Mw + c2|u|] dx > —||u||P(1 - ’”—gz) — co[meas(Q)]'7 Bellull.
4 Q 4 4 A

Let r, = 8;'. Then ry — +o0 as k — oo, and

1 Aps1 — -
J(w) > — (1 - k+1—82)rf - cz[meas(Q)]Ll — 400, as k — oo.
p A1
Hence,
by= inf J(u) — +ooask — oo,
LIGZk,||u||=rk

and let p; = max{d;, r; + 1} from (3.15) we have

ar= max Ju)<0.
ueYy,llull=pk

Note that (H2) implies that J is an even functional, and we obtain all the conditions in Lemma 2.5 are
satisfied, J has an unbounded sequence of critical values, i.e., (3.1) has infinitely many weak solutions.
This completes the proof. m|

Next we consider the following problem

{emp:thh+ﬂm—gm,xeg

3.16
u = O, X € RN\Q, ( )

where p, s, N,Q, g are as in (1.1), and f € C(R, R) satisfies the condition:
(H3) f is bounded and has finite limits f(+00), f(—o0) such that

fl+eo) = lim flw), f(=00) = lim f(u).

Theorem 3.3. Suppose that (H3) holds. Let g € L” (Q)(p' = p%l) with g(x) £ 0 in Q be a given
function, and satisfies either

f J(+e0)pi (x)dx — f f(=00)p ()dx < f 8X)gr(x)dx < f f(=c0)pi (x)dx — f f(+o0)g (x)dx,
Q Q Q Q Q

(3.17)
or
L f(=e0)g; (x)dx — L J(+oo)g (X)dx < fg gX)pr(x)dx < f f(+e0)g; (x)dx — f f(=00)p, (X)dx,
Q Q
(3.18)

where ¢ and ¢, respectively denote the positive and negative parts of ¢y fork = 1,2,.... Then (3.16)
has at least one weak solution.
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Proof. Let (g*,v) = fg g(x)vdx,¥v € X(Q). Note that g € L”(Q) with p’ = p%l, and we have g* is

a compact operator. Note that f is bounded in R, we obtain limy_,« mf](—gt = 0. This implies that (3.2)

holds, and the operator (S (u),v) = fg fuyvdx,Yv € X(Q) is also compact on X(€). Choosing d; €
(0, k41 — Ax), and we can define a homotopy as follows:

T:(u) = A(u) — 4Bw) — (1 = 1) B(u) — tS(u) + 7¢",u € X(Q), 7 € [0, 1].

We now prove that there exists R > 0 such that this homotopy is admissible within the ball Q(0, R) C
X(Q). We argue by contradiction. For any n € N, assume there exist 7, € [0, 1] and u,, € X(Q), ||lu,|| > n
such that 77, (u,) = 0, and this can be expressed by

(Aun), v) = A(B(uy), v) = (1 = T,)0(B(un), v) = Tu{S (), v) + 7,(g",v) = 0, Vv € X(Q).  (3.19)

Let w, = . Then, dividing (3.19) by |Ju,||”~', we obtain

lluenll *

(S (un),v) &,
n p-1 T Ty p-1
[|2,]| |2,

f g(x)vdx
Q
< lim

1
f Jlun)vdx — f M|vldx =0,
o 1= [luy ||

where M is a positive constant. Let w, — w weakly in X(Q2), w, — w strongly in L7(Q), and
7, — T € [0, 1]. Then from (3.20) we have

(A(wn), v) = 4(B(wy,), v) = (1 = 1,)01(B(wy), v) — T =0,Vv € X(Q0). (3.20)

Using the conditions for f, g we have

*
. 14 .
lim Ke”, _>1| = lim —
n=eo ||y, || n=eo ||y, [|P

llgll vl
m SliplVllp

< i &
=0 luy ||

b

and note that f is bounded on R, so we have

fim K@l

-1 -1
e |y, || e ||y, ||P

(A(w), V) — L(B(w),v) — (1 = )6 (B(w),v) = 0,Yv € X(Q).

Note that A, + (1 — 1), 7 € [0, 1) is not eigenvalues for (2.1), so we only consider 7 = 1. Hence, we
have
<A(C()), V> - /lk<B(w)a V> = 0’ Vv e X(Q)

As aresult, w = ¢y, and u,, = w,||u,|| = xeillu,ll. Thus, we have
(A(up), vy = 4(B(u,), vy — 0,VYv € X(Q).

In what follows, we consider two cases:

Case 3.1. w = ¢y, ie., w, = ¢ Hence, u, — +00in QN{x : ¢(x) 20}, u, > —c0in QN {x:
wr(x) < 0}. Let n — oo and v = ¢y, and from (3.19) we have

& e = fg g(X)wk(x)dx=r}Lrgo<S (un),¢k>=girgo fg Su)p(x)dx

= lim fQ Fun) (@l () = g (0)dx = fg [f(+eo)p{ (x) = fl=o0)gr (M)]dx.
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Case 3.2. w = —¢, e, w, — —¢. Hence, u, » —c0in QN {x : ¢g(x) > 0}, u, > +o0 in
QN{x:(x) <0}. Let n — oo and v = ¢y, and from (3.19) we have

(6o = [ o= tim(S w0 = im | e

= lim fQ S () - ¢ ())dx = fg [f(—e0)g () = f(+e0)gr (0)]d.

The above two cases contradict (3.17) or (3.18). This proves that the homotopy 7T'-(«) is admissible
within the ball Q(0, R). Hence, from Lemma 2.3(C3) we obtain

deg(A - 4B —-S +g",0(0,R),0) = deg(A — (A + 6x)B, Q(0, R), 0). (3.21)

Note that the right-hand side of (3.21) is an odd number by Lemma 2.3(C2) and Ay + 6 € (Ag, Ags1)-
Hence deg(A - 4B —-S +g*, 0(0,R),0) # 0, and Lemma 2.3(C1) implies that (3.16) has a weak
solution. This completes the proof. O

Example 3.1. Let f(x,1) = blt|P*t, t e R,x € Q. Whenb #+ Ay, k=1,2,---, (HI) holds. When b > ,ul‘l,
(HI) and (H2) hold.

Example 3.2. Ler f(1) = arctant,t € R and g(x) = 1,x € Q. Then f(-c0) = lim,,_ f(t) = -7,
f(+00) = limy o f(1) = %, and

fg - (o - fg T i(odx = -5 fg (Dl
< f o(x)dx < f 2 ot (dx — f Zidx =2 f o ()ldx.
Q 92 Q 2 2 Q

Note that (H3) and (3.18) hold.
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